COMBINING MAXIMAL REGULARITY AND ENERGY
ESTIMATES FOR TIME DISCRETIZATIONS
OF QUASILINEAR PARABOLIC EQUATIONS

GEORGIOS AKRIVIS, BUYANG LI, AND CHRISTIAN LUBICH

ABSTRACT. We analyze fully implicit and linearly implicit backward difference
formula (BDF) methods for quasilinear parabolic equations, without making any
assumptions on the growth or decay of the coefficient functions. We combine
maximal parabolic regularity and energy estimates to derive optimal-order error
bounds for the time-discrete approximation to the solution and its gradient in the
maximum norm and energy norm.

1. INTRODUCTION

In this paper we study the time discretization of quasilinear parabolic differential
equations by backward difference formulas (BDF). In contrast to the existing liter-
ature, we allow for solution-dependent coefficients in the equation that degenerate
as the argument grows to infinity or approaches a singular set. To deal with such
problems; we need to control the maximum norm of the error and possibly also of
its gradient. As we show in this paper, such maximum norm estimates for BDF
time discretizations become available by combining two techniques:

e discrete maximal parabolic regularity, as studied in Kovacs, Li & Lubich [14]
based on the characterization of maximal LP-regularity by Weis [24] and a dis-
crete operator-valued Fourier multiplier theorem by Blunck [7]; and

e energy estimates, which are familiar for implicit Euler time discretizations and
have become feasible for higher-order BDF methods (up to order 5) by the Nevan-
linna-Odeh multiplier technique [19] as used in Akrivis & Lubich [4].

In Section [2| we formulate the parabolic initial and boundary value problem and its
time discretization by fully implicit and linearly implicit BDF methods, and we state
our main results. For problems on a bounded Lipschitz domain {2 in R? or R? with
sufficiently regular solutions, we obtain optimal-order error bounds in the maximum
and energy norms. For problems on bounded smooth domains in arbitrary space
dimension we obtain optimal-order error bounds even in the L (0, T; W*({2)) and
L*(0,T; H*(£2)) norms.

The proof of these results makes up the remainder of the paper. In Section |3 we
formulate a common abstract framework for both results and give a continuous-time
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perturbation result after which we model the stability proof of BDF methods in Sec-
tion [4] This proof relies on time-discrete maximal regularity and energy estimates.
In Section 5| we study existence and uniqueness of the numerical solutions, and in
Section [6] we discuss the consistency error of the fully and linearly implicit BDF
methods. In the short Section [7] we combine the obtained estimates to prove the
error bounds of our main results. In the remaining Sections [§] and [9] which use dif-
ferent techniques of analysis, it is verified that the concrete parabolic problem and
its time discretization fit into our abstract framework. In particular, the uniform
discrete maximal parabolic regularity of the BDF methods is shown in the required
L% and W14 settings.

While we restrict our attention in this paper to semidiscretization in time of stan-
dard quasilinear parabolic equations by BDF methods, the combination of discrete
maximal regularity and energy estimates to obtain stability and error bounds in
the maximum norm is useful for a much wider range of problems: for other time
discretizations, for full discretizations (in combination with the discrete maximal
regularity of semidiscrete finite element methods; see Li [16] and Li & Sun [17]),
and also for other classes of nonlinear parabolic equations. Such extensions are left
to future work. The present paper can thus be viewed as a proof of concept for this
powerful approach.

2. PROBLEM FORMULATION AND STATEMENT OF THE MAIN RESULTS

2.1. Initial and boundary value problem. For a bounded domain 2 C R
a positive T, and a given initial value ug, we consider the following initial and
boundary value problem for a quasilinear parabolic equation, with homogeneous
Dirichlet boundary conditions,

Ou=V - (a(u)Vu) in £ x[0,T],
(2.1) u=0 on 02 x [0,T7,
u(-,0) = ug in (2.

We assume that a is a positive smooth function on the real line, but impose otherwise
no growth or decay conditions on a (for example, we may have a(u) = e*). By
the maximum principle, the solution of the above problem is bounded, provided
the initial data uy is bounded; note that then there exists a positive number K
(depending on ||u| ze (0,71 (r2))) such that K~ < a(u(x,t)) < K, for all z € 2 and
0 <t <T. However, boundedness of the numerical approximations is not obvious.

Remark 2.1 (direct extensions). Our techniques and results can be directly ex-
tended to the following cases:

e The function a is continuously differentiable and positive only in an interval I C R
that contains all exact solution values, u(x,t) € I; in particular, singularities in a
are allowed.

e a is a function of x,¢t and u: a = a(x,t,u).

e a(u) is a positive definite symmetric d X d matrix.
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e A semilinear term f(z,t,u, Vu) with a smooth function f is added to the right-
hand side of the differential equation. No growth conditions on f need to be
imposed, but we assume smoothness of the exact solution.

Operator notation: We consider A(w) defined by A(w)u := =V - (a(w)Vu) as a
linear operator on L4({2), self-adjoint on L?(£2).

2.2. Fully and linearly implicit BDF methods.

2.2.1. Fully implicit methods. We let t, = nt,n =0,..., N, be a uniform partition
of the interval [0, T with time step 7 = T'/N, and consider general k-step backward
difference formulas (BDF) for the discretization of (2.1):

k
1
(22) ; Z (5jun_j = —A(un)un,
7=0
forn =k,..., N, where uq,...,u,_1 are sufficiently accurate given starting approx-

imations and the coefficients of the method are given by

1 ¢
z(l—C) :

>,
—
I
~—
Il
S
I
<.
|
(]~

§=0 =1

The method is known to have order k£ and to be A(a)-stable with angle @ =
90°,90°,86.03°,73.35°,51.84°,17.84° for k = 1,...,6, respectively; see [12], Section
V.2]. A(a)-stability is equivalent to |arg d(¢)| < 180° — « for |¢| < 1. Note that the
first- and second-order BDF methods are A-stable, that is, Red(¢) > 0 for |¢| < 1.

2.2.2. Linearly implicit methods. Since equation (2.2)) is in general nonlinear in the
unknown wu,,, we will also consider the following linearly implicit modification:

k k—1
1
(2.3) - D Gjtny = —A( >, ’Yjunfjfl)un,
=0

=0

for n =k,..., N, with the coefficients vy, ...,vx_1 given by

k—1
1 .
YO ==[1- (1= =D ¢
¢ =
Notice that now the unknown u,, appears in (2.3)) only linearly; therefore, to advance
with (2.3) in time, we only need to solve, at each time level, just one linear equation,
which reduces to a linear system if we discretize also in space.

2.3. Main results. In this paper we prove the following two results.

Theorem 2.1. Let 2 C R, d = 2,3, be a bounded Lipschitz domain. If the solution
uw of (2.1)) is sufficiently reqular and the starting approrimations are sufficiently
accurate, then there exist 7o > 0 and C' < oo such that for stepsizes T < 19 and

Nt < T, the fully and linearly implicit BDF methods (2.2)) and (2.3)), respectively,
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of order k < 5, have unique numerical solutions u, € C(£2) N HY(£2) with errors
bounded by

) — iy < OTF
(2.4) e [l = ult,) =) < O

/
(2.5) G Zuun— (t) ) <O

Theorem 2.2. Let the bounded domain 2 C R? be smooth, where d > 1. If the solu-
tion u of 15 sufficiently reqular and the starting approximations are sufficiently
accurate, then there exist 79 > 0 and C < oo such that for stepsizes 7 < 19 and
Nt < T, the fully and linearly implicit BDF methods and , respectively,
of order k <5, have unique numerical solutions u,, € C*(£2) N H*(£2) N HL($2) with
errors bounded by

(2.6) max (||un, — u(ty)| =) + [|Vn — Vu(ty)| =) < CT",

k<n<N

1) (Zuun—u W) <O

Let us first comment on the regularity requirements. With some ¢ > d, we need
to assume in Theorem 2.1]

(2.8) u e CH([0,T); WH9(£2)) N C*([0, T); LU(2)) n C([0, T); WH9(£2)),
and in Theorem [2.2]
(2.9) u e CM([0,T; LI(£2)) N C*([0, T); WH(2)) n C ([0, T); W>9(£2)).

The errors in the initial data e, = u, — u(t,), for n = 0,...,k — 1, need to satisfy
the following bounds: in Theorem

k—1
€n — €p—1||P
(2.10) (TZ — W—M(Q)) ( Z”enﬂwlq(n)) < CT

n=1

for some p such that 2/p + d/q < 1, and similarly in Theorem - with

(2.11) ( y Q)) ( Zuenuwm) <o’

It can be shown that these bounds are satisfied when the starting values are obtained
with an algebraically stable implicit Runge-Kutta method of stage order k, such as
the k-stage Radau collocation method.

Error bounds for BDF time discretizations of quasilinear parabolic differential
equations have previously been obtained by Zldmal [25], for k£ < 2, and by Akrivis
& Lubich [] for k < 5, using energy estimates. Implicit—explicit multistep methods
for a particular class of such equations have been analyzed by Akrivis, Crouzeix &
Makridakis [2] by spectral and Fourier techniques. In those papers it is, however, as-
sumed that the operators A(u) are uniformly elliptic for v € H}(£2), which amounts
to assuming that the coefficient function a is bounded on all R and has a strictly

enl
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positive lower bound on all R. This is a restrictive assumption that is not satisfied
in many applications.

This restriction can be overcome only by controlling the maximum norm of the
numerical solution, which is a major contribution of the present paper. Since no
maximum principle is available for the BDF methods of order higher than 1, the
boundedness of the numerical solution is not obvious. While there are some results
on maximum norm error bounds for implicit Euler and Crank—Nicolson time dis-
cretizations of linear parabolic equations by Schatz, Thomée & Wahlbin [21]], we are
not aware of any such results for quasilinear parabolic equations as studied here.

In our view, even more interesting than the above particular results is the novel
technique by which they are proved: by combining discrete maximal regularity and
energy estimates. The combination of these techniques will actually yield O(7*)
error bounds in somewhat stronger norms than stated in Theorems and [2.2]
Moreover, we provide a concise abstract framework in which the combination of
maximal regularity and energy estimates can be done and which allows for a common
proof for both Theorems 2.1 and [2.2] as well as for direct extensions to more general
quasilinear parabolic problems than and to full discretizations.

3. ABSTRACT FRAMEWORK AND BASIC APPROACH IN CONTINUOUS TIME

As a preparation for the proof of Theorems [2.1 and [2.2] it is helpful to illustrate
the approach taken in this paper first in a time-continuous and more abstract setting,
which in particular applies to A(w)u = —V - (a(w)Vu) as considered above.

3.1. Abstract framework. We formulate an abstract setting that works with
Hilbert spaces V' C H and Banach spaces D C W C X as follows: Let H be
the basic Hilbert space, and let V' be another Hilbert space that is densely and con-
tinuously imbedded in H. Together with the dual spaces we then have the familiar
Gelfand triple of Hilbert spaces V- € H = H' C V' with dense and continuous
imbeddings, and such that the restriction to V' x H of the duality pairing (-,-) be-
tween V and V' and of the inner product (-,-) on H coincide. Further, let X C V'
be a Banach space and let D C W C X be further Banach spaces. We denote the
corresponding norms by || - ||z, || - |v, || - llx, || - [lw, and || - || p, respectively, and
summarize the continuous imbeddings:

Vv c H c V/
U U U
D c W c X

For the existence of the numerical solution of the fully implicit BDF method we will
further require that D is compactly imbedded in W.
We have primarily the following two situations in mind:

(P1) For a bounded Lipschitz domain 2 C R? (with d < 3) we consider the usual
Hilbert spaces H = L?(2) and V = H}({2), and in addition the Banach spaces
X = W=L4(8) for suitable ¢ > d, W = C*({2) with a small @ > 0, and
D =Wh ()N H(02).

(P2) For a smooth bounded domain 2 C R? (with arbitrary dimension d) we con-
sider again the Hilbert spaces H = L?({2) and V = H}(2), and the Banach
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spaces X = Li(2) with ¢ > d, W = C"*(£2) with a small a > 0, and
D =W?>4(02)N H (£2).

We will work with the following five conditions:

(i) (W -locally uniform maximal reqularity) For w € W, the linear operator —A(w)
is the generator of an analytic semigroup on X with domain D(A(w)) = D indepen-
dent of w, and has maximal LP-regularity: for 1 < p < oo there exists a real C),(w)
such that the solution of the inhomogeneous initial value problem

(3.1) u(t) + A(w)u(t) = f(t) 0<t<T), u(0) =0,
is bounded by
[]| Lo 0.7:) + [ A(w)ul Lrorix) < Cop(w)|[ flleorx) VS € LP(0,T; X).
Moreover, the bound is uniform in bounded sets of W: for every R > 0,
Cp(w) < Cpr if [lwlw < R.

We further require that the graph norms || - || x + ||A(w) - || x are uniformly equivalent
to the norm || - ||p for ||w|lw < R.

(ii) (Control of the W-norm by mazimal regularity) For some 1 < p < oo, we
have a continuous imbedding WP (0,T; X) N LP(0,T; D) C L*>(0,T;W): there is
C, < oo such that for all w € W'?(0,T; X) N L?(0,T; D),

lull =0z < G (lillsiorn + Nullsioin )

(iii) (V-ellipticity) A(w) extends by density to a bounded linear operator A(w) :
V — V', and for all w € W with W-norm bounded by R, the operator A(w) is
uniformly V-elliptic:

agllully < (u, A(w)u) < Mgluli,  YueV
with agp > 0 and Mr < oo, where (-,-) denotes the duality pairing between V
and V.
(iv) (Operators with different arguments: X-norm estimate) For every € > 0,

there is C; r < oo such that for all v,w € W that are bounded by R in the W-norm,
and for all u € D,

I(A@) = A@)ullx < (=l = wlw + Co llo = wlly ) lulp

(v) (Operators with different arguments: V'-norm estimate) For every € > 0, there
is C; g < 0o such that for all v,w € W that are bounded by R in the W-norm, and
for all u € D,

I(A@) = A@))ullyr < (el = wly + Copllo = wlla) fullp

Lemma 3.1. The operators given by A(w)u = —V - (a(w)Vu) with homogeneous
Dirichlet boundary conditions and a smooth positive function a(-) satisfy (i)—(v) in
the situations (P1) and (P2) abowve.

The proof of this lemma will be given in Section [§ and Section [9] In the cases
(P1) and (P2) we actually have a stronger bound than (v):

1(A(v) = A(w))ullv: < Crllv = wl|a [lup-
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3.2. A perturbation result. Suppose now that v € WP(0,T; X) N LP(0,T; D)
solves

(3.2) { a(t) + A(u(®)u(t) = f(t), 0<t<T,

u(0) = uyp,
and u* € W (0,T; W) N LP(0,T; D) solves the perturbed equation

(3.3) {Wt) + AW ) u(t) = fF) +d(t), 0<t<T,
u*(0) = o,

where the defect d is bounded by

(34) d| e o,r;x) < 6.

As an illustration of the combined use of maximal LP-regularity and energy es-
timates we prove the following result. Theorems and will be proved by
transferring these arguments to the time-discrete setting.

Proposition 3.1. In the above setting of (1)—(v) and (3.2)—(3.4) with 6 > 0 suffi-

ciently small, the error e = u—u* between the solutions of (3.2) and 18 bounded
by
€[l o.r5x) + llellLrorip) < C6
llell Lo 0, 7w) < C0,
where C' depends on |[u*||w1.ec0rw) and ||[w*||tror;py, but is independent of 0.
Proof. (a) (Error equation) We rewrite the equation in in the form
a(t) + Au*(t)u(t) = (A (1)) — Au(t))u(t) + f(t)
and see that the error e = u — u* satisfies the error equation
(3.5) é(t) + A(u*(t))e(t) = (A(u*(t)) — A(u(t)))u(t) —d(t).

Obviously, e¢(0) = 0. To simplify the notation, we denote A(t) := A(u*(t)), and
rewrite the error equation with some arbitrary ¢ > ¢ as

(3.6)  e(t)+ A()e(t) = (A(D) — A(t))e(t) + (A(u (1) — A(u(t)))u(t) — d(t),

ie.,

(3.7) é(t) + A(b)e(t) = d(t),
with
(3.8) d(t) == (fl(f) — fl(t))e(t) — (A(u*(t)) — A(u(t)))u(t) —d(t).
(b) (Mazimal regularity) We denote
R = ||U*||L°°(O,T;W) + 1 and B = ||U/*||LP(O7T;D) =+ 1
and let 0 < ¢* < T be maximal such that
(39) HUHLOO(O,t*;W) < R and HUHLP(O,t*;D) < B.
By the maximal LP-regularity (i) we immediately obtain from (3.7) for ¢ < ¢*

(3.10) €]l zro.5x) + lellzro,e:0) < Cp.r l|d| Lr0.x)-
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By the bound (iv) and the assumed Lipschitz continuity of u* : [0, 7] — W, we have
for any ¢ > 0

~

(3.11) [d(®)[[x < CT—t)[e®)]p
+elle@)llw [lu(®)lp + Cer lle®)la [u@) o + [d#)]x-
We take the second term on the left-hand side of (3.10]) to power p and denote it by

n(t) = lelfe o) -
For the first term on the right-hand side of (3.11]) we note that, by partial integration,

[ opieipar=p [ @i
0 0
Hence we have from (|3.10))
77@ < Cg,RHOWZZp(o,&X)
< C/Ot(t— t)PIn(t) dt

p
+ C(€B||€HL°°(0,£;W) + CerBllel| Lo zm) + ||d||LP(o,t‘;X)> :
With a Gronwall inequality, we therefore obtain from (3.10))

1ellzrozx) + lellrorp) < Cellelli=oaw) + Cerplelli=©zn + Clldllrozx),

and we note that by property (ii) the left-hand term dominates ||e[|ze(ozw). For
sufficiently small € we can therefore absorb the first term of the right-hand side in
the left-hand side to obtain

(3.12) [€llzeo.e:x) + llell o o.0) < Cllel| e (o,6+:m) + CO.

(c) (Energy estimate) To bound the first term on the right-hand side of (3.12)) we
use the energy estimate obtained by testing (3.5 with e:

S eIl + (e(t), AW B)e(®) = (e(t), (AW (1) = Au®))u(t)) = {e(t), d(2).
The bound of (v) yields
(e, (A(w") = Aw)) < ellv (lellv + Cepllellsr) lullp
< (20l + Cenllel?, ) Il

Integrating from 0 to ¢ < t*, using the V-ellipticity (iii) and absorbing the term with
|le||?,, we therefore obtain

t t t
IMM@+/WdM&%§C/Wdﬂ@%+C/Wﬂ$%d&
0 0 0
and the Gronwall inequality then yields
le()llz <Cs  0<t <t
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(d) (Complete time interval) Inserting the previous bound in (3.12), we obtain
€]l Lo 0.-) + llell oo,y < €9,
which by (ii) further implies
el Lo (o,.6+m) < C6.
Hence, for sufficiently small § we have the strict inequalities
lu||Loe(o+wy < R and ||| Lro+0) < B.
In view of the maximality of ¢* with this is possible only if t* =T 0
Remark 3.1. If condition (ii) is strengthened to

lullewgomiawy < Casp(lllzsorx + el ooz )

with some a > 0, then the statement of Proposition [3.1| remains valid under the
weaker condition u, u* € WHP(0,T; X)NLP(0,T; D), which is symmetric in v and u*.
The proof remains essentially the same.

4. STABILITY ESTIMATE FOR BDF METHODS

4.1. Abstract framework for the time discretization. We work again with
the abstract framework (i)—(v) of the previous section and consider in addition the
following property of the BDF time discretization. Here we denote for a sequence
(v,)N_, and a given stepsize T

N 1/p
1Nl oy = (72 Noal)
n=1

which is the LP(0, N7; X)) norm of the piecewise constant function taking the val-
ues v,. We will work with the following discrete analog of condition (i).

(i) (W-locally uniform discrete mazimal regularity) For w € W, the linear opera-
tor —A(w) has discrete maximal LP-regularity for the BDF method: for 1 < p < oo
there exists a real Cy,(w) such that for every stepsize 7 > 0 the numerical solution
determined by

k
1

4.1 i, + A n = fn k<n<N ith «, = — 0iUp_;

(4.1) U, + A(w)u, = f, (k<n ) with @ Tjgo]u j

for starting values ug = --- = ux_1 = 0, is bounded by

||(un)r]:[:k||1;p(x) + ||(A(w)un)a]j:kHLp(X) < Cp(w)”(fn)?]zv:kHLp(x)v

where the constant is independent of N and 7. Moreover, the bound is uniform in
bounded sets of W: for every R > 0,

Cp(w) < Cpr if [lwllw < R.

Lemma 4.1. For the operators given by A(w)u = =V - (a(w)Vu) with homoge-
neous Dirichlet boundary conditions and a smooth positive function a(-) and the
BDF methods up to order k < 6, the uniform discrete mazximal reqularity property
(i’) s fulfilled in the situations (P1) and (P2) of the previous section.
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The proof of this lemma will be given in Section We note that for a fixed w,
such a result was first proved in [14] for X = L9. The main novelty of Lemma
is thus the case X = W17 and the local W-uniformity of the result.

For the BDF methods of orders £ = 3,4,5, we need a further condition that
complements (v):

(v’) For all v,w € W that are bounded by R in the W-norm, and for all u € V|

I(A(v) = A(w))ully: < Crllv = wllw [lully

This condition is trivially satisfied in the situations (P1) and (P2).

4.2. Stability estimate. In the following, let u, = u, for the fully implicit BDF
method and u,, = Zf;é V;Un—;—1 for the linearly implicit BDF method.
Suppose now that u,,us € D (n=0,...,N) solve

(4.2) U + AUty = fu, kE<n<N\,

and the perturbed equation

(4.3) uy + A(uy)uy = fr + dn, kE<n<N,
respectively, where it is further assumed that

(4.4) |luy, — wrllw < L(m —n)T, 0<n<m<N,
and the defect (d,,) is bounded by

(4'5) H(dnﬂy:kHLp(X) S 0

and the errors of the starting values are bounded by

1 *\k—1
(4.6) . H(Uz —1;)iZo HLP(X) <9
We then have the following time-discrete version of Proposition [3.1]

Proposition 4.1. Consider time discretization by a fully implicit or linearly implicit
BDF method of order k < 5. In the above setting of the W -locally uniform discrete
mazimal reqularity (') and (ii)—(v) (and additionally (v)) if k = 3,4,5) and (4.2))-
(4.6)), there exist 6o > 0 and 19 > 0 such that for 6 < 6y and 7 < 79, the errors
en = Uy, — uy between the solutions of and are bounded by

ot oy + el oy < €6
()il oy < €6,

where € depends on |(u)oll =) and [[(u2)"oll ooy and on L of (), but is
independent of 6 and of N and T with N7 <T.

This stability result will be proved in this and the next section.
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4.3. Auxiliary results by Dahlquist and Nevanlinna & Odeh. We will prove
Proposition for the linearly implicit scheme similarly to the proof of Proposi-
tion To be able to use energy estimates in the time-discrete setting of BDF
methods, we need the following auxiliary results.

Lemma 4.2. (Dahlquist [9]; see also [6] and [12, Section V.6]) Let §(¢) = 6" +
o+ 8 and () = pupC* + - - + po be polynomials of degree at most k (and at least
one of them of degree k) that have no common divisor. Let (-,-) be an inner product
with associated norm | -|. If

Rew >0 for |¢| <1,

1(C)
then there exists a positive definite symmetric matriz G = (g;;) € RF* and real
Ko, - .., K such that for vg, ..., v, in the real inner product space,
k k k k k )
(Z 0iVk—i, Z Nﬂ%—j) = Z Gij (Ui; Uj) - Z Gij (%-1, Uj—1) + ’ Z RiU;
i=0 5=0 ij=1 ij=1 i=0

In combination with the preceding result for the multiplier u(¢) = 1 — 6,(, the
following property of BDF methods up to order 5 becomes important.

Lemma 4.3. (Nevanlinna & Odeh [19]) For k < 5, there exists 0 < 0y < 1 such
that for 6(¢) = Xj_y 1(1 - <),

Relé—(?k( >0 for |¢| < 1.

The smallest possible values of 0 are

0, =0, =0, 65 =0.0836, 0, = 0.2878, 05 = 0.8160.

Precise expressions for the optimal multipliers for the BDF methods of orders 3,
4, and 5 are given by Akrivis & Katsoprinakis [3].
An immediate consequence of Lemma [4.3| and Lemma is the relation

k k k
(4.7) (Z 5ivk—z‘a Vi, — ekvk—1> > Z gij(vi7 vj) - Z gij(vi—la Uj—l)
=0

3,j=1 1,j=1

with a positive definite symmetric matrix G = (g;;) € R***; it is this inequality that
will play a crucial role in our energy estimates.

4.4. Proof of Proposition for the linearly implicit BDF methods. We
subdivide the proof into four parts (a) to (d) that are analogous to the corresponding
parts in the proof of Proposition [3.1] Parts (a)—(c) apply to both the linearly and
fully implicit BDF methods, whereas the argument in part (d) does not work for
the fully implicit method.

(a) (Error equation) We rewrite the equation for u, in the form

U + A ) u, = (A(G)) — A(tn))un + fn
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and see that the errors e, = u,, — u}, satisfy the error equation, for n < N,

(4.8) én+ A en = (A(E) — Ality))tn — do.

n

We abbreviate A,, = A(4). For an arbitrary m < N and for k£ < n < m we further
have the error equation with a fixed operator

(4.9) én + Amen = dy = (Ay — Ap)en + (A(I) — A(d))u, — dy.

n

If we redefine ¢y = -+ = e;_; = 0, then there appear extra defects for n =
k,...,2k — 1, which are bounded by ¢ by condition and are subsumed in d,, in
the following.

(b) (Maximal regularity) We denote

(4.10) R = |[(up)iZolleqwy + 1 and B = ||(up)3lollem) + 1,
and let M < N be maximal such that
(4.11) [(un)nso! [ ewy < R and  [[(un )55 Hm <B.

By the discrete maximal LP-regularity (i’) we obtain from (4.9)) that
(4'12) H(é”);n:kHLp(x) + H(en);n:kHLP(D) <C PR H n k||Lp(X)>
and by the bounds (iv) and (4.4), we have, for any ¢ > 0,
(4.13)  |dullx < lldullx + CrL(m —n)7 el
+ ellenllw lunllp + Cer llenllu [lunllp  for k<n <m < M.
We take the second term on the left-hand side of (4.12)) to power p and denote it by
m p
Thm = ”(e”)n:k”LP(D)

For the second term on the right-hand side of (4.13]) we note that, by partial sum-
mation,

7S m = e eallly =7 3 ((m = ) — (m — n — D)7,

n=k
<0ty ((m- n)T)pflnn.
n=k
Hence we have from (4.12)

m < Chp (d)m kH’;p(X) <Cr ((m-— )

n=k
+ C(=Blen)isll=ar) + CBIl(en)iiloem + [ (d nmm )
With a discrete Gronwall inequality, we therefore obtain from (4.12) that
(4.14) H%numm+n%nwmm<cﬂ@uwm w)
+ CllennZsllz=en + Cl(@n)nill oy
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Next we show that by property (ii) the left-hand side dominates ||(e;)3, || L)
We write §(¢) = (1 —¢)u(¢), where the polynomial u(¢) of degree k— 1 has no zeros
in the closed unit disk and, therefore,

o0

1
—— =) xu(",  where |x,|<p" withp<1.
uc) =

It follows that

n
€n — En—1 o ¢ Y
- " - E i X4
T : J AJ

Jj=0

(=),
T n=k

If we denote by e(t) the piecewise linear function that interpolates the values e,,
then we have

and

Lp(X) < OH(é”)T]\L/[:kHLP(X)'

€n — 611—1)1\4

T

Iéllzroarr = | (

n=kllLr(X)

and
lell om0y < Cll(en)alill o)

Combining the above inequalities and using property (ii) for e(t), we thus obtain

I(en)nlrllzm=ory < C(En)nall oy + 1n)niell o)) -

For sufficiently small € we can therefore absorb the first term of the right-hand side
of (4.14]) in the left-hand side to obtain

(4-15) H(én)ﬁ/[:kHLp(X) + ||(6n)r];/[:k”Lp(D) < C”(GN)%:k;HL“(H) + C0.

(¢) (Energy estimate) To bound the first term on the right-hand side of (|4.15])
we use the energy estimate obtained by testing (4.8]) with e, — fxe,_1 with 6, from
Lemma 4.3}

k
1
(416> ; (en — eken—lu Z 6j6n—j) + <6n7 Anen> - €k<€n—17 Anen> - <en — eken—la dn)
7=0

with N
d,, = (A(ﬁ*) - A(ﬂn))un —d,,.

n

Now, with the notation E, := (e,,...,e, rs1)! and the norm |E,|q given by

k
|En|2G = Z Gii(€n—ktis Enktj);

ij=1
using (4.7)), we can estimate the first term on the left-hand side from below in the
form

k
(4.17) (en = Oken—1, Y _djen_j) > |Enlt — |Enca |3

=0



14 GEORGIOS AKRIVIS, BUYANG LI, AND CHRISTIAN LUBICH

In the following we denote by || - ||, the norm given by ||v||2 = (v, A,v), which by
(iii) is equivalent to the V-norm. Furthermore,

<6n - gken—la Anen> = ||en||i - 9k<€n—17 An6n>a

whence, obviously,

O Ok

(4'18> <€n - ernfla Anen> > (1 - 3) HenHi - 9 Hen,1|’i.
Moreover,
(4.19) (en = Oken—1,dn) < e(llenll? + Ollen-all2 1) + Celldnll},

for any positive €. At this point, we need to relate ||e,—1]|, back to ||e,—1|ln—1. We
have, by the bounds (v’) and (4.4)),

[ll7 = llvll-1 = (v, Anv) = (v, A1) = (v, (An = An-1)v) < CT|0I7,
so that
(4.20) len-1ll < (1+ C7)llen-1lln-s-
Summing in (4.16]) from n = &k to m < M, we obtain

m m
|Enlg+ 07 llenlls < Cem Y lldnll},
n==k n=~k

with p:=1— 6, — (1 +0;)e > 0.
To estimate d,,, we note that the bound of (v) yields

k
I(A(@) = Ali))uallve < D (ellewsllv + Cellenslu ) lunlp
=0
k

<37 (2ellen s + Clleasl3 ) luallo-

j=0

Absorbing the terms with |le,_;||{- we therefore obtain, for k < m < M,

m m m
leml3 +7 Y llealls < CT Y~ lleallt +C7 > lldall3,
n==k n=~k n==k

and the discrete Gronwall inequality then yields
llenlln < C6, kE<n<M.
(d) (Complete time interval) Inserting the previous bound in (4.15]), we obtain
L \M M
H(en)n:kHLP(X) + H(en)n:k”Ll’(D) < €9,

which by (ii) and the argument in part (b) above further implies
H(e”)ﬁ/[:k’HLOO(W) < C.

For the linearly implicit BDF method, this implies that ;41 = Z?;é Viun—j s
bounded by ||ty +1]lw < CR, and hence the above arguments can be repeated to
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yield that for sufficiently small § the bounds (4.11)) are also satisfied for M + 1,
which contradicts the maximality of M unless M = N. ([

While parts (a)—(c) of the above proof apply also to the fully implicit BDF meth-
ods, the argument in part (d) does not work for the fully implicit method. Here
we need some a priori estimate from the existence proof, which is established in the
next section.

5. EXISTENCE OF NUMERICAL SOLUTIONS FOR THE FULLY IMPLICIT SCHEME

While existence and uniqueness of the numerical solution are obvious for the
linearly implicit BDF method , this is not so for the fully implicit method. In
this section, we prove existence and uniqueness of the numerical solution for the
fully implicit BDF method and complete the proof of Proposition [4.1] for this
method.

5.1. Schaefer’s fixed point theorem. Existence of the solution of the fully im-
plicit BDF method ([2.2)) is proved with the following result.

Lemma 5.1 (Schaefer’s fixed point theorem [I1], Chapter 9.2, Theorem 4]). Let W
be a Banach space and let M : W — W be a continuous and compact map. If the
set

(5.1) {(b eW: ¢=0M(p) for some 0 €0, 1]}
15 bounded in W, then the map M has a fixed point.

5.2. Proof of the existence of the numerical solution and of Proposition 4.1
for fully implicit BDF methods. In the situation of Proposition [1.1, we assume
that u, € D,n==k,..., M — 1, are solutions of (2.2)) and satisfy

(5.2) 1 (un)no ll=qwy < R,

with R of (4.10]), and prove existence of a numerical solution uy; for (2.2), which
also satisfies ||up|lw < R.
We define a map M : W — W in the following way. For any ¢ € W we define

(53) o = min (ﬁ 1),

Clearly, ps depends continuously on ¢ € W, and
(5.4) lpsdllw < V0.

Then we define e); = M(¢) as the solution of the linear equation

1 k
55) =D Gienr—y = Alui)enr + (A(uly + pod) — Aluiy)en
. =
+ (Aluhy + pp9) — Alug))ups — dor-

Using the compact imbedding of D in W, the fact that the resolvent operator
(60/7 + A(uy; + ppd))t maps from X to D, and condition (iv) (with € = 1), it is
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shown that the map M is continuous and compact. Moreover, if the map M has a
fixed point ¢ with p, = 1, then ey, = M(¢) is a solution of

1o . . )
(5.6) = ;51'6M—j = A(uj)en + (A(uhy + enr) — A(uly))enmr

+ (A(uy, + enr) — A(uyy))uyy — da,

and uys := u}j; + eps is the solution of with n = M.

To apply Schaefer’s fixed point theorem, we assume that ¢ € W and ¢ = O M ()
for some 6 € [0, 1]. To prove existence of a fixed point for the map M, we only need
to prove that all such ||¢]|y are uniformly bounded.

Let epy = M(¢). Then ¢ = ey and (5.5)) implies that ey, is the solution of

k
1
=D denrs = Aluig)eas + (Al + Bpsear) — Aluig)en
7=0

(5.7)
+ (A(uiy + Opoerr) — Alui) )ty — da
and
1 k
58) =D Gienny = Alup)en + (Alu] + en) — A(u;))e
. P

forn==~k,..., M — 1, satisfying
(5.9) 8pserl < Vo.

In the same way as in Section [4.4] we obtain

(5.10) 1€ ntll ey + [1(en)niill Loy < C9
and
(5.11) [ (en)ntoll o wy < C4.

Since ¢ = ey with 6 € [0,1], the last inequality implies uniform boundedness of
|pllw with respect to 6 € [0, 1], and this implies the existence of a fixed point ¢ for
the map M by Lemma Moreover, in view of and since the fixed point ¢
satisfies ¢ = ey, for sufficiently small § we have

(5.12) Iélw < V0, andso p,=1.

This proves the existence of a solution of ([2.2)) for sufficiently small §, and that the
solution satisfies (5.10]) and (5.11]) and hence also ||uas||lw < R, which completes the
proof of Proposition [4.1] for the fully implicit BDF methods. O



MAXIMAL PARABOLIC REGULARITY AND ENERGY ESTIMATES 17

5.3. Uniqueness of the numerical solution. Suppose that there are two numer-
ical solutions u,,, u, € D of , both with W-norm bounded by R as in the proof
of existence. By induction, we assume unique numerical solutions u; with WW-norm
bounded by R for 7 < n. The difference e,, = u,, — u,, then satisfies the equation

5?0% + A(tn)e, = (A(un) — A(ty)) .

We test this equation with e, and note that, with some agp > 0 depending on R, we
have, using conditions (iii) and (v),
do
— leallls + arlleally < lleallv (llenllv + Cerllenlln) lunllp,

which implies that there exists 7 > 0 such that for 7 < 7, we have e,, = 0. We
have thus shown uniqueness of the numerical solution u,, € D with ||u,||lw < R for
stepsizes 7 < Tg.

6. CONSISTENCY ERROR

The order of both the k-step fully implicit BDF method, described by the coeffi-
cients dy, ..., 0 and 1, and of the explicit k-step BDF method, that is the method
described by the coefficients oy, ..., d; and g, ..., V%_1, is k, i.e.,

k
(6.1) S (k—i)s =0 =) (k—i—-1)""y, (=0,1,... k.

=0 i
The defects (consistency errors) d” and d” of the schemes (2.2) and (2.3) for the
solution u of (2.1)), i.e., the amounts by which the exact solution misses satisfying

(2.2) and (2.3)), respectively, are given by

N
—

Il
=)

(6.2) dy = 3 dyulta ) + Alulta)u(tn)
and
(6.3) dy, = % Z dju(ty—j) + A ( i fyju(tn,j,l))u(tn),

n=k,..., N, respectively.

Lemma 6.1. Under the reqularity requirements (2.8) or (2.9), the defects d,, and
d,, are bounded by

(6.4) x| lw-ra) < 78, max [lduflw-raw) < CTF

in the case of (2.8]), and by

(6.5) max ||dy||ze(2) < Cr*,  max ||Jn||Lq(9) <crt
k<n<N k<n<N

in the case of ([2.9)).
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Proof. Since the proofs for (6.4]) and (6.5)) are almost identical, we just present the
proof of (6.5). We first focus on the implicit scheme (2.2)). Using the differential

equation in ([2.1), we rewrite (6.2)) in the form
k
1
(6.6) dn = — ZO S;u(tn_j) — dyulty).
]:

By Taylor expanding about t,_j, we see that, due to the order conditions of the
implicit BDF method, i.e., the first equality in (6.1]), leading terms of order up to
k — 1 cancel, and we obtain

tn
(6.7) [ Z d; / (tn_j—s)"u* ) (s)ds — k/ (tn — s)k_lu(k“)(s)ds] ;
tn th—k

here, we used the notation u(™ := 8tm . Taking the L? norm on both sides of .
we obtam the desired optimal order consistency estimate ((6.5]) for the scheme .
Next, concerning the scheme . from . and (6.3)) we immediately obtain

the following relation between d,, and d,,
(6.8) dy = dn + (A(u(tn)) — A((tn))) u(tn)
with

k-1
(6.9) u(tn) = Z%‘u(tn—i—1>'

By Taylor expanding about ¢,,_, the leading terms of order up to k—1 cancel again,
this time due to the second equality in (6.1)), and we obtain

u(t,) — u(t,) = " _1 0 [/t ' (tn — 8)u® (5)ds

n—k
k—1 tn—j—1
S [ e = 9 ),
JZO tn—k

whence, taking the W4 norm on both sides of this relation, we immediately infer
that

(6.10) [u(tn) = a(ta) lwiage) < COT .
Now, (A(u(tn)) A(a(t, )))u(tn) =V- ((a(u(tn)) — a(ﬁ(tn)))Vu(tn)), whence
1(A(u(tn)) — Ala(ts)))uta)l Lo
= IV - ((a(u(tn)) — al@(ta)) Vu(ts)) [ Loy
) — a(@(tn))] oo @) llultn) [lw2a(e)
+ Clla(u(tn)) — a(@(tn))lwrsollultn) [wree)
< Cllultn) = a(tn)lwrao);
therefore, in view of , we have
(6.11) I(ACu(tn)) = Ala(tn))ultn) |z < OT*.
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Combining (6.11]) and the bound for d,, we obtain the desired optimal order con-
sistency estimate (6.5]) also for the scheme ({2.3]). O

7. PROOF OF THEOREMS [2.1] AND

The cases (P1) and (P2) of Section [3.1] correspond to the situation in Theorems
and [2.2] respectively. Lemma [3.1] ensures that problems (P1) and (P2) are of the
type considered in the abstract framework of Section [3.1 and Lemma [4.1] ensures
the required uniform discrete maximal regularity of the BDF methods. Lemma [6.1
yields that the situation of Section holds with u} = w(t,) and § < C7*. The
error bounds of Theorems and [2.2] then follow from Proposition [.1]

It remains to give the proofs of Lemmas and [4.1] This is done in the final two
sections.

8. W-LOCALLY UNIFORM MAXIMAL REGULARITY

8.1. Proof of (i) in Lemma Let 2 C R? be a bounded Lipschitz domain
and consider the following initial and boundary value problem for a linear parabolic
equation, with a time-independent self-adjoint operator,

Ou(z,t) — V- (b(z)Vu(z,t)) =0 for (z,t) € 2 x Ry,
(8.1) u(z,t) =0 for (t,x) € 002 x Ry,
u(z,0) = ug(x) for x € (2,
where the coefficient b(z) satisfies
(8.2) Kyt < b(r) < K.

We consider W = C%(2) and W = C»%(£2) in the settings (P1) and (P2), respec-
tively. In this section, we combine results from the literature and prove W-locally
uniform maximal parabolic regularity of , where the constant depends only on
Koy and ||b]|w -

Let {Fy(t)}s+>0 denote the semigroup of operators on L?({2), which maps ug to
u(-,t), given by and let A, denote the generator of this semigroup. Then
{E5(t) }+0 extends to a bounded analytic semigroup on L?(f2), in the sector Xy =
{z€C: z#0,|argz| < 0}, where 6 can be arbitrarily close to 7/2 (see [10, 20]),
and the kernel G(t,z,y) of the semigroup {Es(t)}+~o has an analytic extension to
the right half-plane, satisfying (see [10, p. 103])

R
(8.3)  |Glz,2,y)| < Cylz|2e @, Vze Xy, Ya,ye R, YVoe(0,71/2),

where the constant Cy depends only on K and €. In other words, the rotated
operator A = —e¥ A, satisfies the condition of [I5, Theorem 8.6], with m = 2 and
g(s) = Cye™*"/% (see also [I5, Remark 8.23]). As a consequence of [I5, Theorem
8.6], Es(t) extends to an analytic semigroup E,(t) on L9(f2), 1 < ¢ < oo, which is
R-bounded in the sector X for all § € (0,7/2) and the R-bound depends only on
Cp and q. (We refer to [15] for a discussion of the notion of R-boundedness.) To
summarize, we have the following lemma.
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Lemma 8.1 (Angle of R-boundedness of the semigroup). For any given 1 < ¢ < oo,
the semigroup {E,(t) : LY(£2) — Li(§2)}i~0 defined by the parabolic problem is
R-bounded in the sector Xy = {z € C : |arg(z)| < 0} for all 0 € (0,7/2), and the
R-bound depends only on Ky, 6 and q.

According to Weis’ characterization of maximal LP-regularity [24, Theorem 4.2],
Lemma [8.1] implies the following two results.

Lemma 8.2 (Angle of R-boundedness of the resolvent). Let A, be the generator of
the semigroup {E,(t)}+=o defined by the parabolic problem (8.1)), where 1 < ¢ < 0.
Then the set {\(A — A,)™" : X € Xy} is R-bounded in the sector Xy = {z € C :
larg(z)| < @} for all 0 € (0,7), and the R-bound depends only on Ky, 0 and q.

Lemma 8.3 (Maximal LP-regularity). Let A, be the generator of the semigroup
{E,(t)}t=0 defined by the parabolic problem (8.1). Then the solution u(t) of the
parabolic initial value problem
W'(t) = Aqu(t) + f(t), t>0,
u(0) =0,

belongs to D(A,) for almost allt € Ry, and

(8.4)

(8.5) [0/l Lo 5o (2)) + [ Aqull Lo@yszo) < Cogllfllor@yina(2),
forall f € LP(Ry; L9(82)) and 1 < p,q < oo, where C,,, depends only on p,q and K.

If the domain 2 is smooth and b € C1*(£2), then (see [8, Chapter 3, Theorems
6.3-6.4]) by elliptic regularity

[ullw.a(2) < Cyll AqullLa(),

where the constant C; depends only on Ko, g, and ||bl|c1.a(z). Hence, Lemma
implies (i) for the case (P2).

In the case (P1), we need to use the following elliptic regularity result.

Lemma 8.4. For any given bounded Lipschitz domain 2 C R%,d = 2, 3, the solution
of the elliptic boundary value problem

V.- (b(x)Vu) = f in 2,
(8.6) { u=0 on 012,
satisfies
(8.7) ullwra) < Coll fllw—ra)y, Y <a<dqa

where qq > 2 is some constant which depends on the domain and 1/qq+ 1/, = 1,
and the constant C, depends on q, Ko, 2, o and ||bl|ca(g)- In particular, g > 4

and g3 > 3 for any given bounded Lipschitz domain 2 C R, d = 2, 3.

Lemma was proved in [I3, Theorem 0.5] for constant coefficient b(z), and
this proof can be extended to variable coefficient b(x) by a standard perturbation
argument. By using Lemmas [8.3] and [8.4], we can also prove the following maximal
LP-regularity on W~14(£2), which implies (i) for the case (P1) (with X = W~1¢(()
and d < q < qq)-
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Lemma 8.5. If the domain (2 is Lipschitz continuous and b € C*(§2) for some
a € (0,1), then the solution of (8.4) satisfies

88) Ol erew-race) + [ullr@ywra@) < Cogllfllr@ew-1a0),

for all f € LP(R;WH(02)), 1 < p < o0 and ¢ < q < qa; the constant C,,
depends only on p, q, Ko, 2, a and [|b]| ge -

Proof. Since the solution of (8.4)) is given by

u(t) = /0 E,(t—s)f(s)ds,

Lemma implies that the map from f to A,u given by the formula

Agu(t) = [ At = 9)f(50s

is bounded in LP(0,T%; L9(S2)). In other words, if we define

w(t) == — /t A B, (t — s)(—A,) Y2 f(s)ds,
0
then we have

(8.9) || Leo.r:pa(2)) < Cpgll(—A9) 2 Fll oo, riLa(0)),s

where the fractional power operator (—A4,)7Y/2 is well defined (due to the self-
adjointness and positivity of —A,) and commutes with A,. It is straightforward
to check that

Vu = V(-A,) V.

Since the Riesz transform V(—A,)~'/2 is bounded on L%(2) for ¢, < q < qq (see
Appendix), it follows that ||Vul||zro,r;0e(2)) < Cpgllwl zrom;re(2)); therefore, in view

of , we have
(8.10) IVull Loorizace) < Cogll(=A0) ™ fllLo.in9(2))-

Moreover, since (—A,)"Y/2V- is the dual of the Riesz transform V(—A,)"/2, it is
also bounded on L?({?2) for any ¢, < ¢ < qq4, and so we have

1(=A) ™2 fllzro.rizay = (=A™ 2V - VAT fll oo, 100002
< ClIVA™ fll oo

whence
(8.11) (= Ag) ™ fllroria)) < Cogllfllromsw—1a(2)-

Estimates (8.10) and (8.11)) yield (8.8)). O
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8.2. Proof of Lemma[4.1]. In this section, we consider the BDF time discretization
of §3):

k

1
8.12 =N Sty = Agttn + fu, >k,
( ) o j Un—j gun + f n

(8.13) up=0 and wuy,...,ux_1 given (possibly nonzero).

In view of Lemma [8.2] we have the following result, which implies Lemma [4.1] for
the case (P2).

Proposition 8.1 ([I4, Theorems 4.1-4.2 and Remark 4.3]). For 1 < k < 6, the

solution of (8.12)—(8.13)) satisfies

H(un)fyzkHLP(LQ(Q)) + ”(Aqu")gﬂHL?’(Lq(Q))

1 k—1
P Z »
Lq(9)> + Coq (T; HAqunHLq(Q)

+ Coal| (Fdniell o zo gy

D=

Up — Un—1

k
(8.14) < Chyq (T

or 1 < < 00, where the constant C,, depends only on Ky and q, i.e., it is
f p.q ) pq dep y q, i.e.,
independent of 7, N and b.

By applying Proposition [8.1] we prove the following result, which implies Lemma
for the case (P1) (with X = W~14(£2) and d < ¢ < q4).

Proposition 8.2. Let 1 < k < 6. If the domain §2 is Lipschitz continuous and the
coefficient satisfies b € C*(2) for some o € (0,1), then the solution of (8.12)(8.13)

satisfies

[ (itn) = IfHLPW Loy T [ () kHLP qu(rz))
k-1

&HWWQ)) +Cpq<TZ||un||W1q )

+ Cp7qH fn n:k”Lp(W—Lq(Q))’

3=

(8.15) < Cpyq (T

forall1 < p < oo and q; < q < qq, and the constant C,, depends only on Ky, q, 12,
a and ||bl|ce ;) (independent of T and N).

Proof. In view of [14, Remark 4.3], we only need to consider the case ug = -+ =
ug—1 = 0. The proof is a time discrete analogue of the proof of Lemma [8.5|
We consider the expansion

(& a)" = L EC <L

which yields (see, e.g., [14], Section 7))

j=k
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Proposition 8.1|implies that the map from (f,,)2_, to (A,u,)Y_, given by the formula

n

Agun =Y TAE,;f;

=k
is bounded in LP(L4(§2)). In other words, if we define w,, := (—A,)"/?u,, then

n

wo ==Y TAEj(=A) 2S5,

j=k

and we have

(8.16) 1 (wn)ns lzrczay < Cpgll (= Ag) ™2 fa)aiyllirzacay),

where the fractional power operator (—4,)~!/? commutes with 4,. Obviously
Vu, = V(=A,) Y w,.

Since the Riesz transform V(—A,)~'/2 is bounded on LI(£2) for ¢}, < q < qa (see
Appendix), it follows that ||(Vu,)2 ||re(ra2)) < Cogll(wn)2_1llLo(Le()); therefore,

in view of (8.16)), we have
(8.17) 1(Van)nzs | zozae) < Cogll (A) ™2 fa)iis lozacay-

Moreover, since (—A,)"'/2V- is the dual of the Riesz transform V(—A,)~/2, it is
also bounded on L9({2) for any ¢, < ¢ < qq, and so we have

1((=A0) 2 f)ni leoragay = 1((=Ag) ™2V - VAT f)70 o race)
< Cll(VAT f)nlulle(zacay).
whence
(8.18) 1((=A9) ™2 f)nill ooy < Cogll(F)nzi | ogw—1a(2))-
Estimates and yield . O

9. SOBOLEV AND RELATED INEQUALITIES: PROOF OF LEMMA

A Banach space X is said to be imbedded into another Banach space Y, denoted
by X — Y, if

(A)ue X = uey;

(b) |lully < C|lu||x for all w € X, where C'is a constant independent of w.
The space X is said to be compactly imbedded into Y, denoted by X <—— Y, if in
addition to (a)—(b) the following condition is satisfied:

(c) bounded subsets of X are precompact subsets of Y.

Lemma 9.1. Let X, Y and Z be Banach spaces such that X is compactly imbedded
mto Y, and Y s imbedded into Z, 1i.e.,

X ==Y = 7
Then, for any € > 0, there holds
Jully < ellullx + Cflullz Ve X.
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Proof. This lemma is probably well known, but since we did not find a reference,
we include the short proof.

Suppose, on the contrary, that there exists € such that the inequality above does
not hold for all w € X. Then, there exists a sequence u,, € X, n = 1,2,..., such
that

[unlly = ellunllx + nllun|lz.

By a normalization (dividing u,, by a constant), we can assume that ||u,||y =1 for
all n > 1. Hence, we have

[unllx <1/e and [z <1/n.

On one hand, since X is compactly embedded into Y, the boundedness of u,, in
X implies the existence of a subsequence u,, , k =1,2,..., which converges in Y to
some element v € Y — Z. Hence,

(9.1) [ully = lim [ju,, [ly = 1.
k—o0

On the other hand, ||u,|z < 1/n implies that u,, converges to the zero element in
7, which means that

(9.2) u=0.
Clearly, (9.1) and (9.2)) contradict each other. O

Lemma 9.2 (Sobolev imbedding). For s >0, 1 < p,q < 0o and d > 1, we have:

(1) W59(02) < C*(2) < L>®(£2) for a € (0,5 —d/q) if sq > d,

(2) W51(§2) s C12(2) for a € (0,5 — 1 —d/q) if (s — 1)qg > d,

(3) W‘”’(R X) = L>®(R; X) if sp > 1, where X = L4(02) or X = W14(02),

(4) HY () << Lo(0 )forall1§q0<2d/( —2) when d > 2, and gy = oo when
d=1.

Remark 9.1. (1)-(2) of Lemma are immediate consequences of [5 p. xviii,
Sobolev imbedding (18)]; (3) is a simple vector extension of (1); (4) can be found in
[T, p. 272, Theorem 1].

Proof of (ii) in Lemma . For any 1 < p,q < oo and rq,7r9,7 > 0 such that
(1 =8)r1 +0ry =1 for 6 € (0,1), we denote by B}(£2) := (W"4(£2), W1(£2))g,
the Besov space of order r (a real interpolation space between two Sobolev spaces,
see [23]). Then, via Sobolev embedding, we have

WhP(0,T; LY(£2)) N LP(0, T; W*9(12))

— L(0,T; (LI(82), W>U(£2))1-1/pp) see [I8, Proposition 1.2.10]
~ [*(0,T; Bi’Q/p’q(Q)) according to the definition
— L>(0,T;C"(02)) when (1—-2/p)g>d < 2/p+d/q<1.

Proof of (iti)-(v) in Lemmal[3.1 We first consider the setting (P2). Property (iii) is
standard textbook material. To prove (iv), we note

(A(v) — A(w))u =V - ((a(v) — a(w))Vu) = V(a(v) — a(w)) - Vu + (a(v) — a(w))Au
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and estimate as follows:
[(A(v) — A(w))ul[La2) < Crllv — w(lwre()l|ullwiae)
+ Crllv — w||z (o) ||lullw2.a(2)-

Since C1%(£2) is compactly imbedded into W1*°(£2) and L*°(§2), Lemma [9.1| gives
us the inequalities, for arbitrary ¢ > 0,

[0 = wllwroe) < el — wllgragm) + Cellv — wll 2@,
v —wllr=@) <ellv—wlcram) + Cellv — wlL2(0)-
The inequality of (v) follows on estimating
(, (A(v) — A(w))u) < Crllollme) v —wl L@ llullnrae),

where 1/g+1/q = 1/2. Note that for the considered ¢ > d we have ¢ = q/(¢/2—1) <
d/(d/2 — 1), and so H'({2) is compactly imbedded into L7(§2) (see (4) of Lemma
or [1I, Theorem 6.3]), so that by Lemma

lv = wllra) < ellv = wllm @) + Cellv = wl[r2(q).

We now turn to the setting (P1). Property (iii) is the same as in (P2), and (v)
has actually been shown above. Property (iv) follows from estimating

(@, (A(v) = A(w))u) < Crllellwra o) llv = wlle@llullwioe),
where 1/g+ 1/¢' = 1, and from the bound
[0 — wl[Loe(2) < llv = wllgagm) + Cellv = wllz2(a),
which follows from Lemma [0.1] O

APPENDIX A. BOUNDEDNESS OF THE RIESZ TRANSFORM

Let A, : D(A,) — L%({2) be defined by A,u =V - (b(z)Vu), where
D(A,) = {ue WH(2): V- (b(x)Vu) € LY(2)} and be C*(2) satisfies (8.2)).
Lemma A.l. The Riesz transform V(—A,)™Y/? is bounded on Li(£2) for ¢, < q <
qd; 7"'6‘7

IV (=44) " ull o) < Collullzaey,  for a4 < a < aa.

where the constant Cy depends on q, 2, a and [|b]| ge(g)-
Proof. Tt has been proved in [22, Theorem B] that the Riesz transform V(—A,)/2
is bounded on L7({2) if and only if every solution of the homogeneous equation
(A1) V- (b(x)Vu) =0

in 2N By, (x0) such that u = 0 on 92 N By, (x0) (if it is not empty) satisfies the
following local estimate:

1 1
1 q 1 2
(A2) (—d / |Vu|qu> gc<—d / |Vu\2dx> ,
™ J0NB,(z0) " J 02N Bay(z0)

for all zp € 2 and 0 < r < ry, where ry is any given small positive constant such
that 2N By, (x0) is the intersection of By, (z) with a Lipschitz graph. It remains
to prove (|A.2)).
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Let w be a smooth cut-off function which equals zero outside By, := Ba,.(z9) and
equals 1 on B,. Extend u to be zero on By, \{2 and denote by ug, the average of u

over Bsy,. Then implies
(A3) V- -(bV(w(u—ugy)))=V-(blu—uy)Vw)+bVw- - V(u—uy) in 2,
and the W9 estimate (Lemma [8.4) implies
lw(u = ug)[lwrae) < Cll(u = u2r) Vol o) + ClIVw - Vullw-1a(0)
< O (u = uzp) Vol Loy + Cl[Vw - Vul| o)
= C||(u — ugr)Vw|| La(p,,) + C||Vw - V|
< Cr7||Vu

LS(BQT)

Ls (Bgr) )

where s = qd/(q + d) < q satisfies L*(2) < W~54(2) and W'5(2) — L1(£2). The
last inequality implies

(A.4) VUl Laons,) < Cr~t|Vul

L5 (2NBa,)-

If s <2, then one can derive
IVull Lagons,y < Cr¥/T 2| Vul 12 onp,,)

by once more using Holder’s inequality on the right-hand side. Otherwise, one only
needs a finite number of iterations of (A.4) to reduce s to be less than 2. This

completes the proof of (A.2)). O
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