2. H péBooog tov Euler

AGKNOGELS

*25Botwa = 1% < t! < .-+ < t¥N = b évog Stapepiopdg tov [a, b]. Yrobéote 611 0
Slopeptopog etvarn guiopo1duoppog, 6TL vVIapPYeL MMAadn Betikn otabepd w1, aveEdpTNTN TOV
N, tétolo wote

min  h, > pu max hy,,

0<n<N-1 0<n<N-1
omov hy, = t"t1 — " n=0,...,N — 1. ®éote
h:= max h,,
0<n<N-1

KO S TVTTMOOTE KO 0modEiETE Eva avTioToyo amotéAesio Tov Ocmpnpatog 2.1 yu” avtiyv v
TEPIMTOON.
(N

*2.,6 Botwa = 1Y < ! < ... < = b {vag onocdmote Stopepiopdg tov [a, b,

hy =t"1 — " n=0,...,N — 1, xon
h:= max #h,.
0<n<N-1
Awtvnmote kol amodeiEte éva avtiotoryo anotédecua tov Oswpniuatog 2.1 yU avtiv v
TEPIMTOON.
[Yrooeiln: Anodeilte kot apyas, Onwg ot (2.7), 0Tt

Mh
" < (1 haL)[e"| + —~hn. m=0.....N —1.
Xpnowonotmvtog topo. ko Ty €2 = 0 &yovpe
Mh
6" = == [+ (U L)y + (14 Ay L) (L4 iyt L)

4ot (L4 hy L)1+ by L) - (14 hy LYo

4ot eL(l”“—tl)(l‘l . IO)]
Mh Mh
< TeL(b—a)(hn Ryt + e hg) = TeL(b—a)(b —a).
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AmodelETE KO YPNOUOTOUOTE KOl TNV AVICOTNTO

eL(z"”:l—tk)([k . tk_l) < /tk eL(l"+1—s) ds
(k=1

Yo va BEATIOCETE TN 6TaOEPE TNV TPONYOVUEVN EKTIUNGN. ]
*2.7 Amodei&te 1o Oedpnpa 2.2.
[Yrooeiln: H epgpdvion g otabepdc C; oty extiunon (2.22) ogeileton 6to yeyovog oti
N TapAoTOCT TOL VIOAOITOL ToV avanmthypatog Taylor pe v TN pog KatdAAning Topo-
YOYOL G £va, EVOLAUESO onpElo dev 1oyDEL Yo dtovuspoTikég cvvaptioelc. [lpdypartt, o
OLOVUGHOTIKN TTEPITTMOT), 1 OVTIGTOLYN TNG GYEONG

h2
v =y (") + hy (") + " (6n),

™G Pabumtg mepintwong, eival

/ n h2 1
yi(t") = yi(e") + hy[(t") + ?yi (&ni),

ue £, € (", "), Tuvendg, n avtictoyn g mopdotacng (2.5) sivar oty Tpokeévn

mepinTon
2

h
yi(t") = yit") + hA( y (") + 5yl i)

*2.8 Botw 61t 10 mpdPAnua (1.1) éxet povadikn AMon y € C?[a,b], ko1 éotw m, £ € R
TETOL0L OOTE
Vtela,b) m<y(t)<Ut,

kot § > 0. Av avti g (1.6) vroBécovpe 6TL IoyvEL | cLvONKN Tov Lipschitz tomucd, dSniadn

0Tl
AL >0 Vt € [a,b] Yy, ys € [m—8,L+8] |f(t.y1)— f(t.y2)| < LIy — ysl

(m omoia glvar ol TOAD ¥pHoUUN Kot peAAIGTIKT GuVONKT), anodeite 6TL vmapyel hg > 0 Té-
to10 woteywh € (0, ho] n péBodog tov Euler yia to mpofinpa (1.1) pe Prpa i (opotdpopeog
Slapeplopdg) va divel mpoceyyioels yia Tig omoieg 1oyvel | ektipnon (2.4).

[Yrooeiln: YnoBéote 6T
M
E[CL(b_a) — 1]h0 < 8,
Omov

M := max |y"(z)],

a<t<b
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Kot amodeifte enayoywd 6t y* € [m —

§.0+8.k=0,....N.]

*2.9 OewpnoTe TO TAPUKAT® TPOPANLO OPYIKOV TILOV Yo éva 2 X 2 cvotnua X.AE. pe

ayvootoug x(1), y(t),t > 0:

dx
dr

dy
< dt

:_y5 [20,

X, t >0,

x(0)=1, y(0)=0.

o) Amodeitre OtLioydeL 0 viuog diatipnons x*(t)+y2(t) = 1,1 > 0. BAéne ko1 tnv Acknon

1.29.

B) Oswpnote T1g mpooeyyioelg (x”, y”

),n > 0, mov mopdyel n pébodog Tov Euler yua to

napandve cdotnua Yo 6todepd 1 > 0. Amodeite ot (x")? + (y")? — oo, kabdg

n — OQ.

Y) ®ewpnorte Tig Tpooeyyicelg (x”, y™), n > 0, mov mapdyet n uéBodog tov tpaneliov (2.57)

YU avtd 10 cvoTua Yo otadepd A > 0. Amodeilte 6t (x)? + (y™)? = 1, yio x0e n,

OnAaodn 6t n pnéBodog tov Tpameliov IKavomolel To S1OKPITO AVAAOYO TOL GLVEYOVS VOOV

S10TPNONG TOL EPOTNLOTOG OL).

8) Tt pmopovpe vo tovpe Yo v mocdtnTa (x™)? + (¥™)? y1a Tig Tpooeyyioeig x™, y" mov

mopayet 1 memAeyuévn nébodog tov Euler;

*2.10 Oswpovue to mpofAqpata apyikedv Tudv (1.10) kot vrobétovpe 6T KavomolgiTot

N povomievpn cvvOnkn tov Lipschitz (2.49). Ecto N € N,h := (b —a)/N ko t" :=

a+nh,n =0,...,N. Ipooceyyilovpe 11 AVGES TOV TPOPANUATOV OPYIKOV TIUAV UE TNV

nemieypévn nébodo tov Euler, pe frpa i, kot cvpPorilovpe pe y” ko z” Tig ovtiotoryeg

npooeyyioelg. Amodei&te o1, yio kabe n € {0, ..., N}, 1oydet

"=z < |y -z

0|‘

*2.11 Awokp1tomolovpe T0 TPOPANUOL APYIKDOV TIULDV

x'(2)

< y'(2)
x(0) = xo
y(0) = yo
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pe v memieypuévn néBodo tov Euler, ypnoiponoidvag Evov opotdpop@o SUUEPIGHO TOL

SraotApatog [0, 1] pe BApa k. Anodeitre, pe Toug cuvnOicuéEVOLG GuUBOAGHOVE, OTt (X" 1) 2+
(y"H2 < (x")% + ()2 [Zuyxpivete pe v Acknon 1.28.]

*2.12 Awakpiromolovpe to TpORANUe opykdv TIHdV TG Acknong 1.27 pe v memieypévn

pébodo tov Euler, pe Pripa 2. ZopPorilovpe pe y"* mv mpocéyyion mg y ("), t" = nh.

Amnodeifte 6t ||y | < ||v" |, n € Ny. Ztnv mpokeévn nepintmon n Eukieideia vopua tov

npoceyyicewv @Oivel, onAadn n néEBodog pipeitor TNV avtioToryn 1W10TNTO TOL GLGTHUOTOG
Swpopikdv e€lomoemv. AmodeiEte emiong 0Tt Kou 1 memheypévn pébodog tov pécov, PA. v

(3.8) oto enduevo kepaAaio, (1 16odvvapa n nEBodog tov Tpameliov) £xet v 1010 101OTNTO.

[Yrooeiln: v mepintwon g nemdeypévne pebooov tov Euler mapte oto Prjpa g apid-

"+l GuvapTAGEL TOL Y TO EGOTEPIKO Yvopevo pe Y.

UNTIKNG HeBddov mov pog 6ivel to y
Ty mepintoon g nedodov Tov HEGOV TAPTE TO EGOTEPIKO YIVOUEVO pe y™ 1 + y™ ]

*2.13 Awxkprronotodpe to TpdPAnpa apyikdv oy g Acknong 1.30 pe ) pébodo tov
péoov (N wodvvapa pe t néBodo tov tpameliov) pe o . Anodeifte 6TL 01 TPOGEYYIGELS

&yovv v 0o Evkeidela vopua, || v*|| = ||yoll, n > 0.

*2.14 Awkprtomolovpe to TpOPANUa apytkav TV g Aoknong 1.29 pe mm pébodo tov
pécov (N pe ™ néBodo tov Tpameliov: TNV TPOKEEVT TEPITTMOT 01 6V0 o TEC LEBOSOL GL-
pmintovv), pe Prpa k. ZvpPorifovpe pe y" v npocéyyion mg y (1), 1" = nh. Anodei&te
ot o1 Ipoaceyyicelg £xovv v 6100 Evkdeideta vopua, ||[y™ || = || voll, Snradn 61t oty mpo-
Kewévn mepintmon n néEBodog ppeitatl v avticToryn 1010TNTO TOV GLGTHLATOS ULPOPIKMV
eElomcemv.

n+1

[Yrooeiln: Tlapte oto Prpa e apBuntikng pebddov mov pog divel to y OLVOPTNOEL

0V Y" 10 £0mTEPIKO pe YT + P xou ypnoiponow|ote TNV VIOIEEN TOL S6OMKE GTNV
Aocknon 1.29.]
*2.15 Awkprtonotobpe To TpOPANLU OPYIKOV TILOV
{y':—ey, t €[0,1],

y(0) =1,
pe v memieypévn pnébodo tov Euler, pe Prpa 2. Amodei&te 6tL o1 Tpoceyyicelg eivat KaAd
OPLGUEVEC.
*2.16 AwokprtomoloOe TO TPOPANL OPYIKDV TILOV

{y' =Ly, t=0,

y(0) =1,

pe v memdeypévn pébodo tov Euler pe Prpa 4. TNa A < 0 (onpeuwote 011 6 avTtv TV
nepinton kavoroteitar 1 (2.49) ) o1 mpoceyyicels eivor KaAd opiopéves, OTmS SLOMICTMOVEL
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kavelg apécmg. o A > 0 o1 poceyyioelg eivat kaAd opiopéveg yuo i apketd pikpo, PA. kot
™ oyxetikn cv{non peta&d tov oyéocnv (2.49) kot (2.56). Befarmbeite 6t1 ot devTepn
nepintoon, Yo i = 1/A ot mpooceyyioelg dev givar KaAd opiopéves, yuo va mewobeite 0Tt
Kémolo cuvOnKn givon amapaitnen.
*2.17 Oewpodpe To TPOPANLa apykdv Tindv (1.1) kot vrobétovpe 6TL 1 Guvaptnon f 1Ka-
vomotet t (2.49). Ataxprtonolovpe to TpdPANUA pog pe ) pEBodo tov pésov, PA. v (3.9)
010 €MOUEVO KEQGANL0, BE®PDOVTAG VAV OLOLOHOPPO Saeptopd oV SlaoTANATOS [@, b).
Amodei&te 6T 01 Tpoceyyioelg eival KaAd OPIGUEVEG.
[Yrooeiln: Anodei&te Ot1, dedopévou Tov y”, 1o x* = %( " + Y"1 givan kard opiopévo.]
*2.18 Oewpovpe o cvvaptnon f : R — R, n onoia eivon cuveydc mapoywyiciun Kot
tétol dote f(x) < 0y kdOe mpaypotikd apBud x, x € R. Awkpitorotovpe o Tpofinuo
APYIKAOV TIUDOV

{y’(f) =fy@). tela.b]

y(a) = yo.

pe ™ pébodo tov tpameliov, BepdvTog Evav OLOOLOPPO SOUEPIGUO TOV OLOGTHLOTOG
[a, b]. Anodei&te 0T1 01 TPooEYYIGELS £ivat KOG OPLOUEVEG.
*2.19°Ecto ¢ : [0, 1] — R pio cuveyng cuvaptmon. Alekpitomotovpe To TpoPANUo apytkdv
TIUOV f
V(1) ==(v@) + o). 1.1,
y(0) =1,

pe ™ péBodo tov Tpamelion, Bewpdvtag Evav opotdpopeo dtapepiond tov dtaotipatog [0, 1]

pe Prua 2. AmodeiEte 6t o1 Tpoceyyioelg eivol KOAG OptopEVEC.
*2.20 IIpocdiopiote Vv meployn amdAVTNG €V6TAOELS (GTO UIYadIKO eminedo) TG HeBOSoV
tov tpaneCiov (2.57) kat to dStaoTnpa ardAvTng evoTabetog g nebddov (2.58).
*2.21 (Ano6AuTn euoTdBela aTov pavTaoTikd agova.) Oewpnote 10 TPOPANUA APYIKAOV TIULDV
ywmv y : [0,00) - C

yi=ipy, t>0,

y(0) =1,
OOV [ TPpayHaTIKY otabepd, dtbpopn Tov undevog. Ilpopavmg, To TpodPAnua £xet T Adon
y(t) = e, yia v omoia 16)0et }y(t) =1, yun x@be ¢ > 0.
I'V avtd to TpdPAnua Bempnote

a) Tn pébodo tov Euler.
B) Tnv memheypuévn péBoodo tov Euler.
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v) Tn pnébodo tov tpameliov (2.57).

[Towa amd 115 Tpelg avtég peBddovg Ba emAéyate yio v aplBunTiKny enilivon Tov mopamdve
TPOPANLLOTOG Kot Yot

*2.32 (Aiakpitry aviodtnTa Tou Gronwall, avTioToixn TnG 31APOPIKNAG HOPPNG: OHOIOHOopP-
@og diapepiopos.) Eotw T > 0, N € Nk h := % Av ag,...,0N KOL &g, ..., EN—1 UM
apvnrikoi apBuoi térotol wote pe y > 0

pi1 < (1+yh)ay, +he,, n=0,...,N—1,

amodei&te 0Tl

1
max o, <e'Tog+ —e’T max e,.
1<n<N )4 0<n<N-1

*2.33 (AiakpiThy aviodTnTa Tou Gronwall, avTioToixn TnG dIaPOopPIKNAG HOPPNG: KN OPOIOHOpP-
@og diapepiopoc.) Eoto T > 0,0 = Y < t' < -+« < t¥ = T évag Sapepiopoc tov
0,T],hy :=t"' —t"n=0,....,N — 1. Av g, ...,y KOl &, ..., EN—1 UN APVNTIKOL
apBuoli térotol dote pe y > 0

ni1 < (L+ yhy)oy + hpep, n=0,...,N—1,

amodei&te 0TL

T
max a, < e'Tay+ T ds  max e,
1<n<N 0 0<n<N-1

BA. qv Acknon 2.6.
*2.34 (Aiakpitr) aviodTnTa Tou Gronwall, avTioToixn TNG oAOKANPWTIKAG Hop®nG.) Eotw
T >0,N € Nxawh := % Av g, ...,ay kou E pn apvnrikoi apiBpoi tétotol dote pe
y > 0 va woydet

n

apy1 < E+thozg, n=20,...,N—1,

£=0

amodeiETe OTL
max o, < C(hag+ E)

1<n<N
ue po otabepd C ave&dptnen tov h.
[Yrdderln: Eot® @y := yh' Y y_o . TOTE @1 — ¢p = Yhatny1, GOVETDG

¢ni1 SYhE + (14 yh)gn, n=0,....N -1
Xpnoworomote v Acknon 2.32 yia vo EKTIUNGETE TO @y, KOL TV

Opi1 = E + ¢n
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Y10 VO EKTIUNGETE TO Oy, . |

*2.35 (H peBodog “onTa”.) Eotow ¥ € [0, 1]. Me toug cuvndicuévoug cupfoitopons, Bem-
povpe ™ péBodo Onta yio to TpoPAnua (1.1),

Y=Y (L= )R (" ")+ IR (YY), n=0,.. N 1,

ue ¥ = yo. Hoteg yvootéc pébodot mpokdmrovy otig meputdoelg ¥ = 0,9 = 1/2 ko

¥ = 1; Amodei&re 6T n 14EN axpifeag g pebddov givar éva yioo ¥ # 1/2 ko dHo yio
¥ = 1/2. Anodei&re 6ty ¥ > 1/2 m pébodog givor A—evotabng.



