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ABSTRACT. We consider discontinuous as well as continuous Galerkin methods for the
time discretization of a class of nonlinear parabolic equations. We show existence and
local uniqueness and derive optimal order optimal regularity a priori error estimates. We
establish the results in an abstract Hilbert space setting and apply them to a quasilinear
parabolic equation.

1. INTRODUCTION

The interest for time Galerkin and corresponding space—time finite element methods has
been linked during the last decade to the development of adaptivity of mesh selection for
evolution PDE’s. Certain issues as, e.g., a posteriori estimates, estimates of optimal order
and regularity, fully discrete schemes with mesh modification, etc., have been extensively
considered in the framework of Continuous and Discontinuous Galerkin methods, cf., e.g.,
[14, 9, 10, 21, 16, 17, 18, 4, 22]. This is probably partly due to the fact that in principle
space—time Galerkin methods provide freedom for (almost) arbitrary selection of the space
time mesh, [14], and partly due merely to the fact that, as in the elliptic case, the properties
of variational methods can be studied in an easier, more systematic and clearer way
than properties of their pointwise counterparts, i.e., finite difference methods. Still many
issues related to the above problems are to be investigated, mainly for nonlinear evolution
PDE’s. The purpose of this paper is to provide a rather comprehensive a priori analysis
of variational in time methods, and in particular of the Discontinuous and Continuous
Galerkin methods, for a wide class of nonlinear parabolic equations. It turns out that the
limitations of the approach of [9, 10] that was further developed (although from a different
perspective) for nonlinear problems in [4] can be overcomed by adopting a direct approach
based on energy type variational arguments.
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We will discretize initial value problems of the form: find u : [0,7] — D(A) satisfying

{ u'(t)+ F(t,ut) =0, 0<t<T,
(1.1)

u(0) = u’,

with F'(t,v) = Av— B(t,v), A a positive definite, selfadjoint, linear operator on a Hilbert
space (H, (-,-)) with domain D(A) dense in H, B(t,-) : D(A) — H,t € [0,T], a (possibly)
nonlinear operator, and u® € H. Subsequently, we will precisely describe the properties of
B and therefore also of F. Essentially the assumption that F' admits the above splitting
is made for purely technical reasons, in fact our framework, see below, covers a wide class
of nonlinear parabolic equations.

The time Galerkin methods. Let 0 = t° < t! < ... < tN = T be a partition of [0, 7],
I, == (", t""1), ky, := t"1 — " and ¢ € N. We shall analyze the discretization of (1.1)
both by the discontinuous and the continuous Galerkin methods.

To formulate the discontinuous Galerkin method, we let V;l be the space of functions

that are piecewise polynomials of degree at most ¢ — 1 in time in each I,, with coefficients
in D(AY?), i.e.,
-1

Vi = {0 0,T] = DAY/ ol () = ) vit’}.

Q

<
Il
o

The elements of Vg are allowed to be discontinuous at the nodes t", but are taken to be
continuous to the left there. The time discrete discontinuous Galerkin approximation U
to u is defined as follows: We seek U € V;l such that

12) [ (@) + FED) 0+ O =00 =0 Vo e VL),
In
for n = 0,...,N — 1. Here U(0) = u(0),v" := v(t"), v = limym v(t) and V,(I,,) :=
{eln, : p €V}
To formulate the continuous Galerkin method, we let the space V; consist of continuous
functions that are piecewise polynomials of degree at most ¢ — 1 in time in each I,,, with
coefficients in D(A/?), i.e.,

Ve = {p e C([0,T); D(AV?)) s |1, (t) = Y vt}

The time discrete continuous Galerkin approximation U to u is defined as follows: We
seek U € V7 such that

(1.3) /I (U, 0) + (F(t,U), o)) dt =0 Vo€ Vy1(L),

forn=0,...,N —1.
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We emphasize that both the discontinuous and continuous Galerkin methods are inde-
pendent of the particular splitting of F' in the form F'(¢,v) = Av — B(t,v); in applications
F' is given and the splitting is only used for the analysis of the methods.

The problem framework. We let V := D(AY?) and denote the norms in H and V by | |
and |- ||, |lv|| := |AY?v], respectively. We assume that ||-|| dominates |- | in V. We identify
H with its dual, and let V' be the dual of V, V. C H C V'. We still denote by (-,-) the
duality pairing between V' and V, and by || - ||, the dual norm on V', |jv||, := |A~Y/?u].

We assume that B(t,-) can be extended to an operator from V into V'. A natural
condition for (1.1) to be locally of parabolic type is the one-sided local Lipschitz condition
on B(t,-),

(1.4) (B(t,v) — B(t,w),v —w) < Mjv —w|?® + glv —w* Yo,w e T,

in a tube T,,, Ty, := {v € V : miny ||u(t) — v|| < 1}, around the solution w, uniformly in t,

with a constant A less than one. It is easily seen that (1.4) can be written in the form of
a Garding—type inequality,

(1.47) (F(t,v) — F(t,w),v —w) > (1 = N)|lv —w|* = v —w|* Yv,weT,.

For some of our results this mild condition will be sufficient. Our main results, however,
are derived under the following, stronger, local Lipschitz condition

(1.5) | B(t,v) — B(t,w)|« < Ajlv —w| + plv —w| Yv,weT,

with a constant A less than one and a constant p. The tube T, is defined here in terms
of the norm of V' for concreteness. The analysis may be modified to yield error estimates
under conditions analogous to (1.5) for v and w belonging to tubes defined in terms of
other norms, not necessarily the same for both arguments. It is actually more natural
to have two tubes, because in the error analysis one of the arguments in (1.5) will be a
time interpolant of the exact solution (or a time interpolant of an elliptic projection of
the exact solution in the fully discrete case) for which estimates in stronger norms might
be available, and the other argument will be the approximate solution; it is advantageous
to define the second tube in terms of weak norms since this allows the derivation of error
estimates under mild meshconditions, cf. [2], [3], [1], and Section 6.

In particular the above framework covers the following class of quasilinear equations:
Let Q ¢ R% d = 1,2,3, be a bounded interval or a bounded domain with smooth boundary
Q. For T > 0 we seek a real-valued function u, defined on Q x [0, T, satisfying

uy = div (c(:n,t,u)Vu + g(x,t,u)) + f(x,t,u) in Q x [0,T],
u=0 on 09 x [0, 7],
u(-,0) = u’ in Q,

with ¢: Q — (0,00), f : Q% [0,T] xR = R,g: Qx[0,7] xR — R and u° : Q — R given
smooth functions.
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Let U := [-1+ ming; u, 1 + max, ; u|, ¢, > 0 and ¢* be such that
e <clzt,y) < VoreQ tc[0,T],yclU.

We set .
a:= %, b(x,t,y) :=c(z,t,y) — a,
A= —al, B(t,v) :=div (b(-,t,v)Vv) +divg(-, t,y) + f(-. t,y).
Then, V = H} = H}(Q) and the norm || - || in V, |jv|| = Va|Vv], is equivalent to the
H'—norm. Let
A =sup{|b(z,t,y)|/a:z2€Q,t€[0,T],y cU};
it is shown in section 5 that A = 1 — % < 1 and that (1.5) is satisfied, in appropriately
defined tubes.

Condition (1.5), with appropriately small A, is used in [3], see also [2] for a similar but
more stringent condition, for the analysis of implicit—explicit multistep schemes for (1.1),
and in [1] for the analysis of more general linearly implicit methods. In these papers, A
and B are discretized in different ways and their knowledge is crucial. In contrast, in this
paper both A and B are discretized in the same way; thus for the methods only F matters
while for the analysis solely the existence of A and B suffices.

Description of the results. In this paper we present a comprehensive a priori analysis
of variational in time methods, and in particular of the Discontinuous and Continuous
Galerkin methods, for the above class of nonlinear parabolic equations. Our approach
is related to the one of [16, 17] in the sense that we still use the properties of Radau
and Gauss-Legendre quadrature rules that are naturally associated to Discontinuous and
Continuous Galerkin methods. On the other hand the proofs in this paper are based on
entirely variational arguments and in particular on novel stability lemmata, cf. Lemma
2.1, Corollary 2.1 and Lemma 5.1. These lemmata allow us to gain the necessary control
in L2(I,,; H) that is missing in order for the energy method to be successfully applied. The
lack of control in L?(I,; H) is also the reason that the proof of [24] for the linear case is
not easily extendable to nonlinear equations. (Note the interesting relation between the
test functions we choose in Lemma 2.1, Corollary 2.1 and Lemma 5.1.)

First, we show existence and local uniqueness of the Galerkin approximations. We then
derive optimal order a priori error estimates. Note that the regularity required by the
exact solution is minimal and corresponds to similar estimates in [24]. The analysis is
extended also in the case of fully discrete schemes, i.e., the combination of Galerkin time
stepping methods with discretization in space. For simplicity we do not consider here
schemes combined with mesh modification in space, but our results can be extended to
this case by appropriately adopting ideas from [18] to our case. We derive our results
in an abstract Hilbert space setting and apply them to a concrete example, namely to a
quasilinear parabolic equation.

We consider the continuous and discontinuous Galerkin methods as base schemes for the
discretization of nonlinear parabolic equations. In many cases to obtain implementable
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methods further discretization of the base schemes, such as linearization and approxima-
tion of integrals by quadrature rules, may be required. The additional complications in
the analysis that are due to such discretizations are not addressed in this paper.

The paper is organized as follows: In Section 2 we show existence and uniqueness of
the discontinuous Galerkin approximations for a modified equation with globally Lips-
chitz continuous nonlinearity. Our proofs are variational and simplify those in [16]. These
results combined with the error estimates yield existence and local uniqueness of the dis-
continuous Galerkin approximations for problem (1.1). Section 3 is devoted to the a
priori error analysis for the discontinuous Galerkin method. In Section 4 we consider fully
discrete schemes, i.e., we combine the discontinuous Galerkin time stepping with space
discrete schemes. The continuous Galerkin method is analyzed in Section 5: we prove
existence and local uniqueness of continuous Galerkin approximations and derive optimal
order error estimates. The results are presented in a more condensed way, avoiding details
for arguments already used in the analysis of the discontinuous Galerkin method. In addi-
tion we do not include the analysis for fully discrete continuous Galerkin approximations
since our results can be extended to fully discrete schemes in a similar fashion as in the
discontinuous Galerkin case presented in Section 4. In Section 6 we briefly discuss the
application of the abstract results to a quasilinear parabolic equation.

2. THE DG CASE: EXISTENCE AND UNIQUENESS

In this section we show existence and uniqueness of the discontinuous Galerkin approx-
imations for a modified equation. This serves as an intermediate step and will be used
in the sequel to establish existence and local uniqueness of the discontinuous Galerkin
approximations for our original equation.

We assume that B(t, ) can be modified to yield an operator B(t,-) : V — V' coinciding
with B(t,-) in the tube Ty, B(t,v) = B(t,v) for all t € [0,T] and all v € T}, and satisfying
the global Lipschitz condition, cf. (1.5),

(2.1) | B(t,v) — B(t,w)|lx < Allv —wl|| + plv —w| Yo,weV.

The discontinuous Galerkin method for the modified equation

22) ' (t) + Au(t) = B(t,u(t)), 0<t<T,
2.2
u(0) = u?,

is to seek U € V;l satisfying
(2.3) / (U, v) + (AU, v)] dt + (U™ — U™ ") = / (B(t,U),v)dt,

for all v € V,(I,,), for n = 0,...,N — 1. Here U(0) = u(0). It is easily seen that the
solution u of (1.1) is also a solution of (2.2); further, (2.1) yields easily uniqueness of
(smooth) solutions of (2.2).



6 G. AKRIVIS AND CH. MAKRIDAKIS

In this section we show existence and uniqueness of the solution of the scheme (2.3).
Later on we will see that U € T, and will easily conclude existence and local uniqueness of
the solution of scheme (1.2). Existence and uniqueness of discontinuous Galerkin approx-
imations for the nonlinear Schrédinger equation were established in [16]. Our approach is
motivated by the one in [16], simplifies it and relies on the following auxiliary result.

Lemma 2.1. Let 0 < 71 < --- <7 =1 and wr,...,wy be the abscissae and the weights
of the Radau quadrature rule in [0,1], p € Py_y and p € Py be the interpolant of o,
o(t) == p(t)/t, at the Radau points. Then

1 1 q
(2.4) /O p'pdt +p(0)(0) = 3 [P + D wilr 'p(r) P ;

i=1

i particular,
! 1 2 ! 2
(25) | o+ 50)500) > 5 [bF + [ par].

Proof. Let v € P,_o be given by v(t) := M, i.e., be such that p(t) = p(0) + tv(t);

then, obviously, ¢(t) = v(t) + p(0). Therefore, polynomial j can be written in the form
p=v+p(0)A with A € P,_; the interpolant of % at the Radau points, i.e., A(1;) = T% 1=
1,...,q. To start with, we first note that it is easily seen that

1 .- 1 1 1 1 , 1
(2.6) /0 it = /0 Wdt + oD + p(0)] /O 1/ (A () dt + /O o(t)A(r) di]

Now, for s € P,_1, using the exactness of the Radau quadrature formula, we have

1 1
/ ts' (t)A(t) dt = / s'(t) dt = s(1) — s(0);
0 0

in particular

1
(2.7) /0 t' () A(t) dt = v(1) — v(0)
and
1
(2.8) / tA' (t)A(t) dt = 1 — A(0) .
0

Since also vA is integrated exactly by the Radau quadrature formula, using (2.7) in (2.6),
we get

S e 1 ! _
(2.9) /0 p'pdt = 5/0 v2dt + §|v(1)|2 +p(0) [v(1) — v(0) + ;wiU(Ti)Ti 1} :

Since,
p(0)5(0) = p(0)v(0) + A(0) p(0)?,
v(1) = p(1) = p(0),
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and v? is integrated exactly by the Radau quadrature formula, relation (2.9) can be written
as

1
| ot p0)50) = S + (40) = 5) (0
(2.10) ° .
+ 5> wilv(r)? + 2v(r)7; 'p(0))].

Now, in view of (2.8),

1 1
A0)=1- %/0 t(A%) (t)dt = % + %/0 (A(t))2dt,
(2.11) A(0) — % = %Zwm—?
i=1

Using (2.11) in (2.10) and then the fact that

(p(0)) 7,72 + (v(m))” + 2p(0)o(m) L = |7 tp(m) 2

we obtain (2.4). Further,
b i 1 ! 1 L
| i+ p(0(0) > 5[|p<1>|2+i§:;wi|p<n>|2} =5lpor+ [ pore). o

O

A second proof to Lemma 2.1 is given in the Appendix. A change of variables shows
that the results of Lemma 2.1 transform to the interval [t",¢"*1] as follows:

Corollary 2.1. Let p € P,_1 be a polynomial in [t", "], o(t) = k,p(t)/(t — "), and
P € P,_1 be the interpolant of p at the Radau points t™* i = 1,...,q, shifted to [t", "],
tt =" 4+ k,1i. Then

¢+l q
i i 1 L
(2.12) / p'pdt + p(t™)p(t") = 5 [|p(7§"+1)|2 + Z w;|T; 1p(t"”)|2]
o i=1
and
tn+1 1 1 tn+1
1) [ e = 5[ P [ ] D
tn n Jn
With || - | denoting either one of the norms |- |, || - || or || - ||, we introduce in V,(1y,)
the norms | - [, [ [ln or [+ [lin, by

q

— n,i 1/2
olln = [kn Y wir Hlo(t ’)\\\2] :

i=1
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Let U,V € V,(I,), W := U — V, and W € V,(I,,) be the interpolant of k, W (t)/(t — t")
at the Radau points ™% i = 1,...,q. Then, we have, cf. (2.12),

. 1
(2.141) / (W W) dt 4+ (W, T ) > [|W"+1|2 W]
In n

Further, since the Radau quadrature rule integrates polynomials of degree at most 2g — 2
exactly,

/I (AW, W) dt = kniwi(AW(t”’i) (™) = ky, Zwl (AW (™), W (t™1))
n i=1
i.e.,
(2.14i4) /I (AW, W)dt = |W|? .
Moreover, using first (2.1) we get :
(B(t,U) — B(t,V),W) < (\|W|| + u|W])||W|

and using then the fact that (AW + ,u|W|)||W|| is integrated exactly by the Radau
quadrature rule we obtain

/1 (B(t,U) = B(t,V Z W@+ (e | 77w )|

= AW + pkn Z wir WO IW )]
i=1

therefore,
N 2
(2.14iii) / (B(t,U) = B, V), W)de < (+ )W + w2
In

for any positive €.

The discontinuous Galerkin approximate solution U &€ V;l is defined in I, by its value
U™ at t", which has been determined from the conditions in the preceding time interval
I,_1, and by (2.3).

We introduce in V,(I,,) the inner product (-,-) by

(v,w) = /In (v, W) dt

with @ € V,(I,,) denoting the interpolant of k,w(t)/(t — t") at the Radau points t"™*,i =
1,...,q. It is readily seen that (-,-) can also be written in the form

(v,w) = ky sz v(t™), w(t™?)).
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We now define a map G : V,(I,,) — V(1) by
(2.15) (G(v),w) = /I (v, @) + (Av, D) — (B(t,v),w)]dt + (VT — U™, @"T)

for all w € V,(I,). It is easily seen that G is well defined. We establish existence and
uniqueness of the discontinuous Galerkin approximation in I, i.e., existence and unique-
ness of U € V,(I,,) such that G(U) = 0, by showing that G is Lipschitz continuous and
strongly monotone.

2.1. Strong monotonicity of G. Let v,w € V,(I,), ¥ :== v—w, and, as usual, J € Vy(I)
be the interpolant of k,9(t)/(t — t*) at the Radau points t™%,i = 1,...,q. Then

(G(v) — G(w),v —w) = (¥, 9) + (A0,9) — (B(t,v) — B(t,w),d) + (9", 9"F)

and, in view of (2.14), we obtain

1 2
(G(v) = G(w),v —w) > = (|0" 1> + k—lﬁli) +(1=A=a)ol7 - Z—Elﬁli

N —

v

1
k—(l - —k )+ (1 =X =e)9]7 -

Therefore, for ¢ = (1 — \)/2 and k,, < 2(1 — \)/u?, we have the following strong mono-
tonicity property of G

(2.16) (G) —G(w),v —w) > L—A

||v—w\|% Yo, w € Vy(I) .

In particular, (2.16) yields immediately uniqueness of the discontinuous Galerkin approx-
imation, for sufficiently small k, k := max,, k.

2.2. Lipschitz continuity of G. Let v € V,(I,) and v € V,(I,) be the interpolant of
knv(t)/(t —t") at the Radau points ™%, i = 1,...,q. Since |3|? is integrated exactly by the
Radau quadrature rule we have

q
81> dt = kn > wir Po(t™)]?

In i=1
and thus easily
(2.170) /1 |52 dt < 7 tHol2 .
Similarly, ”
(2.17i) /1 52 dt < v o]2..

Further, we have

ot = E wiT; vt"Z H 7
T, — Ti
=1 " 9

J;ﬁ
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and hence
. 2 < Cl 12
(2.18) 7" < ol
’I’L

In the sequel, we will also use the following well-known inverse inequalities

(2.18ii) "7 < 0 Z o2
and
(2.184id) [v'|n < Z—?’lv!n,

the latter can also be written in the form

(2.18'iii) /\v Pdt gk—?’ /\v ]2dt
n)

Let now v, w,w € V,(I,,) and let @ € V(I
Y i=v—w,

(G) — G(w),w) = (I, w) + (O"F, &™) + / (A0, &) dt / (B(t,v) — B(t,w), &) dt

I In
and, in view of (2.17), (2.18) and (2.1) we easily obtain

(G(v) = G(w),w) < Chy, Mo — wln |wln
+C(Jlv —w|ln + v —wlp)|lwlln  Vo,w,w € Vy(I,,).

be defined in the usual way. Then, with

(2.19)

Assume now that |- | and || - | are equivalent; this is in particular the case when V,(1y,)
is finite dimensional. One important example we have in mind is the fully discrete case.
Then, for fixed, sufficiently small k,, we write (2.16) and (2.19) in the form

(2.16") (G(v) — G(w),v —w) > cl|v —wl|? Vo, w € Vy(I)

and

(2.19) 1G(v) = G(w)ln < Lfv —wlln  Yv,w € Vy(In).

Using (2.16") and (2.19') it is an easy matter to show that F, F(v) := v — £G(v), is a
contraction in (Vg(In), | - [|n); this fact is known as Zarantonello’s fixed point theorem.

The unique fixed point of F is then the unique solution of G(v) =
Alternatively, in the case of finite dimensional V,(I,), one can invoke a variant of
Brouwer’s fixed point theorem to etsablish existence of a solution of G(v) = 0.

3. THE DG CASE: ERROR ESTIMATES

In this Section we establish optimal order estimates for u — U, U being the solution of
(2.3), under the assumption that B(t,-) : V — V' coincides with B(t,-) in the tube T,,,
B(t,v) = B(t,v) for all t € [0,7] and all v € T,,, and satisfies the global Lipschitz condition
(2.1). After having established the error estimate we can show that for sufficiently small
time steps the solution of (2.3) satisfies also (1.2), and, thus, we will have error estimates
for the original equation.
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Let W € V;l be defined by W% = «° and

Wn+1 — un+1

)

(3.1) / (w—W,o)dt =0 Yoe V),
Iy

n=0,...,N—1,cf. [24], p. 185. The function W will play an important role in the error
analysis in the sequel. It is well known that W is well defined by (3.1) and satisfies the
error estimates

(3.2) ltw — WYOI? < CR2! /1 Ju® (s)|Pds, ¢ € I,

with || - || standing for either one of the norms |- |, || - || and || - ||«, cf. [24]. From (3.1) we
easily obtain, for v € V,(I,),

/ (v — W' v)dt = —/ (u— W, )dt — (u™ — W"T " T),
In

In

ie.,

(3.3) /1 (W )t + (W™ — W, g +) = /1 (W, 0)dt Vo€ V().

With p:=u— W and © := W — U, we split the error © — U in the form
u—U=p+0.

Since p has been estimated in (3.2), our main goal in this section will be the estimation
of ©. We will achieve this in two stages: First we will show consistency of the numerical
scheme for W and subsequently we will show stability.

3.1. Consistency. Let R € V,(I,) denote the consistency error of the discontinuous
Galerkin method for W,

(3.4) /1 (R(t),v)dt = /1 (W' + AW — B(t,W),v)dt + (W"T — W™ ")

for all v € V,(I,,). Then, in view of (3.3) and (1.1),

(3.5) / (R(t), v)dt = — / (Ap,v) dt + / (B(t,u) — B(L,W),v)dt.
In I In
Letting v := A~'R in (3.5) and using (2.1), we have
/ IRt = [ (V20 A7 2R e+ [\l + ] IRl

and thus easily

(3.6) /1 IR(t)|2dt < 2 /1 lo(t)|2dt + 2 /1 N0 + lp(t)]dt.
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From (3.2) and (3.6) we obtain the consistency estimate

(3.7 IROIEde < a2t [ [ (o) de.
In In
3.2. Stability. ;From (2.3) and (3.4) we obtain an error equation for O,

/ (O, v)dt + (O™, v™) + / (A0, v)dt = (6" v
In In

+/ (B(t,W)—B(t,U),v)dt—l—/ (R(t),v)dt

In In
for all v € V,(I,,). First, letting v := 20 in (3.8) we obtain

(3.8)

|@n+1|2+|®n+|2 _ 2(®n’@n+) +92 H@H2 dt

(3.9) I
= 2/1rn(B(t’ W) — B(t,U),0)dt + 2/1n(R(t)’ O)dt.
Now,
(3.107) ot 12 —2(@",0"") > —|e"?
and
(3.1001) Z/In(R(t),Q)dt < é/l ||R(t)||fdt+s/ln 102 dt ;

further, in view of (2.1),

2
(3.10iii) 2/ (B(t,W)—B(t,U),@)dtg(2)\+s)/ \|@H2dt+%/ O dt
In In In

Using (3.10) in (3.9), we get

1P +a [ Jowd < enf+L [ omPa+ [ 1RO,

with o := 2(1 — A — ¢), for any positive . Thus, choosing ¢ < 1 — A, we have

311) [Pt / lO(0)|? dt < |07 + / O(1)2 dt + ¢ / IR()|12 dt
In In In

The standard energy proof can not be completed since we do not have control of the term
I} I, |©(t)|? dt. To overcome this barrier we will make use of the stability Lemma 2.1 and
the corresponding Corollary 2.1. To this end, letting in (3.8) v := O, the interpolant of
k,O(t)/(t —t") at the Radau points ™%, i = 1,...,q, we obtain, cf. (2.14) and (2.17),

1

1
n+12, - 2 Yy 2 <
310" P lek] +a - A—g)lel; <

(3.12)

2 ~ ~
Llef+ @0+ [ (Rie).8)dr,
I,
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for any positive €. Now,
(R().6) < | RO} +=n |6,
and thus
(3.13) / (R(t),0) dt < —/ IR dt + |01,

I,
cf. the derivation of (2.20¢); moreover

1
(3.13i4) (O",0"F) < ¢1|O" % + n — 102,
cf. (2.20i7). Using (3.13) in (3.12) we get
1,1 ,u
n+1|2 (- 7 <2 n2
O+ 5 (-~ )16k +alef} <2007 + o [ IR ar

with a = 2(1 — A — 2¢), for any positive €. Hence, in view of the equivalence of the norms

Il and (f ol 1% dt) Y2y ¢(I,) with constants independent of I,, with || - || standing
for either one of the norms |- | and || - ||, we have, for ¢ < (1 — A)/2 and k, sufficiently
small,

(3.14) |04 / o |2dt+c/ 10()[2 dt < 1072 +c1/ IR()|2 dt
In particular,
(3.15) /1 O()? dt < Chy|O" 2 +Cl<:n/l IR dt .
Using (3.15) in (3.11), :Ve obtain "
0"+ ? 4 C/I [©®)[*dt < (1+ Cky)|O"* + C/I [R()[12 dt
and this yields easily " "
(3.16) o+ [ eI de < e [0 + / )R]
3.3. Convergence.

3.3.1. Error estimation at the nodes. In view of (3.7) and the fact that ©(0) = 0, from
(3.16) we obtain

n—1
(3.17) O()]? < ceCt” ij.‘I/I 10 (1) |2t
i=0

Now, since p vanishes at the nodes of the partition, see (3.1), (3.17) yields immediately
the desired estimate at the nodes

(3.18) max |(u— U)()[2 < ceCT Z k?q/ 0@ (1) 24t

0<n<N
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3.3.2. Error analysis in L°°(H). Combining the inverse inequality
(3.19) 1O1F oo 1501y < ki 1O T2, .1)
with (3.15) and using (3.7) and (3.17), we easily conclude

n+1 i
(3.20) OF 1) < e SO [ o).
=0 7L

Finally, (3.2) and (3.20) yield the desired uniform in time error estimate

2
max |(u— U)(t)> <¢ max (k‘% max |u(?) (t)|>
0<t<T 0<n<N—1 tely,

(3.21) N-1
FelT Y k]?q/ 0@ (2) 24t
=0 g

3.3.3. Error analysis in L?(V). In view of (3.7) and the fact that ©(0) = 0, from (3.16)
we obtain

T N-1
(3.22) /0 le@Fat<cS kj.q/I ) (2) 24t
j=0 j

Finally, (3.2) and (3.22) yield the desired error estimate
T N-1
(3.23) I(w—U)®)|*dt < C kT [ [ul?t)]dt.
0 j=0 ’ I;

3.3.4. Error analysis for the original equation. Our analysis up to this point concerns
the discontinuous Galerkin approximation U, see (2.3), to the modified equation (2.2).
Here, we give our main result, namely error estimates for the discontinuous Galerkin
approximation to the original equation (1.1).

Theorem 3.1. Let the solution u of (1.1) be sufficiently smooth and U € Vg be a discon-
tinuous Galerkin approximation to (1.1), i.e., a solution of (1.2). Let k := minp<p<n—1 kn.
Then, under the meshcondition “k*1k~" sufficiently small” we have the error estimate

2
_ 2 q ()
iz 0= DOF <€ sy, (K@)

N-—1
oy zcj.q/ 0 ()| 2dt
=0 I

Proof. Let for the time being U be the discontinuous Galerkin approximation to the mod-
ified equation (2.2). First, from (3.2) we conclude, for k sufficiently small,

1
(3.25) o, 1w =W = 5-

(3.24)
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Further, from (3.22) and the analogous to (3.19) inverse inequality, we get

. . 2 2g7.—1
(3.26) max (W —U)O" < CkHE™,

and thus, under our meshcondition,

(3.27) max [V = D)) <

N =

It immediately follows from (3.25) and (3.27) that U € T,,. Therefore, the discontinuous
Galerkin approximation U to the modified equation (2.2) is also a (locally unique) dis-

continuous Galerkin approximation to the original equation (1.1), and (3.24) follows from
(3.21). O O

Remark 3.1. The constants in this and previous sections as well as conditions like “k
sufficiently small” do not directly depend on the particular choice of the operators A
and Bj; they only depend on A, p, the discretization scheme and on various norms of the
solution u. This fact will play a crucial role in the analysis of fully discrete schemes in the
next section.

4. THE DG cASE: FULLY DISCRETE SCHEMES

In this section we consider fully discrete schemes; we combine the discontinuous Galerkin
time stepping with space discrete schemes. We establish optimal order error estimates.

For the space discretization we use a family Vj, 0 < h < 1, of finite dimensional sub-
spaces of V. For simplicity, we will use the same finite dimensional space V}, throughout the
interval [0,77]; the analysis can be modified to take into account possible changes of this
space. In this section the following discrete operators will play an essential role: Define
P,V =V, Ay : V =V, and By(t,-) : V =V, by

(POU, X) = (Uv X) \V/X € Vh
(Anp, x) = (Ap, x) Vx € Wy
(Bi(t, ), x) = (B(t,9),X) VX € Vp.

The space discrete problem corresponding to (1.1) is to seek a function uy : [0,7] — V
satisfying
@) u) (t) + Apup(t) = By(t,up(t)), 0<t<T,
4.1
un(0) = uj,
with u?l € V), a given approximation to u.
To construct a fully discrete scheme, we discretize (4.1) in time by the discontinuous
Galerkin method. With the notation of the previous sections and

-1
Van =10 [0,T] = Va/ ol1,(t) = Y wit’},

Q

.
Il
o
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the fully discrete approximation Uj € V;lh to u is defined by

(4.2) l[wgm+wmmhmmﬁ+wﬁ>U$Wﬂ:o Vo € V(L)

forn=0,...,N —1, with Fj,(t,v) :== Apv — Bp(t,v) and Uy (0) = u.

Let B(t,) : V. — V' be differentiable, and assume that the linear operator M (t),
M(t) := A— B'(t,u(t)) + oI, is uniformly positive definite, for an appropriate constant o.
Following [3], we introduce the ‘elliptic’ projection Ry(t) : V — Vp,,t € [0,T], by

(4.3) P,M(t)Rp(t)v = P,M(t)v.

We will show consistency of the space discrete scheme for Wy, Wy, (t) := Rp,(t)u(t); to this
end we shall use approximation properties of the elliptic projection operator Rj(t). We
assume that Rj,(t) satisfies the estimates

(1.4 u(e) — W0 + 2 ute) — Wi (2)] < O
and
(4.5 L lutt) ~ Wan)| < O

with two integers r and d, 2 < d < r. Note here that d corresponds to the order of the
operator A, e.g., if A is a second order elliptic operator, as in Section 5, then d = 2. We
further assume that

4.6 ! D a2 de < ©
. —-— t t < (C.
(146) | I i <
For consistency purposes, we assume for the nonlinear part the estimate
(4.7) [B(t, u(t)) — B(t, Wi(t)) — B'(t,u(t))(u(t) — Wi(t))[l« < Ch".

Let Ej(t) € V), denote the consistency error of the space discrete equation (4.1) for Wy,
(4.8) En(t) :== Wi (t) + AnWi(t) — Bi(t, Wi(t)), 0<t<T.
From the definition of W}, we easily conclude
(AW (t),x) = (Au(t) — [B'(t, u(t)) — £I](u(t) = Wi(t),X) VX € Vh.
Therefore, using (1.1),
En(t) =Wj(t) — Py (t) + o [Pou(t) — Wi (1)
+ P [B(tu(t)) — B(t, Wi(t)) — B'(t, u(t)) (u(t) — Wa(t))],

and, in view of (4.4), (4.5) and (4.7), we easily obtain the following optimal order estimate
for the consistency error Ej,

. < CH.
(4.9) Ogag;llEh(t)ll <Ch

The main result in this paper concerning the discontinuous Galerkin method is given
in the following theorem:
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Theorem 4.1. Let the solution u of (1.1) be sufficiently smooth. Assume we are given
an wnitial approximation U 2 = u% €V, to u® such that

(4.10) [u® —ul)| < Ch".

Then, for k and h sufficiently small, there exists a locally unique solution U € V;lh to
(4.2); further, there exists a constant C, independent of k and h, such that, for k21
and h¥" k=1 sufficiently small, we have the error estimate

N-1
- 2 2r 2¢+1
(4.11) Oléltzg%\(u Un)(@®)|” < C[h + JZ_;} k; ] .

Proof. Existence and local uniqueness follow easily from our analysis in Section 2. To
prove the error estimate, let first p := u — Wj; according to (4.4) we have

. < Ch'".
(4.12) qmax [p(t)] < Ch

Further, according to (4.4),

d
. < Ch ™2
(4.13) max [lo(t)] < Ch~3

and thus, for h sufficiently small, Wy (t) € Ty, t € [0,T]. Now, let By(t,-) : V. — V), be
defined by
(Bh(tvsp)vX) = (B(t,(,D),X) VX € Vha
and W), € V;lh be such that
(4.14) / (W], 0) + (Bt Wi, 0)] dt + (WP — WP =0 Yo € Vou(L)
In

for n = 0,...,N — 1, with By(t,v) := By(t,v) + Ex(t), Fy(t,v) := Apv — By(t,v) and
W5 (0) = W}?, i.e., Wy, is a modified fully discrete discontinuous Galerkin approximation
corresponding to equation (4.8). Then, according to (3.21), and in view of (3.7) and (4.6),

N-1
) T 2 < 2¢+1
(4.15) s |(Wy — W) (1) _C;Ok]
Further,
‘ ;7 2 2g7.—1
(4.16) OgégTH(Wh Wr)@®)|° < CE™E,

cf. (3.26). In view of (4.12) and (4.15), it remains to estimate © := W), — Uj,. We
now temporarily change the meaning of Uy and let it denote the modified discontinuous
Galerkin approximation,

(4.17) /I (U}, 0) + (AU, 0)] dt + (U — U, o™) = /I (Bt Up), v) dt
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for all v € Vy(I,), for n = 0,...,N — 1, with U,(0) = u); subsequently, after having
established the desired error estimate we will show that Uj, is also a solution to (4.2).
From (4.14) and (4.17), we obtain

tn

tn
(4.18) @W+/|mm%wmﬁﬁWW+/nm@mﬂ,
0 0

see (3.16). Now, O = (W) —u%)+ (u® —u)); thus, in view of (4.12) and (4.10), |©°] < Ch",
and, using also (4.9), (4.18) yields

t’!L
(4.19) |®"P+1/ |O(t)[*dt < Ch*".
0

Further,
OO dt < Chje" + Chy [ Ew(0)3de.
I, In
see (3.15), and thus, in view of (3.19), (4.19) and (4.9),

(4.20) 01%1%%\9(15)] <Ch".

Moreover, from (4.19) we obtain

(4.21) max [|O(t)||?> < Ch¥ k1.

0<t<T
Now, it easily follows from (4.13), (4.16) and (4.21) that, for k29%k~" and h*" k! sufficiently
small, Up(t) € Ty,t € [0,T], and thus that Uy, is a discontinuous Galerkin approximation
to the original equation, i.e., it satisfies (4.2). Finally, (4.12), (4.15) and (4.20) yield the
error estimate (4.11) and the proof is complete. O O

5. THE CONTINUOUS GALERKIN METHOD

In this section we analyze the continuous Galerkin method for problem (1.1). We show
existence and local uniqueness of the continuous Galerkin approximations and establish
optimal order error estimates. Let us emphasize that in this section no error estimates in
L?(V) are derived, and thus the tube T, is defined in terms of the norm of H, T, := {v €
V :ming |u(t) — v| < 1}, see Remark 5.1.

5.1. Existence and Uniqueness. We begin by showing existence and uniqueness of the
continuous Galerkin approximations for a modified equation. As before, this serves as an
intermediate step and will be used in the sequel to establish existence and local uniqueness
of the continuous Galerkin approximations for our original equation.

Existence and uniqueness of continuous Galerkin approximations for the nonlinear
Schrodinger equation were established in [17]. The approach in [17] is based on prop-
erties of Gauss—Legendre quadrature formulae and interpolation. Our approach is direct
and simplifies the proofs of [17].
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We assume that B(t, -) can be modified to yield an operator B(t,-) : V — V' coinciding
with B(t,-) in the tube T, B(t,v) = B(t,v) for all t € [0, T] and all v € T, and satisfying
globally a one-sided Lipschitz condition, cf. (1.4),

(5.1) (B(t,v) — B(t,w),v —w) < Mjv —w|]® + filv —w|®* Yo,weV.
The continuous Galerkin method for the modified equation
{u/(t) + Au(t) = B(t,u(t)), 0<t<T,

(5.2) o(0) — u

is to seek U € V), satisfying

(5.3) / (U, v) + (AU, v)] dt = / (B(t,U),v)dt Vo € Vyr(I)
In In
forn=0,...,N —1. Here U(0) = u(0). It is easily seen that the solution u of (1.1) is also
a solution of (5.2); further, (5.1) yields easily uniqueness of (smooth) solutions of (5.2).
Next, we shall show existence and uniqueness of the solution of the scheme (5.3). Later
on, we will see that U € T, and will easily conclude existence and local uniqueness of the
solution of scheme (1.3).
The continuous Galerkin approximate solution U € Vg is defined in I, by its value U (t")
at t" (which has been determined from the conditions in the preceding time interval I,,_1)
and by (5.3). Now, since U (t") is considered given, U can be written in I,, in the form

(5.4) Ut) =Ut") + (t — "YW (L), t € I, with W € Vy_1(In).

We now consider W € V,_(I,,) our unknown and use (5.4) to rewrite (5.3) as

/ [(W,0) + (£ = t")(W',v) + (AU ("), v) + (t — ") (AW, v)] dt
In
(5.5)
= / (B(t,U") + (t —t™)W),v) dt Yo e Vy_1(1p) .
In
Let P,_o denote the L? orthogonal projection operator onto Vg—1(In). It is then easily

seen that (5.5) can be written in the form

(5.6) GW)=0

with G : Vy_1(I,) — Vo1 (),

(5.7) Gv) =v+(t—t")0 + AU(tf) + Pya((t — t") Av)
— P oB(t,U(t") + (t —t")v).

To establish existence and uniqueness of the continuous Galerkin approximation in I,
i.e., existence and uniqueness of W € V,_;(I,,) at which G vanishes, we show that G is
Lipschitz continuous and strongly monotone.
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With || - || denoting either one of the norms |- |, || - || or || - ||, for the analysis of the
continuous Galerkin method, we introduce in V4(I,,) the norms |- |, || - ||n or || - [[xn, by

ol = /mUw%t

Obviously, | - |,, is induced by the inner product (-, -),

(v, w) /I (v,w)dt.
In the sequel, we will make use of the inver;e inequality
(5.8) kullvllndt < C/I (t = t")olldt,
cf. [24]. "

5.1.1. Strong monotonicity of G. Let v,w € V,—1 and ¥ := v — w. Now,

1 d
t_n / _ = t—tn— 2
[J eyt =5 [ - ) Gl

n n+1 1
(=P =" =5 [ Par

l\’)l}—t

ie.,
1 1
(5.9 (¢~ 99'.0) = L ka2 - L )2,
Further, it immediately follows from (5.1) that
(5.10) (B(t,U(t") + (t —t")v) = B(t, U{") + (t — t")w),9) < (t — ") [A[9])* + al9[] .
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be continuous Galerkin approximations, corresponding to the same partition of the time
interval [0, 7], with the same initial value u(0). We will inductively show that U and V
coincide. Assume that U and V coincide in I,_;. Then, obviously,

(5.11) Uuir)=v(")

and, consequently,

(5.12) vte [t " (U =V)(t) = (t — t")w(t)
with w € V,_1(I,,). Subtracting

/[(V’,v)—i—(AV,v)]dt:/ (B(t,V),v)dt Vv e Vy_1(Iy)
In In

from (5.3), we obtain

/ (U = VY, 0) + (AU — V), 0)] dt = / (B(t,U) - B(t,V),v) dt

In In
for all v € V,_1(I,); thus, in view of (5.12), we have

(5.13) /[(w,v)+(t—t")(w/,v)—l—(t—t”)(Aw,v)]dt:/I (B(t,U) — B(t,V),v)dt,

In

for all v € V,—1(Iy).
Now,

/ (t —t")(w',w)dt = % /zn (t—t”)%]w[zdt

In

1 2 t:thrl 1 2
=5 [e-mmoP) -5 [ wia

ie.,

(5.14) / (t — ") (', w) dt = %k:n|w(t”+1)|2—%/l w2 dt.

In

n

In view of (5.7), relation (5.6), for v = w, can be written in the form

1 1
5 ), |w|2dt+§k‘n|w(t"+l)|2+/ (t —t")||lw|)? dt

In

(5.15)

:/ (B(t,U) — B(t,V),w)dt .
I,

Now, in view of (5.5) and (5.1),
(5.16) (B®.U) — Bt.V).w) < (¢t~ ) [Muwl? + iluf].
From (5.8) and (5.9) we obtain
1 1
5/ |w|2dt—|—§k’n|w(t"+1)|2—|—/ (t —t")|Jw|* dt

In n

< X/ (t—t")||w||2dt—|—,&/ (t —t")|w|?dt;
I In
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hence,

1 1
(5.17) 5/} wl? dt -+ 5 ka1 )P gu/ (t — ") w2 dt .

n

For k,, sufficiently small, such that 2nk, < 1, (5.10) yields w = 0, and we conclude
uniqueness of the continuous Galerkin approximation.

5.1.2. Existence. The continuous Galerkin approximate solution U € Vy is defined in I,
by its value U(¢") at t" (which has been determined from the conditions in the preceding
time interval I,,_;) and by (5.3). Now, since U(t") is considered given, U can be written
in I,, in the form

(5.18) Ult)y=U")+ (t —t")W(t), t € I, with W e V,_1(1,).
We now consider W € V,_(I,,) our unknown and use (5.11) to rewrite (5.3) as
[ W)+ (= )W)+ (AU, 0) + (0= ) AW, )] o

(5.19) In

:/ (BLUWE) + (t—tYW)o)dt Yo € V().
In

Let P,_o denote the L? orthogonal projection operator onto Vg—1(I). It is then easily
seen that (5.12) can be written in the form

(5.20) GW)=0

with G : Vo_1(In) = Vg—1(In),

G(v) :=v+ (t — ")V + AU (™) + Py—a ((t — t") Av)
— PyoB(t,U(t") + (t — t")v).

We will use a variant of Brouwer’s fixed—point theorem to show existence of a W at which
G vanishes, i.e., existence of a solution of (5.13). For v € V;_1([,) we have

/ (Gw), v)dt = / [[0f2 + (£ — )&/, v) + (AU (%), v)

In In
+ (t—t")|vl]* = (B(t, U{™) + (t — t")v),v)] dt,

(5.21)

v),v)dt = v|? —t"Q' v ™ v — t™)[Jv]|?
5 /Inw( ), 0)dt /I [[of2 + (£ — %) (&), v) + (AU ("), 0) + (¢ — ")]Jo]
— (B, U™ + (t —t")v) — B(t, U(t")),v) — (B(t,U(t")),v)]dt .
Now,
(AV(E),0) = =0 ol 2 = TP = kol

and, in view of the inverse inequality

b / oldt < / (t — ) o] Pt
I

n
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cf. [24], we have

(5.163) / (AU (™), v) dt > —%HU(t")Hz—ce/ (t — ") |jv] 2t

In In

Similarly,

(5.16i7) /1 (B(t,U(t")),v)dt > _4511%

Therefore, with

on(®) 1= - IV + I1BEUE)I),

in view of (5.1) and (5.7), we easily obtain from (5.15),
1 1 _
/ (G(v), v)dt 25/ ot -+ ghalo(" P+ (1A - 205)/ (t — ) ||o]|2dt
In In

I,
[ -~ [ e,
In In
and thus, for ¢ sufficiently small,

| @@= [ [5-pe- P [ ono.

In I, In
Hence, for k,, sufficiently small such that 4k, < 1, we have

1
(5.17) [ @w.va = [ [l - enw]a.
I I,
Consequently, for v € V,_; such that |v(t)| > 24/¢n(t), for all ¢ € I,,, we have

/ (G(v),v)dt > 0.

In

Since (-, ) := [ 7, (+s+) dt is an inner product in Vy_1(1;,), existence of a continuous Galerkin
approximation in I, for sufficiently small k,, follows from a variant of Brouwer’s fixed—

point theorem if V,_;(I;,) is finite dimensional, for instance in the fully discrete case.

5.2. Error Estimates. We shall establish optimal order estimates for © — U, U being the

/ HB(t,U(t”))H2dt—ca/ (t —t™)||v]|? dt .
In In

23

solution of (5.3), under the assumption that B(t,-) : D(A) — H coincides with B(t,")

in the tube T, B(t,v) = B(t,v) for all t € [0,T] and all v € T,, and satisfies the global
Lipschitz condition (2.1). After having established the error estimate we can show that
for sufficiently small time steps the solution of (5.3) satisfies also (1.3), and, thus, we will

have error estimates for the original equation.
Let W € V{ be defined by

(5.18)
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cf. [5]. The function W will play an important role in the error analysis. With

(u—W)(t")t, 0<t<tn,
(5.19) u(t) =
(u — W)(E™)tm, n<t<T,

relation (5.18) yields W (t") = u(t™), i.e., W has the following interpolation property
(5.20) W(t") =u(t"), n=0,...,N.

It is then easily seen that the restriction of W in I,, could have been alternatively defined
by

W (") = u(t™), W) =u(t™*),
(5.21) / (W =W v)dt =0 Yve V().
In

Existence, uniqueness and the error estimate
(5.22) l(w = W)(®)? < Ck‘fﬂ_l/ [\ (s)|?ds, t € I,
In

with || - || standing for either one of the norms |- |, || - || and || - ||+, can be established by
standard arguments, cf. (3.1) and (3.2).
With p:=u— W and © := W — U, we split the error © — U in the form

u—U=p+0.

Since p has been estimated in (5.21), our main goal in this Section will be the estimation
of ©. We will achieve this in two stages: First we will show consistency of the numerical
scheme for the interpolant W and subsequently we will show stability.

5.3. Consistency. Let R € V,_1(I,) denote the consistency error of the continuous
Galerkin method (5.3) for W,

(5.23) R=W'+ P,_o(AW — B(-,W)).
Let v € V,—1(I,). Then,

/ (R,v)dt = / (W' + AW — B(t,W),v) dt,
I In
and thus, in view of (1.1) and (5.21),

(5.24) /I (R,v)dt = —/I (Ap,v) dt+/ (B(t,u) — B(t,W),v)dt.

In
Letting v := A~!'R in (5.23) and using (2.1) we have

/1 |R(1)|2dt = /1 (A2, A7 V2R)dt + / Il + ull] IR dt

n
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and thus easily

(5.25) /I IR(#)|3dt < 2/ Hp(t)llzdt+2/ o) + o))t

From (5.21) and (5.25) we obtain the consistency estimate
(5.26) / R()|2dE < 0k2q/ 0@ (s)||2ds
5.4. Stability. ;From (5.3) and (5.23) we obtain an error equation for O,

/1 (O v)di + /I (AO, v)dt = /1 (B(t,W) — B(t,U), v)dt
(5.27) . " .

+ / (R(t),v)dt
In
for all v € V,_1(I,,). The stability analysis relies on the following auxiliary result.

Lemma 5.1. Let 0 < 71 < --- < 74—1 < 1 be the abscissae of the Gauss—Legendre quadra-

ture formula in [0, 1], and t"™* t™ .= t" + k nTis 1=1,...,q9 — 1, denote the corresponding
nodes shifted to I,,. Let © € P,_1(I,), and ©,0 € P,_(I,,) be the interpolants of © and
o, p(t) =k, 0(t)/(t —t"), at t™', i =1,...,q — 1, respectively. Then
(5.28) Q6dt= | ©Odt
I, I
and
~ 1
(5.29) kn/ Q'0dt > g/ O*dt — ckn (|02 + |0(")]?),
In In

with a positive constant c.

Proof. Let wi, ..., wg—1 denote the weights of the Gauss-Legendre quadrature formula in
[0, 1] with ¢—1 nodes. It is well known that the corresponding Gauss—Legendre quadrature
formula @,

Q(v) = ki [wrv(t™) + -+ + wy_rv(E™ )],

integrates in I,, polynomials of degree at most 2g—3 exactly. Since O(7;) = é(Ti), obviously
Q(O’'0) = Q(O'0O), and (5.28) follows. To show (5.29), we first write © in the form

o) =oe@") + (t —t")Z(),

with Z € Py_o(I,.),
1

20 =

[O(t) - O(")].

Then
ky

t—tn’

o(t) =k, Z(t) + O(t")
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Therefore, with A € P,_5(I,,) denoting the inteprolant of k,, /(t—t") at t™, i = 1,...,q—1,
i.e.,
At = i, i=1,...,q—1,
Ti
© may be written in the form © = k,Z 4+ ©(t")A. Now, cf. (5.7),
O'(t)Z(t)dt = / [Z(t)+ (t—t")Z' ()] Z(t) dt

In In
= —k: | Z (" TH)? + / \Z|?dt

i.e.,
1 1
(5.30) b [ 0200 dt = L0 — 0P + §kn/ \Z[2dt
I, I,
Further, from the definition of Z we easily get
(5.31) / 1O[2dt < 2k, |0 + zk;,%/ Z|2dt.
I

n

Relations (5.30) and (5.31) yield immediately
(5.32) k2 i e'(t)Z(t) dt > %kn[\@(t"“) —O(t™)|* —[e@™)?] +% i |02dt .
Next, we shall estimate | I ©’Adt. We rewrite this term in the form
i O'Adt = — i OAN dt + 0" THA(E™ ) — O(t")A(t"),
and use the fact t;at A and k:nA’n are uniformly bounded to obtain
(5.33) Fin| i O'O(t")Adt < ¢ i O%dt + kn [c|O™ ) * + cc|O(t") 7]

for any positive . Choosing ¢ < 1/20 in (5.33), from (5.32) and (5.33) we easily conclude
that (5.29) is valid and the proof is complete. O

Letting v =0 € V,-1(I,) in (5.27) be the interpolant of © at "% i=1,...,¢ — 1, and
using (5.28), we have

/(@’,@)dt+/ (A@,é)dt:/ (B(t,W) — B(t,U), 0)dt

I, I, I,

+ [ (R(t),0)dt.
I,

(5.34)

In view of the exactness of the Gaussian quadrature rule, the left-hand side can be written
in the form

q—1

(5.35) /(@’,@)dt+/ (A@,é)dt:%[y@"“\? 0717] + K Y wil| O™

I, In i=1
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To estimate the first term on the right-hand side of (5.34), we first note that using (2.1)
we have

(B(t,W) = B(t,U),0) < | B(t,W) = B(t,U)]|. ||
< Alejel + ulel el

A 1 112 1 2
< _ . .
< MIOI 18] + 5u=l6]%] + 5Ol

since the first term on the right-hand side is integrated exactly by the Gaussian quadrature
formula, we obtain

q—1

(5.36) /1 (B(t,W) — B(t,U),0)dt < (A + 1,u6 Ky, szH@ ) + u/ |©2dt .

Further, H(:)H2 is integrated exactly by the Gaussian quadrature formula, and the second
term on the right-hand side of (5.34) can be estimated in the form

In

A 1 2 1 < 7,8\ (|2
. < o 5&kn i N
(537) | #0.6)ar < o [ iR+ Sk > wilo )|

Using (5.35), (5.36) and (5.37) in (5.34), we obtain

-1
(5.38) |02 + ak, Zw,ue )12 < y@"\2+u€/ |02dt + = / | R(t)||dt

=1

with a :=2(1 — ) — (u+ 1)e and p. = %,u; we assume in the sequel that ¢ is sufficiently
small such that a be positive.
Next, we would like to estimate Oz (s, .x) (fI |0%dt) 12 . Letting v := © € V,_1(I,,)
in (5.27) be the interpolant of k7= t”®( Yat t™' i=1,...,q, and using (5.29), we have
%/ 024t + kn/ (40,6)dt < cky (JO"2 + |02
(5.39) fn e
s / (B(t, W) — B(t,U), 8)dt + ky / (R(t), ©)dt.
I In

Now, in view of the exactness of the Gaussian quadrature formula,

-1

(5.40) / (46, 0)dt = k, Z SCCOI

In

Further,

(5.41) / (B(t,W) — B(t,U),0)dt < \kn Z Lo |12+u/ ENEIE
In Ti
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From (5.39), (5.40) and (5.41), we obtain

1 q_l wi n.i
5 [ 1efar k-0 3 Zjew
(5.42) In i=1

< chn (|02 4 [O72) 4 ik /1 O] 16]dt + kn /1 IRl 161 dt

Now, ||©]? is integrated exactly by the Gaussian quadrature formula, and we have

qg—1
~ w; n,i
[ 181k =k Y- 10
n =1 1

hence

(5.43) / 16||%dt < —k: Z—H@ 1
I,

Further,

2
~ o TIE | ~
plele| < E|@|2 + 7”@”2,

and, in view of (5.43), we obtain

(5.44) / 0]116]dt < —/ O dt + Sk, Z o).
Similarly,
Gas) [ RO 18I < o [ IR+ Sk § 1 joni-

’ I * - 28’7’1 I, * 2 " i—1 Ti '
From (5.42), (5.44) and (5.45) we get

512 L ,
(-2 k) / Odr + 5K~ A~ ) Y e

(5.46) b i=1 "

5
< k(|0 10" + ok | IR dt
therefore, for ¢ < 1 — A and k,, sufficiently small,
(5.47) O]2dt < ck,, (|0"|* + |©"%) + ckn/ | R(t)|? dt .
I In
From (5.38) and (5.47), we easily obtain, for k, sufficiently small,

q—1
(5.48) O 4k 3 w02 < (1 + Ch, )\@"]2+C/ IR()|2 dt

=1
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and this yields easily

n—1 q—l P
(5.49) 1072+ ke Y willOt)|* < e [|0° +/0 1R(®)|3t]
£=0 i=1

cf. (3.16).
5.5. Convergence.

5.5.1. Error estimation at the nodes. In view of (5.26) and the fact that ©(0) = 0, from
(5.49) we obtain

n—1
(5.50) O < e 3 2 / 0 (1) [2dt
j=0

Now, since p vanishes at the nodes of the partition, see (5.20), (5.50) yields immediately
the desired estimate at the nodes

N-—1
(5.51) max [(u— D)) < e D R /1 10 (1) |2dt
gae 20,

5.5.2. Error analysis in L°°(H). Combining the inverse inequality

101 o (121) < ki 1O T2 1,11

cf. (3.19), with (5.47) and using (5.26) and (5.50), we easily conclude
n+1 "
(5.52) O~ < " Sk [l 1) P
=0 j

Finally, (5.22) and (5.52) yield the desired uniform in time error estimate

2
U ()2 q (a)
o?%’% |( )OI < Cogg?zif(q (k" ety [u (t)|)

(5.53) N-1
c 2
+oe S :qu/ 0@ (8)|2dt
=0 I

Up to this point in this section U is considered a continuous Galerkin approximation
for the modified equation (5.2). However, it immediately follows from (5.53) that, for suf-
ficiently small k, we have U € T,,; therefore U is also a continuous Galerkin approximation
for the original equation (1.1).

Remark 5.1. In contrast to the discontinous Galerkin method, error estimates in L*(V)
for the continuous Galerkin method are not directly obtained. The essential reason for this
difference between the two methods might be the fact that the continuous Galerkin method
has less advantageous smoothing properties than the discontinuous Galerkin method, cf.
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[24]. Concerning our approach, estimates in L?(V') do not follow at once for the continuous
Galerkin approximations, since the expression

-1 1/2
(5.54) <kn§jwinv<t"’i>n2>
i=1

cf., e.g., (5.38), is a seminorm in V,(I,) rather than a norm. An expression of the form
(5.54) is a norm in V,(I,,) equivalent to

(/ n oot v

if the sum contains at least ¢ terms. In concrete applications one might derive estimates
in || - || at an additional point in the interval I,, and then combine this with our results to
obtain estimates in L2(V). The lack of estimates in L?(V) is the reason for the definition
of the tube T, in terms of the norm of H in this section. As noted in the introduction, in
applications the choice of the appropriate tube depends on the concrete problem. Thus
in the analysis of fully discrete schemes the inclusion of the approximate solution to the
appropriate tube is verified using the estimates obtained, certain inverse inequalities, and
appropriate meshconditions, cf. Section 6 for example. For the continuous Galerkin
method in the fully discrete case the meshconditions needed can be relaxed by obtaining
extra control of the error in the norm of V at an additional point in the interval I,
(different from ¢, = 1,...,q — 1). The implementation of this task depends on the
particular application.

6. APPLICATION TO A QUASILINEAR EQUATION

In this section we shall briefly discuss the application of our abstract results to a class
of quasilinear equations: Let Q@ C R”,v = 1,2,3, be a bounded domain with smooth
boundary 9Q. For T > 0 we seek a real-valued function u, defined on Q x [0, T, satisfying

uy = div (c(:n,t,u)Vu + g(x,t,u)) + f(x,t,u) in Q x [0,T],
(6.1) u=0 on 09 x [0, 7],
u(-,0) = u° in 0,

with ¢: Q — (0,00), f : QA x [0,T] xR = R,g: Qx[0,T] xR = R” and u° : Q — R given
smooth functions. We are interested in approximating smooth solutions of this problem,
and assume therefore that the data are smooth and compatible such that (6.1) gives rise
to a sufficiently regular solution.

For the discretization of (6.1) by implicit—explicit finite element multistep methods we
refer to [3]; other applications are included in [2].

Let H® = H*(2) be the usual Sobolev spaces of order s, and || - ||gzs be the norm of H®.
The inner product in H := L?(f2) is denoted by (,-), and the induced norm by | - |; the
norm of L*(2), 1 < s < oo, is denoted by || - ||zs-
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Let U := [—1 + ming ; u, 1 + max, ; u|, and

T,:={veVnL>®: mtin lu(t) — v|[pe < 1},

T, ={vevVnwk: min [[u(t) — vllwy, <1}
Let ¢, > 0 and ¢* be such that
cx <clxt,y) <t VoeQ, tel0,T], yclU.

We set .
a = c*—2kc , bz, t,y) = c(z,t,y) — a,
A:=—aA, B(t,v) :=div (b(-,t,v)Vv) +divg(-,t,y) + (-, t,y).
Then, obviously, V = H} = H}(Q2) and the norm || - || in V, |jv|| = v/a|Vv|, is equivalent
to the H!—norm.
Let now

A= sup{[b(z,t,y)|/a:x € Q, t€[0,T], y €eU};
it is then easily seen that A =1 — 2 < 1.
For v,w,p €V,

(B(tw) = B(t, W), ¢) =
— (b(-,t,w)V(v —w), V) — ([b(-, t,v) = b(-, t,w)|Vv, V)
—(g(t,v) —g(,t,w), Vo) + (f (- t,v) = f(-. 1, w), ),
and we easily see that

(6.2) |B(t,v) — B(t,w)|x < v —wl|| + plv —w| forall ve Ty,w e Ty;

thus, a stability condition of the form (1.5) is satisfied for v € T), and w € Ty,.
Further,

B'(t,v)w =div(b(-, t,v)Vw) + div(d3b(-, t,v)wVv)
+ div(9sg(-, t,v)w) + I3 f (-, t, v)w,
and, therefore, A — B’(t,u(t)) + oI is, for an appropriate constant o, uniformly positive
definite in H{.
Let V}, be the subspace of V' defined on a regular finite element partition 7; of 2,
and consisting of piecewise polynomial functions of degree at most r — 1, » > 2. Let hg

denote the diameter of an element K € 7, and h := maxgeT;, hix. We define the elliptic
projection operator Ry(t), Rp(t) : V — Vj, t € [0,T], by

(la() +b(,t, u(-, 1)]V(v = Ru(t)v), VX)
+ ([03b(, tyu(-, 1) Vu(- 1) + 93g(-, 1, u(-, 1)) (v — Rp(t)v), V)
—([0sf(,t,u( 1) — ol(v = Ru(t)v), x) =0 Vx € Vj.
It is well known from the error analysis for elliptic equations that

(6.3) [0 = Ry(t)v| + hllv — Ry (t)v]| < CA"|lv||gr, v e H' N Hy,
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i.e., the estimate (4.4) is satisfied with d = 2. Further,

d

(6.4) E[u(,t) — Rp(t)u(-,t)]| < Ch",

and

6.5 @ Ru(t)o] + Bl Ry (tyo] < CW H" N Hj

(6.5) S B0+ bl o Be(t)oll < Ch'||v]lar, v e 01

cf., e.g., [6]; thus (4.5) and (4.6) are valid. We further assume, cf. [23], that
1

(6.6) sup [|u(, £) = Ra(tu( )llwy, < 5-

Next, we will verify (4.7). We have
B(t, u(t)) — B(t, Ru(t)u(t)) — B'(t,u(t))(Ru(t)u(t) — u(t)) =

6.71 1

(070 = —/0 7B (t, Ry (t)ult) — T[Rp()u(t) — u(t)])dr[Rp()u(t) — u(t)]?
and

(6.7 B"(t,v)w?® = div(93b(-, t,v)w*Vv) 4 2div(93b(-, t, v)wVw)

+ div(03g(-, t, v)w?) + 02 f (-, t,v)w?.
It easily follows from (6.7) and (6.3), in view of (6.6), that
(6.8) 1Bt u(t)) = B(t, Ru(t)u(t)) — B'(t, u(t))(u(t) — Ra(t)u(t)) |z < CI',

i.e., (4.7) is satisfied.
We further assume we are given an initial approximation ug € Vj, to u® such that

(6.9) [u® —ul| < ch’.

The discontinuous Galerkin scheme. We define Uj, € V;lh, Up(0) = u), recursively by the
fully discrete discontinuous Galerkin scheme

(6.10) /I [(Uf/u'U) + (c(-,t,Upn)VUL + g(-,t,Up), V) = (f (-, t, Up) VU, v)] dt

+ (U =UR ") =0 Yo e VL),

for n =0,...,N — 1. Then, Theorem 4.1 yields, in view of (6.6), for sufficiently small k
and provided that the approximate solutions Uy (t),t € [0,T], are in T, the error estimate

N-1
_ 2 [ 2r 2q+1]
(6.11) Joax |(u—Up)(®)F < C[A* + 2% E
J:
To ensure that Uy(t) € T,,t € [0,T], we define h := mingece hx and will distinguish
three cases: v =1, v =2 and v = 3.
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i.v=1 First, since the H'—norm dominates the L®—norm in one space dimension,
we have

Ot)||L~ < C O(t
e [0~ < C max O],

and thus, according to (4.21),

2 < 2r7.—1
Ogtaé\l@(t)llmo <Chk.

Therefore, for k~1k?¢ and k~'h?" sufficiently small, in view of (6.6), Uy (t) € T,,t € [0,T].
We easily conclude that the convergence result holds.

ii. v=2.  First, we note that
X[z < Cllog)"?llxllr ¥x € Vi,

cf. [24], p. 68. It is then easily seen that the convergence result holds, if k and h are
chosen such that |log(h)|k%?k~! and |log(h)|h* k! are sufficiently small.

iii. v =3. In this case,
Ixllz < CB Y2 Xl Vx € Vi,
and the result (6.11) holds, provided that k2p k! and A%k~ A are sufficiently small.

The continuous Galerkin scheme. The fully discrete continuous Galerkin scheme is defined
by seeking Up, € Vg, Un(0) = u, recursively by

(6.12) /1 [(Uh,v) + (c(,t, Un) VUL + g8, Up), Vo) = (£ (-, £, Un) VU, 0)] dt = 0

Yv € V(q—l)h(In) ,

for n =0,..., N — 1. Then, the fully discrete version of the analysis in Section 5, yields
for sufficiently small k& and provided that the approximate solutions Uy (t),t € [0,T], are
in T}, the error estimate

N-1
(6.13) max. |(u—Up)(1)] < c[h2" n Z; ch.q“] .

j=

To ensure that U (t) € Ty, t € [0,T], as before we distinguish the cases: v = 1, v = 2
and v = 3. It is to be noted that in the continuous Galerkin case we do not gain at once
control of the norm fOT l©(t)||dt, Remark 5.1. Thus alternatively we shall use the inverse
inequality
Ixllz= < CR™x|  Vx € Vi,

concluding that the result (6.13) holds, provided that k*?h™" and h?"h™" are sufficiently
small. The derivation of estimate for fOT |©(t)||dt in the fully discrete case that will lead
to milder meshconditions, is of course a feasible task but we will not insist on it in the
present work.
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APPENDIX A. SECOND PROOF OF LEMMA 2.1

Since pp’ is integrated exactly by the Radau quadrature rule, we have

(A1) / pidt =3 wip(m)f ().
i=1

Obviously, with ¢,...,¢, € P,_1 denoting the Lagrange polynomials associated with
T1y---5Tq;s

q
j=1
and (A.1) yields

/ p'dt = Z wZ () mip(Ti)e(T;) -

i,j=1
Therefore,

/ pp'dt = Z willy (1:) i (3) 70 (i) (75)
i,j=1
ie.,

/ pp/dt = Zwlﬁl Ti)li (T7) 7'Z|<,0(7'Z)|2

+ Z Tz)Tz + wje ( ])ej(Tj)Tj] (‘D(Ti)(‘O(Tj) ’
1<i<j<q

Now, for 1 <i < j <gq,

1
wily(13)4; (73) 75 + Wil (75) 05 (1) 5 = /0 (5 (£)05(t) + £5(8) 03 () | ¢t

- / 1€i(t)€j(t)dt =0,
0

[£i(1) = wi],

and the second sum vanishes. Similarly,
wzfg(Tl)fz(TZ)TZ =
and thus
! 1 2 : 2
| it = g [le? = S wilem].
i=1

and (2.4) follows. Further,

[’P )|? +Zw,\p (1i) } = %[[p(l)]z + /01 ]p(t)]zdt] . O

l\’)l»i

1
/0 Pidt + p(0)p(0) >
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