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$EVWUDFW� ,W LV FRPPRQO\ DJUHHG WKDW PXOWLGLPHQVLRQDO GDWD FXEHV IRUP WKH

EDVLF ORJLFDO GDWD PRGHO IRU 2/$3 DSSOLFDWLRQV� 6WLOO� WKHUH VHHPV WR EH QR

DJUHHPHQW RQ D FRPPRQ PRGHO IRU FXEHV� ,Q WKLV SDSHU ZH SURSRVH D ORJLFDO

PRGHO IRU FXEHV EDVHG RQ WKH NH\ REVHUYDWLRQ WKDW D FXEH LV QRW D VHOI�H[LVWLQJ

HQWLW\� EXW UDWKHU D YLHZ RYHU DQ XQGHUO\LQJ GDWD VHW� :H DFFRPSDQ\ RXU PRGHO

ZLWK V\QWDFWLF FKDUDFWHULVDWLRQV IRU WKH SUREOHP RI FXEH XVDELOLW\� 7R WKLV HQG�

ZH KDYH GHYHORSHG DOJRULWKPV WR FKHFN ZKHWKHU �D� WKH PDUJLQDO FRQGLWLRQV RI

WZR FXEHV DUH DSSURSULDWH IRU D UHZULWLQJ� LQ WKH SUHVHQFH RI DJJUHJDWLRQ

KLHUDUFKLHV DQG �E� DQ LPSOLFDWLRQ H[LVWV EHWZHHQ WZR VHOHFWLRQ FRQGLWLRQV WKDW

LQYROYH GLIIHUHQW OHYHOV RI DJJUHJDWLRQ RI WKH VDPH GLPHQVLRQ KLHUDUFK\�

)LQDOO\� ZH SUHVHQW D UHZULWLQJ DOJRULWKP IRU WKH FXEH XVDELOLW\ SUREOHP�

�� ,QWURGXFWLRQ

2Q�/LQH $QDO\WLFDO 3URFHVVLQJ �2/$3� LV D WUHQG LQ GDWDEDVH WHFKQRORJ\ EDVHG RQ WKH

PXOWLGLPHQVLRQDO YLHZ RI GDWD� $OWKRXJK PXOWLGLPHQVLRQDO GDWD FXEHV IRUP WKH EDVLF

ORJLFDO GDWD PRGHO IRU 2/$3 DSSOLFDWLRQV� XS WR QRZ� QR FRPPRQ DJUHHPHQW KDV EHHQ

REWDLQHG RQ WKH HOHPHQWV RI D FXEH PRGHO� 6HYHUDO LQGXVWULDO VWDQGDUGV DOUHDG\ H[LVW

>�����������@� \HW� DSDUW IRU WKH ODVW RQH� QRQH RI WKHP VHHPV WR SURSRVH D ZHOO�

IRXQGHG PRGHO IRU 2/$3 GDWDEDVHV� ,Q DFDGHPLD� VHYHUDO SURSRVDOV RQ WKH PRGHOOLQJ

RI FXEHV DOVR H[LVW >��������������@� 'HVSLWH DOO WKHVH HIIRUWV� ZH IHHO WKDW VHYHUDO NH\

FKDUDFWHULVWLFV RI D FXEH PRGHO KDYH QRW EHHQ VWUHVVHG� QHLWKHU E\ WKH DFDGHPLD QRU WKH

LQGXVWU\ �VHH >��@ IRU D FRPSOHWH GLVFXVVLRQ�� 7R WKLV HQG� ZH SUHVHQW D ORJLFDO PRGHO

IRU FXEHV� 7KLV PRGHO H[WHQGV WKH SURSRVDO RI >��@ LQ D PRUH IRUPDO DQG V\VWHPDWLF

ZD\� ,W GHDOV ZLWK DOO WKH FRPPRQO\ HQFRXQWHUHG HQWLWLHV RI D PXOWLGLPHQVLRQDO PRGHO

�GLPHQVLRQ KLHUDUFKLHV� GDWD FXEHV DQG FXEH RSHUDWLRQV� ZLWKRXW EHLQJ UHVWULFWHG IURP

WKHLU SK\VLFDO LPSOHPHQWDWLRQ �H�J�� 52/$3 RU 02/$3 DUFKLWHFWXUHV�� 2QH RI RXU

� 7KLV UHVHDUFK LV VSRQVRUHG E\ WKH (XURSHDQ (VSULW 3URMHFW �':4� )RXQGDWLRQV RI 'DWD

:DUHKRXVH 4XDOLW\�� 1R� ������ :H DOVR ZLVK WR WKDQN 3URI� 7LPRV 6HOOLV DQG 'U� 'LPLWUL

7KHRGRUDWRV IRU XVHIXO GLVFXVVLRQV RQ WKH WRSLF�



NH\ REVHUYDWLRQV LV WKDW D FXEH LV QRW D VHOI�H[LVWLQJ HQWLW\� EXW UDWKHU D YLHZ

�PDWHULDOLVHG RU QRW� RYHU DQ XQGHUO\LQJ GDWD VHW� 7KLV SURSHUW\ DOORZV XV WR GHYHORS

FRPSOH[ RSHUDWLRQV� QRW GHDOW E\ RWKHU PRGHOV VR IDU �H�J�� WKH GULOO�GRZQ RSHUDWLRQ

DQG WKH FKDQJH RI DJJUHJDWLRQ IXQFWLRQ��

7R RXU NQRZOHGJH� H[LVWLQJ 2/$3 WRROV EHKDYH LQ DQ ³H[WHQVLRQDO´ IDVKLRQ� &XEHV

DUH WUHDWHG VLPSO\ DV VHWV RI WXSOHV� LJQRULQJ WKH IDFW WKDW WKH\ DUH SURGXFHG DV TXHULHV

RYHU DQ XQGHUO\LQJ GHWDLOHG GDWD VHW �H�J�� WKH IDFW WDEOH RI D GDWD ZDUHKRXVH�� 2XU

IUDPHZRUN� LQVWHDG� VXJJHVWV D GLIIHUHQW VWUDWHJ\� ZH NHHS WKH ³KLVWRU\´ RI SHUIRUPHG

VHOHFWLRQV DQG WKXV� ZH DUH DEOH WR FRPSXWH D QHZ FXEH WDNLQJ LQWR DFFRXQW LWV

³LQWHQWLRQDO´ GHVFULSWLRQ� 7KHUHIRUH� ZH FDQ GHILQH PRUH FRPSOH[ RSHUDWLRQV �VXFK DV

GULOO�GRZQ� DQG VHTXHQFHV RI RSHUDWLRQV� ZKLFK DUH QRW FRYHUHG E\ RWKHU PRGHOV� 2XU

PRGHO LV DFFRPSDQLHG E\ DQ DOJHEUD SRZHUIXO HQRXJK WR FDSWXUH WKH XVXDO 2/$3

RSHUDWLRQV VXFK DV �D� VHOHFWLRQ RYHU D FXEH� �E� UROO�XS� ZKLFK PHDQV DJJUHJDWLRQ

RYHU D FXEH WR FRDUVHU JUDQXODULWLHV RI LQIRUPDWLRQ DQG �F� GULOO�GRZQ� ZKLFK LQYROYHV

GH�DJJUHJDWLRQ RI D VSHFLILF FXEH DQG SUHVHQWDWLRQ RI PRUH GHWDLOHG LQIRUPDWLRQ�

7KH FRQWULEXWLRQ RI WKLV SDSHU OLHV QRW RQO\ LQ WHUPV RI H[SUHVVLYHQHVV� EXW DOVR ZH

SUHVHQW UHVXOWV RQ RSWLPLVDWLRQ LVVXHV IRU PXOWLGLPHQVLRQDO GDWDEDVHV� :H LQYHVWLJDWH

WKH FXEH XVDELOLW\ SUREOHP� D YDULDQW RI WKH UHODWLRQDO YLHZ XVDELOLW\ SUREOHP� IRU

PXOWLGLPHQVLRQDO FXEHV� :H DFFRPSDQ\ RXU IUDPHZRUN ZLWK RSWLPLVDWLRQ WHFKQLTXHV

IRU WKH FXEH XVDELOLW\ SUREOHP WKDW HQDEOH WKH H[SORLWDWLRQ RI H[LVWLQJ FXEHV LQ RUGHU WR

FRPSXWH QHZ FXEHV� 7R KDQGOH WKH FXEH XVDELOLW\ SUREOHP� ZH H[WHQG ZHOO�NQRZQ

WHFKQLTXHV DOUHDG\ IRXQG LQ WKH UHODWLRQDO FRQWH[W RQ WKH FRQWDLQPHQW RI VHOHFWLRQ

FRQGLWLRQV >��@� :H KDYH REVHUYHG WKDW DOWKRXJK TXLWH D ORW RI ZRUN KDV EHHQ

SHUIRUPHG LQ WKH ILHOG RI TXHU\ FRQWDLQPHQW DQG YLHZ XVDELOLW\ LQ WKH FRQWH[W RI

UHODWLRQDO GDWDEDVHV >�����@� WKHUH H[LVW QR UHVXOWV WR H[SORLW WKH LQIRUPDWLRQ DERXW

GLPHQVLRQ KLHUDUFKLHV LQ WKH FRQWH[W RI PXOWLGLPHQVLRQDO GDWDEDVHV� :H SUHVHQW

UHVXOWV RQ WZR PDMRU WRSLFV� )LUVW� ZH WDFNOH WKH SUREOHP RI FRQWDLQPHQW RI WZR

VHOHFWLRQV� WDNLQJ LQWR DFFRXQW WKHLU PDUJLQDO FRQGLWLRQV LQ WKH SUHVHQFH RI GLPHQVLRQ

KLHUDUFKLHV� 6HFRQGO\� ZH FRPH XS ZLWK D VHW RI D[LRPV WR FKDUDFWHULVH FRQWDLQPHQW

IRU H[SUHVVLRQV LQYROYLQJ IXQFWLRQDOO\ GHSHQGHQW DWWULEXWHV� $OWKRXJK VHYHUDO UHVXOWV

DOUHDG\ H[LVW WR FKDUDFWHULVH TXHU\ FRQWDLQPHQW EHWZHHQ H[SUHVVLRQV LQYROYLQJ RQH

GRPDLQ >��@� WR RXU NQRZOHGJH� QR UHVXOWV H[LVW IRU H[SUHVVLRQV LQYROYLQJ GLIIHUHQW

IXQFWLRQDOO\ GHSHQGHQW OHYHOV� )RU ODFN RI VSDFH� DOO WKH SURRIV� DV ZHOO DV IXUWKHU

H[SODQDWLRQV� DUH IRXQG LQ >��@�

7KLV SDSHU LV RUJDQLVHG DV IROORZV� ,Q 6HFWLRQ � ZH SUHVHQW WKH ORJLFDO FXEH PRGHO�

6HFWLRQ � SUHVHQWV RSWLPLVDWLRQ LVVXHV� )LQDOO\� LQ 6HFWLRQ � ZH GLVFXVV RXU UHVXOWV DQG

SUHVHQW IXWXUH ZRUN�

�� &XEHV�IRU�0XOWLGLPHQVLRQDO�'DWDEDVHV

,Q WKLV VHFWLRQ ZH SUHVHQW WKH EDVLF HQWLWLHV DQG RSHUDWLRQV RI RXU PRGHO� (QWLWLHV

LQYROYH GLPHQVLRQV� GDWD VHWV DQG FXEHV� 2SHUDWLRQV LQYROYH VHOHFWLRQV DQG FKDQJH LQ

WKH JUDQXODULW\ RI GDWD� 7KLV PRGHO H[WHQWV SUHYLRXV SURSRVDOV RI >�������@�



2QH RI WKH PDLQ FKDUDFWHULVWLFV RI 2/$3 DSSOLFDWLRQV LV WKH PXOWLGLPHQVLRQDO YLHZ

RI GDWD LQ WKH SHUFHSWLRQ RI WKH XVHU� ZKLFK FRQVLGHUV WKDW LQIRUPDWLRQ LV VWRUHG LQ D

PXOWLGLPHQVLRQDO DUUD\� FDOOHG &XEH RU +\SHU&XEH� 7KXV� D &XEH LV D JURXS RI GDWD

FHOOV� (DFK FHOO LV XQLTXHO\ GHILQHG E\ WKH FRUUHVSRQGLQJ YDOXHV RI WKH GLPHQVLRQV RI

WKH FXEH� 7KH FRQWHQWV RI WKH FHOO DUH QDPHG PHDVXUHV DQG UHSUHVHQW WKH PHDVXUHG

YDOXHV RI WKH UHDO ZRUOG� 0HDVXUHV DUH IXQFWLRQDOO\ GHSHQGHQW� LQ WKH UHODWLRQDO VHQVH�

RQ WKH GLPHQVLRQV RI WKH FXEH�

$ GLPHQVLRQ LV GHILQHG LQ >��@ DV ³D VWUXFWXUDO DWWULEXWH RI D FXEH WKDW LV D OLVW RI

PHPEHUV� DOO RI ZKLFK DUH RI D VLPLODU W\SH LQ WKH XVHU
V SHUFHSWLRQ RI WKH GDWD´�

,QIRUPDOO\� D GLPHQVLRQ PRGHOV DOO WKH SRVVLEOH ZD\V LQ ZKLFK WKH XVHU FDQ JURXS WKH

GHWDLOHG LQIRUPDWLRQ VWRUHG LQ WKH PXOWLGLPHQVLRQDO GDWDEDVH ZLWK UHVSHFW WR D VSHFLILF

FRQWH[W� (DFK GLPHQVLRQ KDV DQ DVVRFLDWHG KLHUDUFK\ RI OHYHOV RI DJJUHJDWHG GDWD L�H��

LW FDQ EH YLHZHG IURP GLIIHUHQW OHYHOV RI GHWDLO� )RUPDOO\� D GLPHQVLRQ ' LV D ODWWLFH

�/�%�� / �/1�«�/n�$//�� :H UHTXLUH WKDW WKH XSSHU ERXQG RI WKH ODWWLFH LV DOZD\V

WKH OHYHO $//� VR WKDW ZH FDQ JURXS DOO WKH YDOXHV RI WKH GLPHQVLRQ LQWR WKH VLQJOH

YDOXH 
DOO
� 7KH ORZHU ERXQG RI WKH ODWWLFH LV FDOOHG WKH GHWDLOHG OHYHO RI WKH

GLPHQVLRQ� )RU LQVWDQFH� OHW XV FRQVLGHU WKH GLPHQVLRQ 'DWH RI )LJ� �� /HYHOV RI

GLPHQVLRQ 'DWH DUH 'D\� :HHN� 0RQWK� <HDU DQG $//� 'D\ LV WKH PRVW GHWDLOHG OHYHO�

/HYHO $// LV WKH PRVW FRDUVH OHYHO IRU DOO WKH GLPHQVLRQV� $JJUHJDWLQJ WR WKH OHYHO $//

RI D GLPHQVLRQ LJQRUHV WKH UHVSHFWLYH GLPHQVLRQ LQ WKH JURXSLQJ �L�H�� SUDFWLFDOO\

JURXSV WKH GDWD ZLWK UHVSHFW WR DOO WKH RWKHU GLPHQVLRQV RI WKH FXEH� H[FHSW IRU WKLV

SDUWLFXODU RQH��

7KH UHODWLRQVKLS EHWZHHQ WKH YDOXHV RI WKH GLPHQVLRQ OHYHOV LV DFKLHYHG WKURXJK WKH

XVH RI WKH VHW RI DQFL�

L�
IXQFWLRQV� $ IXQFWLRQ DQFL�

L�
DVVLJQV D YDOXH RI WKH GRPDLQ RI /2

WR D YDOXH RI WKH GRPDLQ RI /1� )RU LQVWDQFH DQF
Year
Month�)HE���� �����

7KH PDMRU PXOWLGLPHQVLRQDO RSHUDWLRQV DUH VHOHFWLRQ DQG QDYLJDWLRQ� 6HOHFWLRQ LV

XVHG ZKHUHE\ D FULWHULRQ LV HYDOXDWHG DJDLQVW WKH GDWD RU OHYHOV RI D GLPHQVLRQ LQ RUGHU

WR UHVWULFW WKH VHW RI UHWULHYHG GDWD� 1DYLJDWLRQ LV D WHUP XVHG WR GHVFULEH WKH SURFHVVHV

HPSOR\HG E\ XVHUV WR H[SORUH D FXEH LQWHUDFWLYHO\ E\ FKDQJLQJ WKH JUDQXODULW\ RI WKH

PXOWLGLPHQVLRQDOO\ YLHZHG GDWD >��@� 3RVVLEOH QDYLJDWLRQ RSHUDWLRQV� ZKLFK FDQ EH

DSSOLHG WR D FXEH� DUH� �D� 5ROO�XS ZKLFK FRUUHVSRQGV WR WKH DJJUHJDWLRQ RI GDWD IURP D

ORZHU WR D KLJKHU OHYHO RI JUDQXODULW\ ZLWKLQ D GLPHQVLRQ¶V KLHUDUFK\� �E� 'ULOO�'RZQ

ZKLFK LV WKH LQYHUVH RI UROO�XS DQG DOORZV WKH GH�DJJUHJDWLRQ RI LQIRUPDWLRQ PRYLQJ

IURP KLJKHU WR ORZHU OHYHOV RI JUDQXODULW\ DQG �F� 6OLFH ZKLFK FRUUHVSRQGV WR WKH

JURXSLQJ RI GDWD ZLWK UHVSHFW WR D VXEVHW RI WKH GLPHQVLRQV RI D FXEH� )RU LQVWDQFH� OHW

XV FRQVLGHU WKH GLPHQVLRQ 'DWH� DJJUHJDWLQJ IURP 0RQWK WR <HDU LV D UROO�XS

RSHUDWLRQ DQG GH�DJJUHJDWLQJ IURP 0RQWK WR 'D\ LV D GULOO�GRZQ RSHUDWLRQ� ,Q RXU

PRGHO� WKH VOLFH RSHUDWLRQ LV PRGHOOHG DV D UROO�XS WR OHYHO $//�

:H GHQRWH VHWV RI WXSOHV XQGHU D VSHFLILF VFKHPD E\ WKH WHUP GDWD VHW� 0RUHRYHU�

ZH DVVXPH WKH H[LVWHQFH RI D GHWDLOHG GDWD VHW� L�H�� D GDWD VHW WKDW LV GHILQHG DW WKH

ILQHVW OHYHOV RI JUDQXODULW\ IRU DOO LWV GLPHQVLRQV� 7KLV GHWDLOHG GDWD VHW LV WKH FHQWUDO

VRXUFH RI GDWD� ZKLFK ZLOO SRSXODWH DQ\ FXEHV SURGXFHG GXULQJ DQ 2/$3 VHVVLRQ �H�J��

D IDFW WDEOH LQ D GDWD ZDUHKRXVH��

2QH RI RXU NH\ REVHUYDWLRQV LV WKDW D FXEH LV QRW D VHOI�H[LVWLQJ HQWLW\ �DV FRPPRQO\

HQFRXQWHUHG LQ WKH OLWHUDWXUH�� EXW UDWKHU D YLHZ RYHU DQ XQGHUO\LQJ GHWDLOHG GDWD VHW�

$V XVXDO� D YLHZ �DQG WKXV D FXEH� FDQ EH HLWKHU PDWHULDOLVHG RU QRW� 7KHUHIRUH� D FXEH



FDQ EH VHHQ HLWKHU DV D GDWD VHW RU VLPSO\ D TXHU\� ,Q RXU PRGHO� ZH UHWDLQ WKLV GXDO

QDWXUH IRUPDOO\� D FXEH LV QRW RQO\ D VHW RI WXSOHV� EXW DOVR KDV D GHILQLWLRQ� 7KLV

GHILQLWLRQ LV D TXHU\ WKDW UHGXFHV WKH FRPSXWDWLRQ RI WKH FXEH WR D VHW RI RSHUDWLRQV

RYHU WKH LQLWLDO PDWHULDOLVHG GHWDLOHG GDWD VHW�

)RUPDOO\� D FXEH F RYHU WKH VFKHPD >/1�«�/n�01�«�0m@� LV DQ H[SUHVVLRQ RI WKH

IRUP� F �'60
�3�>/1�«�/n�01�«�0m@�>DJJ1�0

0
1��«�DJJm�0

0
m�@�� ZKHUH '6

0 LV D

GHWDLOHG GDWD VHW RYHU WKH VFKHPD 6 >/
0
1�«�/

0
n�0

0
1�«�0

0
k@� P≤N� 3 LV D GHWDLOHG

VHOHFWLRQ FRQGLWLRQ� 00
1�«�00

m DUH GHWDLOHG PHDVXUHV� 01�«�0m DUH DJJUHJDWHG PHDVXUHV�

/
0
i DQG /i DUH OHYHOV VXFK WKDW /0

i %/i � �≤L≤Q DQG DJJi � �≤L≤P DUH DJJUHJDWHG IXQFWLRQV

IURP WKH VHW ^VXP�PLQ�PD[�FRXQW`�

,QWXLWLYHO\� WR FRPSXWH D FXEH� ILUVW ZH DSSO\ WKH VHOHFWLRQ FRQGLWLRQ WR WKH GHWDLOHG

GDWD VHW� 7KHQ� ZH UHSODFH WKH YDOXHV RI WKH OHYHOV IRU WKH WXSOHV RI WKH UHVXOW� ZLWK WKHLU

UHVSHFWLYH DQFHVWRU YDOXHV DW WKH OHYHOV RI WKH VFKHPD RI WKH FXEH DQG JURXS WKHP LQWR

D VLQJOH YDOXH IRU HDFK PHDVXUH� WKURXJK WKH DSSOLFDWLRQ RI WKH DSSURSULDWH DJJUHJDWH

IXQFWLRQ� 1RWH WKDW D GHWDLOHG GDWD VHW FDQ EH WULYLDOO\ H[SUHVVHG DV D FXEH� KDYLQJ D

WUXH VHOHFWLRQ FRQGLWLRQ DQG DQ DUELWUDU\ DJJUHJDWLRQ IXQFWLRQ� )RU LQVWDQFH� WKH FXEH

RI WKH GHWDLOHG GDWD VHW '6
0 RI )LJ� � LV H[SUHVVHG DV� F

0
 �'6

0
�WUXH�

>GD\�GD\�LWHP�VDOHVPDQ�FLW\�VDOHV@�VXP�VDOHV���

7KLV DSSURDFK LQWURGXFHV D SRZHUIXO H[SUHVVLRQ PHFKDQLVP� DEOH WR GLUHFWO\

FDSWXUH RSHUDWLRQV OLNH GULOO�GRZQ DQG FKDQJH RI DJJUHJDWH IXQFWLRQ DQG WKXV� DLPHG

WRZDUGV WKH PRGHOOLQJ RI VHTXHQFHV RI RSHUDWLRQV� DV QRUPDOO\ HQFRXQWHUHG LQ 2/$3

V\VWHPV� 7R RXU NQRZOHGJH� QR RWKHU PRGHO FDQ FDSWXUH WKHVH RSHUDWLRQV GLUHFWO\� 7KH

UHGXFWLRQ RI D FXEH¶V GHILQLWLRQ WR D QRUPDOLVHG IRUP VHHPV WR EH WKH RQO\ DOWHUQDWLYH

WKDW GLUHFWO\ DFKLHYHV WKLV NLQG RI IXQFWLRQDOLW\�

)RUPDOO\� WKH PRGHO FRQVLVWV RI WKH IROORZLQJ HOHPHQWV�

− (DFK GLPHQVLRQ ' LV D ODWWLFH �/�%� VXFK WKDW� / �/1�«�/n�$//� LV D ILQLWH VXEVHW

RI OHYHOV DQG % LV D SDUWLDO RUGHU GHILQHG DPRQJ WKH OHYHOV RI /� VXFK WKDW

/1%/i %$// IRU HYHU\ �≤L≤Q�
− $ IDPLO\ RI IXQFWLRQV DQFL�

L�

VDWLVI\LQJ WKH IROORZLQJ FRQGLWLRQV �H[WHQGLQJ >�@��

�� )RU HDFK SDLU RI OHYHOV /1 DQG /2 VXFK WKDW /1%/2 WKH IXQFWLRQ DQF
L�

L�
PDSV HDFK

HOHPHQW RI GRP�/1� WR DQ HOHPHQW RI GRP�/2��

�� *LYHQ OHYHOV /1� /2 DQG /3 VXFK WKDW /1%/2%/3� WKH IXQFWLRQ DQF
L�

L�
HTXDOV WR WKH

FRPSRVLWLRQ DQFL�

L�
°DQF

L�

L�
�

�� )RU HDFK SDLU RI OHYHOV /1 DQG /2 VXFK WKDW /1%/2 WKH IXQFWLRQ DQF
L�

L�
LV

PRQRWRQH� L�H�� ∀[�\∈GRP�/1��/1%/2� [�\ ⇒ DQF
L�

L�
�[�≤DQFL�

L�

�\��

�� )RU HDFK SDLU RI OHYHOV /1 DQG /2 WKH DQF
L�

L�
IXQFWLRQ GHWHUPLQHV D VHW RI ILQLWH

HTXLYDOHQFH FODVVHV ;i VXFK WKDW� ∀[�\∈GRP�/1��/1%/2� DQF
L�

L�
�[� DQFL�

L�

�\�⇒ [�\ EHORQJV WR WKH VDPH ;i �

�� 7KH UHODWLRQVKLS GHVF
L�

L�
LV WKH LQYHUVH RI WKH DQFL�

L�
IXQFWLRQ �L�H�� GHVFL�

L�
�O� 

^[∈GRP�/��DQFL�

L�
�[� O`�

− (DFK GDWD VHW '6 RYHU D VFKHPD 6 >/1�«�/n�01�«�0m@ LV D ILQLWH VHW RI WXSOHV

RYHU 6 VXFK WKDW WKH VHW >/1�«�/n@ FRPSULVHV D SULPDU\ NH\ �LQ WKH XVXDO VHQVH��



− (DFK VHOHFWLRQ FRQGLWLRQ 3 LV D IRUPXOD LQ GLVMXQFWLYH QRUPDO IRUP� $Q DWRP RI D

VHOHFWLRQ FRQGLWLRQ LV WUXH� IDOVH RU DQ H[SUHVVLRQ RI WKH IRUP [ � \� ZKHUH � LV

DQ RSHUDWRU IURP WKH VHW �!� ��  � ≥� ≤� ≠� DQG HDFK RI [ DQG \ FDQ EH RQH RI WKH

IROORZLQJ� �D� D OHYHO /� �E� D YDOXH O� �F� DQ H[SUHVVLRQ RI WKH IRUP DQF
L�

L�
�/1�

ZKHUH /1%/2 DQG �G� DQ H[SUHVVLRQ RI WKH IRUP DQF
L�

L�
�O� ZKHUH /1%/2 DQG

O∈GRP�/1�� 7KH GHWDLOHG HTXLYDOHQW RI 3� GHQRWHG E\ 3
0� LV D VHOHFWLRQ FRQGLWLRQ

REWDLQHG WKURXJK WKH IROORZLQJ SURFHGXUH� IRU HDFK RFFXUUHQFH RI D OHYHO QDPH / LQ

3� ZH VXEVWLWXWH LW ZLWK WKH HTXLYDOHQW H[SUHVVLRQ DQF
L
L��/

0
�� ZKHUH /

0 LV WKH

GHWDLOHG OHYHO RI WKH GLPHQVLRQ WR ZKLFK / EHORQJV� 1RWH WKDW WKH GHWDLOHG

HTXLYDOHQW RI D VHOHFWLRQ FRQGLWLRQ LV GLUHFWO\ DSSOLFDEOH WR D GHWDLOHG GDWD VHW�

− (DFK FXEH F RYHU WKH VFKHPD >/1�«�/n�01�«�0m@� LV DQ H[SUHVVLRQ RI WKH IRUP�

F �'6
0
�3�>/1�«�/n�01�«�0m@�>DJJ1�0

0
1��«�DJJm�0

0
m�@�� ZKHUH '6

0 LV D

GHWDLOHG GDWD VHW RYHU WKH VFKHPD 6 >/
0
1�«�/

0
n�0

0
1�«�0

0
k@� P≤N� 3 LV D GHWDLOHG

VHOHFWLRQ FRQGLWLRQ� 0
0
1�«�00

m DUH GHWDLOHG PHDVXUHV� 01�«�0m DUH DJJUHJDWHG

PHDVXUHV� /0
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i %/i � �≤L≤Q DQG DJJi � �≤L≤P DUH

DJJUHJDWHG IXQFWLRQV IURP WKH VHW ^VXP�PLQ�PD[�FRXQW`� 7KH H[SUHVVLRQ

FKDUDFWHULVLQJ D FXEH KDV WKH IROORZLQJ IRUPDO VHPDQWLFV�
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DJJUHJDWH IXQFWLRQV� ,I /
a
i DQG /i EHORQJ WR WKH VDPH GLPHQVLRQ 'i DQG
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�� 6SOLW PHDVXUH� /HW 0 EH D PHDVXUH RI WKH VFKHPD RI WKH FXEH F� :LWKRXW ORVV RI

JHQHUDOLW\� OHW XV DVVXPH WKDW 0 LV 0m� 7KHQ VSOLW PHDVXUH LV GHILQHG DV IROORZV�
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'D\ 7LWOH 6DOHVPDQ 6WRUH 6DOHV

6-Feb-97 Symposium Netz Paris 7
18-Feb-97 Karamazof brothers Netz Seattle 5
11-May-97 Ace of Spades Netz Los Angeles 20
3-Sep-97 Zarathustra Netz Nagasaki 50
3-Sep-97 Report to El Greco Netz Nagasaki 30
1-Jul-97 Ace of Spades Venk Athens 13
1-Jul-97 Piece of Mind Venk Athens 34

)LJ� �� 'HWDLOHG 'DWD 6HW '6
0
�



7KHRUHP �� 7KH &XEH $OJHEUD &$ LV VRXQG �L�H�� WKH UHVXOW RI DOO WKH RSHUDWLRQV LV

DOZD\V D FXEH� DQG FRPSOHWH �L�H�� DQ\ YDOLG FXEH FDQ EH FRPSXWHG DV WKH FRPELQDWLRQ

RI D ILQLWH VHW RI &$ RSHUDWLRQV�� v

([DPSOH �� 7R PRWLYDWH WKH GLVFXVVLRQ ZH FXVWRPLVH WKH H[DPSOH SUHVHQWHG LQ >��@ WR

DQ LQWHUQDWLRQDO SXEOLVKLQJ FRPSDQ\ ZLWK WUDYHOOLQJ VDOHVPHQ VHOOLQJ ERRNV DQG &'
V

WR VWRUHV DOO RYHU WKH ZRUOG� 7KH GDWDEDVH �)LJ� �� VWRUHV LQIRUPDWLRQ DERXW WKH VDOHV RI

D WLWOH WKDW D VDOHVPDQ DFKLHYHG RQ D SDUWLFXODU GDWH DQG FLW\� 7KH GLPHQVLRQV RI RXU

H[DPSOH DUH 3HUVRQ� /RFDWLRQ� 3URGXFW DQG 'DWH �)LJ� ��� 0HDVXUH 6DOHV LV

IXQFWLRQDOO\ GHSHQGHQW RQ GLPHQVLRQV 'DWH� 3URGXFW� 3HUVRQ DQG /RFDWLRQ� v

DOO

$//

6DOHVPDQ

9HQN�

1HW]

DOO

����

)HE���

�Z���

$//

<HDU

0D\��� 6HS���
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0RQWK
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��6HS���

:HHN

DOO

&DWHJRU\ 0XVLF%RRNV

3KLORVRSK\ +HDY\ 0HWDO/LWHUDWXUH

5HSRUW WR (O *UHFR�

.DUDPD]RI %URWKHUV

=DUDWKXVWUD�

6\PSRVLXP

3LHFH RI 0LQG�

$FH RI 6SDGHV
7LWOH

7\SH

$//

�D� 'LPHQVLRQ /RFDWLRQ �E� 'LPHQVLRQ 3URGXFW

�F� 'LPHQVLRQ 3HUVRQ �G� 'LPHQVLRQ 'DWH

DOO
$//

&RQWLQHQW $VLD(XURSH

)UDQFH -DSDQ+HOODV

$WKHQV 3DULV 1DJDVDNL6WRUH

&RXQWU\

$PHULFD

8�6�$

6HDWWOH�

/RV $QJHOHV

)LJ� �� 'LPHQVLRQV

7KH RUJDQLVDWLRQ RI LQIRUPDWLRQ LQ GLIIHUHQW OHYHOV RI DJJUHJDWLRQ �L�H�� GLPHQVLRQV�

LV LQ KDQG EHFDXVH 2/$3 XVHUV DUH XQOLNHO\ WR GLUHFWO\ DVN TXHVWLRQV DERXW WKH

GHWDLOHG GDWD WKDW DUH VWRUHG LQ WKH GDWDEDVH� ,QVWHDG� WKH\ DUH PRUH LQWHUHVWHG LQ

DJJUHJDWHG LQIRUPDWLRQ DFFRUGLQJ WR WKH FDWHJRULVDWLRQ JURXSLQJV�

)ROORZLQJ� ZH SUHVHQW WKUHH TXHULHV DQG WKH UHVSHFWLYH DOJHEUDLF UHSUHVHQWDWLRQ WKDW

FRXOG KDYH EHHQ D W\SLFDO VHTXHQFH RI RSHUDWLRQV GXULQJ DQ 2/$3 VHVVLRQ�

4XHU\ �� )LQG WKH PD[LPXP VDOHV E\ PRQWK� FDWHJRU\ RI LWHP� VDOHVPDQ DQG FRXQWU\�
F

1
 QDY�'6

0�>0RQWK�&DWHJRU\�6DOHVPDQ�&RXQWU\�0D[BYDO@�PD[�VDOHV��
 �'60�WUXH�>0RQWK�&DWHJRU\�6DOHVPDQ�&RXQWU\�0D[BYDO@�PD[�VDOHV��

4XHU\ �� )LQG WKH PD[LPXP VDOHV RXWVLGH WKH $PHULFDQ FRQWLQHQW E\ PRQWK� FDWHJRU\

RI LWHP� VDOHVPDQ DQG FRXQWU\�

F2 1
 
anc FRQWLQHQW

FRXQWU\
(country) ≠‘America’ �F1� �'60�DQFcontinent

city �&LW\�≠
$PHULFD
�
>0RQWK�&DWHJRU\�6DOHVPDQ�&RXQWU\�0D[BYDO@�PD[�VDOHV���

4XHU\ �� )LQG WKH VXPPDU\ RI VDOHV RXWVLGH WKH FRQWLQHQW RI $PHULFD E\ PRQWK� W\SH

RI WLWOH DQG FRXQWU\ RI VWRUH�
F3 QDY�F2�>0RQWK�7\SH�$OO�&RXQWU\�6XPBYDO@�VXP�6DOHV�� 

�'60�DQFcontinent
city �&LW\�≠
$PHULFD
�>0RQWK�7\SH�$OO�&RXQWU\�6XPBYDO@�

VXP�VDOHV���



'XULQJ WKLV SDUWLFXODU 2/$3 VHVVLRQ WKH XVHU KDV SHUIRUPHG �D� D UROO�XS IURP WKH

GHWDLOHG GDWD VHW� �E� D VHOHFWLRQ DQG �F� D VOLFLQJ �RI GLPHQVLRQ 3HUVRQ�� D GULOO GRZQ

�IURP &DWHJRU\ WR 7\SH OHYHO� DQG D FKDQJH LQ WKH DJJUHJDWLRQ IXQFWLRQ �IURP PD[

WR VXP��

,Q WKH ILUVW RSHUDWLRQ� RQH FDQ QRWLFH WKDW WKH VHPDQWLFV RI WKH QDYLJDWLRQ RSHUDWLRQ

DOORZ XV WR XVH DQ DUELWUDU\ QDPH �H�J�� 0D[BYDO� IRU WKH PHDVXUH WKDW FRPSXWHV WKH

PD[LPXP YDOXH SHU JURXS RI DJJUHJDWLRQ� ,Q WKH VHFRQG RSHUDWLRQ� QRWLFH WKDW WKH

H[SUHVVLRQ DQFcontinent
country �&RXQWU\� ZKLFK LV GLUHFWO\ DSSOLFDEOH WR WKH VFKHPD �DQG

GDWD� RI WKH FXEH F1 LV WUDQVIRUPHG WR LWV HTXLYDOHQW DQFcontinent
city �&LW\�� WKDW GLUHFWO\

DSSOLHV WR WKH GHWDLOHG GDWD VHW '60� WKURXJK WKH XVH RI WKH GHILQLWLRQ RI WKH GHWDLOHG

VHOHFWLRQ FRQGLWLRQ�

7KH SUHVHQWHG PRGHO VWUHVVHV WKH IDFW WKDW D FXEH ZH FDQ WUHDWHG ERWK DV D TXHU\

DQG DV D VHW RI WXSOHV� :H EHOLHYH WKDW WKLV DVSHFW RI 2/$3 ZDV QHJOHFWHG LQ WKH

SUHYLRXV DSSURDFKHV� ,Q WKLV H[DPSOH� WKH FRQWULEXWLRQ RI WUHDWLQJ FXEHV DV YLHZV RYHU

WKH GHWDLOHG GDWD VHW LV HPLQHQW� $FWXDOO\� WKH IDFW WKDW ZH KDYH UHWDLQHG WKH KLVWRU\ RI

VHOHFWLRQV SHUPLWV XV WR EH DEOH WR GULOO�GRZQ DQG FKDQJH WKH DJJUHJDWLRQ IXQFWLRQ�

2WKHUZLVH� WR SHUIRUP WKH GULOO�GRZQ RSHUDWLRQV ZH VKRXOG HPSOR\ D MRLQ RSHUDWLRQ RI

F
2 ZLWK '60� 7KH VDPH DOVR KROGV IRU WKH FKDQJH LQ WKH DJJUHJDWLRQ IXQFWLRQ� 8VLQJ WKH

KLVWRU\ RI VHOHFWLRQV ZH FDQ �D� DYRLG WR SHUIRUP D FRVWO\ MRLQ RSHUDWLRQ DQG �E�

SRVVLEO\ IXUWKHU RSWLPLVH WKH H[HFXWLRQ RI WKH RSHUDWLRQ WKURXJK WKH XVH RI DOUHDG\

FRPSXWHG FXEHV� 7KH VHFRQG SRVVLELOLW\ ZLOO EH LQYHVWLJDWHG LQ 6HFWLRQ ��

$V ZH KDYH DOUHDG\ VWUHVVHG� WKLV LV D ORJLFDO PRGHO IRU FXEHV� :H GR QRW DGYRFDWH

WKDW WKH SK\VLFDO FRPSXWDWLRQ RI WKH UHVXOWV RI DQ RSHUDWLRQ VKRXOG DFWXDOO\ EH

FRPSXWHG DOO WKH ZD\ EDFN IURP WKH GHWDLOHG GDWD VHW� $FWXDOO\� DOWKRXJK GULOO�GRZQ

DQG FKDQJH RI DJJUHJDWLRQ IXQFWLRQ FDQ EH SHUIRUPHG GLUHFWO\� RQO\ WKURXJK WKH XVH RI

WKH VHPDQWLFV RI RXU PRGHO� FDQ WKH VHOHFWLRQ DQG UROO�XS RSHUDWLRQV EH SHUIRUPHG

RYHU WKH RULJLQDO FXEH� ZLWKRXW UHIHUULQJ WR WKH GHWDLOHG GDWD VHW� ,Q WKH FDVH RI

VHOHFWLRQ� LW VXIILFHV WR VLPSO\ SDVV DOO WKH WXSOHV RI WKH FXEH IURP WKH ILOWHU RI WKH

DSSOLHG VHOHFWLRQ FRQGLWLRQ� ,Q WKH FDVH RI UROO�XS WR FRDUVHU OHYHOV RI JUDQXODULW\� LW

DOVR VXIILFHV WR JURXS WKH WXSOHV RI WKH FXEH DQG DSSO\ WKH DSSURSULDWH DJJUHJDWH

IXQFWLRQ� 7KHVH VLPSOH RSWLPLVDWLRQ VWUDWHJLHV DUH JHQHUDOLVHG LQ 6HFWLRQ � ZLWK D PRUH

SRZHUIXO DSSURDFK� FDSDEOH RI GHWHFWLQJ ZKHWKHU DQ\ FXEH FDQ EH FRPSXWHG IURP WKH

GDWD RI DQRWKHU FXEH� VLPSO\ E\ FRPSDULQJ WKHLU GHILQLWLRQV�

�� 7KH�&XEH�8VDELOLW\�3UREOHP

3UREOHP GHVFULSWLRQ� 7KHUH DUH VHYHUDO FDVHV ZKHUH WKHUH LV WKH QHHG WR GHFLGH

ZKHWKHU D YLHZ FDQ EH UHFRPSXWHG IURP DQRWKHU YLHZ� ,Q WKH FDVH RI 2/$3� WKH

SUREOHP FDQ EH VWDWHG DV IROORZV� WKH 2/$3 XVHU VHOHFWV VRPH GDWD DQG SHUIRUPV DQ

RSHUDWLRQ RYHU WKHP� 7KH UHVXOW RI WKH QHZ TXHU\ FDQ EH FRPSXWHG� RI FRXUVH� IURP WKH

GHWDLOHG GDWD� 1HYHUWKHOHVV� LW LV SRVVLEOH WKDW SUHYLRXVO\ FRPSXWHG DQG FDFKHG UHVXOWV�

RU H[LVWLQJ PDWHULDOLVHG YLHZV� FRXOG DOVR DOORZ WKH FRPSXWDWLRQ RI WKH UHTXHVWHG

LQIRUPDWLRQ� $V D JHQHUDO VWDWHPHQW� ZH FRXOG VD\ WKDW WKH SUREOHP OLHV LQ ZKHWKHU WKH



FRPSXWDWLRQ RI D QHZ FXEH FDQ EH SHUIRUPHG IURP DQ LQWHUPHGLDWH OHYHO RI

DJJUHJDWLRQ� WKDQ IURP WKH GHWDLOHG GDWD VHW�

)RUPDOO\� OHW '60 EH D GHWDLOHG GDWD VHW� /HW DOVR Fold DQG Fnew EH WZR FXEHV GHILQHG

RYHU '60� %\ GHILQLWLRQ� FXEHV Fold DQG F
new FDQ EH FDOFXODWHG IURP '6

0� 7KH FXEH

XVDELOLW\ SUREOHP OLHV RQ GHWHUPLQLQJ ZKHWKHU WKH WXSOHV RI F
old FDQ EH XVHG WR

FRPSXWH FXEH Fnew� ,W LV FOHDU WKDW WKH FXEH XVDELOLW\ SUREOHP LV D YDULDQW RI WKH YLHZ

VXEVXPSWLRQ SUREOHP� DOUHDG\ LQYHVWLJDWHG LQ WKH ILHOG RI UHODWLRQDO GDWDEDVHV >��@�

6KRUWFRPLQJV RI FXUUHQW DSSURDFKHV� 7RR PXFK HIIRUW KDV EHHQ VSHQW� LQ WKH SDVW� WR

WDFNOH WKH SUREOHP RI YLHZ VXEVXPSWLRQ DQG TXHU\ UHZULWLQJ LQ WKH SUHVHQFH RI YLHZV

>��������@� 1HYHUWKHOHVV� WKH SUHYLRXV DSSURDFKHV DUH UHODWLRQDO�RULHQWHG DQG ODFN WR

GHDO ZLWK VSHFLILF FKDUDFWHULVWLFV RI WKH PXOWLGLPHQVLRQDO PRGHOOLQJ� :H ZLOO XVH WZR

H[DPSOHV WR GHPRQVWUDWH WKHVH VKRUWFRPLQJV�

([DPSOH �� ,QWXLWLYHO\� VRPHRQH ZRXOG H[SHFW� WKDW LQ RUGHU WR VROYH WKH FXEH

XVDELOLW\ SUREOHP� WKH QHZ FXEH Fnew VKRXOG�

�� EH GHILQHG RYHU WKH VDPH GLPHQVLRQV ZLWK Fold DQG DW D KLJKHU RU HTXDO OHYHO�

�� EH GHILQHG RYHU WKH VDPH PHDVXUH RI '60� 0RUHRYHU� WKH DJJUHJDWLRQ IXQFWLRQV

DJJ
new DQG DJJold VKRXOG EH WKH VDPH�

�� KDYH D PRUH UHVWULFWLYH VHOHFWLRQ FRQGLWLRQ WKDQ F
old � L�H�� 3new LV FRQWDLQHG LQ 3

old

LQ WKH XVXDO UHODWLRQDO VHQVH�

&KHFNLQJ FRQGLWLRQV � DQG � LV DQ HDV\ WDVN� 7R SHUIRUP WKH FRPSDULVRQ RI

&RQGLWLRQ �� ZH QHHG WR WUDQVIRUP WKH VHOHFWLRQ FRQGLWLRQV RI WKH WZR FXEHV LQ RUGHU WR

WUHDW WKHP DV FRQMXQFWLYH TXHULHV >��@� 2QH FRXOG DUJXH WKDW H[LVWLQJ UHODWLRQDO

WHFKQLTXHV DUH DGHTXDWH WR KDQGOH WKLV SUREOHP� 8QIRUWXQDWHO\� DV ZH ZLOO VKRZ� WKHUH

DUH FDVHV ZKHUH WKRVH WHFKQLTXHV DUH QRW VXIILFLHQW�

&XEH F
�

&XEH F
�

&XEH F
�

0RQWK 6DOHV 0RQWK 6DOHV 0RQWK 6DOHV

)HE � )HE �� )HE �

0D\ �� 0D\ �� 0D\ ��

6HS �� 6HS ��

3� ���)HE���≤GD\≤��6HS��� ∧6DOHVPDQ 1HW]
3� ��)HE���≤GD\≤��6HS���∧6DOHVPDQ 1HW]
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)HE �� 0D\ �� 6HS ��

F
�

F
�

F
�

�D� �E�

)LJ� �� &XEH XVDELOLW\ SUREOHPV ZLWK PDUJLQDO FRQGLWLRQV�

/HW XV FRQVLGHU WKH GHWDLOHG GDWD VHW '6
0 RI )LJ� �� /HW Fi � �≤L≤� EH FXEHV GHILQHG

DV Fi
 >'6

0
� 3i � >0RQWK�$//�$//�$//�$//�$//�$//�6DOHV@� VXP�VDOHV�@�

)LJ� �D SUHVHQWV WKH 0RQWK OHYHO� WKH 6DOHV PHDVXUH DQG WKH VHOHFWLRQ FRQGLWLRQV IRU

HDFK RI WKH FXEHV� 7KH SUREOHP LV ZKHWKHU D QHZ FXEH F3 FDQ EH FRPSXWHG XVLQJ WKH

WXSOHV RI RQH RI WKH H[LVWLQJ FXEHV F1 DQG F
2� 6LQFH &RQGLWLRQV �� � DQG � KROG� RQH

FRXOG DUJXH WKDW WKLV LV IHDVLEOH� <HW� DV ZH FDQ VHH LQ )LJ� �D� RQO\ F1 FDQ EH XVHG WR

FRPSXWH F3� 7KH LQWXLWLYH H[SODQDWLRQ RI WKH SUREOHP LV GHSLFWHG LQ )LJ� �E� 7KHUH DUH

WKUHH KRUL]RQWDO D[HV GHILQHG DW WKH GD\ OHYHO� HDFK IRU RQH RI WKH FXEHV F1� F2 DQG F3�

(DFK EROG OLQH GHQRWHV WKH VHW RI GD\V SDUWLFLSDWLQJ LQ WKH FRPSXWDWLRQ RI WKH

UHVSHFWLYH FXEH� $OO FXEHV DUH GHILQHG DW WKH PRQWK OHYHO� FRQVHTXHQWO\� ZH SDUWLWLRQ

WKH WKUHH D[HV ZLWK UHVSHFW WR WKH IXQFWLRQ DQF
month
day � $V ZH FDQ VHH� ZH KDYH WKUHH



SDUWLWLRQV� )HE¶��� 0D\¶�� DQG 6HS¶��� &XEH F3 FDQ EH FRPSXWHG IURP F
1 EHFDXVH

IRU DOO WKH SDUWLWLRQV RI F3 �L�H�� )HE¶��� 0D\¶���� FXEHV F1 DQG F
3 FRYHU H[DFWO\ WKH

VDPH GD\V� 7KLV GRHV QRW KROG IRU F1 DQG F2� v

([DPSOH �� 6XSSRVH WKH FDVH� ZKHUH D FXEH F
1 KDV D VHOHFWLRQ FRQGLWLRQ

31 DUU�\HDU�GHS�\HDU �ZKHUH DUU GHQRWHV GLPHQVLRQ DUULYDO GDWH DQG GHS

GHQRWHV WKH GLPHQVLRQ GHSDUWXUH GDWH�� 6XSSRVH DOVR WKDW D FXEH F2 LV GHILQHG DW

WKH PRQWK OHYHO DQG KDV D VHOHFWLRQ FRQGLWLRQ 32 DUU�PRQWK�GHS�PRQWK� :H FDQ

VHH WKDW FXEH F1 FDQ EH FRPSXWHG IURP F
2� 7KLV PHDQV WKDW LI F2 LV PDWHULDOLVHG ZH FDQ

XVH LWV WXSOHV WR FRPSXWH F1� :H DUH DEOH WR SHUIRUP WKLV NLQG RI UHDVRQLQJ EHFDXVH ZH

WDNH DGYDQWDJH RI WKH UHODWLRQVKLS EHWZHHQ PRQWKV DQG \HDUV� H[SUHVVHG WKURXJK WKH

GLPHQVLRQ KLHUDUFKLHV� DQG WKH IDPLO\ RI DQF IXQFWLRQV� 7R RXU NQRZOHGJH� WKHUH LV QR

HIIRUW LQ WKH YLHZ VXEVXPSWLRQ OLWHUDWXUH WKDW XVHV WKLV NLQG RI NQRZOHGJH� v

&RQWULEXWLRQ� ,Q WKLV VHFWLRQ� ZH ZLOO VKRZ WKDW WKH FXEH XVDELOLW\ SUREOHP LV UHGXFHG

WR VLPSOH WHVWV DQG RSHUDWLRQV� 'LIIHUHQW WHVWV DSSO\ IRU GLIIHUHQW FODVVHV RI TXHULHV�

:H H[SORUH WKH VHOHFWLRQ FRQGLWLRQV RI WZR FDWHJRULHV� �D� VHOHFWLRQ FRQGLWLRQV ZLWK

DWRPV LQYROYLQJ YDOXHV �L�H�� RI WKH IRUP /�O�/�DQF
L�

L�
�O�� HWF�� DQG �E� VHOHFWLRQ

FRQGLWLRQV ZLWK DWRPV LQYROYLQJ RQO\ OHYHOV �L�H�� RI WKH IRUP /1�/2� /�DQF
L�

L�
�/1��

HWF��� :H ZLOO H[DPLQH WKH RSWLPLVDWLRQ LVVXHV IRU WKH IRUPHU LQ 6HFWLRQ ��� DQG IRU WKH

ODWWHU LQ 6HFWLRQ ���� )LQDOO\� 6HFWLRQ ��� SUHVHQWV D WKHRUHP ZLWK VXIILFLHQW FULWHULD

DQG WKH FRUUHVSRQGLQJ UHZULWLQJ DOJRULWKP IRU ERWK FDVHV RI WKH FXEH XVDELOLW\ SUREOHP

XQGHU FRQVLGHUDWLRQ�

,Q WKH UHVW RI WKH SDSHU� IRU UHDVRQV RI VLPSOLFLW\� ZH ZLOO GHDO ZLWK FXEHV KDYLQJ

RQO\ RQH PHDVXUH� $OO RXU UHVXOWV FDQ EH HDVLO\ H[WHQGHG WR FXEHV KDYLQJ DQ DUELWUDU\

QXPEHU RI PHDVXUHV >�@� /HW Fnew
 �'6

0
�3

new
�>/

new
�0

new
@�DJJ

new
�0�� EH WKH QHZ

FXEH DQG F
old

 �'6
0
�3

old
�>/

old
�0

old
@�DJJ

old
�0�� EH WKH FDQGLGDWH FXEH� ZKHUH

/
new DQG /old DUH VHWV RI OHYHOV FRPLQJ IURP GLPHQVLRQ VHWV 'new DQG 'old UHVSHFWLYHO\�

0
new DQG 0old DUH PHDVXUHV� DQG ILQDOO\� DJJnew DQG DJJold DUH DJJUHJDWH IXQFWLRQV�

��� (TXLYDOHQW 7UDQVIRUPDWLRQV IRU $WRPV ,QYROYLQJ 9DOXHV

6XSSRVH WZR OHYHOV /
old DQG /

new� VXFK WKDW /old
%/

new� )XQFWLRQ DQF
LQHZ

LROG GHILQHV D

SDUWLWLRQ RYHU WKH YDOXHV RI /old ZLWK UHVSHFW WR WKH YDOXHV RI /new �H�J�� WKH SDUWLWLRQ RI

\HDU WR PRQWK�� 6XSSRVH QRZ� WZR DWRPV D1 DQG D2 RYHU /old � DV LQ WKH FDVH RI )LJ� ��

7R SHUIRUP DQ DJJUHJDWLRQ WR /new� WKH WZR DWRPV PXVW KROG WKH VDPH UDQJHV RI YDOXHV

IRU HDFK DQG HYHU\ SDUWLWLRQ WKDW /new GHILQHV RYHU /old � *HQHUDOLVLQJ WKLV REVHUYDWLRQ�

LQ WKH FDVH ZKHUH WZR VHOHFWLRQ FRQGLWLRQV LQYROYH D ODUJHU FRQMXQFWLRQ RI DWRPV� ZH

PXVW�

�� WUDQVIRUP WKH VHOHFWLRQ FRQGLWLRQV WR FRQFUHWH UDQJHV IRU HDFK GLPHQVLRQ�

�� UHGXFH WKH DWRPV WR WKH VDPH OHYHO� XVLQJ DSSURSULDWH WUDQVIRUPDWLRQV �VR WKDW WKH\

FDQ EH FRPSDUHG��

�� FKHFN ZKHWKHU WKH EURDGHU VHOHFWLRQ FRQGLWLRQ LV GHILQHG LGHQWLFDOO\ IRU WKH

PDUJLQDO FRQVWUDLQWV RI WKH RWKHU VHOHFWLRQ FRQGLWLRQ�

7KH IROORZLQJ DX[LOLDU\ GHILQLWLRQ LQWURGXFHV WKH QRWLRQ RI GLPHQVLRQ LQWHUYDO�

ZKLFK LV D FRQFUHWH UDQJH RYHU WKH GRPDLQ RI D FHUWDLQ GLPHQVLRQ OHYHO�



'HILQLWLRQ �� $ GLPHQVLRQ LQWHUYDO �',� LV RQH RI WKH IROORZLQJ �D� WUXH� �E� IDOVH

DQG �F� DQ H[SUHVVLRQ RI WKH IRUP O1≤/≤O2� ZKHUH / LV D YDULDEOH UDQJLQJ RYHU WKH OHYHO

RI D GLPHQVLRQ DQG O1 DQG O2 DUH YDOXHV� v

$WRP 'LPHQVLRQ ,QWHUYDO

WUXH 7UXH

IDOVH )DOVH

DQF
/¶

/
�/� O PLQ�GHVF

/¶

/
�O��≤/≤PD[�GHVF/¶

/
�O��

DQF
/¶

/
�/��O �∞�/≤PD[�GHVF/¶

/
�SUHY�O���

O�DQF
/¶

/
�/� PLQ�GHVF

/¶

/
�QH[W�O���≤/��∞

DQF
/¶

/
�/�≤O �∞�/≤PD[�GHVF/¶

/
�O��

O≤DQF/¶
/
�/� PLQ�GHVF

/¶

/
�O��≤/��∞

)LJ� �� 7UDQVIRUPDWLRQ IURP DWRPV WR GLPHQVLRQ LQWHUYDOV

)LJ� � VKRZV KRZ VLQJOH DWRPV FDQ EH WUDQVIRUPHG WR ',
V� 9DOXHV �∞ DQG �∞ KDYH WKH

REYLRXV VHPDQWLFV� 0RUHRYHU� IXQFWLRQV SUHY DQG QH[W UHVXOW LQ WKH SUHYLRXV DQG WKH

IROORZLQJ YDOXH RI O LQ WKH GRPDLQ RI / UHVSHFWLYHO\�

$OJRULWKP &KHFNB$WRPVB8VDELOLW\�

,QSXW� 7ZR FRQMXQFWLRQV RI DWRPV D DQG E LQYROYLQJ RQO\ YDOXHV� DQG D VHW RI OHYHOV /¶�

2XWSXW� WUXH LI D⊆/¶E� IDOVH RWKHUZLVH�

�� :ULWH DOO DWRPV RI D DQG E DV ',
V XVLQJ WKH WUDQVIRUPDWLRQV RI )LJ� � �ZKHUH WKH OHYHO / LV

WKH GHWDLOHG OHYHO RI HDFK GLPHQVLRQ��

�� *URXS DOO ',
V RI D DQG E E\ GLPHQVLRQ OHYHO DQG SURGXFH IRU HYHU\ VHW D VLQJOH ',
 KDYLQJ

WKH PRVW UHVWULFWLYH ERXQGDULHV� /HW D¶ DQG E¶ EH WKH UHVXOW� UHVSHFWLYHO\�

�� ,I WKHUH H[LVWV D ', IDOVH LQ D¶ 7KHQ 5HWXUQ WUXH�

�� ,I WKHUH H[LVWV D ', IDOVH LQ E¶ 7KHQ 5HWXUQ IDOVH�

�� )RU HYHU\ ', D RI D¶

�� ,I D LV GHILQHG RYHU GLPHQVLRQ OHYHO 'i �/
0 WKDW GRHV QRW H[LVW LQ DQ\ ', RI E¶ 7KHQ

�� ,QWURGXFH ', �∞≤'i �/
0≤∞ WR E¶�

�� (QG)RU

�� ,I E¶ KDV PRUH ',¶V WKDQ D¶ 7KHQ 5HWXUQ IDOVH�

��� )RU HYHU\ ', D �$s�$e� RI D¶

��� /HW WKH ', E �%s�%e� RI E¶ LQYROYLQJ WKH VDPH GLPHQVLRQ ZLWK D� /HW DOVR /¶ EH

WKH UHVSHFWLYH OHYHO LQ /¶�

��� &DVH $s�%s RU %e�$e RU E IDOVH

��� 5HWXUQ IDOVH

��� &DVH $s≠PLQ�GHVF/


/
0�DQF/


/
0�$s��� DQG $s≠%s

��� 5HWXUQ IDOVH

��� &DVH $e≠PD[�GHVF/


/
0�DQF/


/
0�ùe��� DQG $e≠%e

��� 5HWXUQ IDOVH

��� (QG)RU

��� 5HWXUQ WUXH

)LJ� �� $OJRULWKP &KHFNB$WRPVB8VDELOLW\

,Q JHQHUDO� WR GHWHUPLQH ZKHWKHU D FXEH F
old FDQ EH XVHG IRU WKH FRPSXWDWLRQ RI

F
new� ZH QHHG WR SDUWLWLRQ WKH GHWDLOHG OHYHO RI HDFK GLPHQVLRQ DFFRUGLQJ WR WKH



UHVSHFWLYH OHYHO RI Fnew� ,I IRU HDFK SDUWLWLRQ RI Fnew� WKHUH H[LVWV DQ LGHQWLFDO SDUWLWLRQ

RI Fold � WKHQ Fold FDQ EH XVHG WR FRPSXWH Fnew� :H IRUPDOLVH WKLV UHODWLRQVKLS EHWZHHQ

WZR FXEHV� WKURXJK 'HILQLWLRQ ��

'HILQLWLRQ �� /�FRQWDLQPHQW� /HW ' EH D VHW RI GLPHQVLRQV DQG 3
old � 3new EH WZR

VHOHFWLRQ FRQGLWLRQV LQYROYLQJ OHYHOV RQO\ IURP '� /HW / EH D VHW RI OHYHOV� HDFK

EHORQJLQJ WR D GLIIHUHQW GLPHQVLRQ RI '� /HW DOVR WKH WZR FXEHV F
new

 �'6
0
�

3
new

�>/�0@�DJJ�0�� DQG F
old

 �'6
0
�3

old
�>/�0@�DJJ�0��� GHILQHG RYHU DQ

DUELWUDU\ GHWDLOHG GDWD VHW '60� 6HOHFWLRQ FRQGLWLRQ 3new LV /�FRQWDLQHG LQ 3old �GHQRWHG

E\ 3new⊆/3
old � LI Fnew⊆Fold IRU DQ\ GDWD VHW '60� v

7R WDFNOH WKH SUREOHP RI FXEH XVDELOLW\ EHWZHHQ FXEHV RI GLIIHUHQW DJJUHJDWLRQ

JUDQXODULWLHV� ZH LQWURGXFH $OJRULWKP &KHFNB$WRPVB8VDELOLW\ WKDW LV FKHFNLQJ WKH

FRQWDLQPHQW RI FRQMXQFWLRQV RI DWRPV WKDW LQYROYH YDOXHV� 1RWLFH WKDW RXU DQDO\VLV

GRHV QRW LQFOXGH ≠� 7KLV FDVH ZLOO EH KDQGOHG LQ 6HFWLRQ ����

)RU ([DPSOH �� $OJRULWKP &KHFNB$WRPVB8VDELOLW\ GHGXFHV WKDW 31 /�FRQWDLQV

33 �ZLWK UHVSHFW WR OHYHO 0RQWK�� ZKLOH 32 GRHV QRW� 0RUHRYHU� LW LV LQWHUHVWLQJ WR VHH

WKDW LI RQH FRQVLGHUV WKH \HDU OHYHO� QHLWKHU 31 QRU 32 /�FRQWDLQV 33�

��� (TXLYDOHQW 7UDQVIRUPDWLRQV IRU $WRPV ,QYROYLQJ RQO\ /HYHOV

)ROORZLQJ >��@� ZH DVVXPH WKH H[LVWHQFH RI WZR LQILQLWH� WRWDOO\ RUGHUHG GRPDLQV� /

DQG /¶ LVRPRUSKLF WR WKH LQWHJHUV� /HW DOVR I EH D WRWDO� PRQRWRQH IXQFWLRQ RYHU /�

PDSSLQJ WKH YDOXHV RI GRPDLQ / WR WKH YDOXHV RI GRPDLQ /¶� 7KH IDPLO\ RI DQF

IXQFWLRQV IXOILOV WKHVH UHTXLUHPHQWV�

:H DVVXPH WKDW ZH DUH JLYHQ D FROOHFWLRQ RI LQHTXDOLWLHV RI WKH IRUP ;�<� ;≤<� ;≠<�
I�;��I�<�� I�;�≤I�<�� I�;�≠I�<� DQG HTXDOLWLHV RI WKH IRUP I�;� I�<�� :H GR

QRW DOORZ HTXDOLWLHV RI WKH IRUP ; <� ,I VXFK D VXEJRDO LV IRXQG LQ D TXHU\� ZH

VXEVWLWXWH HYHU\ RFFXUUHQFH RI ; ZLWK <� :H DOVR HOLPLQDWH DQ\ SDLU RI LQHTXDOLWLHV

I�;�≤I�<� DQG I�<�≤I�;�� ZKHUH ;�< DUH GLVWLQFW YDULDEOHV� ZLWK I�;� I�<��

:H ZLOO XVH WKH IROORZLQJ VHW RI D[LRPV IRU WKHVH LQHTXDOLWLHV�
ù� ;≤; ù� ;≤=� =≤<� ;≤:� :≤< DQG :≠= LPSO\ ;≠<
ù� ;�< LPSOLHV ;≤< ù� ;≤< LPSOLHV I�;�≤I�<�
ù� ;�< LPSOLHV ;≠< ù�� I�;��I�<� LPSOLHV ;�<

ù� ;≤< DQG ;≠< LPSO\ ;�< ù�� I�;�≠I�<� LPSOLHV ;≠<
ù� ;≠< LPSOLHV <≠; ù�� I�;�≤I�<� DQG I�<�≤I�;� LPSOLHV I�;� I�<�

ù� ;�< DQG <�= LPSO\ ;�= ù�� I�;� I�<� DQG I�<�≤I�=� LPSOLHV I�;�≤I�=�
ù� ;≤< DQG <≤= LPSO\ ;≤= ù�� I�;� I�<� DQG I�<�≠I�=� LPSOLHV I�;�≠I�=�

ù�� I�;� I�<� LPSOLHV I�;�≤I�<�

)LJ� �� $[LRPV IRU /�FRQWDLQPHQW FKHFNLQJ�

:H DVVXPH WKDW RXU PRGHOV DUH DVVLJQPHQWV RI LQWHJHUV WR YDULDEOHV� ([SUHVVLRQV RI

WKH IRUP I�;� DUH DOVR WUHDWHG DV YDULDEOHV� )RU YDULDEOHV RI WKH IRUP ; ZH DSSO\

D[LRPV $� WR $� DQG IRU YDULDEOHV RI WKH IRUP I�;� ZH DSSO\ D[LRPV $� WR $���

7KHRUHP �� 7KH D[LRPV $��$�� DUH VRXQG DQG FRPSOHWH� v



,Q RUGHU WR FKHFN ZKHWKHU RQH VHW RI LQHTXDOLWLHV 7 IROORZV IURP DQRWKHU VHW RI

LQHTXDOLWLHV 6 ZH FRPSXWH WKH FORVXUH 6+ E\ DSSO\LQJ WKH D[LRPV $��$�� XQWLO WKH\ QR

ORQJHU JHQHUDWH DQ\ QHZ LQHTXDOLWLHV� 7KHQ� ZH FKHFN ZKHWKHU 7 LV D VXEVHW RI 6+�

��� 7HVWLQJ &XEH 8VDELOLW\

,Q WKLV VHFWLRQ� ZH FRPELQH WKH UHVXOWV RI 6HFWLRQV ��� DQG ��� WR SURYLGH D WHVW IRU

VHYHUDO FDVHV RI FXEH XVDELOLW\� 2QH FDQ WUDQVIRUP DQ\ NLQG RI IRUPXOD XVLQJ ORJLFDO

WUDQVIRUPDWLRQV >�@ WR DQ HTXLYDOHQW IRUPXOD FRQVLVWLQJ RI GLVMXQFWLRQV RI FRQMXQFWLRQV

ZKLFK GR QRW LQYROYH ≠ DQG ¬� 7KHRUHP � SURYLGHV VXIILFLHQW FULWHULD IRU D FXEH Fold

WR EH XVHG IRU WKH FRPSXWDWLRQ RI DQRWKHU FXEH F
new� $OJRULWKP &XEHB8VDELOLW\

GHVFULEHV WKH VSHFLILF VWHSV WR EH IROORZHG IRU WKLV FRPSXWDWLRQ�

7KHRUHP �� 6XSSRVH D GHWDLOHG GDWD VHW '6
0
 >/

0
1�«�/

0
n�0

0
@ DQG WZR FXEHV F

old
 

�'6
0
�3old �>/

old
1 �«�/

old
n �0old @�DJJold �0

0
�� DQG F

new
 �'6

0
�3new�>/

new
1 �«�/

new
n �

0new@�DJJnew�0
0
��� ,I

�� DJJold  DJJnew�

�� /
old
i %/

new
i � �≤L≤Q� DQG

�� RQH RI WKH IROORZLQJ WZR FDVHV KROGV IRU 3old DQG 3new�

• 3old DQG 3new LQYROYH FRQMXQFWLRQV RI DWRPV RQO\ RI WKH IRUP /i �/j � DOO WKH

OHYHOV /i �/j DUH KLJKHU IURP WKH UHVSHFWLYH OHYHOV RI WKH VFKHPD RI Fold �L�H�

/
old
i,j %/i,j � DQG 3old EHORQJV WR WKH FORVXUH RI 3new� RU�

• 3old DQG 3new LQYROYH FRQMXQFWLRQV RI DWRPV RI WKH IRUP /�O DQG

3
QHZ

⊆ 
[L QHZ

�
,…,L QHZ

Q
] 3old �

WKHQ $OJRULWKP &XEHB8VDELOLW\ FRUUHFWO\ FRPSXWHV Fnew IURP WKH WXSOHV RI Fold � �
7KHRUHP � WHVWV IRU XVDELOLW\� SDLUV RI FXEHV LQYROYLQJ FRQMXQFWLYH VHOHFWLRQ

FRQGLWLRQV ZKLFK GR QRW LQYROYH ≠ DQG ¬� &XEHV LQYROYLQJ GLVMXQFWLYH VHOHFWLRQ

FRQGLWLRQV FDQ EH WUHDWHG LQ WKH XVXDO ZD\ >��@�

([DPSOH �� /HW Fnew DQG Fold EH WKH FXEHV RYHU '60 RI )LJ� � GHILQHG DV IROORZV�
Fold  �'60�3old �>0RQWK�&RXQWU\�7\SH�6DOHVPDQ�6XPBROG@�VXP�6DOHV��

DQG
Fnew �'60�3new�>0RQWK�&RXQWU\�&DWHJRU\�6DOHVPDQ�6XPBQHZ@�

VXP�6DOHV��

ZKHUH 3old  ���)HE���≤GD\ ∧ GD\≤��6HS��� ∧ DQFCategory
Item �,WHP� ´%RRNV´

DQG 3new ��0DU���≤GD\ ∧ GD\≤��6HS��� ∧ ³/LWHUDWXUH´≤DQFType
Item �,WHP� ∧

DQFType
Item �,WHP�≤´3KLORVRSK\´�

7R FKHFN ZKHWKHU Fnew FDQ EH FRPSXWHG IURP Fold ZH DSSO\ 7KHRUHP �� 7KH

VFKHPDWD DQG DJJUHJDWLRQ IXQFWLRQV RI WKH WZR FXEHV DUH FRPSDWLEOH �FRQGLWLRQV �D��

�E� RI 7KHRUHP ��� 0RUHRYHU� 3new LV /�FRQWDLQHG IURP 3old ZLWK UHVSHFW WR WKH OHYHOV

RI Fnew� )ROORZLQJ� /LQHV ���� RI $OJRULWKP &XEHB8VDELOLW\� ZH WUDQVIRUP 3new VR

WKDW LW FDQ EH DSSOLHG WR WKH VFKHPD RI FXEH Fold � 7KH WUDQVIRUPDWLRQV RI /LQHV ���

UHVXOW LQ

3n@o 0DU���≤0RQWK ∧ 0RQWK≤6HS��� ∧ ³/LWHUDWXUH´≤7\SH ∧
7\SH≤´3KLORVRSK\´�
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VXFK WKDW 3old DQG 3new LQYROYH HLWKHU �D� FRQMXQFWLRQV RI DWRPV RI WKH IRUP /�O RU �E�

FRQMXQFWLRQV RI DWRPV RI WKH IRUP /�/¶ ZKHUH / DQG /¶ DUH OHYHOV DQG O LV D YDOXH�

2XWSXW� $ UHZULWLQJ WKDW FDOFXODWHV FXEH Fnew IURP WKH WXSOHV RI Fold �

�� ,I DOO DWRPV RI 3old DQG 3new LQYROYH FRQMXQFWLRQV RI DWRPV RI WKH IRUP /�O 7KHQ

�� )RU HYHU\ DWRP D DQF/

/
0�/0��O LQ 3new �RU HTXLYDOHQW WR WKLV IRUP�

�� ,I /old LV WKH UHVSHFWLYH OHYHO LQ WKH VFKHPD RI Fold DQG /old
%/ 7KHQ

�� 7UDQVIRUP D WR DQF/

/
old�/old ��O

�� (QG,I

�� (OVH,I /old LV WKH UHVSHFWLYH OHYHO LQ WKH VFKHPD RI Fold DQG /%/old 7KHQ

�� 7UDQVIRUP D WR /old
�¶DQF/

old
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�O� ZKHUH �¶ � H[FHSW IRU WZR FDVHV�

�D� D DQF/

/
0�/0��O DQG O≠PLQ�GHVF/

old

/
�DQF/

old

/
�O��� ZKHUH �¶ ≤�

�E� D DQF/

/
0�/0�!O DQG O≠PD[�GHVF/

old

/
�DQF/

old

/
�O��� ZKHUH �¶ ≥

�� (QG,I

�� (QG)RU

��� (QG,I

��� ,I DOO DWRPV RI 3old DQG 3new LQYROYH FRQMXQFWLRQV RI DWRPV RI WKH IRUP D DQF/

/
0

�/0��DQF/¶

/
0’�/0’ � �RU HTXLYDOHQW WR WKLV IRUP�� ZKHUH ERWK / DQG /¶DUH KLJKHU WKDQ WKH

UHVSHFWLYH OHYHOV RI Fold 7KHQ

��� )RU HYHU\ DWRP D DQF/

/
0�/0��DQF/¶

/
0’�/0’ � LQ 3new

��� 7UDQVIRUP D WR DQF/

/
old�/old ��DQF/¶

/
old’ �/old’ �

��� (QG)RU

��� (QG,I

��� $SSO\ WKH WUDQVIRUPHG VHOHFWLRQ FRQGLWLRQ WR Fold DQG GHULYH D QHZ GDWD VHW '61�

��� 5HSODFH DOO WKH YDOXHV RI '61 ZLWK WKHLU DQFHVWRU YDOXHV DW WKH OHYHOV RI Fnew� UHVXOWLQJ LQ D

QHZ GDWD VHW '62�

��� $JJUHJDWH �³JURXS E\´ LQ WKH UHODWLRQDO VHPDQWLFV� RQ WKH WXSOHV RI '62� VR WKDW ZH

SURGXFH Fnew�

)LJ� �� $OJRULWKP &XEHB8VDELOLW\

0RQWK 7\SH 6DOHVPDQ &RXQWU\ 6XPBROG

)HE��� /LWHUDWXUH 1HW] 86$ �

6HS��� 3KLORVRSK\ 1HW] -DSDQ ��

6HS��� /LWHUDWXUH 1HW] -DSDQ ��

�D�

0RQWK 7\SH 6DOHVPDQ &RXQWU\ 6XPB�

6HS��� 3KLORVRSK\ 1HW] -DSDQ ��

6HS��� /LWHUDWXUH 1HW] -DSDQ ��

�E�

0RQWK &DWHJRU\ 6DOHVPDQ &RXQWU\ 6XPB�

6HS��� %RRN 1HW] -DSDQ ��

6HS��� %RRN 1HW] -DSDQ ��

�F�

0RQWK &DWHJRU\ 6DOHVPDQ &RXQWU\ 6XPBQHZ

6HS��� %RRN 1HW] -DSDQ ��

�G�

)LJ� �� &DOFXODWLQJ F
new

IURP F
old

:H DSSO\ WKH WUDQVIRUPHG VHOHFWLRQ FRQGLWLRQ WR Fold �GHSLFWHG LQ )LJ� �D� DQG GHULYH D

QHZ GDWD VHW '61 �GHSLFWHG LQ )LJ� �E�� 7KHQ� ZH UHSODFH DOO WKH YDOXHV RI '61 ZLWK

WKHLU DQFHVWRU YDOXHV DW WKH OHYHOV RI Fnew �/LQH ���� UHVXOWLQJ LQ D QHZ GDWD VHW '62



�GHSLFWHG LQ )LJ� �F�� )LQDOO\� ZH DJJUHJDWH WKH WXSOHV RI '62 DQG ZH SURGXFH F
new

�GHSLFWHG LQ )LJ� �G�� v

�� 'LVFXVVLRQ�DQG�)XWXUH�:RUN

:H KDYH SUHVHQWHG D ORJLFDO PRGHO IRU FXEHV EDVHG RQ WKH NH\ REVHUYDWLRQ WKDW D FXEH

LV QRW D VHOI�H[LVWLQJ HQWLW\� EXW UDWKHU D YLHZ RYHU DQ XQGHUO\LQJ GDWD VHW� 7KH

SURSRVHG PRGHO LV SRZHUIXO HQRXJK WR FDSWXUH DOO WKH FRPPRQO\ HQFRXQWHUHG 2/$3

RSHUDWLRQV VXFK DV VHOHFWLRQ� UROO�XS DQG GULOO�GRZQ� WKURXJK D VRXQG DQG FRPSOHWH

DOJHEUD� :H KDYH VKRZHG KRZ WKLV PRGHO FDQ EH XVHG DV WKH EDVLV IRU SURFHVVLQJ FXEH

RSHUDWLRQV DQG KDYH SURYLGHG V\QWDFWLF FKDUDFWHULVDWLRQV IRU WKH SUREOHPV RI FXEH

XVDELOLW\� 7KHRUHP �� ZKLFK SURYLGHV WKHVH V\QWDFWLF FKDUDFWHULVDWLRQV� LV YHU\

LPSRUWDQW IRU WKH XVXDO RSHUDWLRQV RI WKH PRGHO� 7ZR RI WKH PRVW HPLQHQW FDVHV DUH�

�D� QDYLJDWLRQ IURP D FHUWDLQ FXEH F WR D FXEH KDYLQJ DOO LWV OHYHOV KLJKHU �RU HTXDO�

WKDQ WKH UHVSHFWLYH OHYHOV RI F DQG �E� VHOHFWLRQ RYHU D FHUWDLQ FXEH F ZKHUH DOO WKH

OHYHOV DFWLQJ DV YDULDEOHV DUH KLJKHU �RU HTXDO� WKDQ WKH OHYHOV RI F�

2I FRXUVH� WKH DSSOLFDELOLW\ RI 7KHRUHP � LV QRW UHVWULFWHG LQ WKHVH WZR VLPSOH

FDVHV� 1RUPDOO\� DQ 2/$3 VFUHHQ FRQWDLQV PRUH WKDQ RQH FXEHV >��@� 7KXV� DQ

LQWHUDFWLYH 2/$3 VHVVLRQ SURGXFHV PDQ\ FXEHV ZKLFK SRVVLEO\ RYHUODS� &RPSXWLQJ D

QHZ VHW RI FXEHV FDQ SRVVLEO\ EH DFKLHYHG E\ XVLQJ DOUHDG\ FRPSXWHG DQG FDFKHG

FXEHV �SURYLGHG WKDW WKH\ IXOILO WKH FULWHULD RI 7KHRUHP ��� &RQVHTXHQWO\� WKH UHVXOWV

RQ WKH SUREOHP RI FXEH XVDELOLW\ FDQ EH XVHG ERWK IRU WKH TXHU\ RSWLPLVDWLRQ DQG WKH

FDFKLQJ SURFHVVHV� 7KH FXEH XVDELOLW\ UHVXOWV FDQ DOVR EH DSSOLHG LQ WKH SUREOHP RI

GDWD ZDUHKRXVH GHVLJQ� ZKHUH WKH RSWLPDO VHW RI YLHZV �ZLWK UHVSHFW WR TXHU\ DQG

PDLQWHQDQFH FRVW� KDV WR EH GHULYHG� 7HVWLQJ IRU FXEH XVDELOLW\ FDQ DYRLG UHGXQGDQF\

LQ WKH ILQDO GDWD ZDUHKRXVH VFKHPD DQG LPSURYH WKH UXQ�WLPH RI WKH GHVLJQ DOJRULWKP

>��@�

$V IXWXUH ZRUN� ZH SODQ WR LQFRUSRUDWH RXU UHVXOWV LQ D V\VWHP XQGHU FRQVWUXFWLRQ LQ
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