ON OPTIMAL ORDER ERROR ESTIMATES FOR
THE NONLINEAR SCHRODINGER EQUATION
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ABSTRACT. Implicit Runge-Kutta methods in time are used in conjunction with
the Galerkin method in space to generate stable and accurate approximations to
solutions of the nonlinear (cubic) Schrédinger equation. The temporal component of
the discretization error is shown to decrease at the classical rates in some important
special cases.

1. INTRODUCTION

In this paper we consider the following initial boundary value problem for the cubic
Schrédinger equation: Let 2 C R? be a bounded domain with boundary 2. We seek
a complex-valued function u satisfying

uy = iAu + iMulPu, (z,t) € 2 x [0,t],
(11) u =0, (x>t) € 082 x [O7t*]7
u(z,0) = u’(z), x € $,

where ) is a nonzero real number and u° is a given complex-valued function on 2. We
assume that the data of are such that the problem possesses a unique classical
solution in C*(£2 x [0,t*]), where  is sufficiently large for the approximation results
that will be proved in the sequel. We refer the reader to the surveys [[12] and [13] for
an overview of the physical significance and the mathematical theory of the nonlinear
Schrodinger equation.

We shall approximate the solution of using Galerkin finite element type meth-
ods in space and suitable implicit Runge-Kutta (IRK) schemes for time-stepping. In
another paper [2], to which we also refer the reader for references to previous work on
the numerical solution of , we study Galerkin methods of second-order temporal
accuracy and address issues of their efficient implementation. The emphasis in the
paper at hand is on higher order IRK methods; in particular, we shall prove L? error
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estimates whose spatial component is of optimal rate of convergence and whose tem-
poral component decreases at the optimal (classical) rates in some important special
cases.

Specifically, for suitable classes of IRK methods, we shall show that

) n __ n < o r
(12) max [ — u(t") 120 < (K + 1),
where 0 = min{p + 3,v} if 2 is a general domain with piecewise smooth curved

boundary and o = v if (2 is any polyhedral domain (or any finite interval if d = 1).
Here h is the space discretization parameter, r is the optimal spatial rate of convergence
in L? (cf. §2)), k is the time step, t" = nk,0 < n < N, N = t*/k,u is the solution of
(1.1) (assumed to be sufficiently smooth up to the boundary), u} its fully discrete
approximation at time t", and c is a constant depending on u and the data of but
independent of A and k. The time-stepping is effected through a g—stage IRK method
with (classical) order of accuracy v; p is the stage order (cf. (B), in §2.3). For
to hold, the Galerkin subspaces and the IRK scheme must satisfy a series of standard
properties (cf. §2)), ) should be chosen so that [|uf) — u°||12() = O(h"), d < 2r, and
the (weak) mesh condition k& = O(h%/??) as h — 0 should be satisfied.

It is well known that approximating smooth solutions of initial and boundary value
problems for some partial differential equations (PDEs) by high order Runge-Kutta
methods results sometimes in observed temporal rates of convergence lower than the
(classical) order v (cf., e.g., [6], [4], [9]). From (1.2) we may infer that, under our
hypotheses, no reduction of the order v occurs for the problem if {2 is a polyhedral
domain or if p + 3 > v, as would be the case, for example, with practically important
schemes such as the conservative g—stage Gauss—Legendre collocation type methods
(p = q,v = 2q) with up to three stages, and the two-, respectively, three-stage optimal
order diagonally implicit RK (DIRK) schemes, for which p = 1,v =3 and p = 1,v = 4,
respectively.

The proof of relies on constructing suitable smooth approximations u™7 to the
values u(t™),1 < j < ¢, of the solution u of at the intermediate time levels
t™7 of the Runge-Kutta scheme (cf. ; the u™’ are combined to produce a smooth
approximation u™*! of u(t"*1) to which u}"" is then compared. The u™7 are expressed
as polynomials of k£ (that may be viewed as extensions of Taylor expansions of u(t)
about t"7) in the form u™ = >"7_, k‘a,, where the aj, are smooth functions on 2 and
depend on the solution of and the Runge-Kutta method. They occur naturally
in analyzing the consistency of the scheme and satisfy a crucial cancellation property
(cf. (4.8)). The heart of the proof is then checking that the a,’s vanish on 942, a fact
that allows approximating u™/ to optimal order in space by elements of the Galerkin
subspace. The technique of constructing expansions in powers of k at the intermediate
time levels has its origins in [I0] but it was elaborated fully in [I1] in the context of
the initial and periodic boundary value problem for the Korteweg—de Vries equation.
In the latter paper, the u™ were defined implicitly as the intermediate stages that
would be obtained in the process of applying the Runge-Kutta method to u(t™). In so
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doing, a host of difficulties had to be handled. In particular, the existence of the u™’
had to be established. Moreover, it was shown that the u™/ were as smooth as u(t")
and that appropriate high order Sobolev norms of theirs were bounded in terms of
corresponding norms of u(t") with constants free of any dependence on k. In the paper
at hand, the u™/ are defined explicitly and thus the issue of existence is bypassed. On
the other hand, the intermediate equations are not satisfied exactly, but to within an
error of O(k°T!), which is perfectly acceptable for the purpose of error estimation. In
summary, the approach followed here, although similar in spirit to the one adopted in
[11], is considerably simpler.

Using a different technique, an error estimate analogous to was shown in [I]
in the context of a linear Schrodinger equation on a general domain (2 with a time-
dependent potential (replace in iXul?u by B(z,t)u) with an exponent of k equal
to min{q + 2,2q¢} for the g—stage Gauss—Legendre methods. In the specific nonlinear
autonomous case at hand, the nonlinearity |u|*u affords proving that solutions of ,
that are smooth up to the boundary of 2 x (0, ¢*), satisfy A™u = 0 on 92 x [0,t*], for
m high enough depending on §2. This is the important observation that subsequently
allows proving that o, = 0 for 0 < ¢ < ¢ on 942, which in turn implies . In fact,
for v > p 4 3, by introducing local coordinates, it is possible to verify, in the case of a
nonpolyhedral domain with piecewise smooth boundary, that the functions o; 44 do
not vanish on 0f? for arbitrary solutions of that are smooth up to the boundary
and for arbitrary schemes within the class of IRK methods under consideration. Hence,
our technique of investigating whether temporal order reduction occurs for en-
counters a barrier at ¢ = p + 3 if the boundary of (2 is curved. To ascertain whether
this barrier is real or merely an artifact of our particular proof one should perhaps
resort to numerical experiments on plane domains. Such experiments will not be easy
to design and perform because of the nonlinearity of the problem, the high degree of
accuracy required of the spatial and temporal discretizations, and the fact that there
is no order reduction if the domain is polygonal. As was stated previously, our proof
depends on the assumption that the solution of is smooth up to the boundary.
This assumption may not be realistic for arbitrary polyhedral domains, for which sin-
gularities due to the corners cannot be ruled out. However, there are important special
cases (d = 1, special solutions on rectangles in the presence of symmetries, etc.) for
which such smoothness is expected under reasonable smoothness and compatibility
conditions on u°.

The plan of the paper is as follows. In §2| we introduce notation, list our assump-
tions for the Galerkin subspaces and the IRK methods, and construct the fully discrete
approximations u?. In §3|we discuss briefly the existence, L?*—boundedness and unique-
ness of uj. The main results of the paper that lead to the proof of are to be found
in §4 In §5 we briefly indicate how the techniques and results of the present paper
extend to some related PDEs.

In a subsequent paper we shall construct and analyze efficient implementations of
Newton’s method for solving the nonlinear systems produced by the IRK schemes at
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each time step and show results of relevant numerical experiments. This has been
carried out in the context of O(k?) schemes in [2].

2. PRELIMINARIES

2.1. Some function spaces. For 1 < p < oo, LP = LP({2) will denote the Banach
space of (classes of) complex-valued measurable functions defined on {2, equipped with

1/p
\Iva=(/\v!pdx> Cl<peoo
(9}

[0][ Lo = ess supeq [v(2)].

the norm

In particular, for p = 2, the space L? has the inner product (u,v) = [, ud dz. Let
a = (ag,a9,...,0q),a; > 0, denote a multi-integer, and let || = a; + s + - -+ + ag.

For m > 0 integer, H™ will denote the Hilbert space of (classes of) complex-valued
measurable functions which, together with their (distributional) derivatives of order
up to m, are in L?, i.e.,

H™ = {v: D" € L* |a| <m}.

These spaces are equipped with the norms ||[v||gm = { D laf<m 1DV|72 }1/2. To simplify
notation, we shall denote the norm on L? = H® by || - ||. We let H} = {v € H* : v =
0 on 0£2}.

We shall also use spaces of continuously differentiable functions. With @) denoting a
bounded domain in RY, C™(Q) is the usual space of complex-valued functions v defined
on ) which, together with their partial derivatives D®v of order || < m, are continuous

on (. Similarly, C"(Q) is the space of functions v in C™(Q)) for which D*v is bounded

and uniformly continuous on @ for |a] < m. C™(Q) is a Banach space with norm

[v|lcm (@) = max sup | D*v(z)|.
la|<m et}

2.2. The approximating spaces. For integer r > 2 and 0 < h < 1,57 C H'NC(2)
will represent an approximating finite-dimensional space of functions. Such spaces
typically consist of piecewise polynomial functions of degree < r — 1 defined on a
suitable partition of (2.

We assume that these spaces possess good approximation properties; indeed, that
there exists a constant ¢ independent of i such that for each v € H" N H{, there exists
X € 5}, such that

(2.1) lo =Xl < ch"[[o]ls,

and if in addition v € C2({2), then

(2.2) lv = xllze < ch?[[v]|o2(a)-

We shall assume that the elements of Sj satisfy the following inverse inequality

(2.3) Ixllzee < ch™|x]l.
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Let V = S; + (H?> N H}). We assume the existence of a family of sesquilinear forms
By .V x V — C with the following properties:

(2.4a) Bj(v,v) isreal for v € V,
(2.4b) B (v,v) > c||v||]] for ¢ >0,Vv e S},
(2.4¢) Bj(v,x) = —(Av,x) Vx€S;, veH*NH,.

With B} we associate an elliptic projection operator Pg : H* N H} — St by
(2.5) By (Pgv, x) = Bj(v,x) = —(Av,x) Vx € 5.

We assume that for some constant ¢ independent of h
(2.6) | Prv — || < ch”||v||, Yo e H N H.

The most well-known family of such sesquilinear forms is provided by the so-called
standard Galerkin method. In this case, S C Hj and

B (v,w) = / Vo - Vwdz.
o

There are several other examples of finite element formulations which generate forms
By satisfying the requisite properties. Among these we may cite two methods of Nitsche
that use subspaces S; C H' which do not satisfy the homogeneous Dirichlet boundary
conditions and the Lagrange multiplier method of Babuska [3].

2.3. The implicit Runge-Kutta methods. For ¢ > 1 integer, a g—stage IRK
method is specified by a set of constants arranged in tableau form

@11 ... Qi1q|T1
Qg1 ... Qgq | Tq
by by |

Given the initial value problem

(2.7) y=f(ty), 0<t<tr, y(0)=1y’

IRK methods generate approximations y" to y(t"),0 < n < N, where k = t*/N is the
temporal stepsize and t" = nk, as follows. Let

q
(2.8) Y=yt kY by,
j=1

where t"7 = t" + k1; and where the intermediate stages y™ are given by the system
of coupled equations

q
(2.9) V=g E Y a Y, j=1.. .0
m=1
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We shall assume that these methods (constants) satisfy certain stability and consis-
tency conditions [5], [7], [9]. Indeed it will be require that
bZEO, 'l:l,,q

The g x q array m;; = a;;b; + a;;b; — b;b; is positive semidefinite.

(S)

The above condition, known as algebraic stability, is stronger than that of A—stability.
The consistency conditions are given by the following simplifying assumptions:

q
1
¢ _ _
(B) ;b],r]_“——l’ E—O,,V—l,
q s
(C) Zaiﬂf:fll’ i=1,...,q, £=0,...,p—1,
j=1
q b
(D) Zaiijbizgil(l—Tf“), j=1,...,¢, (=0,...,p—1,
i=1

for some integers v > 1,p > 1,p > 1. We assume that

(2.10a) v<p+p+1,
(2.10b) v<2p+2.

We shall refer to p and v as the stage order and classical order, respectively. It
is well known [5], that the simplifying assumptions (B), (C)), and (D) together with
and imply that the method is consistent of order v.

The existence of the numerical approximations is obtained by assuming the following
positivity property (cf. [§]):

The matrix A = (a;;) is invertible and there exists a positive diagonal

P
(P) matrix D such that 27 Cz > 0, Vo € R?, 2 # 0, where C = DA™'D™L.

We next give examples of some families of IRK methods that satisfy these properties
and the tableaus of their two- and three-stage members.

(i) Gauss—Legendre methods. These methods form a particularly interesting class in
that the matrix M in (S)) vanishes identically, a fact that has important implications
such as L?—conservativeness of the schemes and mild growth of the discretization error.
For this class, v = 2¢,p = p = ¢ [9, p. 71]. For see [9, p. 101], and for (P)) see [9,
p. 157].

5 80—24v15 50—12v15 | 1 _ V15
1 L1 |1 _ 1 36 360 360 2 10
4 4 2v3 2 28 50+15v/15 2 50—15v/15 1
1 1 1 1, 1 360 9 360 2
47 2v3 4 2 2v3 5 50+12V15  80+24v15 5 1, Vi5
1 1 360 360 36 2 10
2 2 5 8 5
18 18 18
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(i) Radau IIA methods. These methods are characterized by 7, = 1. Also, v =
2q—1,p=q,p=q—1 (cf. [9, p. 71]). For ([P]), see [9, p. 101, 164], respectively.

88—76 296—169v6 —2+3v6 | 4—/6
5 360 1800 225 10
12 296+169v6 88476 —2-3v6 | 4+V6
3 1800 360 225 10
4 16—/6 16+6 1 1
3 36 36 9
4 16—/6 16+v6 1
36 36 9

Both of the families above are infinite, in the sense that arbitrarily high order meth-
ods can be constructed.
(iii) Two- and three-stage optimal order DIRK methods.

1 1 1 1 2 0 0 Y
e ' e 3= Y 0 1
SR I I R 2 2
V3 2 1 2v3 |2 2v3 2y 1 — 4y y 1—+
1 1
2 2 1 1 1
i i ‘ 24(3-7) L= 12(3-7)?  24(3—)?

Here v = 1/2 +1/v/3 cos /18 is the largest root of 24z — 3622 4+ 122 — 1 = 0. For the
two-stage method v = 3, p = p = 1. For the three-stage method v = 4, p = p = 1; hence
is not satisfied. This will necessitate a slight modification in the estimation of
the local truncation error. For (S) see [9, p. 121]. (P) also holds for both methods but
an existence proof may be given that does not use (P)).

2.4. The fully discrete approximations. Following (2.8)) and . we define the
fully discrete approximations {uf}_, recursively as follows Let m,u’ be any conve-
niently chosen element of S7, e.g., L?—projection, interpolant, etc., that is optimally
close to u° in the sense that

(2.11) |u® — mpul]| < ch”.

We set u) = m,u’ and forn =0,...,N —1,x € S},

(2.12) (up ™, x) = (uh, x +k2b{ iBj, (up”, x) + IA(up? P %)}

q

where the intermediate stages {uh’] =1

satisfy the system of equations

(up?, x) = (uf, x) + k agm{ 1By (up™, x) + iA(Jup ™ Pup™, X) b
(2.13)

VXGSf“ ]:1,7(]
Since A is nonsingular we may also write (2.12)), setting e = (1,...,1)T € RY, as
(219wt == ATy + VAT, Uy = ()
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For ease of notation we introduce the maps Ay, : S} — S; and ¢, : S; — 5], defined
by

(2.15) (Apw, x) = =By (w,x) Yx € 5},
(2.16) (gn(w), x) = (lwlw, x) Vx € S,

That these maps are well defined follows from the Riesz representation theorem.

Letting fr, = i(An + Agn), we may write (2.12)) and (2.13)) as

q
(2.17) uptt =+ kY by falup?),
Jj=1
] q
(2.18) upd =+ kY g fuup™), j=1,....q
m=1

The map g(z) = |2|?z is locally Lipschitz. It will prove very convenient to associate

with ¢g a Lipschitz map g : C — C as follows: With u denoting the solution of (|I.1J),

let M(u) = sup, neaxos [u(z,t)] and
_ |2z, 2] < 2M (),
(2.19) i) =1
AM=(u)z, |z| > 2M(u).

In case maxj<;<,7; > 1, we replace t* in the definition of M(u) by t* — k +
k maxi<ij<q 7, assuming that the solution possesses an extension out of the temporal
interval under consideration.

The easy proof of the following result is left to the reader.

Lemma 2.1. The map § is Lipschitz continuous with Lipschitz constant L = 12M?(u).

0]

The map g induces a map g, : S; — S}, via
(2.20) (Gn(w), x) = (g(w),x) Vx € 5.

Letting f, = i(Ap + Agr), in analogy with (2.17) and (2.18)), we define the auxiliary
functions {a?}_, by @) = u) = mu’, and, for n =0,...,N — 1, by
(2.21) artt = a4 kz b fu (@),

7=1

(2.22) —uh—i—k;Za]mfh ), j=1,....q

3. EXISTENCE, L? BOUNDS AND UNIQUENESS OF THE FULLY DISCRETE
APPROXIMATIONS

The main tool in obtaining existence is the following well-known version of the
Brouwer fixed point theorem (cf. [2]).



HIGH ORDER METHODS FOR THE NLS EQUATION 9

Lemma 3.1. Let (H, (-, )y) be a finite-dimensional inner product space. Let g : H —
H be continuous and assume that for some o > 0,Re(g(2),z)g > 0 for every z € H
with ||z||g = «. Then there exists z* € H with ||2*||g < a such that g(z*) = 0. O

We shall also use the following lemma.

Lemma 3.2. Assume that the IRK method satisfies and let C = DA™'D=! and
D = diag{d,...,d,}. Let {goj}?zl € L%. Then, for some positive constant ¢ depending
only on the IRK method

(3.1) Re Z Cimidm (O™, ¢7) > CZ”SO I

7,m=1

Proof. Let ¢/ = cp]i + icpg where gp{ and go% are real-valued. Then

Z Cimidm (0™, ) / Z Cimidm (9121 + 5 0h) da

(32) 7,ym=1 2 7,m=1
/ Z Cimdjdm (5’ 901 1 S%)d
jym=1
The conclusion now follows from . O

Proposition 3.1. Assume that holds. Then, systems (2.18) and (2.22) have
solutions.

Proof. Let H = (S;)? and equip it with the usual inner product (®,¥)y = >_7 (4, ;)
and corresponding norm ||@||%, = (@, P)y. Define G = (g1,...,9,)" : H— H by

gi(z1,..., % chmdd —uZ)—kd?fh(zj), j=1,...,q

Multiplying the jth equation with Z;, integrating and summing, we get

(9(2),2) = Y cimdidn{(zm, 2)) = (ufi, 2)} = kzdi(fh(zj%zj)-

7,m=1
Using (3.1)) and the fact that (f,(2), z) is imaginary, we get
Re(G(2), 2) > | Zllu{ei | 21l — callu I}
for some positive constants ¢y, ca. It follows that Re(G(Z),Z) > 0 on the sphere of

radius 1 + eol|u}||/cy in H. By Lemma , there exists Z = (21,...,2,)7 satisfying
G(Z) = 0. That Z is indeed a solution to (2.22) is readily seen. As for (2.18), it is

sufficient to note that we have used only the properties that f, is continuous and that
(fn(2), 2) is imaginary. O

As far the boundedness of the solution is concerned we have the following result, a
consequence of algebraic stability.
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Proposition 3.2. Assume that (2.18) has a solution and that holds. Then
(3.3) (e A

For the Gauss—Legendre methods (3.3) holds as an equality, i.e., these methods are
L?— conservative.

Proof. Take the L?—inner product of u}*" given by (2.17) by itself, denoting f,jl =
fn(u™), and obtain

q q
g 1P = N 1+ kb [ wn) + (up, f)] + K Y bibo(fi, £7)-
j=1 jy5=1
Using then (2.18) in the right-hand side of the above, we see that since (f7,u}”) is

imaginary,

q
™17 = llupll* = K2 mysRe(f7, f3);
7,s=1
the result now follows from . For the Gauss—Legendre methods we have already
noted that m;s = 0. O

Using the fact that g is Lipschitz, we can prove in a straightforward way that the
solution of is unique. More specifically, we can show that there exists ko > 0
that depends on the Lipschitz constant L and the IRK method, such that admits
a unique solution provided k < k.

We thus have a local uniqueness result for solutions of in the sense that two
solutions whose components are in the ball {v € S} : ||v]|L~ < 2M(u)} are identical.
In fact using the embedding of H' in L%, it is possible to prove that for d = 1,2, or
3, solutions with components in {v € S} : ||v||pa < K} for some K > 0 are unique
provided k < kg for some kg that depends on K and the IRK method.

For a detailed study of uniqueness in the context of single-step schemes of second-
order temporal accuracy, we refer the reader to [2].

4. ERROR ESTIMATES

Given n,0 <n < N —1, let u = u(-,t"). Let the functions a;, be defined by
o = U, j:17"'7q7

q
(41) Qje+1 = izajs{Aasé + A Z &sml&smgésmg}aj =1,... 7Q7€ =0,...,v—1L
s=1 |m|=¢
m=(m1,mz,ms3s)

We shall first establish a series of results involving these functions. First some useful
identities.
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Lemma 4.1. Assume that holds together with (2.10b). Denoting the vector (o,
S age)T by ay, with Diu = (0 )0t u(x t)|t:tn and T = diag{m,...,7,}, we have

TZ
(4.2) ozg:Dfug—'e, (=0,....pif p<v,
ATP
(4.3) api1 = DV ' € if p<v-—1,
p!
AT Tt
(4.4) ey = D £ iAA [ozg Dfu g_‘e}
De ml‘u|2 E—ml m Tee
=+ 2iAA Z £ m1 |:T Oy — Dt Tu m_l'}
my p+1
{—m, l
+iAA Z D—“[Tf mig, —D;”%IE]
¢ —mg3)! ms!l’
m3= p+1

l=p+1,....v—11f p<v-—2

Proof. The case ¢ = 0 is obvious. So assume that (4.2) holds for all indices up to some
¢, where 0 < ¢ < p— 1. Then using (1.1)), (4.1)), and

q

Qo1 = Z Cljs{lA ) Deu + 1A Z - Dm1

s=1 m|=¢

Zajs 1A D£u+1)\£' Dy (|u*u)}

_ 'sf DKA + )\ |2
E!(;%T)l { Au lu|“u}

41
_ _J (+1
(+1) "

Formula (4.3]) can be established in an analogous manner. To establish (4.4)), for a
given {,p+1</<v-—1, welet

Mez{m:(ml,mg,mg):()gmigﬁ, 1 <i<3, |m|={},
={meM :0<m;<p, i=1,23},
={meM' :p+1<m; </t}, i=1,23.
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It follows from (2.10b) that M N Mf =0,i # 74, i,7 = 0,1,2,3, and that M* =
U3_, M. Using these facts

q

Qjor1 = Zajs{lA 5 Deu +1iA [Oésg — —De }

| |
— 14 12
mg 7m3 ‘
+iA E Dm1 —=—D{"u—=—=D;"u
| |
m1 mao: ms:
mEMe
(4.5)
. T T
+ 2iA g Qs g = D"?u —=—D;"u
m2! m3!
mi=p+1 ma+mz=f—m1
e m m
. _ Tt Tg'? _
+iA g Qlsims g —=—Dj"u—=—=D; u}
m1! m2!
m3=p+1 m1+mo=~f—m3
Now note that
{—mq
Tst mo 7_;713 ms — Ts f—my 2
S =Dy = DG = D™ uf?,
mo. ms: (ﬁ—ml)

mo+maz=~£—my

Using this and a similar identity for the last term in (4.5)), we get

q

Qjor1 = Zajs{lA g‘ Deu +1A [asz 5 De }
s=1

mz Tms
+1iA = D"y
mzﬁ m1 2! ¢ ms.
2 )\ Dm1 Tf_ml Dﬂ—ml 2
+21 Z Qsmy — }m p
m1=p+1
4 Tf—mg .
. — — S m3
+ 1A Z [a5m3 u] —(g ) Dy }
m3=p+1
This is the componentwise form of (4.4]). OJ

In the sequel we shall assume with no loss of generality that p < v — 2.
Lemma 4.2. Assume that (B), (C)), and (D) hold together with (2.10a)) and (2.10D).
Then, for each £ =0,...,v — 1, using the notation of Lemma we have
Dfu
MNs+L+1)

for every nonnegative integer s such that s +¢ < v — 1.

(4.6) V'Ta, =

Proof. Assume 0 </ <p,0<s<v—1withs+/¢{<v—1. From-and.

T'e Tste Dy
V'T3a, = 6" T°*——D'u = b" N S Tl—
e ot 17 05+ 0+1)
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Nowlet f=p+1land 0 <s<v-—1withs+p+1<v—1. It follows from the
inequalities v < p+p+1and s+p+1<rv—1that s < p—1; hence using (4.3), ,
and @, we obtain

bI'Ts ATPe
V' T 01 = ———— Diu
o 1 T s+1\p p+1
1
— —{bTTpe . Ts+1+pe}Df+1u
(s +1)p!
1 1 1 b1
- (8+1)p!{p+1 B s+p+2}
DIH—I

(p+1) (s+p+2)

We now complete the proof using an induction argument; assume that (4.6 holds up
to some ¢ with p+1 < ¢ < v — 2. From (4.4) we have for s = 0,...,v — 1 with
s+l+1<v-—1,

bITs AT £
bTTsOég+1 = TeDf+1U + lAbTTSA |:Oég - g—‘e DfU]
¢ l—my|, |2 ¢
, Dy ™l . T e
+2i) e TSA[T Mg, — DMy ]
(47) m1zp+1 (6 — ml) ml!
Df ms,, 2 TZ
+iA § | —bTTSA[Tf mag,. — D™y e]
(£ —mg)! mg!
maz=p+1

As before, s < p — 1; hence using and @,

1
VT AT e = ?bT(l — TNt
S
1
— ?{bTTKG o bTTs—i-l—l—Ee}
S

1
T U+ 1)(s+l+2)

Therefore,
VI'T* AT e D“l 1
0! (€+1)(3—|—€+2)

D,

Thus, to conclude the proof, it is sufficient to show that the last three terms in (4.7))
are zero. This may be done in a similar way for all terms, so we consider here, as an
example, only the second one. Indeed, from and @, for p+1 < my </, using
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the induction hypothesis we have

1
VT AT ™ ay, = b (1 =TT ™ o,
s+1
1
— bTTf—ml o bTTs—M—mﬁ—l -
s + 1{ }Oé 1
1 1 1
— Dm
(s + 1){m1!(£+ 1) m1!(5+€+2)} e
B Di"u
S oml (D) (s+L+2)

On the other hand, we have shown above that bTT*AT e = 1/({ + 1)(s + £ + 2), so
indeed the second term is zero. O

1

The key identity (4.6)) is used to establish the following important cancellation prop-
erty involving the a’s.

Corollary 4.1. Assume that (B]), and (D)) hold together with (2.10a) and (2.10D),
or that the RK method is the three-stage DIRK. Then

(4.8) VAl =~ (=1,...,v

Proof. For £ =1,...,p using (B), (C)), and (4.2)), we see that

Tt
V' A oy = pTA-1= Diu

¢!
AT e
_ T 41 ¢
=b A =1 Dju
B Dfu
0
For ¢ = p+ 1, from (4.3) and ,
bIT? Dyt
WA Gy = = = Dp FEsy]
p: p
For/{=p+1,...,v—1, from (4.4)) we obtain
bTTZ ¢
VA ayyq = T eDfHu +1AbT [ag — €—|e Dfu}
‘ e T'e
2i\ L [T, — Dtu ]
+ 21 Z (g_ml)' QOm,y t um1!
mi=p+1

Dfmag2 T'e
i\ T T, - D
+1 Z ] (ST, U -

Using (B), the first term on the right-hand side gives D;*'u/(¢ + 1)!. On the other
hand, the second, third, and fourth terms are zero by virtue of (4.6 and .
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We finally consider briefly the special case of the three-stage DIRK method, for
which, as we recall, 2p+2 = 4 but p+p+1 = 3. We need only to verify that b¥ A~la, =
D}u/24. That this identity indeed holds can be seen by straightforward albeit long
calculations and Lemma [4.1]in conjunction with the following three identities:

V'TATe = 1, bl AT?e = i, b A%Te = i.
8 12 24

It follows from that ay, ¢ =0, ..., v—1, are smooth if u, the solution of , is

sufficiently smooth. Also, it will be very important for the analysis to follow that the

U

ay’s inherit the homogeneous Dirichlet boundary conditions of u, since we shall need
to approximate them optimally by elements of S}. Specifically, we have the following
result.

Proposition 4.1. Assume that u, the solution of (1.1)), is in C*(£2 x [0,t*]) for u
sufficiently large. Then, for each n,0 <n < N — 1,

(i) &g‘aﬂ =0,0=0,...,min{p+ 3,v}. In fact, if v >p+ 3,ozp+4‘89 %0 in general.
(i1) If 2 is a polyhedral domain or d =1, then

045‘8920, gZO,...,I/.

Proof. To establish (i) suppose, e.g., p +3 < v. Let Q = 92 x [0,t*]. Since u‘Q =
O,@gu}Q =0,7=0,1,.... Using the PDE in (L.1)), we see that Au|Q = 0, and hence
A@tjub =0,7=0,1,.... Since now

1A% = Auy — iIANA(Jul?u)
= Auy — iMJu]* Au + uA(|ul?) + 2aVu - Vu + 2u|Vul*},

we see that A%‘Q = 0, and hence A28gu|Q =0,7=0,1,....

We have thus shown that Asﬁfu‘Q =0,7=0,1,...,5=0,1,2. Then, for each n,0 <
n < N —1, it follows from and that Asa5|69 =0,=0,...,p+1,s=0,1,2.
Hence, by , it follows at once that ap+2’ 50 = 0. Furthermore, from ,

q
. 2 _
A pyo =1 E ajs{A Qs pr1 + A E A(asmlastasmB)}
s=1 |m|=p+1
q
. 2 _ _ _
=1 § Qjs {A s pt1 + A E (asml asmgAasmg + asmgasmgAasml + asmlasmgAasmg
s=1 |m|=p+1

+ 2O‘sml V(Ist : V@smg + 2asm2 va/sml : Vdsm;g + 2dsm3va8m1 : Vasmg )}7
j=1,...,q.

We conclude that Aozp+2}89 = 0, and hence by that O‘P+3‘89 =0.

A finer analysis shows in fact that the functions «;,4 (suppose v > p + 3) do not
vanish on 942 for arbitrary solutions of that are smooth up to 0f2 and arbitrary
IRK schemes that satisfy our stated assumptions. Indeed, suppose 0f? is the union of
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the closures of a finite number of open, smooth, connected subsets such as I" in Figure

T

FIGURE 4.1.

O ¢ I and consider a Cartesian coordinate system centered at z°

Fix a point z
with the x; axis coinciding with the outer normal to 942 at 2°. Since the PDE under
consideration is invariant under translation and rotation and since the functions a;,
are also invariant under such changes, we may with no loss of generality assume that
2% = 0 and that the coordinate system (zy,...,xq), with respect to which and
the functions o, have been stated, is the one shown in Figure .

Again with no loss of generality assume that for some a > 0,I" = 02 N {x € R?:
|z] < a} and that I" can be projected one-to-one along the Oz, axis onto a region
D of the tangent hyperplane x4 = 0. Assume that the equation of I is given by
xq = Y(2'), for ' = (x1,...,74.1) € D, where ¢ € C?(D) for some j sufficiently large
and 1(0) = 0,09 /0z;(0) = 0,1 < i < d — 1. Make now the change of variables z — v,
defined by

yd:xd_w<x/>a

and assume that {2 is such that 2N {z € R?: |z| < a} is mapped one-to-one onto an
open connected subset w of the y; < 0 halfspace in the y—space. Under this change of
variables, I" is flattened and mapped one-to-one onto D (which remains invariant) on
the y; = 0 hyperplane.
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Under this change of independent variables, the PDE and the boundary condition in
are transformed into a local problem on w with homogeneous Dirichlet boundary
condition on D. In addition, the problem of computing the boundary values on D of
the transformed o, simplifies considerably. After a long computation (the details of
which we omit) in the y—variables and transformation back to the z—variables, we
obtain the formula

TPtle

(4.9) ap14(0) = AAP(0)A* (ATPe — | ),
where
A= A( = —24i\ Z l)m1 8du) (8du) (adu)‘ =0
mEMp"'1 m!

and Ay = Ef;ll 021. (Here and in the sequel, we put d;v = —(9/dz;)v,1 < i < d; the
multi-integer set ME™ was defined in the course of the proof of Lemma )

For an arbitrary solution of and arbitrary p, A is nonzero. (Take, e.g., p odd,
d = 2, and solutions of of the form e#*®(z, x5).) In addition, we see by property
that AT?e — T?*'e/(p + 1) is nonzero. Hence a,44(0) is zero only when Aq)(0)
vanishes, which can only be true (due to the arbitrary choice of z%) if 1 = 0, i.e., when
I' = D. This leads us to consider, therefore, polyhedral domains for which we shall
establish Proposition [4.1fii) by a direct proof.

In the polyhedral case, no change of variables is required of course, and we simply
let D be a (d — 1)—dimensional face of (2, on which we again orient the coordinate
system so that the axis Oz is perpendicular to D. We let ' = D x [0,t*].

First we shall prove by induction that

(4.10) 93tu

=0, (=0,...,v.

Since u vanishes on @', - ) holds for ¢ = 0. Assume that it is true up to some
0,0 < ¢ < v —1; we shall prove that 8 1)y, o = 0. From (1.1) we have

d—1
as(ﬁ-‘rl)u _ 34 (Au . Z anu)
j=1

= —i03"u; — A5 (Jul*u) Za”

—O and

Using the induction hypothesis, we see now that 8%

d—1 d—1
SR @), = 3 @)
j=1 i=1

By Leibniz’s rule

Py = Y 2 pmupuopa.

51!s5155!
s1+52+53=2( 1ro2mes:
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Since 2/ is even, at least one component s; of each multi-integer s = (s1, s9, $3) with
|s| = 2¢ is even. Therefore, by the induction hypothesis, the corresponding terms on
the right-hand side of the sum above vanish on Q'. We conclude that 92°(|u|?u)
which completes the inductive step for the proof of .

We can now prove that
(4.11) Ve, 0<e<v, 0i%a,=0, V&, 0<6<v—0{,

from which Proposition [4.1{(ii) follows by taking ¢; = 0. It is obvious by that
holds for ¢ = 0. Assume that it is valid up to some ¢,0 < ¢ < v — 1; we shall
establish that it holds for ¢ 4+ 1 as well. To this end, let ¢; be an integer such that
0</¢ <v—(¢+1). Then, for 1 < j <g,

Q/:07

q
O =1 ajs (ajfl Aage+r Y ajﬁl(asmlasmzasms)).
s=1 mi+mi+ms=~

Now since 92 Aoy = (362,([1“) + Zfz_ll o34 9?)ay, and by the induction hypothesis ¢; +
1<v—¢, 85“1“)04@‘D = 0,83(83%@)\]3 =0,1<i<d-1, we conclude, for 1 < s < g,
that @SglAOé&AD =0.

On the other hand, for any s,1 < s < ¢, and multi-integer m = (my, mg, mg) with
|m’ =1,

|
O (s Qomams) = 3 61('2;21' >£3 O, O, O,
E1+E&+E3=201
Given & = (&1,&9,83), €| = 201, at least one of its components, say i, is even. Since
my < £, & < 204, it follows that & /2 +my < ¢ + ¢ < v — 1. The induction hypothesis
gives then that agl sy ’ p = 0. We conclude therefore that (93610@,“1‘ p =0 and com-
plete the inductive step for the proof of . Needless to say, the proof is valid for
d =1 as well. 0

Henceforth the integer o will be given by
v if (2 is polyhedral or d = 1,
7 min{p + 3,v} otherwise.

Now, given n,0 < n < N — 1, define the (pseudo-)intermediate stages u™’ by
(4.12) u™ = Z Koy, j=1,....q,
=0

and u"*! by
(4.13) W= () 4 BTATN U — u(t)e),  with UM = (u L a7

Our temporal consistency result (the proof of which provides the motivation for the
definition of the ajy) now follows. In Proposition and in the sequel we shall denote
by ¢, ¢j, etc., generic positive constants independent of i and & but possibly depending
on the solution and the data of .



HIGH ORDER METHODS FOR THE NLS EQUATION 19

Proposition 4.2. Let the truncation errors €™, e"! be given by

q
(4.14) u™ = u(t") + k Z ajs {iAu™ + i Pu™} + ™, j=1,...,q,
s=1
q . . .
(4.15) u"tt = u(t") + k Z bi{iAu™ + i u™ | Pu™ } 4 et
j=1

Then, under the hypotheses of Corollary and Proposition[{.1, we have

q
(4.16) S U™ A e i < ek, m=0,1,...,
j=1
and
(4.17) u(@™ ) — u™ |, < ek, m=0,1,....

Proof. We have
J—Zmﬂ—u kZajs{lAZkOése—i-l)\ Z foésfi/#asg}
= Z kj Qg — ]{:ZCLJS{IAZ k? Qgp + 1/\2 ké Z asmlasmgasmg

lm|=¢

SEEDY Z k?z Z 5masm1 Qlsmy Vs }

[m|=¢

where the constants d,, are zero or 1. Now, using the defining relations (4.1)),

q 30
g 7.0+1 . 0+1 _
e = — E ajs{lk" Aagy + 1A E k E §ma3m1asm20¢sm3}.

s=1 {=0 ‘ml:[

Hence ™/ satisfies the bound (4.16]). As for e"™!, using ) and - in -

q
"t ="t —u(t") — k Z bj{iAu"’j + i/\|u"’j|2u"’j}

1

J
q q
=u" = (") = b Za Humt —u(t") — e}
j=1  s=1
q
= 2 b,

7,5=1
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where a ! = (A™1);5; ([£.16) follows. Now using (4.13) and (4.8),

"t = () + bt AT Z Koy
=1

14
By Taylors theorem ({4.17)) follows. O

— ZU: k,ZDteu@n) .
/=0

Remark 4.1. From the definition of u™ and «j, it follows that, for &k sufficiently
small, u™7 will satisfy ||u™ ||~ < 2M (u). Hence the conclusion of Proposition |4.2| also
holds if we replace|u™|*u™7 by g(u™7) in (4.14) and (4.15)).

Henceforth we shall let w™/, w(t") and w"™! stand for Ppu™’, Ppu(t™) and Pgu™*!,
respectively. The following lemma, which establishes the spatial and temporal consis-
tency of the methods, uses the results of Proposition 4.2]

Lemma 4.3. Let n™,j =1,...,q,n"™ in S; be given by
. q ~ .
(4.18) W =w(t") + kY apfu@™) 0™, =1,
s=1
q ~ .
(4.19) W' = w(t") + k Z b; fu(w™) + 0"t
=1

Then, under the hypotheses of Proposition we have

q
(4.20) Sl < ek{n” + k7Y,
j=1
(4.21) I < ek{h” + k7).

Proof. Using , , and we have for xy € S}
q
(™, x) = (@™ = w(t"),x) — k> a;{i(Au™, x) +ING(w™), x) }-
s=1
Thus, using , from Remark , it follows that
(77, ) = ([ — u] = [w(t) = u(t)], X)
A a0 (3 — 5, x) ().
s=1

Now w™ —u™ —[w(t")—u(t")] = (Pe—1) >_,_, @j¢; hence from (2.6) and Proposition
1]
(4.23) |w™ —u™ — [w(t™) — u(t™)]|| < ckh".

(4.22)

Furthermore, since the map ¢ is Lipschitz,

(4.24) 19(w™?) = g(u™*)|| < cfw™ —u™*[ < eh”, 1T<s<gq.
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Letting x = n™/ in (4.22), it follows from and (4.24) that
In™ || < ckh” + HewH i=L....q¢

Hence, - ) follows from - Now using and -
77n+1 — Wt w(tn> _ kzbjfh(wn’j)
j=1

q
=" —w(t") - Z bjaj_;{wn’s —w(t") —n™"}

Jrs=1
- bt

7,s=1

(4.21) now follows from (4.20)). U

It will also be necessary to compare w™/, w""! with an exact solution of a Runge-
Kutta step of the form (2.21]), (2.22)) that has w(¢") as initial value.

Lemma 4.4. Assume that the IRK method satisfies (]ED Then, under the hypotheses
of Proposition there exist v™ j=1,...,q,v" ™" in S| satisfying

q
(4.25) 0 =) + kS a0, =1,
g ~ .

(4.26) V= w(t") + k) bifu(v™).

j=1
Furthermore,
(4.27) |w™ —v™ || < ck{h" +k°}, j=1,...,q,
(4.28) |w™ ™t — ™| < ck{h" + k7).

Proof. The existence of v™/ and hence that of v”“ follows at once from Proposition

. Letting (™7 = w™ —v™7, from ([4.25) and ( we obtain
> cadsdo(C7,€) —chF Fulam) = Fu(0").9) + 3 o, ).

7,5=1 s,7=1

Since ¢ is Lipschitz, using we see that

Z lg™7 11" < C’fz 15" + ¢ Z ™ *[HIS™ -

7,5=1

Using the Cauchy—Schwarz mequahty and , we get - 4.27)) for k sufficiently small.
Now from (4.18), (4.19)), (4.25), and m we obtain

W Z b a—l oS — 77n,s) + nn—i—l'

7,5=1
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Inequality (4.28) now follows from this, (4.27) and (4.21)). O

We now prove our main stability result.

Lemma 4.5. Let @', v"* be given by [2.21)) and ([£.26)), respectively, and the IRK
method satisfy . Then

(4.29) i+ = o™ < (1 + ek)lay — w(t™)]].
Proof. Let €™ = v™ — @7 and 6f] = fr(v™) — fu(@}”). Subtracting ([#.26) from
(2.21) and taking inner products, it follows that

q
lom = @t P = () — apl® + kY 0 (8 7 w(t™) — @)

Jj=1

+EY bilw(t") =y, 0f7) + k) bba(0f7, 5.
j=1

7,s=1

Subtracting (2.22) from ([#.25), we obtain w (")~} = ™ —k 3>°_, a;.0 f;. Therefore,

q q
ot — @ P = Jlwo(t") = @;l° + 2k Re Y 0;(0f7,€™7) —k* Y bjazs(8f;, 817)

j=1 jys=1

q q
— k2> a0, 0f) + KD biba(5fL,0f7)

j,Szl j,8:1

q q
= lw(t™) = @|* + 2k Re Y b;(0f7, &™) — k2 Y myu Re(6f7, 613).
j=1 jrs=1
where {m;,} is the array pertaining to ; given that it is positive semidefinite, we get
q
[l — @t < [lw(t) — @R + 2k Re Y bi(Sf7,e™).
j=1

On the other hand, since Bj(¢™7, ™) is real and g is Lipschitz, we obtain
q
[l — @t P < w(t) — @l + ek Yl
j=1

Now using ([2.22)), (4.25]), and together with previously used techniques,

q
(4.30) D NP < ellw(t™) — ap]f*.
j=1
Using this in the above yields (4.29)). O

We are now ready to state and prove the main convergence result.
Theorem 4.1. Under our hypotheses on the IRK methods and if u € C*(£2 x [0,t])
for u sufficiently large, there exists a constant ¢ independent of k and h such that

(4.31) opax [l —u(t")l < c{h" + &7}
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Assume that d < 2r and that k = o(h%/??) as h — 0. Then, for h sufficiently small,

(4.32) omax luy —u(t")l| < c{h" + &7}

Proof. Let w(t"™') = PEy(t"*1). We will first show that
(4.33) |w@ ) — ™| < ck{h" +k°}.

Since w(t" ) — v = (") — W 4 W — oLt is sufficient, in view of (4.28)),
to show that

(4.34) |w(#™ ) — W™ < ck{h" + k7}.
Writing w (") — wn ! (I Pg) (u™™ — w(t"™) + u(t™) —u +1, and recalling
that u™*! is smooth and u" ‘ = 0, we see that (4.34) follows from (2.6) and (4.17).

Now from ({4.33)) and ( - we get
HW(t"H) g < o) = o o =yt
< ck{h" + K7} 4+ (1 + ck)||w(t") — ap|.
From this it follows that
(4.35) Jw(t™) — ap|| < ce™ {|lw(0) — ap|| + A" +k7}, n=0,...,N.

Hence, (4.35)), (2.6, and (2.11)) establish (4.31]), since
[u(@) = apll < flu(®®) = W@ + llw () — @
< c{h" +k%}.

Now, using (4.30)), (4.35), (4.27), and the definition of w™’, we have for all j,1 <
J<4q
(4.36) a7 — w7 < lay? — o™ | + o™ = @™+ [l — ™|

<c(h" + k7).
Fix 7. Then letting x be an element of S} that satisfies and . ) for u™7, we

have by (2.3) and -,

||~"]

o < i = Xl 4 [ =
< ch™ 2| a? — x| + Ix — u™ ||z
< ch™ (a7 — w4+ und = ) + T = X
< Chfd/Q(hr + k,o') + B2

It follows by our hypotheses that given ¢ > 0, there exists hg such that for 2 < hy,
max; , ||ay? — u™|| =~ < e. Hence for ¢, k sufficiently small

max || || oo < max || — w7 || oo + max [[u™ || oo

J,n Jjmn in

< e+ max ||u(t")||pe + ck < 2M (u).
n

By local uniqueness we have therefore that v} = @} and (4.32)) follows. O
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5. REMARKS

In this section we shall briefly indicate how the techniques and results of the present
paper extend to cases of some related PDEs. Our objective is to use these extensions
to illuminate the capabilities and the limitations of our approach to the consistency of
the fully discrete schemes using the functions ay.

Our results can be easily extended first to analogous to initial and boundary
value problems for the nonlinear Schrodinger equation with a general power nonlinearity
[12], obtained by replacing the nonlinear term |u|*u in the PDE in by |[ul*u, 3 > 1
integer. The results of §3| carry over immediately while the functions «;, must now
be redefined in the obvious fashion to correspond to the new nonlinearity. It may be
easily established that the o, vanish on 0f2 for 0 < ¢ < o, where ¢ is now given by

{ v if (2 is polyhedral or d = 1,
o —

5.1
(5.1) min{p + 8+ 2,v} otherwise.

The key observation that gets us up to the classical order in the polyhedral case
is that in applying Leibniz’s rule for evaluating 92‘(|u|?*’u) in the course of the proof
of the analogue of , the sum is taken over all multi-integers s = (s1, ..., S25+1)
[i.e., with an odd number of components (as in the cubic case)] that satisfy |s| = 2¢.
Hence, for each such s, at least one of the s; is even and the corresponding term in the
sum vanishes on 0f2, thus allowing the inductive step to be completed (similarly with
the analogue of ((4.11])). The rest of the results of §4| are easily established mutatis
mutandis; in particular, the optimal order error estimate is valid with o given
by .

The results above should be contrasted with those that may be obtained in the case
of the analogous to initial and boundary value problem for the semilinear heat
equation with a power nonlinearity given by

(5.2) ur = Au~+ M.

The solution u is now real valued of course, A is a constant, and v > 2 is an integer. For
the purposes of the consistency proof, a;, can be again easily constructed to correspond
to and a straightforward computation as in the proof of Proposition (1) yields
now that on a general domain the aj, vanish on 92 for 0 < ¢ < min{p + [y + 3/2], v}.
However, if (2 is polyhedral, we may go up to v mimicking the proof of Proposition
4.1{(ii), only when 7 is odd. In summary, in the case of we may show that

ijg‘ag =0 for 0 < /¢ < g, where now

v if (2 is polyhedral (or d = 1) and + is odd,
5.3 o= 3
(53) min{p + [%} ,v} otherwise.

There is another difference between the error analysis for the cubic Schrodinger
equation and that appropriate to . Unless A is negative and ~ is odd, it is no
longer possible to establish a priori existence and boundedness (cf. Propositions
and D of the fully discrete approximations uZ’i,uZ, solutions of the analogues of
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(2.17) and ([2.18)). However, we easily obtain existence and L?—boundedness for the @}
that satisfy the analogues of and defined by constructing in the standard
way a globally Lipschitz map g associated with g(u) = u”. In addition, local uniqueness
again holds in the sense that two fully discrete solutions with components in the ball
{v e S5 ||v|pe < cM(u)} (where g(v) and g(v) coincide for |v] < c¢M(u)) are
identical. Mimicking the analysis of §4] we may at the end establish, as in the proof
of Theorem , that max, ; ||@}”|| L~ < ¢M(u) and conclude by local uniqueness that
uy = uy; an error estimate of the form , where o is given by , follows.
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