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Structure-preserving Gauss methods for the nonlinear
Schrodinger equation
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Abstract We use the scalar auxiliary variable (SAV) reformulation of the nonlinear Schro-
dinger (NLS) equation to construct structure-preserving SAV-Gauss methods for the NLS
equation, namely L?-conservative methods satisfying a discrete analogue of the energy (the
Hamiltonian) conservation of the equation. This is in contrast to Gauss methods for the
standard form of the NLS equation that are L2-conservative but not energy-conservative. We
also discuss efficient linearizations of the new methods and their conservation properties.
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1 Introduction

Let Q C R? be a bounded domain with smooth boundary d€, and consider the follow-
ing initial and boundary value problem for the nonlinear Schrodinger (NLS) equation with
power nonlinearity: seek a complex-valued function u : Q x [0,T] — C,u = u(x,r), satisfy-
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ing
u = iAu+idlulP'u in Qx[0,T],
(1.1) u=0 on dQ x [0,T],
u(-,0) =u® in Q,
where A is a nonzero real number, u° is a given complex-valued function, and p > 1.
Two fundamental invariance properties of the NLS equation are the conservations of the

L?-norm, i.e., of the charge, density or mass, depending on the application, and of the energy
(Hamiltonian) E (u(-,t)), here multiplied by 2 for convenience,

(u(0) = [lu(,0)|? = ],

Blut))i= Va0l = 255 )l =BG,

Lp+1

(1.2)

with || - || and || - ||;p+1 the L*(2)- and LP*!(Q)-norms.

It is well known that the Gauss methods for the standard form (1.1) of the NLS equa-
tion are L%-conservative, [2,23], but are not energy-conservative. In this article, we use the
scalar auxiliary variable (SAV) reformulation of the NLS equation to construct classical,
L?-conservative SAV-Gauss methods satisfying a discrete analogue of the energy conser-
vation property. To emphasize the basic construction technique and to keep the article at a
reasonable length, we do not study convergence properties of the SAV—-Gauss methods. We
note that the analysis proceeds along the lines of [23], [3] or [4], depending on the variant
of the method; cf. Remark 4.1.

The NLS equation is one of the most important equations in mathematical physics; it
is used in nonlinear optics [38, Chapter 1], in fiber optics communications [1], in plasma
physics [30], in geophysics [29], and in mathematical biology [27]. See also the survey
[31]. We refer to [38] and [35,36] for various properties of the NLS equation and for further
references. For the cubic NLS and © C R? with smooth boundary 9€, it is proved in [9] that
the initial and boundary value problem (1.1) possesses a unique global solution in H? (),
provided u® € H*(2) N H}(2) and either A <0 or A > 0 and coA|[u®|? < 2, with ¢¢ a
positive constant occurring in the Gagliardo—Nirenberg inequality,

(1.3) Vo € Hy(Q)  [vlljaq) < collv]*[[VOl:

see [28, Lemma 2] for the proof that ¢o < 1/7 as well as for uniqueness results for 1 < p < 3.

We refer to the monographs [21] and [10] and to the review articles [15] and [11] for
structure-preserving numerical methods for ordinary differential equations (o.d.e’s) as well
as for partial differential equations. An important advantage of structure-preserving methods
is that they exhibit improved long time behavior; cf., e.g., [18], for the NLS equation. In the
case of the NLS equation, particularly desirable properties of numerical methods are the
conservation of the mass (density) and energy at the discrete level.

A popular structure-preserving modified Crank—Nicolson scheme for (1.1), widely used
in computations in finite difference or finite element contexts, was introduced by Delfour,
Fortin, and Payre, [17]; see (3.8); the differencing of the nonlinear term is motivated by a
method of Strauss and Vazquez, [37], for the Klein—Gordon equation. We briefly discuss
this method in section 3. So-called relaxation, second order methods, introduced in [6,7]
for the cubic NLS equation and in [8] for higher power nonlinearities, are L-conservative
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and preserve a modified discrete energy. These methods are linearly implicit for the cu-
bic NLS equation and nonlinear for higher power nonlinearities. In [8] and [42] second
order convergence for the cubic NLS equation and for general nonlinearities, respectively,
is established. A second order two-step scheme for the original form of the NLS equation
satisfying discrete analogues at two consecutive time levels of the mass (density) and en-
ergy conservations was proposed and implemented in [19]; this method is analyzed in [41]
and [42]. High-order energy-preserving methods for the one-dimensional NLS equation are
considered in [5] and [12].

For exponential integrators for the NLS equation, we refer to [25,13,14,16] and refer-
ences therein; notice that the projected explicit Lawson methods of [13] preserve the L?-
norm and the momentum, rather than the energy, for special initial values. In [14] schemes
with exact conservation of the discrete L>-norm and/or energy are constructed by projection
and/or design of the schemes. See [22, pp. 472-474] for the basic idea for projection meth-
ods for o.d.e’s with invariants. For numerical methods that nearly conserve mass, energy and
momentum over long times, see [16].

The outline of this paper is as follows. In Section 2 we present the SAV reformulation
of the NLS equation; see (2.13). In Section 3 we briefly recall the L>-conservative stan-
dard Crank—Nicolson method as well as the L?- and energy-conservative modified Crank—
Nicolson method. We also note that the continuous Galerkin methods are energy-preserving.

In contrast to the standard formulation (1.1), as we shall see in Section 4, the SAV-Gauss
methods, i.e., the Gauss methods for the SAV reformulation (2.13) of the NLS equation, are
L?-conservative and satisfy the analogue of the energy conservation property (2.8) at the
discrete level. For the convenience of the reader, we treat the one-stage (midpoint) Gauss
method, i.e., the Crank—Nicolson method, first and subsequently the general case. Numerical
results are presented in Section 5.

2 The SAV reformulation of the NLS equation

In this section we present the SAV reformulation of the NLS equation. For the sake of
completeness, we give also details of the derivation of the well-known invariance properties
(1.2).

We denote by (-,-) and || - || the L? inner product and the corresponding norm, and by
|- ||z the L9-norm.

2.1 Invariants

Testing the NLS equation in (1.1) against # and against u,, respectively, and integrating by
parts in the first term on the right-hand side, we have

1d
@1 3Ll |+ Tm () 1) = =i Va0 P A 0l
and
)P = T(Vat, Vi) = & (j-,0) |~ TG, 1)a (1)) )
(22) 1d

22
2 p+1
=i g (9G0P = =0l ),
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0 <t < T, respectively. Notice that in the derivation of (2.2) the simple calculation

(2.3) 8,(\u(x,t)\p+1) = (p+Du(x,)[P"'Re (u(x,t)u,(x,t))

is used. Taking real and imaginary parts in (2.1) and (2.2), respectively, we see that both the
L?-norm (charge, density, mass) and the energy (Hamiltonian) E (u(-,¢)) are conserved,

(24) fu(,0)ll = |, 0<r<T,

and

2.5 E(u(.0) = [Vul-.0 2 — 2 a0 177 = E(W), 0<i<T
(2.5) (u(-,1)) = [[Vu(-,1)|| *pHIIu(-,)IIWIf u’), 0<t<T,

respectively. The Hamiltonian plays a more important role in the case of the defocusing
NLS, i.e., for negative A, than in the case of the focusing NLS, i.e., for positive A.

2.2 The SAV approach

The scalar auxiliary variable (SAV) approach, motivated by the invariant energy quadrati-
zation (IEQ) technique of [39] and [40], was introduced in [33] and [34] for gradient flows.
In both approaches, the energy is expressed in terms of Hilbert space norms of the new
variables; this fact considerably simplifies the construction of structure-preserving numer-
ical methods. We could have also used the IEQ approach here; we have chosen the SAV
approach since, in contrast to the IEQ approach, it only slightly increases the computational
cost.
We introduce the scalar real-valued function r,

prl
)‘|Lp2+|, 0<[<T7

1 1/2 1
@6 (0= (S0l T = gl

and let W(v) be given by
vl” 'y
/2
I
(55 lol:)

In view of (2.6), the energy is expressed as

@7) W(v):=

E(u(-,1)) = |Vu(,0)|[* = 24|r(1) ],
and the energy conservation property (2.5) can be written in the form
(2.8) [Vu(-,2)||* =2A[r(6)[F = Vi[> =24 |°), 0<t<T,
with 0 := r(0). Notice that the energy is expressed in terms of Hilbert space norms of the
new variables; this is the main advantage of the SAV approach for the NLS equation.

Then, obviously, the NLS equation can be written in the form

(2.9) u =1Au+iArw(u) in Q x (0,7T].
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Now,

1 1

2.10 (1) = S|Py

( ) r(t) 2(p+1) (%”u( t)||p+1 )1/2(|M( t)HLp )
P+ ’

L+l

Consider now the last factor on the right-hand side of (2.10). We have

1\/ d
(le0l2) = 5 [ et a,

whence

i () = [ 3o ™) .
Substituting (2.3) into (2.11) and the result into (2.10), we obtain
2.12) K (t) = %Re(W(u),u,), 0<I<T.

Summarizing, the SAV reformulation of the initial and boundary value problem (1.1) is

up = 1Au~+iArw (u) in Q x[0,7T],
u=0 on 0Q x [0,T],
] .
2.13) 7(0) = 5Re(W(w),w)  in [0,7],
u(~,0):u0 in Q,
1 ptl

0) = 0155

r0) = e 4],

Remark 2.1 (Definition of r and W) Notice that, in view of (2.4), for u® # 0, W(u(-,1)) is
well defined for all 7 € [0, T]; the case u® = 0 is not of interest, since the solution u vanishes
for all z. We could, however, have added a positive constant c in the expression in the square
roots in the definition of r and in the denominator of W.

Remark 2.2 (General form of the NLS equation) We replace the power nonlinearity in the
NLS equation in (1.1) by a general nonlinearity, and consider the corresponding initial and
boundary value problem for the general NLS equation

(2.14) u =iAu+if(u)

with f(v) := g(|v|?)v and g a continuous real-valued function. Let G be such that G' = g
and G(0) = 0, and let F(v) := 1G(|v|?) be bounded from below.

Testing (2.14) against u and against u,, respectively, and integrating by parts in the first
term on the right-hand side, we have, in analogy to (2.1) and (2.2),

(2.15) %%HM(J)HZ"‘IIH’I(MI(7[)71'{(7[)) = _1||Vu(7[)||2+1(g(‘u|2)’ |u‘2)
and
. [t (-,2) |1* = Im(Vie, Vi) — (g(|u(-,2)[2), Im(u(-,0)ue (1))
(2.16)
,i%(%||Vu(.7t)”2,/QF(u(x,t))dX),
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0 <1 < T, respectively. In the derivation of (2.16) we used the easy calculation
(2.17) OF (u(x,t)) = g(|u(x,t)|*) Re(u(x,t)u; (x,1)).

Taking real and imaginary parts in (2.15) and (2.16), respectively, we see that both the L2-
norm and the energy E (u(-,1)) are conserved,

(2.18) u(-,0)|| =), 0<t<T,

and

(2.19) E(u(-,1) := %\|Vu(~,t)\|2f/QF(u(x,t))dx:E(uo), 0<1<T,
respectively.

The NLS equation in (1.1) is a special case of (2.14) with g(v) := Av"T . The results
of this paper can be easily extended to the general NLS equation (2.14).

The Fréchet derivative E’ of the energy functional E () of (2.19) is E' (u) = —Au— f(u);
therefore, the NLS equation (2.14) can be written in Hamiltonian form,

(2.20) up = —iE' (u);

notice that the multiplication by —i is a skew operator. This explains why the energy E (u)
is also referred to as the Hamiltonian of the NLS equation (2.14). Because

%E(u) = (E'(uw), ) = (E' (), E'(u))
and the quantity on the left-hand side is real, the Hamiltonian form (2.20) immediately yields
that the energy E () is a constant.

For completeness, let us derive the SAV reformulation of the general form of the NLS
equation. Let ¢ be such that F + ¢|Q] is strictly positive.

We introduce the positive function r,

1/2
2.21) r(t) = (/ F(u(x,z))dx+c) C0<i<T,
Q
and let W(v) be given by

g(oPo
(foF(v)dx+c)'?

(222) W(v):=

In view of (2.17), we have

1
(2.23) r(t)= ERe(W(u),u,), 0<tr<T.
Summarizing, the SAV reformulation of the initial and boundary value problem for the

general NLS equation (2.14) is

up = 1Au~+irW (u) in Q x[0,T],

u=20 on dQ x[0,7],
02 (1) = 5 Re(W(w), ) in [0,7],

u(-,0) = u° in Q,

r(0) = (/QF(MO()C))dx+C)1/2
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3 Crank—Nicolson methods for (1.1)

For the convenience of the reader, in this section we recall the standard as well as the modi-
fied Crank—Nicolson methods for (1.1) and their well-known conservation properties.

Let N € N and, for simplicity, consider a uniform partition ¢, :=nt,n =0, ...,N, of the
time interval [0, 7] with time step T := T'/N. For a given sequence v",n=0,...,N, we de-
note by dv"*! and by V"7 the backward difference quotient and the average, respectively,

_ Un+1_vn 1 Dn+1+vn
b LA JE —5— n=0..N-L
T

The standard Crank—Nicolson method. With starting value U 0.= 49 the Crank-Nicolson
approximations U’ € HJ () to the nodal values u(-,#;) of the solution u of the initial and
boundary value problem (1.1), are recursively defined by

G.1) QU™ = iAU™ 2 HiAUTT P UM, n=0,... ,N—1.

It is easily seen that the Crank—Nicolson method is L?-conservative but not energy-

. . . I . . .
conservative. Indeed, testing (3.1) against U""2 and integrating by parts in the first term on
the right-hand side, we have

- 1 . ) ; R
QU™ U ) = —A|IVU P AU 2T )

and thus, since the right-hand side is imaginary,

Re(dU™ !, U™ 1) = 0.
Now, Re(dU"*!, U"*%) = 5 [||U™*1||> = ||[U"||?], and we obtain the invariance property
(3.2) o™ =|u"|, n=0,....N—1,

a discrete analogue of (2.4). B
Furthermore, testing (3.1) against JU"*! and integrating by parts in the first term on the
right-hand side, we have

(3.3) U™ |2 = —i(VU™H3 VUt 1A ([Unt Pl ut s gunt.
Taking imaginary parts in (3.3), we obtain
Gay VU P [t o Pae= Vo iP - [ ot Rar,
ie.,
(3.5) EWU™Y =EWU"+A2(U", U™, n=0,...,N—1,
with the discrepancy term 2(U",U"*"),

DU U =

(3.6) / [ il(|Un+1|P+17‘Un|p+1)7|Un+%|P*1(‘U"+1‘27‘U"|2)} dx.
QLtp
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The discrepancy term 2(U", U ”“) does not vanish, in general; therefore, the standard
Crank—Nicolson method for (1.1) is not energy-conservative.

A structure-preserving modified Crank—Nicolson method. Motivated by the form (3.6)
of the discrepancy term 2(U",U"*!), we modify the Crank-Nicolson method (3.1) by re-

placing |U”+%|f”_1 by
2 ‘Un-o—l‘p-o—l _|Un|p+1

3.7
( ) P+] |U”+1|27|U”|2 ’

1< p<oo,

i.e., we consider the method, cf. [17],

ot oty

p1 U=

(.8) U™ —iAU™ I 4id

The expression (3.7) takes simpler forms for odd p; of course, for the cubic NLS, p = 3, it
reduces to (|U™2+|U"?) /2.

Since the inner product of the last term on the right-hand side of (3.8) with U™7 is
imaginary, the second-order method (3.8) is [%-conservative, it satisfies

(3.9) U™ = |u"|, n=0,...,N—1.
Furthermore, it is easily seen that it also satisfies
(3.10) E(U™Y=EWU"), n=0,...,N—1,

i.e., the method is energy-conservative.
In the case of the general NLS equation, the analogue to (3.8) structure-preserving mod-
ified Crank—Nicolson method is

FU™)—FU")

n+t+ -
e U =0 N

(.11 QUM =AU 42
Remark 3.1 (Energy-preservation of the continuous Galerkin method) Let I, := (t,,1,11]
and ¢g € N. To formulate the continuous Galerkin method for (1.1), we let the space “//qC
consist of continuous functions in time that are piecewise polynomials of degree at most ¢
in each I,, with coefficients in the Sobolev space V = H]} () of complex-valued functions
on Q2 i.e.,

a
1 ={peC(0,T:V): |, (t)=) vit/,n=0,....N—1}.
=0

The time discrete continuous Galerkin approximation U to the solution u of (1.1) is defined
as follows: We seek U € 7 such that U(-,0) = u(-,0) and

(.12) / [(Ur,0) +i(VU, V) —id(JUP~ U, 0)]dr =0 Yo € Y1 (L),
I
forn=0,...,N — 1. Here %(L,) :={o@|;, : ¢ € ¥}

Since U; € #4—1(I,), choosing the test function v = U, in (3.12) and taking imaginary
parts, we easily see, as in the continuous case, cf. the derivation of (2.5), that

" d

(3.13) A 7

E(U(-1))dt=0
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and infer that E (U (-,,41)) = E(U(,1,)). This shows that the continuous Galerkin method
preserves the energy at the nodes of the partition,

(3.14) E(U(t2)) =E@"), n=1,...,N.

Notice, however, that the continuous Galerkin method is nor L?-conservative. This is
due to the fact that U € #;(I,) is, in general, not an element of %;_; (I,), whence it cannot
be used as a test function in the continuous Galerkin method (3.12). We refer to [24] for the
analysis of the continuous Galerkin method for the cubic NLS equation.

4 SAV-Gauss methods

In this section, we construct the SAV-Gauss methods, applying the Gauss methods to the
SAV reformulation (2.13) of the NLS equation, and show that they are L?-conservative and
satisfy a discrete analogue of the energy conservation property (2.8); cf. (4.10) and (4.11).
We also discuss some computationally advantageous linearizations of the SAV-Gauss meth-
ods and their conservation properties.

For the reader’s convenience, we first consider the second order SAV—Crank—Nicolson
method and subsequently high order SAV-Gauss methods.

4.1 SAV-Crank—Nicolson method

With starting values U° := u® and R® := r(0), we consider the SAV-Crank—Nicolson ap-
proximations U’ € H} (22) and R € R to the nodal values u(-,#,) and r(t;) of the solutions
u and r of the initial and boundary value problem (2.13), defined recursively by

QUM =AU +iARTIW (U 2),
@.1) o o
JR"! = 5Re (W(Uu"t2),0u™),

Motivated by the energy conservation property (2.8), we denote by E¢(U",R"),
E.(U",R"):= ||VU"||* =22 |R"|?,

the discrete energy (also referred to as modified energy since, in general, |[R"|> does not
p+1

coincide with ﬁ |lou” HU,H(Q)) of the numerical solution at z,,.

Lemma 4.1 (Structure preservation of the SAV-Crank—Nicolson method) The SAV-
Crank—Nicolson method (4.1) is L*-conservative and satisfies a discrete analogue of (2.8),
namely

(4.2) [u = U, n=0,....,N—1,

as well as

4.3) E.(U R = E.(U",R"), n=0,...,N—1.
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Proof Testing the first equation of (4.1) against JU"*! and integrating by parts in the first
term on the right-hand side, we have

(“.4) [OU™H |2 = —i(VU™ 3, VOU™ ) +iAR™ 2 (W (U™ 1), U™+,
Now,
(VUn-F%’VéUn-H) _ %(VUnH +VU, VUt — vy
_ %{[HVUnH [ HVU”||2] + [(VUn7VUn+1) _ (VUnH’VUnﬂ };
the last term is imaginary and we see that

- 1 1=
45)  Re(VU™3,VoUumt') = 5 [IVU™t |2 = |vU™|*] = §8||VU”“ |12
Therefore, taking imaginary parts in (4.4), we obtain
1- -
(4.6) —5olvurP? AR IRe(W(UMT2), U™ ) = 0.

Using here the second equation of (4.1), we have

1= -
758HVU"+1H2+21Rn+%aRn+l :0,

1= 1
__a VUn+1 2 2A— Rl‘l+1 2 Rn2 =0
SOV P+ 205 (R = [RP) =0,

whence
9||VU"+1 ||2 _ 219|Rn+1 |2 _ 0’

and see that the energy conservation property (4.3) holds true. Notice that, since |R"| does
ptl
L[%-H
modified discrete analogue of (2.5).

. . . 1 n . . .
not coincide with st 1o (@) 1D general, (4.3) is the discrete analogue of (2.8) and a

Testing the first equation of (4.1) against U "3 and integrating by parts in the first term
on the right-hand side, we have

(éUnJrl’UnJr%) _ —iHVU’”% ”2 _H;LRH% (W(U’”%),U’ﬁ%),
and thus, since the right-hand side is imaginary,
Re(dU™! U™ 1) = 0;
as in Section 3, we infer that (4.2) is valid. The discrete invariance property (4.2) is the

discrete analogue of (2.4). Notice that, in the derivation of (4.2), from the second equation
of (4.1) we only used the fact that R™7 s real. O
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4.2 High order SAV-Gauss methods

Here, we construct the SAV-Gauss methods, applying the Gauss methods to the SAV refor-
mulation (2.13) of the NLS equation, and show that they are L?-conservative and satisfy a
discrete analogue of the energy conservation property (2.8); cf. (4.10) and (4.11). We also
discuss some computationally advantageous linearizations of the SAV-Gauss methods and
their conservation properties.

For g € N, the g-stage Gauss method is specified by the Gauss points 0 < ¢ < -+ <
cq < 1in[0,1], i.e., the roots of the shifted Legendre polynomial of degree ¢, and the coef-
ficients a;; and b; such that the stage order of the method be ¢, i.e., satisfying the following
conditions:

d 1
(B(9)) Zbicf_lzz, (=1,....q,
i=1
< (-1 ¢
(C@) Zaijcj‘- :7;, {=1,....q,i=1,...,q.
=1

It is well known that the first relation, (B(g)), is actually valid for ¢ = 1,...,2q; the g-
stage Gauss method is the only g-stage Runge—Kutta method of the highest possible order
P, P = 2q. The matrix A = (a;;); j=1.... 4 is obviously invertible.

It is, furthermore, well known that the weights by, ...,b, are positive and that the g x
q symmetric matrix M with entries m;; := bja;; +bja;; — b;b;,i,j = 1,...,q, vanishes. In
particular, the Gauss methods are algebraically stable. See, e.g., [22, §IV.5, §IV.12].

The first member of this family, for ¢ = 1, is the (implicit) midpoint method, i.e., the
Crank—Nicolson method. Since this method is symplectic, it conserves quadratic invariants;
see, e.g., [32].

Assuming that nodal approximations U”", R" to the nodal values u(-,t,) and r(z,), re-
spectively, have been computed, to include the study of possible linearizations and to avoid
repetitions, we consider the following variant of the g-stage Gauss method for the SAV
reformulation (2.13) of the initial and boundary value problem (1.1):

U™ =iAU™ +iAR"W(U™) in Q, i=1,...,q,
‘ a
4.7) U =U"+1Y a;U" inQ, i=1,...,4q,
=1

=
U =0 ondQ, i=1,...,q,

o o
R = SRe(W(U"),0"), i=1.....q,
(4.8)

A a
R'=R"+1Y aRY, i=1,...q
j=1

in Remark 4.1 we discuss three interesting choices for U™ Note that the quantities U™ and
R" have been introduced here for notational convenience only. In fact, substituting U™ from
the first relation of (4.7) into the second relation of (4.7) as well as into the first relation of
(4.8), and subsequently substituting the new first relation of (4.8) into its second relation,
we obtain a coupled system for the internal stages U™ and R", i = 1,...,q. In case the
quantities U™ are known, the implementation of (4.7)—(4.8) requires only the solution of a
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coupled linear system for (U™, R") € H}(Q) xR,i=1,...,q. Once U" and R" have been
determined, we obtain the quantities U™ € Hl(Q) and R" € R from the second relations
of (4.7) and (4.8), respectively, using the invertibility of the matrix A = (a;;). Using these
values, one computes the new approximations (U"*!,R™"1) € H} () x R at the next time
level 41 through

a
urtti=um+ 1) bU",
i=1

4.9) p
R™:=R"+ 1Y) bR
i=1
Remark 4.1 (Some choices for l7”i) Let U" := U™ i=1,...,q, with unknown internal

stages U " Then, the scheme (4.7)—(4.9) reduces to the base (nonlinear) SAV-Gauss method;
for a detailed analysis of Gauss methods applied to the original initial and boundary value
problem (1.1), we refer to [23].
_ Next, consider the fixed-point linearization of the SAV-Gauss method, i.e., with given
U™ =U}" | and unknown U™ = UJ"; see [3] for an analysis of this variant applied to the
original initial and boundary value problem (1.1).

A third possibility is to define U by polynomial extrapolation of the values of the
intermediate approximations at the preceding time interval; see [4] for the case of the Allen—
Cahn equation and [26] for the case of the wave equation.

Theorem 4.1 (Structure preservation of the SAV-Gauss methods) The SAV-Gauss me-
thod, i.e., the method (4.7)~(4.9) withU™ = U™ i=1,...,q, is L*-conservative and satisfies
a discrete analogue of (2.8), namely

(4.10) U™ = |u"|, n=0,....N—1,
as well as
(4.11) E.(U" R = E.(U",R"), n=0,...,N—1.

Proof According to the first relation of (4.9), we have

g .
VUt =VU" 1Y BV
i=1
Squaring the L?-norms of both sides, i.e., taking the inner product of each side by itself, we
obtain

q . 9 L
VU |? = (VU”—l—TZb,VU’”,VU” tr ijU”/)
i=1 =1

J

a : . a L
= IVU"|P+ 1Y b:[(VU",VU") + (VU VU™)| +1° Y bib; (VU™ VU").
i=1 i,j=1

Substituting U" = U™ — 123:1 a; jU "J (the second relation in (4.7)) into the second term on

the right-hand side of the last relation, we obtain

9 . . 9 R
VU] = VU > 422 Y biRe (VU™ VU™) — 1> Y my; (VU™ VU™,
i=1 ij=1
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whence

q . .
4.12) VU2 = VU ||+ 2T ) biRe (VU™,VU™),
i=1

i=

since m;; = 0,i,j = 1,...,q. Testing the first relation of (4.7) by U" yields
071 = (VU™ V™) + 2R (W (T, 0,

which implies Re(VU"™, VU") = AR" Re(W (U™),U™). Then, substituting this into (4.12),
we get

q I
(4.13) VU™ = |[VU" > + 241 Y BiR" Re(W (U™),U™).
i=1

Using here the first relation of (4.8), we obtain

q o
(4.14) VU™ P = |VU"||> + 427 ) bR R™.
i=1

=

Similarly, we can obtain

9 - g T
‘RnJrl‘Z: |Rn‘2+2TZb,‘RmRm—T2 Z minman’
i=1 i,j=1

ie.,

q
(4.15) IR™> =R +2t ) biR"R"™.
i=1

Notice that up to this point we followed the proof for the algebraic stability of the Gauss
methods; since we are interested in the energy conservation property, we do not consider
differences of approximations.

Now, multiplying (4.15) by 24 and subtracting the result from (4.14), the last terms on
their right-hand sides cancel and we obtain the discrete energy invariance property (4.11).

The Gauss methods applied to (1.1) are [2-conservative; see [23,2]. As we shall see,
this is the case also for the (nonlinear) SAV-Gauss methods, applied to (2.13).

Indeed, squaring the L?-norms of both sides of the first relation in (4.9), i.e., taking the
L?-inner products of both sides by themselfs, we obtain

9 . L 9 AT
[P = 071+ Y b [0 U)o+ (U 0] 42 Y iy (0, 0).
i=1

i ij=1

Replacing U”" in the second term on the right-hand side by U™ — 1 ):‘;:1 a;;U", see the
second relation in (4.7), we have '
g S~ . PR q e
”Un-H HZ _ ”UnHZ Jrfzbi [(Um’Un,z) + (UI’L,I7UI11):| o 72 Z m,‘j(Um,Un]).
i=1 ij=1

As already noted, m;; = 0, and thus

(416) HUn-H ||2 _ HU”HZ—Fgf(Un,U’H_])
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with the discrepancy

q
(4.17) &E(U", U™ =21 ) biRe(U™,U™).
i=1
Now, if the inner products (U™ U™),i = 1,...,q, are imaginary, then the discrepancy
EU"U ”‘H) vanishes and the method is L2-conservative, i.e., it satisfies (4.10), the discrete
analogue of the first invariant (2.4). For the (nonlinear) SAV-Gauss methods, we have Ui =
U™ i=1,...,q,1in (4.7—=(4.8), and it is evident from the first relation of (4.7) that the inner
products (U™, U") = —i||VU"||> +id (R"W (U™),U™),i = 1,...,q, are indeed imaginary.
We infer that the (nonlinear) SAV—-Gauss methods for (2.13) are L>-conservative. O
An immediate consequence of the proof of Theorem 4.1 is:

Corollary 4.1 (Energy preservation of the linearized SAV-Gauss methods) The SAV
method (4.7)—(4.9) with arbitrary U™ | = 1,...,q, satisfies a discrete analogue of (2.8),
namely

(4.18) E(U" R =E.(U",R"), n=0,....N—1.

Remark 4.2 (Method (4.7)—(4.9) with arbitrary l~/~"i is not L*-conservative) Let us note
that the SAV method (4.7)-(4.9) with arbitrary U™,i = 1,...,q, is, in general, not L2
conservative.

Remark 4.3 (The linearized Crank—Nicolson method) The one-stage Gauss method is the
midpoint or Crank-Nicolson method. Similarly, it is easily seen that the one-stage (¢ = 1)
method (4.7)—(4.9) can be written in the form

_ 1 ~
QUM =AU +i)LR"+%W(5(U"+‘ +UM),

(4.19) | | n=0,.. . N—1.
) 1 r7 1 R 1
JR"* ZERe(W(E(U’” +U")),0U" ),

Of course, for U = U™t (4.19) reduces to the SAV-Crank—Nicolson method (4.1).
Testing the first equation of (4.19) against JU" !, integrating by parts the first term on

the right-hand side, and using the second equation of (4.19), we have

(4.20) QU™ || = —i(VU™ I, VU ) 4+ 2ART IR,

Taking imaginary parts, we see that (4.19) is energy-conservative, as it satisfies the discrete
analogue of the second invariance property (2.8), namely

(4.21) VU™ 12 = 2L R > = |VU"||> =24 |R")?, n=0,...,N—1.

Furthermore, testing the first equation of (4.19) against U "3 and integrating by parts
the first term on the right-hand side, we have

_ 1 ~
(8U”+1,U”+%) _ 7i||VUn+% HZ +iﬁ,R"+% (W(E(U"_H +U")),U"+%),
and thus, taking real parts,

- |
Re(U™, UM 2) = AR™ 2 Im (W(E(Unﬂ +Un))’Un+%)’
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whence

1 ~
(4.22) JU 1 = U7+ 22R™ S T (W (5T +U™)),U"H4).

Notice that from the second equation of (4.1) we only used the fact that R'™7 is real.
Therefore, the discrete analogue of (2.4) is satisfies only if (W(%(ﬁ U ”)), U ”+%)
is real. One possibility is the nonlinear method, with gt = ynt! ; see §2.2.

Remark 4.4 (Other boundary conditions) It is evident from the derivation of the discrete
invariance properties (4.10) and (4.11) that they are valid also for homogeneous Neumann
boundary conditions as well as for periodic boundary conditions.

5 Numerical examples

We present results of several numerical experiments to illustrate our theoretical findings. In
space we discretized by the finite difference method in the first, one-dimensional example,
and used MATLAB, while in the second, two-dimensional example we discretized by the
finite element method, and used the software Freefem.

Example 5.1 We consider the following one-dimensional NLS equation

(5.1 = 0. lisg, +ilulPlu,  (x,r) €[0,1] x (0,100],

subject to homogeneous Dirichlet boundary conditions, with initial value
u® (x) = sin(7x).

We present results for p =5 and for p=7.

We performed our calculations in double precision. In space we discretized by the stan-
dard centered three-point finite difference method with spatial stepsize & = 0.1. For the
temporal discretization of the original formulation of the NLS equation we used the lin-
earized (extrapolated) Crank—Nicolson (ECN) method, corresponding to (4.19), the stan-
dard Crank—Nicolson (CN) method (3.1), as well as the modified Crank—Nicolson (MCN)
method (3.8); in the ECN method we linearized by linearly extrapolating the values U" and
!, Ut = 20" — U™ ! and thus (U™ +U")/2 = 1.5U" —0.5U"~", while the nonlin-
ear CN and MCN methods were implemented by several fixed point iterations in the nonlin-
ear term. We also employed the SAV-Crank—Nicolson (SAV-CN) method (4.1) to the SAV
reformulated problem. All these methods yield nodal approximations U’ of the exact values
u(jh,ty),j =0,...,J = 1/h; the approximate solution U" of u(-,t,) is then the piecewise
linear interpolant of Uy, ..., UY. The discrepancies M" and D" of the discrete mass (density)
and energy, respectively, between the numerical solutions U” and the starting value U°, the
piecewise linear interpolant of 1,

(52) M"=[|U"|~|U°]| and D":=[E(U")-EU°)],

are presented in Figure 5.1-5.2 for various temporal stepsizes, for p = 7. Notice that D" is
the discrepancy of the original energy E(U"), even for the SAV methods, rather than of the
modified energy E-(U",R"). We can see that the discrepancies of the discrete mass are of
the order of the machine precision for the CN, MCN and SAV-CN methods; in contrast, the
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Fig. 5.1 Example 5.1: The discrepancies M" of the discrete mass (density), see (5.2), for p =7 and T = 1/40
(left) and T = 1/80 (right), for the extrapolated Crank—Nicolson, Crank—Nicolson, SAV-Crank—Nicolson and
modified Crank—Nicolson methods.
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Fig. 5.2 Example 5.1: The discrepancies D" of the discrete energy (Hamiltonian), see (5.2), for p = 7 and
T =1/40 (left) and 7 = 1/80 (right), for the extrapolated Crank—Nicolson, Crank-Nicolson, SAV-Crank—
Nicolson and modified Crank—Nicolson methods.

discrepancies of the discrete energy are sufficiently small and remain nearly unchanged only
for the modified Crank—Nicolson (MCN) method (3.8) and for the SAV-CN method (4.1).

Furthermore, we present the modulus of the numerical solutions by the extrapolated
Crank—Nicolson, Crank—Nicolson, and SAV-Crank—Nicolson methods in Figure 5.3, as well
as the modulus of the differences of the numerical solutions by the SAV-CN method from
the numerical solutions by the ECN and CN methods, in the left and right panels of Figure
5.4, respectively. One can see that the differences between the solutions of these methods
increase in time. These results indicate that the structure-preserving methods are more ef-
fective for long time simulations.

Next, we applied the two-stage Gauss and SAV-Gauss methods. The discrepancies of the
discrete mass and energy are presented in Figures 5.5-5.6 for various temporal stepsizes, for
p =5. One can see that the discrepancies of mass for the Gauss and the SAV-Gauss methods
as well as of the energy for the SAV-Gauss method are of the order of the machine precision.

These numerical results indicate that the SAV-CN and high-order SAV-Gauss methods
are L2-conservative and satisfy a discrete analogue of the energy conservation of the NLS
equation; in contrast, the standard Gauss methods for the original formulation of the NLS
are only L?-conservative.
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Fig. 5.3 Example 5: The modulus of the numerical solutions by the extrapolated Crank—Nicolson (left),
Crank—Nicolson (middle), and SAV-Crank—Nicolson (right) methods.

Fig. 5.4 Example 5: The modulus of the differences of the numerical solutions by the SAV-Crank—Nicolson
method from the numerical solutions by the extrapolated Crank—Nicolson (left panel) and Crank—Nicolson
(right panel) methods.

Finally, we tested the energy-conservation properties of the linearized SAV-Gauss meth-
ods. As in the case of the original form of the NLS equation, for the linearized one-stage
SAV-Gauss (or SAV-Crank—Nicolson) method, see (4.19), U™ is obtained by linearly ex-
trapolating the values U” and U"~!, U™t := 20" — U, For the linearized two-stage
SAV-Gauss method, Ui = 1,2, are computed by polynomial extrapolation of the values
of the intermediate approximations U"~ ' i = 1,2, at the preceding time interval,

o — 1 yn-12 _ ( 1 - 1)Un71,1 —V3uri2_ (\/5_ 1)Un71,17
C)—Cq Ccy) —C1
~ 1 1
o — (1 + )Unq,z _ -1l — (1 + \/g)UrH,z _3uri,
2 —C1 C2—C1

(5.3)

The discrepancies of the discrete mass and energy for various stepsizes are presented in
Figures 5.7-5.8, for p = 5. The discrepancies of the discrete energy are of the order of the
machine precision, while the discrepancies of the discrete mass vary with time. These results
further confirm the conclusions in Remarks 4.1 and 4.3.

Example 5.2 We next consider the two-dimensional NLS equation

(54) Ur = i(”xx+“yy) +1|u\3u, (xvyvt) 6 [07 1] X [07 1] X (07 100}7



18 Georgios Akrivis, Dongfang Li

1014 10

1015 1 101
a1

i '

10-16 i ] 10-16 ]
S 2
= =

10-17 1017 ]

1018 : 1 10718 L ]

I
I
1071 L L L L 10710 L L L L
0 20 40 60 80 100 0 20 40 60 80 100
t t

Fig. 5.5 Example 5.1: The discrepancies M" of the discrete mass (density), see (5.2), for p =5 and 7 =1/40
(left) and T = 1/80 (right), for the two-stage Gauss and SAV-Gauss methods.
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Fig. 5.6 Example 5.1: The discrepancies D" of the discrete energy (Hamiltonian), see (5.2), for p = 5 and
T =1/40 (left) and T = 1/80 (right), for the two-stage Gauss and SAV-Gauss methods.
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Fig. 5.7 Example 5.1: The discrepancies M" of the discrete mass (density), see (5.2), for p =5 and 7 =1/40
(left) and T = 1/80 (right), for the linearized one- and two-stage Gauss and SAV-Gauss methods.
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Fig. 5.8 Example 5.1: The discrepancies D" of the discrete energy (Hamiltonian), see (5.2), for p =5 and
T =1/40 (left) and T = 1/80 (right), for the linearized one- and two-stage Gauss and SAV-Gauss methods.

subject to homogeneous Dirichlet boundary conditions, with initial value
u(x,y) = x*(1=x)*(1-y)*.

For the space discretization we used the software Freefem with linear finite elements and
auniform triangular mesh with 11 nodes in each direction; the linear solver uses the general-
ized minimal residual (with tolerance 10~ '°). In time we first discretized by the extrapolated
Crank-Nicolson method, the Crank—Nicolson method (3.1) and the SAV—Crank—Nicolson
method (4.1), respectively. The discrepancies M" and D" of the discrete mass (density) and
energy, are presented in Figure 5.9-5.10 for various temporal stepsizes. Notice that D" is
the discrepancy of the original energy E(U"), even for the SAV methods, rather than of the
modified energy E-(U",R"). We can see that the discrepancies of the discrete mass are less
than 101 for both the Crank—Nicolson and SAV-Crank—Nicolson methods; in contrast, the
discrepancies of the discrete energy are sufficiently small and remain nearly unchanged only
for the SAV-Crank—Nicolson method.

We also present the modulus of the SAV—Crank—Nicolson approximations in Figure 5.11
as well as the modulus of the differences of the SAV—Crank—Nicolson approximations from
the extrapolated Crank—Nicolson and the Crank—Nicolson approximations in Figures 5.12
and 5.13, respectively. Again, the differences between these approximations increase as the
time increases. These results further confirm the effectiveness of the structure-preserving
methods for long time simulations.

6 Conclusions

It is well known that the Gauss methods for the nonlinear Schrodinger (NLS) equation are
L2-conservative but are not energy-conservative. In this article, we used the scalar auxiliary
variable (SAV) reformulation of the NLS equation and constructed classical, L?-conservative
SAV-Gauss methods satisfying a discrete analogue of the energy conservation property. An
important advantage of these structure-preserving methods is that they exhibit improved
long time behavior. We also developed computationally advantageous linearizations of the
base SAV-Gauss methods and discussed their conservation properties. The extrapolated lin-
early implicit variants are not L?-conservative; consequently, they are not suitable for long
time simulations.
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Fig. 5.9 Example 5.2: The discrepancies M" of the discrete mass (density), see (5.2), for T =1/5 (left) and
7= 1/10 (right), for the extrapolated Crank—Nicolson, Crank-Nicolson, and SAV-Crank—Nicolson methods.
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Fig. 5.10 Example 5.2: The discrepancies D" of the discrete energy (Hamiltonian), see (5.2), for = 1/5

(left) and T = 1/10 (right), for the extrapolated Crank—Nicolson, Crank—Nicolson, and SAV-Crank—Nicolson
methods.
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Fig. 5.11 Example 5.2: The modulus of the SAV-Crank—Nicolson approximations at # = 10,40,70, 100 (from
left to right) for 7 = 1/10.
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