FINITE DIFFERENCE DISCRETIZATIONS
OF SOME INITIAL AND BOUNDARY VALUE PROBLEMS
WITH INTERFACE

GEORGIOS D. AKRIVIS AND VASSILIOS A. DOUGALIS

ABSTRACT. We analyze the discretization of initial and boundary value problems
with a stationary interface in one space dimension for the heat equation, the Schrodin-
ger equation, and the wave equation by finite difference methods. Extending the
concept of the elliptic projection, well known from the analysis of Galerkin finite
element methods, to our finite difference case, we prove second-order error estimates
in space and time in the £2 norm.

1. INTRODUCTION

Let p > 0 and z* € (0,1). Given 0 < T' < oo, we consider the following initial and
boundary value problem for the heat equation in one space dimension with a stationary
(straight) interface. We seek a real-valued function u = u(z,t) for (z,t) € [0,1] x [0, 7]
that satisfies

u = (a(x)ug)  + bz, t)u in ([0,z%) U (2*,1]) x 0,77,
1) a(z"—)u,(z*—,t) = pa(z*+)uy(x*+,t), te€[0,T],

u(@,0) ="(x), z € [0,1],

u(0,t) = u(1,t) =0, t € [0,7).

Here, a(x) is a positive function on [0, 1], smooth on [0, 2*] and on [z*, 1], with a possible
discontinuity at z*, and b(z, t) is nonpositive, smooth on [0, z*] x [0, 7] and on [z*, 1] X
[0, 7], with a possible discontinuity on {z*} x [0, T]. We assume that the coefficients
and the initial value v° are such that the problem (II]) possesses a unique solution,
continuous on [0, 1] x [0, T] and sufficiently smooth for our purposes on [0, z*] x [0, T]
and on [z*, 1] x [0,T].

We shall approximate the solution of (ILI) by an implicit finite difference scheme,
second-order accurate in space and time. In space, we partition the intervals [0, z*],
resp. [z*, 1], into uniform meshes with meshlengths h_, resp. h,. Specifically, we let
Jym € N and h_,hy be such that 2* = mh_ mh_ + (J +1—m)h, = 1, and set
x; = jh_,j = 0,...,m, —in particular z,, = z*— and z; := (j — m)hy + 2, J =
m+1,...,J + 1. We also let k := T/N and t" := nk,n =0,...,N, for N € N. If
u is the solution of (L)), denote u} := u(z;,t"),j =0,...,J +1,n =0,...,N, and
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u" = (ug,...,uh )" € RJ 2, where Ry *? = {v cv = (vo,...,v541)7 € RITZ yy =
Vj+1 = 0}

Our finite difference method, given by (B.J)) in §3] below, produces vectors U™ =
ug,....un )" e R " for n = 0,..., N that approximate u™ and is based in space
on a standard difference approximation of (LTl (cf. [13]), which to the left and right
of the interface x,, = x* reduces to a simple, locally second-order accurate, centered
scheme. Across the interface it becomes a standard simple relation involving the values
of U™ at the points x,,_1, Ty, Tmy1. The time stepping is effected by a Crank—Nicolson
procedure. Hence, the scheme requires solving a J x J tridiagonal linear system of
equations at each time step.

In §3] we analyze the convergence of this method in a weighted ¢? norm defined, as
is natural to the problem, by

m—1 J 1/2
ol = {h_ S oyl 4 ol + phy 3 W} ,
j=1

m+1

where we henceforth use the notation  := s(h_+phy). |||l is given here in general for
complex vectors in Cg“ = {v cv = (vg,...,v541) T €CIH2 g =wvy41 = O}. We shall
use complex-valued vectors for approximating the solution of an analogous problem
for the Schrodinger equation in §4l In Theorem [B.1] we prove the optimal-order error

estimate
(1.2) max ||U" — u"||, < c(k* + h?),

where h := max(h_, h,) and c is a constant independent of k and h.

The analysis of numerical methods of finite element and finite difference type for
time-dependent interface problems, such as (II]), has often been considered in the
literature. For an error analysis of a finite difference semidiscretization that yields
optimal-order error estimates in space, cf. Budak [3]. For full finite difference dis-
cretizations see, for instance, Isaacson [5], Samarskii and Fryazinov [10], and Samarskii
[8], [@]. Isaacson [5] analyzes the Euler and backward Euler schemes by maximum prin-
ciple methods and obtains optimal-order error estimates under a restriction implying
k = O(h?*). For Crank-Nicolson type schemes, Samarskii and Fryazinov in [10] prove
an estimate of O(k? + h%2), while in [§], [9] Samarskii obtains the optimal-order error
estimate. (Strictly speaking, the problem considered in [8]-[10] is the discretization of
equations with discontinuous coefficients, possibly on nonuniform meshes. However the
techniques of these papers could be ostensibly extended and applied to the problem at
hand.)

The main contribution of the present paper is an apparently new technique for
obtaining the optimal-order error estimate (L2)) and, in particular, the optimal-order
term h? instead of h%/2; the latter bound can be derived in a straightforward manner and
is due of course to the interface condition. Our technique depends on considering first
an associated two-point boundary value problem whose (complex-valued in general)
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solution w, continuous on [0, 1], satisfies
()oY = f(z) i [0,4%) 0 (a7, 1],
(13) et~ (" =) = pale* (),
w(0) =w(1) = 0.

In (L3), a is as in (1)), and f is taken to be complex-valued in general (for the
purposes of §l), smooth on [0, *] and on [z*, 1], with a possible discontinuity at z*;w
will be supposed to be smooth enough for the purposes of its numerical approximation
on [0,2*] and on [z*,1]. In §2] we discretize (L3) by the analog of the scheme used
in the space differencing of (ILT]) and prove second-order convergence of the resulting
discrete approximation to w in the discrete maximum norm and in a discrete H!
norm. This result is standard, and our proof uses ideas from Samarskii [11, pp. 78-82].
(See also Gartland [4] for a recent treatment of finite difference methods for two-point
boundary value problems with interface.) The apparently new step here is to use these
estimates in the proof of the error bound (LZ) in Theorem B where, motivated by
the elliptic projection concept, well known from the error analysis of Galerkin finite
element methods (cf. Wheeler [14]), we define a finite difference analog, an elliptic
approzimation W to the solution u of (ILT]), which satisfies the finite difference scheme
for a two-point boundary value problem of the form (L3)) with suitable right-hand side
depending on u. We then compare U" to W™, and the proof of (L2)) is concluded in
the standard way by the energy method, with analogous estimates to those of the error
analysis of Galerkin methods for parabolic problems (cf. Thomée [12]). It should be
pointed out that Samarskii in [8] and [9] had considered comparing the finite-difference
approximation of the parabolic problem to the solution of associated discrete stationary
problems with suitable right-hand sides, obtained by splitting the truncation error. His
approximations, however, differ from the elliptic approximation used here.

In §§4 and [l the elliptic approximation technique is applied to prove estimates of
the form (2)) for finite difference approximations to the solutions of two other time-
dependent problems with stationary interface. In §4] we consider the following initial
and boundary-value problem for the Schridinger equation. Using the notation of (ILTI),
we seek a complex-valued u = u(x,t) for (z,t) € [0,1] x [0, T] that satisfies

u(t) = iaug, +if(z,t)u  in ([0,2%) U (2%, 1]) x [0, 77,
Uz (2" —,t) = pu,(z*+,t), tel0,T],
u(z,0) = 0%(x), x € [0,1],
u(0,t) = u(l,t) =0, t € 10,77

(1.4)

Here, i is the imaginary unit, « is a nonzero real constant, and [(x,t) is real-valued,
smooth on [0, 2*] x [0, T] and on [z*, 1] x [0, T'], with a possible discontinuity on {z*} x
[0, T]. We assume that the coefficients and the (complex-valued) initial data v° are such
that (I4) has a unique solution, continuous on [0, 1]x[0, 7'} and smooth on [0, 2*] x [0, T']
and on [z*,1] x [0,T]. (I4]) occurs in underwater acoustics, as a two-layer horizontal
interface problem with a horizontal boundary at x = 1 and a free surface at x = 0,
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for the Schrodinger equation viewed as ‘parabolic’ approximation to the Helmholtz
equation. (For simplicity, we have assumed homogeneous Dirichlet boundary conditions
at the endpoints; Neumann or mixed, and also nonhomogeneous, boundary conditions
can be analyzed as well, with no additional conceptual complications.) McDaniel
and Lee (cf., e.g., [6], [7]) have studied implicit, Crank—Nicolson type finite difference
approximations for this problem and used them in computations. In fact, our main
motivation for the present work was to prove an error estimate of the type (L2]) for
the McDaniel-Lee difference scheme (cf. [7]) for which numerical experiments clearly
indicate second-order rate of convergence in = and ¢. (Actually, our method is slightly
different from the one in [7] in that we use a different evaluation of the coefficient 5(z, t)
to render the scheme conservative. However, the proof of optimal-order convergence
for the scheme of [7] is very similar to the one for the scheme at hand.) The proof of
(L2) in the present case of the Schrédinger equation follows broadly the lines of the
analogous proof for the heat equation and uses energy techniques similar to the ones
that we used for Galerkin methods in [I].

Finally, in §5 we consider the analogous problem for the wave equation. We seek
again a real-valued u = u(z,t) for (z,t) € [0, 1] x [0, T, satisfying

Uy = (a(:c)um)m + b(x, t)u in ([0,z%) U (2*,1]) x 0,77,
a(x*=)uz(x*— t) = pa(x™+)u,(z"+,t), te€[0,T],
(1.5) u(z,0) = °(z), z € 0,1],
uy(x,0) = v'(), z € [0,1],
u(0,t) = u(l,t) =0, t € 10,77

Here the notation and assumptions on a(x) and b(z,t) are exactly the same as in the
case of the heat equation (II)). The (real-valued) initial data v°, v! and the coefficients
are again assumed to be such that a unique solution u of (L) exists and is continu-
ous on [0,1] x [0,7] and sufficiently smooth on [0, z*] x [0,7] and on [z*, 1] x [0,T].
We approximate ([L3]) by the classical explicit 5—point Courant—Friedrichs—Lewy dif-
ference scheme, modified at the interface x* as in the previous sections, and prove
again an error estimate of the form (L.2)) under the stability condition, of course, that
Vlaloo B/ min(h_,hy) < 1 for any fixed 0 < 1y < 1. (Here, and in the sequel, | - |«
will denote the L>°(0,1) norm.) Now the energy estimate is mildly more complicated,
owing to the presence of the time-dependent coefficient b(z, t); again we use ideas from
analogous proofs for Galerkin methods, here from Bales, Dougalis and Serbin [2].

It should be pointed out that our technique of comparing the finite difference solu-
tion U" to its elliptic approximation W™ is a general device whose application is not
limited to interface problems only. For example, it can be used to prove optimal-order
convergence of finite difference approximations to initial and boundary value problems
for nonlinear PDFE’s; its application there circumvents many tedious computations
involving Taylor expansions.

Acknowledgement: The authors record their thanks to Professor Vidar Thomée,
whose valuable suggestions led to many improvements in the original manuscript.
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2. A TWO-POINT BOUNDARY VALUE PROBLEM

In this section we consider the discretization of problem (L3]) by a standard three-
point finite difference scheme modified at the interface node x*. We derive second-order
accurate error estimates in the discrete maximum norm and in a discrete H' norm.
These results will be used later for deriving error estimates for problems (I.T]), (L4,
and ([L.3).

In the sequel we shall find it convenient to employ difference quotient notation that
conforms to the spatial mesh {z;},0 < j < J + 1, introduced in Il and takes into
account the interface at x* = x,,. For a real or complex J+2—vector (vo, vy, ..., vs41)7
we define first the forward and backward difference quotients dv;, 5vj as

5 (UjJrl—Uj)/h, lfj:O,,m—l,
K Ihy it j=m,...

v))
81)3:{(”]_% li/h if j=1,...,m,

(vj —vj_1)/hy if j=m+1,...,J+1.

(Uj+1

Consequently, centered second difference quotients that approximate the function (a(z)
v'(x)) at x; # x,, will be denoted by

0(a;j41/20v;) = {
where we put a;;1/2 = a((z; + xj41)/2) for j =0,..., J. At the interface we let

dp (am+1/2avm) = {Pam+1/2 <%> — Am—1/2 (%) }/il

Now let w; = w(x;),j = 0,...,J + 1, where w(x) is the solution of (L3]). We
approximate (wy, ..., wsy1)" by W € CJ72, defined by the equations

5(aj+1/261/[/j) = f(xj) if 1 S] < Ja j# m,
5/) (a'm+1/28Wm) = f(x*)a

where we put f(z*) := [hapf(z+) + h_f(l‘*—)}/(QiL) The J x J tridiagonal matrix

of the linear system (2.1)) is obviously invertible, i.e., W is uniquely defined. Introduce
n Cbl+2

[aj+1/2(vj+1 — ’Uj) — aj,l/g(vj — Ujfl)] /h% if j = 1, o, — 1,
[aj112(vj01 — V) — aj_1jo(v; —vim)] /RS if j=m+1,...,J,

(2.1)

the sesquilinear form ay(-, ) by

m—1 J
ah(v, u) = - [ 5(aj+1/281)j)ﬂj+iz5p ((lm+1/28’l}m)fbm+ph+ Z 5((17_‘_1/261)]‘)’11]} s
Jj=1 j=m+1

where the bar over u; denotes complex conjugation. It is easily seen that

m—1

(2.2) Yo e CI? ap(v,v) = h_ Za]+1/2\8v]\ + ph+Zaj+1/2\8v]|

j=m
4\a|OO
[min(h_, hy

(23) WeCH aylv,v) < el
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and that ay(-,-) is an inner product in Cy*2,
Further, letting p* := max(1,1/p), and a := minp<,<1 a(x), we see that the following
discrete Sobolev-type inequality holds:

(2.4) Vv € CJt? max|v]|2 (p*/a)an(v,v).

In fact, for s < m we have

—

vl

sl = | 3 (0501 = v3) (0541 — v3)
=0
s—1 m—1
SS |Uj+1_vj|2+2( m-—3s Z|UJ+1_UJ| +2(J+1-m Z|UJ+1_UJ

(,0 /a)ah(v v).

A similar inequality holds for s > m, and the result follows. A trivial consequence of

([24), that will be used in g5 is that
(2.5) Je>0Vv e Cl™? ap(v,v) > c|lv]f}.

Let e; :== w; — W;,5 =0,...,J + 1. Two approximation results for W are given in
the following lemma.

Lemma 2.1. Let the solution w of (L3)) be continuous in [0,1] and smooth in [0, z*]
and in [x*,1]. Then, there exists a constant C, independent of h and w, such that

4
) | < ch? ()
(2.6) Jmax fej| < ch Z\w oo

and
4
(2.7) lan(e, e)]l/2 < ch? Z w9,
j=1

where w9, = max { SUD )< <t w9 (z)], SUD+ < < |w(j)(x)|}.

Proof. Let us first note that (2.6) follows immediately from (Z7) in view of (2.4)).
Therefore, it remains to show ([27). Using (2Z1]), we have for 1 < j < J,j # m,

0(aj+1/20¢;) = 0(a120w;5) — f(x;).

Therefore,

_ h?g; if 1<j<m-—1,
2.8i O(a;y100e;) =
and

(2.8ii) ho (am+1/28em) = ph+gm —h%g,
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where, by Taylor’s theorem
4

max |g;] + 9] < C D [0
j=1

Multiplying (2.81) by h_¢; if j <m — 1 and by phyé; if j > m+ 1, and (28i) by é,,,
summing from j = 1 to 7 = J and using the definition of a;, we obtain
J

(2.9) (e,e) = =’ Zgjej ph+gm - h2 , )em +ph3 Z 9gj€;-

Jj=m+1

We now essentially derive a discrete H~! estimate for the vector ¢ by introducing an

auxiliary vector n € CJ™ by the relations
Ni—m=hlg, j=1,...,m-1,
(2.10) Pt = N = P gm — B2 g1,
anrl_nj:higja j:m—i-l,,J
Obviously,
J
ns:—hiZgj, s=m+1,...,J,
(2.11) '
s = —(ph%gm — b2 g, h3Zgj ph’ Zgj, s=1,...,m.
j=m+1
Therefore,
(2.12) max\m\ < OR? Z lwW| .
j=1

Now, using (2.9)), (ZI0), we have

m—1 J
ah(e, 6) = Z(T]j-i-l - nj)éj + (anﬂ - nm)ém +p Z (nj-f—l - nj)éj
=1 jmm+1
m—1 J
== ma(E— &) —p Y nii(Ea — &),
=0 j=m

Therefore, using the Cauchy-Schwarz inequality, (Z12]) and (2.2]), we obtain

m—1 J 1/2 m—1 J 1/2
an(e,e) < {ho 3 Il phe S I} {n D 10652+ o Y 1062
Jj=0 j=m 7=0 j=m
4

< Ch?lap(e, e)] 12 Z w9,

j=1
and (27) follows. O

We close this section with two remarks:
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Remark 1. There is an easier, direct way to prove (2.6), which avoids (2.7). In fact,

from (2.4), (2.9) we obtain

m—1 J
(afpymax|e [ < maxe| {1 lg;| + |oh g = h2g [ + o0 D loil}.
j=1 j=m+1

and the result follows. We shall use (2.7)) only in the case of the wave equation in g5l

Remark 2. Define, for functions u,v in L?(0,1), the inner product

z* 1
(u,v)p:/ uvdx+p/ uv dz.
0 x*

Then the two-point boundary value problem (3] has the following weak formulation:
seek w in the Sobolev space HJ (0, 1) such that for each v € Hg(0,1)

—(aw',v), = (f,0),

Consider now the finite-dimensional subspace Sj, of H}(0,1), consisting of piecewise
linear functions on the mesh {z;},0 < j < J+1, continuous on [0, 1] and vanishing at
the endpoints 0 and 1. Endowing S), with the usual hat function basis {¢;},1 < j < J,
one obtains a standard finite element approximation w;, € S to w, given by

(213) - ((lw;” w;)p = (f7 Soj)Pv 1 S ] S J.

It can be seen now that equations (Z.13]) reduce exactly to those in (2.1]), provided one
uses, in each subinterval [z;, z;,1], the trapezoidal rule to approximate the integrals in
the right-hand side of (2.I3)) and the midpoint rule to approximate those in the left-
hand side. The scheme (Z1]) is therefore a finite element scheme, modulo quadrature.
One could conceivably, therefore, use the techniques of Wheeler [16] to try to derive
discrete maximum norm error estimates for (2.]), taking into account, of course, the
interface and the use of numerical quadrature.

3. THE HEAT EQUATION

In this section we consider the discretization of problem (1) by the Crank—Nicolson
method modified at the interface node z,, = x*. For 0 <n < N,0 < 57 < J+1, we shall
approximate u? by U?, where U" = (Ug,...,Ur,)" € Ry, starting with UY := 9.
We denote Ufﬂ/z = (UM U /2,012 = 7 + (k/2), b?H/? = b(z;,t""1/?) and put
o0, U} = k:’l(U]”Jrl — U}'). Then, for 0 <n < N — 1, our scheme becomes

0:U" = 3(aj 00U ) 4 oI PUITE 1 << £ m,

(3.1) A
8TU:§ = 5p (am+1/28U7Z+1/2) + b(IE*, tn+1/2)U7Z+1/2’

where, by analogy to f,b(z*,t) := [h_b(z*—, 1) + ph+b(x*+,t)]/(2iz).
Stability. Let

*

ot ={ [ o ar o [ lo@rar}” e o,
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Multiplying w; = (au,), + bu first by u, integrating by parts over [0,2*], and then
multiplying the equation by pu, integrating by parts over [x*, 1] and using the interface
condition, we easily see that (d/dt)|lu(-,t)[|* <0, i.e.,

(3.2) [u( )l < flu( D, 0<t<s<T,
and, in particular,
(3-3) vee[0,7] lul, o)l < ).
In the next lemma we prove discrete analogues of ([8.2)), (8.3]) for scheme (B3.1).
Lemma 3.1. The approzimate solution U™ of [B.1) satisfies
o, < 10", n=0,...,N—1,
and, 1n particular,
(3.4) |U™ln < 1U°]ln, n=0,....N.

Proof. Multiplying the first equation in (31 by h,U;L T2 g j < m —1 and by

ph+U]ﬂ+1/2 if 7 > m + 1, and the second by UZ,LLH/Q, summing from j = 1 to j = J,

using (2.2)) and the sign conditions on a, b, we obtain ||[U"!||2 — ||[U™||? < 0, and the
results follow. O

From this lemma it obviously follows that for each n = 0,..., N — 1,U™™! exists
uniquely as solution of the J x J tridiagonal linear system represented by (B.1]).

Convergence. The main result in this section is given in the following theorem.

Theorem 3.1. Let u satisfy (L)) and U™ satisfy B1). Then there exists a constant
C(u), independent of h and k, such that

(3.5) max ||u" — U], < C(u)(k? + h2).

0<n<N

Proof. For 0 <t < T'let W(t) = (Wy,...,W;11)T € RJ™ be the elliptic approzimation
to u(-,t) defined by

0(aj1120W;) = (Lu)(z;,1),  1<G<J, j#m,
5p(a'm+1/28Wm) = (Z'I\L)(l’*,t),
where Lu = (a(x)uy),. With W™ := W(t"), denote

(3.6)

(3.7) =t =W 9 =W"-U", n=0,...,N,
so that u™ — U™ = (" + 0". According to Lemma 2.1l we have

n < 2
(3.8) Jnax [[¢"ln < O

Hence, it remains to estimate ||0"|,. Using [B.1)), (36), (II), and letting 9;?“/2 =
(0;”1 +07)/2, we obtain for 1 < j < J,j # m,
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. n __ n n n n n
where for j # m, wi = wy; + wy; + wy; + wy; + ws, and

no.__ n n
wlj - 87—W] - aTu]',

wh = Opull — ug(zy, ),

(3.10) ety 2= (L) g, £72) = 2 [(La) 7)o+ (L), 2741
wy; == ;b;tﬂ/z [(Wn+1 + W) — (u?“ N u;‘)],
ng = _b;?+1/2 [%(u;‘H + u;l) — u(x;, t"“/?)}_

Now, we have for i = 1,2, 3,4, 5,
(3.114) n;ax\w | < C(K* + h?).
Jj#Em
In fact, the terms wi;, w;, wg; are obviously of O(k*+h?). An estimate of the same form
for wy; follows immediately from (2.6)), while the estimate for w; results from (2.6) and

the commutativity of the elliptic approximation operator and time differentiation.

At the interface, using again (B.1)), (3.6]) we have
0,00, — 8, (A1 /20001 2) — b(a*, " H1/2)prt1/2
=20, W} — [(Lu)(z*, ¢") + (Lu) (2", 1)) = ba™, "2 (Wit + W),
and, as before, we see that
(3.12) 0,00, = 3 (Amy1/2000Y2) 4 b(a*, " FV2)0m 2 (bWl + phy @) /b
with
(3.11ii) | + o] < C(K* + h?).

To derive ([B.111ll), we write w]’, @ as sums of terms, as was done before. These terms
are estimated easily, and (B.I11il) follows because only differences in ¢ are involved.
From (3.9) and (B12]) we obtain now, as in the stability proof,

(2k) 7 (10" H15 = 167]17) < he Zw"WW (h-wp, + phodop, ) Ot/

J
+phy Y WY

j=m+1
Applying the Cauchy—Schwarz inequality to the right-hand side, and using (B.111))
and (3I1i), we obtain
10" [ = 116" [In < CR(K* + 1)
and conclude

(3.13) max ||0"]|, < C(k* + h?).

The result now follows from (B.8), (313]), and the proof is complete. O
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Remark 3. In analogy to, and using the notation of Remark [2in the previous section,
consider the Galerkin-finite element formulation of (LII), with respect to the inner
product (-, ),, coupled with a Crank-Nicolson type time-stepping procedure, given by

(3.14) (0:U",93)p + (aU; 172, 0), = (b, t™H2)U™2, ), = 0,

for0 <n < N-—-1,1<j<J where U" = U"(z) is the fully discrete approximation
of u(z,t") in Sy, 0,U" = k~H(U™ — U"), and U2 = (U™ 4+ U")/2. Use the
trapezoidal rule on each subinterval [z;,z;41] to approximate the integrals in the first
and third term in (3.14]) (which amounts to lumping into the diagonal the associated
matrices), and the midpoint rule to approximate the integrals in the second term. It
is seen that (B.14]) reduces to the scheme (3.1]) which, therefore, may be considered in
this sense as a fully discrete finite-element type method, provided one defines U° as
the interpolant onto S, of v%(z). Modulo interfaces and quadrature errors, therefore,
one could conceivably derive discrete maximum norm error estimates for (3.1]), using
the techniques of Wheeler [I5]. Similar remarks can be made in the case of the wave
equation of g5l

4. THE SCHRODINGER EQUATION

This section is devoted to the discretization of problem (IL4]) by the Crank—Nicolson
method modified at the interface node z*. For 0 < n < N,0 < 5 < J + 1, we shall
approximate u} by U}, where U" = (Ug, ..., U}LH)T € CJ*?, starting with U]Q = v?.
As in the previous section, we let

Pt = (U U2, 0 = (k2),

gz _ B, 71/2), o, U = kN (UM —um).

J

Our scheme, for 0 <n < N —1, is:
n_ . 7 n+1/2 can+1/27m+1/2 . .
(4.1) o0.U} = 10z8(8Uj ) +15; U; , 1<j5<J, j#m,
0, Un = iad, (QU™T2) +ip(a* 42 Unt1/2)

where we recall that 9(9v;) = (vj41 — 2v; +v;_1)/h? (where h = h_ if j <m — 1 and
h=hyifj>m+1) and

5p(avm) _ |:pvm+;z+_ Um _ Um ;Lj}mfl]/il

Stability. Multiply first u; = icu., + ifu by u, integrate over [0,z*] by parts and
take real parts. Then perform the analogous operations on [z*, 1] after multiplying the
equation by pu. Add the resulting equations, use the interface condition and obtain

(d/dt)|lu(-,t)]|> = 0, Le.,
(42) luC 0l = [1°l, ¢ € [0,7].

A discrete analog of (L2) is given in the following lemma.
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Lemma 4.1. If U™ satisfies (A1), then
(4.3) 1O ln = U°ln, n=0,....N.

Proof. Multiplying the first equation in (ZI) by h,U;LH/ if j < m—1 and by
ph+U;LH/2 if j > m+1, and the second by U,’ZH/Q, summing from 7 = 1 to j = J, using
([2:2) and taking real parts, we obtain ||[U™*!||;, = ||U™||;, and the result follows. O

Using Lemma 411 it is easily seen that U",n = 0,..., N, are uniquely defined as
solutions, for each n, of the J x J tridiagonal linear system represented by (4.1]).

Convergence. The proof of the following result is similar to the proof of Theorem B.1]
and will be omitted.

Theorem 4.1. Let u be the solution of (L), and U™ of ([@1)). Then, there exists a
constant C(u), independent of k and h, such that
(4.4) max |[u” — U"||, < C(u)(k* + h?).

0<n<N
5. THE WAVE EQUATION

In this section we consider the discretization of problem (LI by the standard,
explicit Courant—Friedrichs-Lewy five-point scheme, modified at the interface node
Tm = x*. Letting Uj0 = v?, we construct approximations U™ € R0J+2 to u™ as follows:
letting b} := b(x;,t"), we first compute Uj1 by the formulas

2

k5 . ,
Ujl = UJO —|—]€U]1 + E[ﬁ(aﬁl/g@Uf) +b?UJO], 1< Vi < J, J # m,

(5.1)

2

Ul = US, bty 4[5, (@020 + bla”, 0)US].

Then, for 1 <n < N — 1, denoting 52an = k*2(Uf+1 —2U} + U}‘_l), we let

(5.2) , .
S2UD, = 8p(@mr120U,%) + b(z*, t™)Up.

Convergence.

Theorem 5.1. Let u be the solution of (LH) and U™ satisfy (5.1)), (5.2). For fized 0 <
ro < 1 let k|a\¥2/min(h—,h+) < 1. Then there exists a constant C(u), independent
of k and h, such that

(5.3) max ||u”" — U"||, < C(u)(k* + h?).

0<n<N

Proof. Let W™ € RJ™? be the elliptic approximation to u(-, ") given by (3.6) and set

(5.4) re=u =W 0 =WwW"-U", n=0,...,N,
so that u™ — U™ = (" + 0". According to Lemma 2.1l we have
(5.5) max [|¢"]|, < Ch*.

0<n<N
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Hence, it remains to estimate ||0"||,. Using (5.2), (3.6]), we obtain for 1 < j < J,j #
mn=1,....N —1, Lu = (auy),,

5207 — O(aj41/2007) — 10T = 0ZW ] — (Lu)(x;, t") — bW,
ie.,
(5.6) 5207 = (aj12007) + 0507 + Wi, j #m,
where for j # m,w} = w{; + wy; + wy; with

n o .__ S2yn 2, n
wy; =0 Wi —d07u

T ]7
(5.7) wy; o= 02l — ug(x;, "),
ng bn( n Wn)
Now, we have for i = 1, 2, 3,
(5.81) Ir;éax|w | < C(k* +h?).
jFEm

In fact, wy; is obviously estimated by C'k?, and a bound of the form C(k* + h?) for wj;
follows immediately from Lemma 2.1l Finally, to estimate wy;, we use Lemma 2.1l and
the fact that

.
0ruy = k_g/ (k= 7l)ue(a;, t" + 1) dr.

k
Further, for j = m, using again (5.2)), (3.0), we have
8207, — 6, (amy1/200) — ba*, )01,
= B2 — gy (2%, 1) + D(a*, £ )u?, — b(a* )W

As before, we see that

(5.9) 520, = 6, (a1 2007 ) + (™, )08 + (h_w? + phyisl) Jh
with
(5.8ii) lw™ | + 10| < C(k* + h?).

Introducing the bilinear, symmetric, positive semidefinite form b}(-,-) in RJ*? by

J
br(v,w) = —h_ Zb?v]w] b(x™, t" )Wy, — phy Z bivjw;,

j=m+1

multiplying (B.6) by h— (07 —077") = h_[(6]"" —07) + (07 — 07" 1)] if j <m—1 and
by ph+(6’;‘+1 - 6’;‘_1) if 5 > m + 1, multiplying (59) by (67! — 0"~1), and summing
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from 5 =1 to j = J, we obtain

,2(”9n+1 - en”i . ”en - 9"71”;21) — _[ah(en’9n+1 - enfl) 4 bz(@n’enJrl . 91171)}

m—1
Hho > w0 =0+ (hew) + phadn) (O — 007
j=1
J
+phy Y wlOrT —0r ).
j=m+1

Therefore, applying the Cauchy—Schwarz inequality and using (5.8), we have

05— 0 — 10" — 0" 12 <~k [an (6, 67) — an (67,07

5.10
( ) o k2 [bZ(@nJrl, 9n) . bz(@n’ 9"71)] + Ck‘2<l€2 T h2)H9n+1 . enleh.

Summing from n =1ton =/¢ < N — 1 then yields

HGHI _ 96”}21 + k2 [ah(eéJrl’ 96) 4 bi+1<¢9z+1, GZ)]
< (10" = 0°l5 + K2 [an(6°,67) + by (6°, 61)]

(5.11) ,

+ Ck‘(k‘2 + h2) max ||9n+1 Qth + /{32 Z [b2+1(9n+1’0n) . bz(9n+1’€n)]

n=1

Now, using (2.5),

J4 l
S [BEHE,07) = B, 6] < Ok Y 1 167
=1

n=1

< ORY (1014 071 + 19 — o))

n=1

12
< kY [an(@™ 4076 +6") + 67+ = 6|2].

n=1

Further, using (2.3),

H9£+1 _ GZH%L + k2 [ah(eﬁrl’ 95) + bi+1<92+1’ 96)]
2

k
= ||9ngl — 9€||i + y [ah(0£+1 + 6% 0 + Qg) — ah(9€+1 — 90 — Qg)]
k2

4 |:bf+1(95+1 9@ 95+1 9@) bi‘l’l(ﬁ@‘l’l 937954*1 95)}

2 2

> [1 - %mitn b(z, t)} 65 = 01 + an (6 + 6", 61 + 0").
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Therefore, (5.17]) yields

k2 2
[1 — 78+ - minb(z, t)] 64 = 0°IF; + —an(6°" + 0", 6" + 6°)

< 16" = 6°17 + K*[an(6°,0") + b7 (6°,6")] + Ck(k* + h?) | max |67+ — 6",

m
<n<N-1
¢ .2
Ck |: enJrl — o 2 v 9n+1 en’ 9n+1 " ]
+ Z:: | I+ (0™ + +0")
For k sufficiently small, we note that 1 — rZ + ’1—2 min, ; b(x,t) > 0. Then, applying the
discrete Gronwall lemma yields, forn=1,..., N — 1,
o+t = 012 < C{I0" = 601 + K2[an (6", 6") + (6", V)|
R(E -+ B?) max 07— o))},
0<l<N—1

ie.,

(5.12) max [0t =2 < CL0 =03 +K%]an (6", 6")+ B (6°, 01)| +R3(*+1%)? }.

Using the Cauchy—Schwarz inequality and (2.3)), we have
E?|an(0°, 60" — 0%)| < k2an(6°,60°) + 72| 0* — 6°|]3.
Hence, from (5.12]),

max HH"H — G”Hi
0<n<N-1

(5.13)
< CLI0 = 61 + k2 [an(6°,0°) + IH(6°, 6] + K2(k* + n2)%}.

According to Lemma 2.1 we have
(5.14) an(6°,0%) + 16°2 < Ch*,
and using the fact that
08 = (W} =)+ (ul = U) = (W} —ul) + O(K(R2 + ),

J

we get
(5.15) 101, < Ch?.
Further, since

0 — 60 = (W) = W) + (uj —u)) + O(k(K* + h?)),

J J

we obtain
(5.16) 160 — 6°||,, < Ck(k*+ h?).

Finally, using (5.14)—(G.16) in (5.13) yields
max [|0"T — 0"||, < Ck(k* + h?),

0<n<N-—1

ie.,

10"l < 116”]]n + Ck(K* + 1*), n=0,....N—1.
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Hence

max ||0" |, < C’(k:2 + hz),

0<n<N

and the proof is complete. O]
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