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Abstract

Opinion formation models are widely used to study social and be-
havioral processes on online social networks, yet their fairness
remains largely unexplored. We study this novel problem in the
context of the Friedkin-Johnsen model, a well-established frame-
work for opinion dynamics. In this model, the expressed opinion
of an individual evolves by combining peer opinions with a fixed
inner opinion weighted by their stubbornness. We define a node’s
influence as the weight its inner opinion contributes to the public
opinion. Given different groups of nodes, we require that influence
is distributed fairly across groups. To achieve this, we design min-
imal interventions that adjust stubbornness, making individuals
more receptive to others or more anchored to their own views. We
derive closed-form expressions for how changes in the stubborn-
ness of a single node affect influence and leverage them to develop
efficient algorithms. Experiments on synthetic and real-world net-
works provide insights into the role of stubbornness in fairness and
demonstrate the effectiveness and efficiency of our methods.
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1 Introduction

The emergence of social networks and media as the primary medium
for expressing viewpoints, and engaging in debates has sparked
research interest in understanding and modeling opinion formation
in online social networks. Opinions have been the subject of study
in social sciences for several decades. There is a rich literature of
opinion-formation models that mathematically capture how opin-
ions are formed in a social environment [7], which have found new
applications in the online world.

A model commonly used in this research is the Friedkin and
Johnsen (FJ) model. In this model, individuals are nodes in a social
network, and each node holds an inner and an expressed opinion.
The former is a fixed value that represents the ground beliefs of the
individual and the latter is shaped by social interactions. Formally,
expressed opinions are iteratively updated: At each step, the ex-
pressed opinion of a node is set to a weighted combination of their
inner opinion and the expressed opinions of their neighbors. The
relative weight of these two factors is governed by the stubbornness
of the individual, which determines the degree to which they stick
to their own opinion or listen to their social circle.

The FJ] model has found a wide range of applications in social
network analysis, including modeling of opinion maximization
campaigns [1, 13, 17, 29], polarization [20, 21, 35], conflict [8, 24],
and external information source effects [23]. In this work, we con-
sider the fairness of opinion-formation dynamics. To the best of our
knowledge, we are the first to formalize and define this notion of
fairness and also to design algorithms for achieving it.

The definition of fairness we consider relies on the notion of
influence. At convergence, the expressed opinion of a node is a linear
combination of the inner opinions of all the nodes in the graph. We
define the influence of node x on y as the weight of x’s inner opinion
in y’s expressed opinion. Consequently, a node’s total network
influence is its average influence on all nodes. This represents the
weight its inner opinion carries in the aggregate public opinion—a
quantity extensively studied in the literature [1, 13, 29].

Following the group fairness paradigm [4, 10], we assume that
the nodes in the network are partitioned into groups, according
to some sensitive attribute, such as gender, race, or religion, and
we ask that influence is fairly distributed among the groups. For
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a group T, we define the influence Q7 of the group as the sum of
the influences of its members. For a given protected group T (e.g.
a minority), we say that the opinion-formation process is ¢-fair if
and only if Q1 = ¢ for a given fairness level ¢.

Opinion fairness ensures that the protected group has a suffi-
ciently strong voice and meaningfully contributes to the formation
of the public opinion within the network. This is particularly impor-
tant in polarizing debates (e.g., on climate or immigration policy),
where we want a public perception that incorporates diverse view-
points, including those of minorities, rather than merely reflecting
the views of the most dominant or vocal groups.

Given this definition of fairness, we consider the problem of
achieving ¢-fairness, by performing interventions to the opinion-
formation dynamics model. Specifically, we choose to adjust the
stubbornness values of the nodes. These interventions can be in-
terpreted as a campaign that empowers members of the protected
group to stand by their beliefs, while encouraging members of other
groups to be more receptive to the opinions within their social circle.
We consider modifying stubbornness a more realistic and action-
able intervention than altering the core beliefs of an individual, or
the underlying network structure, which can be achieved through
education, awareness, or social campaigning.

We assume that the interventions come at a cost, which captures
the effort required to adjust the attitude of the nodes. We measure
this cost using the sum of squares error between the stubbornness
vectors before and after the interventions. We formally define the
novel MINIMUM STUBBORNNESS ADJUSTMENT FOR FAIRNESS (MSAF)
problem as an optimization problem where we seek to achieve
fairness while minimizing the cost of the adjustments.

While the minimization objective (cost) of MSAF is a convex func-
tion, the fairness constraint is nonlinear. We propose two classes of
algorithms for addressing this issue: The first relies on selecting a
small subset of nodes and maximizing or minimizing their stubborn-
ness, depending on whether they belong to the protected group or
not. The second applies iterative linearizations to the constraint
to solve the optimization problem. We use perturbation theory to
derive closed-form expressions for efficiently computing the effect
of modifying the stubbornness of a single node, and apply them to
compute the partial derivatives of the fairness constraint.

We test our algorithms on real and synthetic data. Our experi-
ments demonstrate the efficiency and the effectiveness of our meth-
ods in achieving ¢-fairness. Further analysis of our results provides
insights into the behavior of our algorithms and the role of stub-
bornness in the process of reaching fairness.

In summary, we make the following contributions:

e We introduce a novel notion of fairness in opinion-formation
dynamics, grounded in the concept of opinion influence.

o We define the novel MSAF problem, which seeks to achieve fair-
ness through minimal adjustments to the stubbornness values
of the individuals in the social network.

e We propose two classes of algorithms for solving MSAF, lever-
aging perturbation theory to enhance efficiency and scalability.

e We conduct extensive experiments on both real and synthetic
networks to evaluate the performance of our algorithms and
investigate their properties.
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The rest of the paper is structured as follows. In Section 2 we
review related work. In Section 3, we define opinion fairness, and
in Section 4 we define the MSAF problem and study its proper-
ties. In Section 5 we present our algorithms, and in Section 6 our
experimental evaluation. We conclude the paper in Section 7.

2 Related Work

To the best of our knowledge, we are the first to propose a defini-
tion of fairness for opinion-formation dynamics, define the MSAF
problem and design algorithms for solving it. However, our work
is related to existing work on fairness in networks as well as work
that modifies the parameters of opinion-formation models to achieve
a specific objective. We review this literature below.

Fairness in networks: The field of algorithmic fairness has at-
tracted significant attention in the past years, with several different
fairness definitions and algorithms [4]. There are two broad classes
of fairness definitions: group fairness and individual fairness [4, 10].
In the former, we assume the presence of different groups in the
data, and we require that the groups are treated fairly. In the latter,
we require that similar individuals receive similar treatment. Our
definition assumes the group fairness setting.

Our work is on network fairness [9], which studies the fairness of
network structures and algorithms. To the best of our knowledge,
there is no prior work examining fairness in opinion formation,
yet there exists extensive research on fairness in information diffu-
sion processes, for the spread maximization problem [17], both in
the group-fairness [3, 28, 30] and individual fairness [11] contexts.
While information diffusion and opinion formation are both net-
work processes, they are distinct from each other, and so are the
corresponding fairness definitions. There is also work that considers
the fairness of random walks on networks, including node2vec [25],
and Pagerank [31, 32]. Although opinion formation is related to ran-
dom walks [13], none of these previous works considers explicitly
fairness under the FJ opinion-formation model.

Modifications of opinion-formation models: There is a substan-
tial body of work that considers modifications to the parameters
of the FJ model, or the input graph in order to achieve a specific
goal [1, 6, 13, 20, 21, 35]. Some of this work focuses on changing
the underlying network so as to achieve a social objective such as
reducing the social cost [6] or minimizing polarization [21, 35].
Gionis et al. [13] introduced the problem of maximizing the
aggregate opinion in the network, under the FJ model, by changing
the inner or the expressed opinions of the nodes under budget
constraints. Changing the inner and external opinions in FJ was
also considered by Matakos et al. [20] with the goal of minimizing
polarization. As the goals were different from ours, so were the
computational problems that were defined in those papers.
Recent work has also examined how stubbornness and network
structure affect the outcomes of opinion dynamics in FJ. Xu et
al. [34] provide a theoretical study of heterogeneous stubborn-
ness. Shirzadi and Zehmakan [27] further explore the relationship
between stubbornness and polarization. Papachristou and Klein-
berg [24] introduce a group disparity measure under the FJ and
DeGroot models. These works focus on measuring and reducing
polarization, whereas our work enforces fairness. These are orthog-
onal goals; a network can have zero polarization yet be unfair.
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The work most closely related to ours is that by Abebe et al. [1],
where they adjust the stubbornness parameters to maximize the
aggregate opinion under a budget constraint on the number of
modified nodes. In our work, we also adjust the stubbornness pa-
rameters, but we aim to achieve fairness. Also, our constraint is on
the amount of change in the stubbornness vector, rather than, the
number of nodes being altered.

3 Definitions

In this section, we provide the necessary background and definitions
that we use throughout the rest of the paper.

3.1 Opinion Formation Model

The model we consider is the popular Friedkin and Johnsen (FJ)
model [12]. In this model, we are given a graph with a set of n
nodes V and edges E. Each node i € V has a fixed inner opinion
si € [—1,1] and an expressed opinion z;. The former is fixed, and a
characteristic of the node itself; the latter is the result of the opinion
formation process that involves the inner opinion of the node and
the interaction of the node with the expressed opinions in its social
network. Each node i is also associated with a stubbornness value
a; € (0,1), which determines how opinionated the node is about
its inner opinion, and how resistant it is to the opinions of others
— higher values of a; indicate greater stubbornness, meaning that
node i places a large weight on their inner opinion and less on the
opinion of its social circle.

Each node interacts (iteratively) with its neighboring nodes in the
network, adjusting its expressed opinion z;. These interactions are
determined by the interaction matrix W € [0, 1]"*", which defines
aweight w;; for each edge (i, j) € E; w;j determines the importance
that node i places on the expressed opinion of neighboring node ;.
W is row stochastic (i.e., each entry W{i, j| = w;; is non-negative
and every row sums to 1).

In FJ, the expressed opinions are updated iteratively. At iteration
t the expressed opinion of node i becomes:

zl(t) =aq;jsi + (1 - a;) Z w,'jz](.t_l) ,
JEN;
where N; is the neighborhood of node i in G. Let a, s and z denote
the n-dimensional vectors of all stubbornness values, inner and
expressed opinions of the nodes in V. We can write the update
equation for the FJ model in matrix-vector terms:

2 = As+ (I - AwztY, (1)

where A = Diag(a) is the diagonal matrix with A[i, i] = a; and I is
the n X n identity matrix. A unique equilibrium vector z exists if:
(i) matrix W is irreducible (i.e., the underlying graph is connected)
and (ii) at least one node has stubbornness a; > 0. At this steady
state, the expressed opinions z of the nodes in V are:

z=(I-(I-AW) ! As=Qs. 2)

We define the influence matrix Q := (I— (I- A)W)~'A, which is
central to our work. The entries of matrix Q, Q[i, j] = g;j € (0,1)
determine the influence that node j exerts to node i. Note that
zi = X jev qijsj, and thus, the value g;; determines the extent to
which the expressed opinion z; of node i is influenced by the inner
opinion s; of node j.
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For a node i, we define the influence of node i in the network as
the average influence node i exerts to all the nodes in the network:

Qi = % Z qji- (3)

jev

The value Q; defines the influence of node i to the average opinion
zZ= 111 liev zi in the network. This is an important quantity, as it
captures the public opinion in the network, and it is often targeted
for maximization [1, 13, 29]. We have that zZ = };cy Qisi, thus, Q;
is the influence of the inner opinion s; to the public opinion.

Note that the matrix Q is row-stochastic, ie., Y ey gij = 1.
Therefore, the total influence exerted by all nodes in the network
satisfies: 3.1 | Q; = 1. This highlights the zero-sum nature of influ-
ence in the FJ model: the total amount of influence in the system
remains constant and must always sum to one. Consequently, when
one node loses influence, the influence of the remaining nodes in-
creases by redistributing the vacated influence among themselves.

3.2 Opinion Fairness

Following the group fairness paradigm, we assume that the nodes
in V are partitioned into two groups: red (R C V) and blue (B C V)
with RN B =0 and RU B = V. These groups are defined according
to some sensitive attribute such as gender. For the following we
use G = (V,E,W,R, B) to denote the weighted graph, where the
weights are given by matrix W, and the partition of the nodes into
red and blue is given by R and B respectively.
For a group T € {R, B}, we define the group influence of T as:

Or = Z Qi, (4)

ieT

where Q; is the influence of node i, defined in (3). As discussed, we
have that }};cy Q; = 1, and thus Qr + O = 1.

The Qg and Qp values determine the strength of the voice of
each group within the network and the effect on public opinion.
To illustrate, suppose all nodes in each group share the same inner
opinion, denoted sg and sp for groups R and B. Then, the public
opinion is given by Z = Qgrsg + Opsp. As Qg increases, Z shifts
toward the Red group’s inner opinion sg, while larger Qg pushes
it toward sp. For example, if sg = 1 and sg = —1, this simplifies to
Z = Qr — Op. In this case, the sign of the network public opinion is
determined by the group whose influence exceeds 0.5.

For the opinion formation process to be fair, we require that the
Qg and Qp values are sufficiently balanced; otherwise, we say that
the process is unfair.

Definition 1 (¢-Fairness). Given the input graphG = (V,E,W,R, B),
and a parameter ¢ € (0, 1), the FJ opinion-formation process on graph

G is ¢-fair if and only if: Qg = ¢.

The definition of fairness is parameterized by the value ¢ € (0,1),
which enforces different fairness policies. For instance, we can
set ¢ = 0.5 to enforce equal influence between the two groups.
Alternatively, we can enforce demographic parity fairness by setting
¢ equal to the fraction of red nodes in the graph. Finally, if the red
group is a minority or a protected group, we can also set ¢ to enforce
an affirmative action policy, empowering the voice of the minority.
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4 MINIMUM STUBBORNNESS ADJUSTMENT FOR
FAIRNESS

We now consider the problem of achieving fairness in the opinion
formation process. Consider a graph G = (V,E,W,R,B), and a
desired fairness value ¢. Without loss of generality, assume that the
network is unfair towards the red group, i.e. Qg < ¢. Our goal is to
increase the influence of the red group by performing interventions.
The interventions we consider are changes in stubbornness.

We focus on adjusting stubbornness because it directly controls
the balance between inner opinions and social influence in the
FJ model. Unlike altering the network structure (e.g., adding or
removing edges), or changing inner opinions, which may be un-
realistic or intrusive, modifying stubbornness provides a plausible
and interpretable lever: it captures natural mechanisms such as
confidence-building, resource support, or encouraging receptive-
ness. Intuitively, we want to make the red nodes more assertive
(increase their stubbornness) and the blue nodes more receptive
(decrease their stubbornness), to achieve ¢-fairness. Moreover, stub-
bornness enters the model in a mathematically tractable way, en-
abling us to derive closed-form expressions for its impact and design
efficient algorithms for fair interventions.

However, interventions come at a cost, which is the degree to
which we change the original stubbornness values. This cost can
be thought of as the effort required to change the attitude of the
red and blue nodes. We want to achieve ¢-fairness with minimal
adjustments to the stubbornness values.

Formally, let a = (aj, ..., an) denote the input vector of stub-
bornness values and a’ = (a], ..., ay) the stubbornness values after
the interventions. We define the cost of the interventions as:

Cost(a’) = Z(ai —d)?. (5)
i=1

We can now define our optimization problem as follows.

Problem 1. [MINIMUM STUBBORNNESS ADJUSTMENT FOR FAIRNESS-
MSAF] Assume an input graph G = (V,E,W,R, B), and an initial
stubbornness vectora = (ay, . .., an). Given a fairness level ¢ € (0,1),
find a modified stubbornness vectora’ = (a;, ..., ay) such that:

min Cost(a’)
a/

subject to: Qr(a’) = ¢
a; € (0,1).

MSAF models the trade-off between enforcing fairness and pre-
serving the behavioral tendencies of the nodes. Although the objec-
tive function (Eq. (5)) of this optimization problem is convex, the
problem is challenging because of the non-linearity of the fairness
constraint Qr(a’) = ¢. This constraint depends on the influence
matrix Q, which is the inverse of another matrix (Eq. (2)) and thus,
nonlinear.

4.1 Analytical Derivations of the MSAF problem

To analyze how changes in stubbornness affect influence, we first
present some key mathematical results. Assume that we alter the
stubbornness value of a single node. The analytical expressions
for the change in the group influence Qg are formalized in the
following lemma.
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Lemma 1. Given an input graph G = (V,E,W, R, B) and an initial
stubbornness vectora = (ay, . .., an), altering the stubbornness of a
single node i from a; to a results in the group influence updates:

(%) ZjeBdij

1+ (%) (gii — ai)

Qr =Or+ (aj — a)) , ifieR
Qi
(m) 2jeR qij

7
4

1+ (Tf:i)) (qii — ai)

Qr =0r - (@] —a)) , ifieB,

where Q; is the initial influence of node i, Qg the initial Red group
influence, and Qp, the updated Red group influence after modifying
the stubbornness of node i from a; to a;.

Using the result of Lemma 1, we derive the partial derivative of
the group influence (Qg) with respect to the stubbornness (a;) of
an individual node i as follows:

a0R a;(1-a;) jE‘B qij> 1€R ©
- Qi I :
aa, —mngqU, i€B
We can simplify Eq. (6) by approximating the partial derivatives
using the first-order Neumann series expansion [14].

>, ajwij, i€R
I0R ~ ]jcB o @)
ada; Z —a;jwij, l'GB'
JjER
The proof of Lemma 1 and the derivations of Equations (6) and (7)
appear in Appendices A and B respectively.

4.2 Properties of the MSAF problem

Before addressing the MSAF problem, we first prove some key
properties.

Universal feasibility. We prove that stubbornness adjustments
suffice to achieve any desired fairness level ¢.

Lemma 2 (Feasibility). Given a graph G = (V,E, W, R, B), for any
desired fairness level ¢ € (0,1), there always exists at least one
stubbornness vectora = (ay, ..., an) such that Qr(a) = ¢.

Monotonicity of fairness. We show that changing the stubborn-
ness of a node in a group has a monotonic effect on the influence
of the group, that is, as the stubbornness of a node increases, the
influence of its group increases as well, and vice versa.

Lemma 3 (Monotonicity). Let G = (V,E, W,R, B) be the input
graph and consider node i € T, where T € {R, B}, with initial stub-
bornness a;. If the stubbornness of node i increases to a; > aj, the
influence Qr of group T monotonically increases, while the influence
Qj of the opposing group T, monotonically decreases. Conversely, if
the stubbornness of node i decreases to a;; < a;, then Q1 monotonically
decreases, while Q7 monotonically increases.

The proofs of Lemmas 2 and 3 appear in Appendices C and D.
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5 Solving the MSAF Problem

In this section, we present two families of algorithms for MSAF: (i)
The Selective (Se) algorithms, which iteratively adjust the stub-
bornness of individual nodes to achieve the desired level of fairness;
(ii) The Global Adjustment (GA) algorithms, which change the
full stubbornness vector, by framing the problem as a sequence of
convex optimization subproblems with linearized constraints.

5.1 The Selective (Se) Algorithms

We first introduce the simple and efficient Selective (Se) algo-
rithm, which employs a deliberately forceful strategy designed to
rapidly achieve the fairness target ¢ with minimal computational
effort. The general Se algorithm incrementally modifies the stub-
bornness of individual nodes to steer the influence of the Red group,
QOr, toward the specified fairness target ¢. At each iteration, the
algorithm selects a single node and sets its stubbornness to one
of two extremal values, € or 1 — ¢, depending on whether an in-
crease or a decrease in Qg is required. Here, € = 107° serves as
a small buffer to prevent division-by-zero errors in the formulas
of Lemma 1. Specifically, when Qr < ¢ (resp. Qr > ¢), the algo-
rithm increases (resp. decreases) Qg by either maximizing (resp.
minimizing) the stubbornness of a Red node or minimizing (resp.
maximizing) that of a Blue node. This process continues until Qg
exceeds (resp. falls below) the fairness threshold ¢. At that point,
the algorithm performs a final refinement step: it revisits the last
modified node and adjusts its stubbornness to an intermediate value,
using the equation of Lemma 1, that ensures Qg = ¢ exactly.

This algorithm terminates and always outputs a feasible solution
because of two key properties: First, as shown in Lemma 3, altering
the stubbornness of a single node results in a monotonic change in
the influence of its group. Second, Lemma 2 guarantees that, due to
the continuity of the group influence function Qg, an exact solution
always exists within the feasible domain. The full pseudocode of
the generic Selective algorithm is shown in Alg. 1.

We consider three variants of the Selective algorithm: Se-Rand,
Se-Greedy and Se-SM, which differ in the strategy used to select the
next node to modify at each iteration (line 6 of Alg. 1). Se-Greedy
selects the node whose modification yields the greatest decrease in
|Or — @], using the formulas in Lemma 1. Se-SM adopts a gradient-
based selection criterion, selecting at each step the node with the
highest absolute value of the partial derivative, computed using
Eq. (6). Se-Rand selects nodes at random, serving as a baseline.

5.2 The Global Adjustment (GA) Algorithms

We now introduce the Global Adjustment (GA) algorithm, which
considers the structure of the entire MSAF problem and aims at
achieving the fairness target ¢ while directly accounting for the
cost (Eq. (5)) of the stubbornness modifications it applies.

A key observation is that MSAF is a convex optimization prob-
lem with a non-linear constraint. The non-linearity arises from the
fairness constraint Qr(a’) = ¢, which depends on matrix inversion
in the computation of the g;; values. Key to the GA approach is the
linearization of the constraint using the first-order Taylor approxi-
mation Qgr(a’) ~ Qr(a) + VOg(a) - (2’ — a). Using the results of

WWW ’26, April 13-17, 2026, Dubai, United Arab Emirates

Algorithm 1 Selective (Se) Algorithm
Input: Interaction matrix W, initial stubbornness vector
a=(ay,...,an), node group-assignments, fairness target ¢.
Output: Adjusted stubbornness values a’ s.t. Qg(a’) = ¢.

: Compute initial fairness: Qg < Qg(a)
: Initialize a’ « a
. Initialize available node list: Vyy,j < V
. if Qg < ¢ then
while Qg < ¢ do
Select i € Vi1 and remove i from V51
if i € R then
a;—1-e¢
else
10: a; «—0+e
11: end if
12: Recompute Qg « Qg(a’)
13:  end while
14 Undo last change and solve for precise a;
15:  if i € Bthen

R A A S o

) ’ . (Qr=¢)(1-a;)

16: 4; < ai Qi 2 jer qij—(Or—9) (qii—ai) + 1)

17: 1

18: ¢ Sae' — a ( (¢—Qr)(1-a;) + 1)
' i "\ Qi Y ep qij—($-0r)(qii—ai)

19:  endif

20: else if Qg > ¢ then

21:  Same steps, but swap R with B on while loop
22: end if

23: Return: Adjusted stubbornness values a’.

Lemma 1, we can calculate the gradient term VQg(a). The result-
ing optimization sub-problem has a convex objective and a linear
constraint thus it is easy to solve analytically (see Appendix E).

The generic Global Adjustment (GA) algorithm proceeds itera-
tively as follows. At each iteration t, it takes as input a stubbornness
vector a(t), where a(9) is set to the initial stubbornness vector a.
The algorithm solves a new linearized optimization subproblem us-
ing a) and outputs an updated stubbornness vector al*1) _ After
each update, box constraints are enforced to ensure that all stub-
bornness values remain within the interval (0, 1). Using standard
results in non-linear optimization (see [5, 22] and also Appendix F)
we can prove that this iterative process converges to Qgr(a’) = ¢.
The general GA algorithm is shown in Alg. 2.

Depending on whether we use the exact (Eq. (6)) or the approxi-
mate (Eq. (7)) expression for the partial derivatives in the calculation
of the gradient VQg (a), we refer to the corresponding instantiations
of the algorithm as GA-SM and GA-NMA, respectively.

5.3 Computational Complexity

In both the Selective and Global Adjustment (GA) algorithms,
the dominant computational cost per iteration is the computation
of the influence matrix Q = (I — (I — AYW) ™! A = B"1A, when the
stubbornness values a; are updated. The theoretical complexity of
matrix inversion can be reduced to approximately O(n?37) [33].In
practice, for the GA algorithms, we employ standard dense solvers
provided by the CuPy library, which internally rely on LU decom-
position, yielding computational cost per-iteration O(n?) [14]. The
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Algorithm 2 Global Adjustment (GA) Algorithm
Input: Interaction matrix W, initial stubbornness vector
a = (aj,ay,...,an), node group-assignments, fairness target ¢,
tolerance r.
Output: Adjusted a’ = (a, aj, ..., ay,) such that Qr(a’) = ¢ = 7.

1. Initialize: Seta’(®) « a,t < 0
2. while |Qg(a’(V)) — ¢| > r do

3. Compute influence matrix Q and Qg(a’ 1y = Qg)
4:  Compute partial derivatives using (6) or (7)
Q)
i = .
P a;(t)

5. Update stubbornness values:

(t)
2D _ (@) Qg —¢

i i %

;.
Tkt %
6:  Enforce box constraints: If any a;(tﬂ) violates (0, 1):
e _ [1-e if &) > 1,

’ 0+e ifa)"* <o.

7:  Increment iteration counter: t «— t + 1.
s: end while
9: Return: Adjusted stubbornness values a’.

Selective algorithms however can exploit the fact that a single
stubbornness value q; is modified in each iteration. This allows
the use of the Sherman-Morrison formula [14] (see the proof of
Lemma 1 in Appendix A) to efficiently update the inverse B~! with-
out recomputing it from scratch, thus reducing the per-iteration
cost of Selective to O(n?). The runtime of each algorithm also
depends on the number of iterations required to achieve ¢-fairness,
which may vary considerably in practice, as shown in Section 6.

6 Experiments

Our experiments address the following research questions (RQ’s):

RQ1: How does stubbornness affect fairness, i.e., the relative in-
fluence between the two groups?

RQ2: How do the two families of algorithms (Selective and GA),
and their respective variants, differ in terms of runtime, cost,
and the resulting changes in stubbornness values when aim-
ing to achieve ¢-fairness?

RQ3: Which structural properties of nodes in the graph drive the
stubbornness changes induced by the two algorithmic fami-
lies (Selective and GA) and their variants?

6.1 Datasets

Synthetic datasets: We generate synthetic graphs using a variant
of the Stochastic Block Model (SBM) [15] with two competing
groups (Red and Blue). Nodes are assigned to groups based on a
predefined ratio 7 = |R|/|V|, and edges are added probabilistically:
with intra-group connection probability p = 0.2 and inter-group
connection probability g = 0.1. To ensure global connectivity, we
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manually create a cycle in the graph connecting all nodes. All
synthetic graphs have n = 1000 nodes.

Red and Blue nodes are each assigned stubbornness values sam-
pled uniformly from one of three ranges: low (0.0,0.33), medium
(0.33,0.66), or high (0.66, 1.0). Depending on the ranges from which
the Red group’s stubbornness values (ag) and the Blue group’s val-
ues (ap) are drawn, we obtain different group-level stubbornness
configurations, denoted as ¢ = (ag, ag). For each combination of
group size ratio (r) and stubbornness configuration (c), we generate
five independent graphs to ensure statistical robustness.

Real datasets: We use the following real-world graphs:

o Karate [18]: The graph consists of the members of a karate club
and their social interactions. The graph naturally partitions into
two factions formed during a documented club split.

o Residence [18]: The graph consists of university students in
an Australian residence hall and their self-reported friendships.

e Twitter [19]: The graph consists of the members of the 117th
U.S. Congress and their Twitter interactions, including retweets,
quotes, replies, and mentions. The graph is partitioned into
opposing political affiliations.

e Blogs [2]: The graph consists of political blogs from the 2004
U.S. election and the hyperlinks from one blog to another. Blogs
are labeled as liberal or conservative.

e Facebook [19]: The graph consists of Facebook users and their
friendship relationships. Nodes are partitioned based on gender.

e Trinity, Northwestern [26]: The graph consists of Facebook
users from U.S. university networks and their friendships.

The characteristics of the real-world graphs, along with the
initial influence (QR) of the Red group, are summarized in Table 1.
In cases where group information is absent (Residence, Trinity,
Northwestern), nodes are partitioned into two groups using the
state-of-the-art off-the-shelf algorithm, METIS [16]. Stubbornness
values a; are independently sampled from the uniform distribution
in the open interval ¢(0,1).

6.2 Experimental Setup

Algorithms: We experiment with all the variants of the two fami-
lies of algorithms. This includes Se-Greedy, Se-SM, and Se-Rand
from the Selective family (Alg. 1), and GA-NMA and GA-SM from
the GA family (Alg. 2). For the GA algorithms the tolerance parameter
is set to 1072 and for the Selective algorithms we set € = 107°.

Code and hardware: All experiments ran on an NVIDIA GeForce
RTX 4080 GPU with 16 GB of dedicated VRAM.

6.3 RQ1: Effect of stubbornness on influence

To address RQ1 we employ synthetic graphs, which allow to control
the group ratio 7 = |R|/|V|, and investigate the combined effect of
group ratio and stubbornness on group influence and fairness.

In Fig. 1 we plot the influence of the Red group (Qg) as a function
of the group ratio (7), for different stubbornness configurations (c).
When both groups exhibit medium stubbornness (green line), Qg
increases linearly with the fraction of Red nodes. Note that the
diagonal line (y = x) corresponds to the case where influence is
exactly proportional to group size. However, when the Red group is
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Table 1: Statistics of the Real-World Network Datasets
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Table 2: Comparison of Algorithms on Real World Graphs

Name # Nodes #Edges Initial Qg 7  Partition Selective GA
Graph Metric Se-Rand Se-Greed Se-SM  GA-NMA  GA-SM
Karate[18] 34 78 0552 0500 Clubs P y
Residence[18] 217 2,672 0443 0489 METIS Karate Time(s) —0.008 0.002 0004 0025 0306
Twitter[19] 475 13,289 0517 0501 Politi n =34 Merations 12 2 ’ 3 o
witter : : : oltics Cost 1.760 1.071 0582 0335  0.175
Blogs[2] 1,222 16,717 0.479  0.479 Politics -
Trinitel2 0613 111.99 0478 0485 METIS Resid. Time(s) 0.117 0.074 0088 0659 1944
rinity[26] 6 :996 47 485 el or Iterations 58 32 47 434 1766
Facebook[19] 4,039 88234 0373 0381 Gender Cost 27.679 22928 20054 19043  14.527
Northwestern[26] 10,537 488,318 0.472 0.485 METIS Tt Time(s) 0.232 0.097 0.129 1.653 5842
a5 Iterations 92 24 36 566 2242
Cost 23.431 15.892 9.202 3255  2.620
e <= (an, o) Time(s) 7.051 2.025 3121 65624  173.28
—4— (high, low) Blogs N
—4— (high, medium) n- 1222 Iterations 808 167 210 7057 17902
_08] 4+ (medium, fow) ’ Cost 258.43 88.167 63866 92278 49.822
S —4— (medium, medium)
S| < (ow, medium) Trinity Time(s)  77.612 32085 39930 247.92 13529
e —4— (medium, high) N
§ 001 1 (oo n - 2,613 Iterations 764 320 492 3345 16887
£ Cost 365.45 20943 162.108 11835  90.937
[
g 04 Facebook Time(s) 21854  50.656  59.081 787.20  4927.9
° 039 Iterations 1813 266 383 5231 29544
[ =%
2., Cost 502.36 16282 10750  47.154  33.892
Northwest Time(s)  2397.6 12345 21342 13879 81088
00 e ossy T Iterations 2095 1012 1704 12764 73350
10% 20% 30% 40% 50% 60% 70% 80% 90% g Cost 802.36 720.49 553.62 34594  276.14

Group Ratio ()

Figure 1: x-axis Red Group Node Percentage (7), y-axis Red
Group Influence (Qr). Each line corresponds to a different
Red and Blue stubbornness configuration: ¢ = (ag, ag).

more stubborn than the Blue group (c = (high, low)), its influence
grows disproportionately. For instance, at an even split (z = 50%),
the influence of the red group, Qr approaches 80%. Conversely,
when the Blue group is more stubborn (¢ = (low, high)), the Red
group’s influence drops markedly, reaching just above 20%, under
an even split. This demonstrates how altering the stubbornness
values can fundamentally shift the balance of influence between
competing groups, and induce unfairness.

6.4 RQ2: How is ¢-fairness achieved?

To address RQ2, we apply our algorithms to real-world graphs. We
evaluate their effectiveness in achieving ¢-fairness, focusing on
cost, number of iterations, runtime, and the changes introduced in
stubbornness values. In all experiments, the target ¢ value is set to
a 10% increase in the initial influence of the Red group.

Comparison of algorithms: The results presented in Table 2 high-
light key trade-offs between computational efficiency and Cost min-
imization across algorithms. Among the five variants, Se-Greedy
and Se-SM are the fastest, requiring the fewest iterations to achieve
fairness. Notably, Se-Greedy consistently alters the smallest num-
ber of nodes across all graphs, yet Se-SMattains a lower Cost among
the Selective algorithms, despite modifying more nodes. This
suggests that, within the Selective family, Se-SM makes more ef-
fective node selections, thus indirectly prioritizing long-term gains
over immediate improvement. The GA-SM is the most effective in
minimizing changes to the stubbornness values, achieving the low-
est Cost. GA-SM outperforms GA-NMA, which can be attributed to
the exact formula for computing the partial derivatives that it uses.

Overall, despite the fact that they affect a small set of nodes, the
Selective algorithms yield mostly higher Cost values compared
to both the GA algorithms, as they do not explicitly aim to minimize
the magnitude of modifications to the stubbornness parameters.
However, they are significantly more efficient in terms of runtime.
A good trade-off between Cost and runtime is achieved by GA-NMA,
which attains the second-lowest Cost for most graphs, while main-
taining a much faster execution time than GA-SM, making it a viable
approach when both efficiency and Cost are important.

Stubbornness distribution shift: We now study the choices that
our algorithms make when modifying the stubbornness values.
Examining the distribution of stubbornness before and after apply-
ing the algorithms reveals whether the adjustments are gradual or
extreme, and thus shows the underlying optimization strategy. In
Fig. 2, we plot the two distributions, superimposed for comparison.
The Selective algorithms exhibit a markedly more pronounced
effect on the final distributions compared to the GA methods: all
three Selective variants shift the stubbornness distributions ag-
gressively towards their respective boundaries.

These observations underscore a fundamental distinction be-
tween the two algorithmic families. Selective algorithms rely on
discrete, limit-driven adjustments to achieve ¢-fairness, resulting
in stubbornness distributions that are pushed to their extremes. In
contrast, the GA algorithms use a continuous optimization strategy
that produces smoother, more moderate modifications, as clearly
reflected in the distribution shifts of Fig. 2. The violent shifts in the
distributions result in higher cost for the Selective algorithms, as
reported in Table 2, despite the fact that they change a small set of
nodes. On the other hand, the gradual adjustment mechanism of
the GA family, results in lower cost, although they affect all nodes
in the graph. Interestingly, the Se-SM, which achieves the lowest
cost among the Selective algorithms, incurs a moderate shift in
the distribution compared to the other Selective variants.
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Figure 2: Distribution of initial (a;, in blue) and optimized
(a}, in red) stubbornness values across real-world graphs.

6.5 RQ3: What drives stubbornness
adjustments?

To address RQ3, we examine how different structural properties of
the nodes in the graph drive the adjustments in stubbornness in-
duced by the algorithms. We examine the altered real-world graphs
used in RQ2 and focus on two properties in particular: node degree
and initial stubbornness. Figures 3 and 4 present the results.

Degree. In Fig. 3, we analyze the relationship between node degree
and stubbornness change. For the Selective algorithms, we show
histograms of the degree distribution of the selected nodes. The
results reveal that Se-Greedy and Se-SM choose to modify nodes
with higher degrees compared to Se-Rand, a consistent pattern
across all datasets. For the GA algorithms, scatter plots of |a; — a]
against node degree highlight a linear relationship between degree
and stubbornness change, as indicated also by the high Pearson
Correlation (r) values. This relationship is clearly more pronounced
for GA-SM compared to GA-NMA. This behavior helps explain the
lower costs achieved by GA-SM and Se-SM algorithms: targeting
high-degree nodes emerges as an effective strategy for minimizing
cost, even though neither algorithm explicitly prioritizes degree.

Initial stubbornness. In Fig. 4, we examine if a node’s initial stub-
bornness (a;) affects its adjustment. Among Selective variants,
Se-Greedy exhibits a clear bias toward nodes with higher initial
stubbornness, as shown by histograms skewed toward the right
end of the a; axis. The Se-Rand and Se-SM methods show no such
trend. For the GA family, the scatter plots also do not indicate strong
correlations, with Pearson coefficients below 0.17 across all graphs.

Overall, these findings show that node degree plays a central
role in driving stubbornness adjustments for Se-Greedy, Se-SM
and GA-SM, while initial stubbornness only matters for Se-Greedy.

7 Conclusions

In this paper, we introduced opinion formation fairness, and we
defined the MINIMUM STUBBORNNESS ADJUSTMENT FOR FAIRNESS
problem for achieving it by adjusting the stubbornness values of
the nodes in the graph. We designed two families of algorithms for
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Se-Rand Se-Greedy

|

=

|

Node Degree Node Degree © “Node Degree Node Degree Node Degree

Figure 3: Degree vs. Change in Stubbornness: Histograms
and Scatter Plots across Real-World Graphs.

Se-Rand Se-Greedy Se-SM GA-NMA GA-SM

Figure 4: Initial Stubbornness vs. Change in Stubbornness:
Histograms and Scatter Plots across Real-World Graphs.

solving MSAF and analyzed their behavior across synthetic and real-
world networks. Our paper opens up new research directions in the
domain of fairness and opinion dynamics. In the future, we want to
consider different ways of achieving fairness, e.g., by strengthening
or weakening ties, or by adding and removing edges. Furthermore,
our definition of ¢-fairness naturally extends to more groups, with
the associated optimization problem becoming substantially harder.
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A Proof of Lemma 1

Proor. To prove this lemma, we apply the Sherman-Morrison
formula, which provides an efficient way to compute the inverse
of a rank-one updated matrix. Given a matrix B and a rank-one
update uo ', the formula states:

B lup B!

B+uw ) l=p1l-o—— —
( ) 1+0T7B 1y

We apply this result to matrix:
B=I-(I-AW.

When modifying the stubbornness of node i, the updated stubborn-
ness matrix A’ differs from A only in the (i, i)-th entry. The updated
matrix can then be written as:

B =I-(I-A)YW=B+uv'.
Since this modification corresponds to a rank-one update, we define:

u=(a;—ae, v=WTe=w,
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where e; is the standard basis vector with a 1 at position i and
0 elsewhere, and w; is the i-th row of W. Substituting into the
Sherman-Morrison formula, the denominator simplifies to:

1+9 B lu=1+w B ' ((a} - ai)e;) = 1+ (a} — a;)w; B e

Since B~le; corresponds to the i-th column of B~!, denoted as
[B~1];; = bij, this becomes:

n
1+0' B lu=1+(a} - a) Z Wimbmi.
m=1
Evaluating the numerator:

B 'uo B! = B~ ((a} — ap)e))w; B~ = (a} — a;) B 1e;w; B

Expanding element-wise, the k-th component of B~lu is:

(B uly = (4] — ai)by;.
Similarly, the j-th component of o™ B~!

n
[b"B7]; = Z Wimbm,.
m=1
Thus, the (k, j) element of the numerator matrix is:

n
(B~ luo By, = (a) - ap)by Z Wimbm,.
m=1

Using these results in the Sherman-Morrison formula, we obtain
the closed-form update for the elements of B’~1:

(a; - a;) Z:lnzl Wimbmj
1+ (a: - ai) an:1 Wimbmi
To transition from the elements of the matrix [B~1]; j = bgjto
the elements of the influence matrix [Q]x; = qxj, we leverage the

kj = brj = b

relationship: Q = B! A, where A is the diagonal matrix and:
4 ’ ’
qkj = brjaj = dij = bkj i
Since we have modified only the stubbornness of node i from a; to
a;, all other stubbornness values remain unchanged. This leads to
two cases: If j = i, then the updated stubbornness is: a} = a;. Ifj # 1,
then a;. = aj, since the stubbornness of node j remains unchanged.
To derive q;cj from b/’c ., we must account for this distinction.

Starting with the case of nodes j # i, we multiply the updated
Sherman-Morrison equation by a} =aj:

(a, - ai) Zm 1 Wzmbm]
aij
T1+ (a - a;) Zm 1 Wimbmi

’ ’
bkj i bk] aj — bkl
Utilizing the relationships:
qlkj bkjaj’ qk;j = brjajs

and rearranging the numerator by passing a; inside the fraction so
that: gmj = bmja;, we obtain:

’
ai—ai

n
a; ) 2im=1 Wimqmj

P (8)
i n
a_) Z -1 Wim{qmi
Next, we establish that the denominator in our expression is
strictly positive, i.e., we show that:

Qhj = k) — ki
1+(
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a —a
( l) ZwlmCIml > -1

To analyze this, we first observe that the ratio of stubbornness,
(@} - a;)/a;, reaches its minimum of —1 in the limiting case where
a; — 1 and a; — 0. Furthermore, because the interaction matrix
W is row-stochastic, it follows that:

n
Z Wim = 1.
m=1

Additionally, we analyze the influence matrix elements. By defini-
tion, we have:

qmi = bmiai,
where by, € [0,1] and a; € (0, 1). Since a; is strictly between 0
and 1, it follows that:

qmi # 1, Vm.

While in the general Friedkin-Johnsen (FJ) model, stubbornness can
take values in {0, 1}, in our case, we restrict them to a; € (0, 1) to
avoid singularities such as division by zero. Given that 3.7 _, wim =
1 and gm; < 1, it follows that:

n
Z WimQmi < 1.
m=1

This ensures that the denominator remains strictly positive. Moving
forward, we introduce influence using the definition:

1 n
= ;;qkj‘

Dividing both sides of equation (8) by n and summing over k:

a,—a; n
( lai )Zmzl Wim{mj

a.—a; !
1+ ( T ) an:l Wim{mi
We can further simplify this equation by recognizing that the sums
in both the numerator and denominator can be computed using:

Q=0 -0i

n
qij = dijaj + (1 - ai) Z WimGmj-

m=1
This equation can be derived from the definition of B~!
B7lB=] = B l'=LBlI-AW = Q=A+Q(I-AW

Solving this separately for the cases i = j and i # j, we obtain:

n
qij S
szQOJ— o fori# j
_l

m=1
n

qii — ai L
E WimQmi = 1—a fori=j
m=1 i

Substituting these expressions back into the influence equation
allows us to simplify the sums in both the numerator and denomina-
tor. The final equation of how the influence of nodes j # i changes
when the stubbornness of node i is modified from a; to a; is:
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(arar) v
1+(a(1 a))(‘]n_ a;)

Following a similar approach for node i, starting from the Sherman-
Morrison equation for the elements of the inverse matrix B~

i

Q}:Qj—

(a; - ai) Z?fl:l Wimbmj
i
ll+(a§—a,~)2"m

b;cj = byj -

=1 Wimbmi

In the case of node i, substituting j = i, the elements become
bii = qxi/ai and by multiplying both sides of the equation with a}:

aj/a;

7
ai—a,-

n
a; ) Zmzl Wimdmi

q;cizqki
1+

Dividing both sides of the equation by n and summing over k, we
derive the final update equation for the influence of node i when
it’s stubbornness is modified from a; to agz

a;/a;

1+ (m) (gii — ai)

Extending these equations now from the individual node level
to the team level, without loss of generality, we assume that the
modified node i belongs to the Blue team, i.e., i € B. The proof for
the case where i € R follows symmetrically. We sum the influence
update equation of a single node over all nodes in the Red team
(j € R) to determine the total influence change in Qg. Importantly,
we do not require the equation describing the influence update of
node i, as we are considering only nodes in R and i € B. Summing
over all j € R yields:

Qi = O;

(az(l —a;) )ZJER(ql])
1+ (alu(,l a; )) (qii — ai)

Here, Qp, denotes the total influence of the Red team after modifying
the stubbornness of node i from a; to aj, while Qg represents its
initial influence. In similar fashion and utilizing the fact that: Qg +
Op = 1 we can derive the updated Qp, when the node updated
belongs to the Red Group. O

QR QR_(a a;)

B Derivation of the Partial Derivatives (6,7)

We derive the partial derivatives of the function Qg(a) and also
establish that it is partially differentiable for all stubbornness values
aj € (0,1). From the definition of the partial derivatives, we con-
sider an infinitesimal perturbation h in the stubbornness of node
i, i.e., setting ag = a;j + h, in the formula of Lemma 1 we get the
following for for i € B:

(%) 2jer(qij)
1+ (%) (gii — ai)

For any stubbornness parameter a;, where i € B, the derivative is:

QOr =0r - (d} —a)
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90r _ . Qr(ai,...,ai+h,...,an) — Qr(ai,...,ai,...,an)
—— = lim
oa; h—0 h
Qi
1 (m) 2jer(qij)
=}lllrr})z Or - (ai +h—a;) p——— - Or
- 1+(a(1—a,L) (gii — ai)
1 (a (-a) )Z_/ER(qt])
= lim 7 —-h
h—0 1+ (m) (qii — ai)
(al(l—al) ZJER(qu)
= lim |-
h—0

1+ (W) (qii — ai)
al(l - al) ]%“quj

which always exists Va; € (0, 1), thus making clear that the function
is also partially differentiable. Now following the same steps but
for the case that i € R, the update function for the influence of the
Red team is now:

(%)Z}'EB(CIU)
1+ (%) (qii - ar)

We can calculate again the partial derivative for i € R as:

Op =Or+ (d; — @)

QR = lim Or(ai,...,ai+h,...,an) — QOr(ay,...,ai,...,an)
oa; h—0 h
Qi
im 1 (m) 2 jeB(qij)
=hmﬁ Or+(ai+h—-a) <0/ ok
o 1+ (;-l(l—a(:l)) (gii — ai)
1 (az(l —a;) )ZJEB(ql])
=lim —|h
h—0 h

1+ (m) (gii — ai)
Qi

Resulting in the partial derivatives:

90R @ (1 a:) Z qij» i€R
oa; |- ieB’
a; ai(l_ai) ngqU, i€B

Utilizing the Neumann Series first order approximation to calcu-
late the partial derivatives, for influence matrix Q we know that:

o a
qij ® a;

Using the definition of the influence of the Red team, the partial
derivatives of Qg can be expressed as:

aQ 9qij
a1 " a qu” B ZZ (371)

i=1 jeR i=1 jeR

ifi#j
ifi=j

- aj)ajwij
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By utilizing the Neumann Series approximation which provides
us with a closed form equations for the g;; values we can easily

calculate: %. Again we must point out that this can be done for up

to any order term of the series however as we add more terms the
resulting g;; terms become more and more complex. To maintain
analytical simplicity, we restrict our formulation to the first-order
approximation, which yields:

1 ifk =i=j, (kk) element
dqij _|(1—a))w;j ifk=i# j, columnk
dar ifk=j#jrowk
0 ifk#i#]

The above formula indicates that the derivative of the elements
qij with respect to ag, leaves non-zero only the elements in the
(k, k) cross of the influence matrix Q. Thus when doing the double
summation by i € {1,...,n} and by j € R, while also utilizing the
fact that: Qg = 1 — Op, we get the resulting equation:

dar | -aiwij

2 ajwij, i€R

90rR _ |jeB
ada; Z —a;jwij, i€B
JjER

C Proof of Lemma 2

Proor. We establish this result using the intermediate value
theorem. To apply the theorem, we first identify the extreme cases
of fairness, i.e., when Qp — 1 and Qg — 0, which correspond to all
influence being allocated to either the Red or the Blue team. From
the definition of a node’s influence:

13 13
Qi=;Zqﬁ=ai';Zbﬁ,
J=1 J=1

it follows that the total influence of the Red team is maximized
when the stubbornness values of all Red nodes approach 1 while
those of all Blue nodes approach 0. Similarly, the influence of the
Red team is minimized when the stubbornness values of all Red
nodes approach 0 while those of all Blue nodes approach 1. Formally,
if nodes i = 1,2,...,r belong to the Red team and the remaining
nodes to the Blue team, it is true that:

Qr(ag = laz > 1,...,ar > Lary1 —0,...,ap > 0) > 1

Qr(ag = 0,a2g > 0,...,ar > 0,ar41 — 1,...,a, > 1) >0

These upper and lower bounds allow us to apply the interme-
diate value theorem. The remaining requirement is to establish
the continuity of the function Qg(ai, ..., a,). By definition, the
total influence of group R is given by: Qr(a) = ¥ jcr Xity Gijs
where the values g;; are elements of the influence matrix: Q =
(I-(I-A)W)~! A, defined in Eq. (2). The function Qg(a) is con-
tinuous by construction because all operations involved in its com-
putation are continuous: Matrix addition, subtraction, and multi-
plication are continuous operations. Also, the inverse operation is
continuous whenever the inverse exists and in our case, the inverse
is always well-defined based on our assumptions. Thus, since Qg (a)
is continuous and reaches by limit the values 0 and 1, the interme-
diate value theorem guarantees that for any ¢ € (0, 1), there exists
at least one stubbornness vector a such that: Qr(a) = ¢. O
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D Proof of Lemma 3

Proor. Without loss of generality, assume that the modified
node i belongs to the Red group, i.e., i € R. The proof for i € B
follows symmetrically. When the stubbornness of node i is altered
we know how Qg changes from Lemma 1. Observe that the sign
of (a] — a;) solely determines whether Qp increases or decreases.
This is because the denominator was proven to be strictly positive
in Lemma 1, and the numerator remains strictly positive for all a; €
(0, 1). Using the zero-sum property of influence, Qgr(a) + Qp(a) =
1,Va € (0,1)", it follows that an increase in Qg necessarily implies
a corresponding decrease in Qp, and vice versa. O

E Update Equation for GA Algorithm

To solve the MSAF problem, we linearize the nonlinear constraint
QR = ¢ using a first-order Taylor expansion, resulting in a convex
problem with a linear equality constraint:

n
min Z(a; —a;)?
a
i=1

subject to: Qg(a) + VQgr(a)(a’ —a) = ¢
a;e(0,1)VieV.
The solution proceeds by standard steps: Form the Lagrangian, take
its gradient and solve for the stationary point. Substituting this into
the linearized constraint yields a closed-form expression for the
Lagrange multiplier, which in turn gives the optimal update direc-
tion. The result is a single-step update that moves in the direction
of VQg, scaled appropriately to satisfy the constraint Qg = ¢ in
the linearized problem, as seen in line 5 of Algorithm 2.

F Convergence of GA Algorithm

Let f(a) = Qr(a) — ¢ and step s = apyq — ag, where f(a) is
continuously differentiable on (0, 1)". Hence all first—order partial
derivatives exist and are continuous. By construction:

Flag) If(ap)]
I faonz V(a2

For some & € [ag, apy1] (guaranteed by Taylor’s theorem with
Lagrange remainder) we have for f(ag41):

flaks) = flag) + Vf(ar) s+ gspHy (&) sk = 35pHp (§)ske
since Vf(ar)" sy = —f(ar). Now because of continuity of f and

it’s partial derivatives in the open box (0, 1)" as well as the fact
that Vf(a) # 0 we can define:

Sk=-— Iskllz =

L:= H <co,m = min |V >0
oloip M (@l <o = g, V7@l

Using [lo" Hwl| < [|H|lzlloll2llwll2, and [Isgll2 we get:

flaal <~ If (@l

Since |f(ar)| < 1, choosing a point ag that satisfies [f(ag)| <
2m? /L, guarantees a monotonically decreasing sequence converg-
ing f(ag) to 0, i.e. Qr(ar) = ¢. Such a starting point is easy to
find using standard Wolfe line-search or trust-region safeguard
algorithms ([22, Thm.,3.2-Cor.,3.2 and Thm.,4.6]), which lead to
a sufficient q¢ in a finite number of steps, after which this local
convergence result applies.
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