FINITE DIFFERENCE DISCRETIZATION
OF THE KURAMOTO-SIVASHINSKY EQUATION

GEORGIOS D. AKRIVIS

ABSTRACT. We analyze a Crank—Nicolson—type finite difference scheme for the Kuramoto—
Sivashinsky equation in one space dimension with periodic boundary conditions. We
discuss linearizations of the scheme and derive second—order error estimates.

1. INTRODUCTION

For T, v > 0, we consider the following periodic initial-value problem for the
Kuramoto—Sivashinsky (KS) equation: We seek a real-valued function u defined on
R x [0, 7], 1-periodic in the first variable and satisfying

(1.1) Up + Uy + Upy + VUggze =0 in R x [0,7]
and
(1.2) u(-,0) =up in R,

where ug is a given l-periodic function. We assume that (LI)-(T2) has a unique,
sufficiently smooth solution, cf. Nicolaenko, Scheurer [7].

For the mathematical theory and the physical significance of the KS equation as well
as for related computational work we refer the reader to Kuramoto [6], Sivashinsky
[14], Papageorgiou, Maldarelli, Rumschitzki [10], Hyman, Nicolaenko [5], Nicolaenko,
Scheurer [7], Temam [I5], Papageorgiou, Smyrlis [I1], and the references therein. De-
noting by || - || the norm in L?(0,1), it is easily seen that

(1.3) lu( O < lluol?e,  0<t<T,
1
(1.4) lul Ol < fluC o)l 0<s<t<T,  for vz —,
T
and

1 1
(1.5) / u(z,t)de = / uo(z) de, 0<t<T,
0 0
see section [2
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Let JJN € N, h := % ;:=1h,1 € Z, k—% t":=nk,n=0,...,N, and
R/ :—{v:vi)iez: v, € R and vy =v;, iEZ}.

per

For v € Rger let Ahvz =2 (UZ 1 — QUZ' + ’UZ‘+1>, hUZ (Ahvz 1 — 2Ah’02 + Ahvl+1)
i € Z, and for v°,... 0N € R set v := £ (v — ), and v"1/2 = L(on L),
nzO,...,N—l.

We discretize problem (ILI)—(L2) by the following Crank—Nicolson—type finite dif-
ference scheme: We approximate u” € R/, uf := u(z;,t"), by U™ € R, where
U%:=u’ and forn=0,...,N -1

]‘ n n n n n
o ouU” + 6_h(U +1/2 U’ +1/2 U’ +1/2) (Ui++11/2 B Ui—+11/2)
AUy 20t R =0, =1,

This kind of spatial discretization of the term uu, has often been used and analyzed
in the literature, see, e.g., Richtmyer, Morton [12], Zabusky, Kruskal [17], Fornberg
[3]. Ome possibility to get this discretization is to write the nonlinear term in the
form %uuw + %(u2)x and discretize each one of these terms in the standard fashion
for second—order schemes. Another more systematical way is provided by the finite
element method when continuous and piecewise linear elements are used.

Introducing in RY_ the discrete L? norm || - ||, by

per
J 1/2
lolln = (A o@)?) ) v ERL,
=1

we show in section 2] that

o n -1
a7 RS IUReF, a>1. k<8 n=1...N.
a
(1.8)
(1.9) U™, < [1U™|n, n=0,...,N—1, for v > [o(h)]?
_ _h

where o(h) == s and

J J
(1.10) Y Ur=n> U, n=1,... N,

i=1 i=1
which correspond to (L3), (L4) and (L), respectively. Note that limj, oo (h) = 5-.

In section [3] we show existence of the Crank—Nicolson approximations for £ < 8v,
and derive the optimal-order error estimate

n 2 2
(1.11) Or<na<}§v||u —U"|n < c(k® + 1),

where here and in the sequel ¢ and C denote generic constants independent of k& and
h, not necessarily the same at any two places unless indices are used. For kh~1/°
sufficiently small the Crank—Nicolson approximations are uniquely defined by (L@]). In
the last section we linearize the scheme (L) by Newton’s method. We extrapolate from
previous time levels to obtain starting values and perform one Newton iteration. For k
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and h sufficiently small and k& = o(h'/*) the scheme is well defined, and an estimate of
the form (ILIT]) holds. A disadvantage of this method is that the matrix of the linear
system to be solved at each time level t” changes with n. We also discuss an efficient
implementation which requires solving linear systems with the same matrix, which is
symmetric and for £ < 8v positive definite, and prove second—order error estimates for
this scheme as well.

2. SOME PROPERTIES OF THE CRANK—NICOLSON APPROXIMATIONS

First, we shall discuss some properties of the solution u of problem (LI)—(T2).
Multiplying the KS equation with u and integrating by parts over [0, 1], we obtain by

periodicity
(2.1) 2Ll 012 = s O = vlltaa-, )2
* 2 dt ) T Y T Y *
Now, for v 1-periodic and smooth |[v'[|? = —folv(x) v"(x)dx, ie., [V < |||V,
and, therefore,
1
(2.2) lI1* < v l"I* + — llvll*.

4v
Thus, (2.0)) yields

d 2 1 2
- . < .
S a0l < 5l DI,

and (L3) follows easily, cf. Temam [I5, p. 141]. Using the well-known Wirtinger
inequality
1
(2.3) V]| < Py "] v l-periodic and smooth,
T
cf. Osserman [9], (210 yields

1d ) 1 )
-z . < (= — .
5 g I DI < (47T2 V)I!um(yt)ll :

from which (L4) follows. Integrating the KS equation, (LL5]) follows easily by period-
icity.

Before we proceed to derive some discrete analogs to (L3)—(LH) we introduce nota-
tion and give an auxiliary lemma. The discrete L? inner product (-, ); in Rger is given

by

per*

J
(v,w)p :=h Z viw;, v,weRS
i=1

In addition to the discrete L? norm || - ||, we shall use the discrete H' and H?

seminorms, denoted by |- |1, and | - |2, respectively,

J J

[v|1h = [hz (%)2} 1/2’ [v]gp = [hz (Ahvi)z] , VE Rger.

=1 i=1
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Let ¢, : Rger X Rger — Rger, o(v,w); = (gp(v, w))l = (Vi1 + v+ vir) (Wi — wi1),
Y(v,w); = = (2021 + v))wi—1 + (Vi1 — vi—1)wi + (2041 + v;)wis1. Note that (v, w) =
¥(w,v). In the next lemma we collect some auxiliary results.

Lemma 2.1. Forv,w,r € RJ, we have
J
(2.4) (¢(v, w),w)h =—h Z(Ufi+1 — Vo) Ww;_1,
=1
J
(2.5) (v, v),w), = =h Y (0 +vivier +v3) (Wi — wi),
i—1
J
(2.6) (Y(v,w),r), = —hz [0i(wir1 + 2w;) 4+ Vi 2wy +w;)| (riga — 74),
=1
(2.7) (¢(v,v),v), =0,
(28) 90(,07 U) - (,0(11}, w) = w(wu v = w) + @(U —w,v — w)7
(2.9) — (Ah v,v)h = |v|ih,
(2.10) (Aiv,v)h = |v|§7h,
(2.11) ol3 < [lvlln [v]2.n,
1
(2.12) off ), < vlvlsy + o o[,
and
(213)  Jolun < o(h) o () =
) UlLh = UV 12,0 o) = 2sin(rh)’

Proof. [2:4)—(2.0) can be easily proved by summation by parts; (Z7]) follows from (24]).
(28) can be easily shown, by Taylor expanding ¢ around (w;_1, w;, w;y1), say. Further
1
(A%L v, U)h = E Z(’l}i_l — 2'Ui + vi+1)Ahv,~
i=1
and (2.10) follows. (2.9) can be shown analogously, (Z.11]) follows immediately from
(23), and 2I2) from ZII). Hence, it remains to show ZIF). Let R, ;= {v €

R vl+v2+---+vJ:O}, and v',v2,... v/t € RJ_ be given by

per per,0
; e . J—-1 .
v! = V2 sin(2jma;), j= 1,...,[T], i €7,
Jo1q J
UZ[ z 1+ ‘= V2 cos(2jmx;), j= 1,...,[5], i € Z.
It is well-known that v!,v?, ... v/~! are orthonormal with respect to (-, -)5, cf. Himmer-

lin, Hoffmann [4, pp. 190, 191, 232]. It is also easily seen that v',v? ... 077! are

eigenvectors of —A; with corresponding eigenvalues A\, := % sin?(¢rh), £=1,..., [%],



FINITE DIFFERENCE DISCRETIZATION OF THE KS EQUATION 5

cf. Samarskij [13, pp. 76-77] or Thomée [16] p. 26]. Now, A\; = [o(h)] 72 is the smallest
eigenvalue, and using (2.9) we conclude that

Wl < o(m) vhn v E€Rpery.

(213)) follows immediately from this inequality. O

Taking in (L6) the inner product with U"*'/2 and using [2.7)), (2.9) and 2I0), we
obtain

(2.14) IO = N0"[5 = 26{[U™ 22, = w|U™ 2], )

Therefore, by (2.12)
n n k n
e e e

ie.,
(2.15) (1—£)||U”+1||h< (1+£)|IU"||h n=0,...,N—1
8v - 8v ’ Y
Obviously, for a > 1
8v+k Q@ a—1
2.1 <l+—k for k< .
( 6) Sy = +41/ or < 8v -

(L) follows immediately from (Z.15]), (2Z.16]). Using (2.13) we obtain from (2.14))
O3 = U™ 17 < 2k{[o ()] = v U™ 21,
and conclude ([9)). Finally, summing in (L) from j =1 to J we get (LI0).

3. EXISTENCE, CONVERGENCE AND UNIQUENESS

In this section we show existence of the approximate solutions U, ... U € Rger
satisfying (IL6) under the condition k& < 8v, we derive second-order error estimates,
and prove uniqueness of the Crank-Nicolson approximations for u smooth and kh~1/°

sufficiently small.

Existence. We shall use the following well-known variant of the Brouwer fixed-—point
theorem, see, e.g., Browder [2].

Lemma 3.1. Let (H, (-, )H) be a finite dimensional inner product space and denote

by || - ||z the induced norm. Suppose that g : H — H is continuous and there exists
an o > 0 such that (g(:p),x)H > 0 for all x € H with ||z||g = «. Then, there exists
x* € Hsuch that g(x*) =0 and ||2*||x < «. O

The argument of existence of the Crank—Nicolson approximations proceeds in an
inductive way. So assume that U° ..., U", n < N, exist. Let g : RJ — R/ be
defined by

k
g(V) =2V =2U" + o o(V,V) + kALV +vkA7V,

with ¢ as in section 2l Then, ¢ is obviously continuous. Taking the inner product with

V, and using ([27), [29) and (ZI0), we have
(9(V), V), =2IVI[; = 2(U" V)u = K{|V[i, = VIV, }-
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Therefore, by ([2.12)
(3.) (G0, V), 2 2V I{ (1= 22 IV = 107 1}

Hence, for k < 8v and |V, = &% |U"||ln + 1 obviously (g(V),V)
Lemma B0 we deduce existence of V* € R’

per
that U™! := 2V* — U™ satisfies (L.G)).

Convergence. The main result in this section is given in the following theorem.

, > 0, and via
such that g(V*) = 0. It is easily seen

Theorem 3.1. Let the solution u of (LI)-([L2) be sufficiently smooth, U’ = u°, and
Ub,...,UN e R satisfy [LB). Then, for k sufficiently small

per
n__rm < 2 2
(3.2) Jnax, |u" = U"||n < c(k”+ h%).

Proof. Let r™ € R/_ be the consistency error of method (L6,

per

1
(3.3) r" = ou™ + 6h @(u"tY2 Yy o A2 4y AZ 2,
Here u" /2 = 1 (u" 4 v ). It is easily seen that
(3.4) max |77 < c(k* + h?).

Let " :=u™—U",n=0,...,N. Then, (LO) and (B3] yield
de™ + Ah€n+1/2 + I/AienJrl/Q — GLh [()0<U'n+1/27 Un+1/2)
o QO(Un+1/2, un+1/2)] + T,n’

which we write in a form more appropriate for our purposes

1
aen + Ah 6n-i—1/2 + VA% 6n-i—1/2 _

6h [@(6n+1/2, 6n—i—l/Q) o S0(671—1—1/2’un—i-1/2)

o QO(Un+1/2, en+1/2)} + T,n’

cf. Baker, Dougalis, Karakashian [I]. Taking the inner product with e"*/2, using (2.7,
29), [2I0), rewriting the third term on the right-hand side according to (24)), using

the boundedness of u, and applying the Schwarz inequality, we obtain

1
o (e = Nle™IR) < le™ 21 — v e 25+ Clle™ 215 + 1™l fle™ |-

Therefore, using (2.12])
(1 —ck)||e"™||n < (14 ck)||e"||n + Ck(k* +R*), n=0,...,N —1.

Then, ([B.2) follows in view of Gronwall’s discrete inequality. U

Uniqueness. Assuming smoothness of the solution u such that (8.2)) holds, we shall

show uniqueness of the Crank-Nicolson approximations for kh~'/® sufficiently small.

1
(3.5) V" +

o (VT2 YY) A VR Ly A2 =,
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Letting E" := V" —U",n=0,...,N, and using (2.8), we obtain from (LG) and (3.5)
OE"™ + AhEn+1/2 + VAiEn+l/2 _

(3.6) 61h [Q/J(Unﬂ/? En+1/2)_'_(p(En+l/2 En+1/2)]

Now, (32)) yields
(3.7) max |Ul'| < c(1+k*h7/?).
Taking in (3.6) the inner product with E""1/2 using (Z9), I0), &6), &7), B1),

and applying the Schwarz inequality, we obtain
1

2k(HEn+1”h ”EnHQ) |En+1/2 +U‘En+1/2‘2

S C(l + k,Zh—l/Z)|En+1/2|17h”En+1/2||h.
Therefore
1
—k(HE"“Hi —[|E" ) <20E"21R, — v EMHRS 4+ OO+ K2R BT 7,
i.e., by (211
1B = [1E™ 7 < CR(1+ K*h=2) | EMFV2) 12,

from which, for kh~'/° sufficiently small, uniqueness follows easily by induction. We
note moreover that for & = O(h'/*) and k sufficiently small

(3.8) IE" Hln < (1 + ck) B[,
which represents the stability of the scheme (L.]).

4. LINEARIZATION BY NEWTON’S METHOD

Computing the Crank-Nicolson approximations U, ..., U" requires solving at each
time level a J x J nonlinear system. In this section we shall discuss the approximate
solution of these systems by Newton’s method.

In the rest of the paper, for v%,... ,v" € Rger, we let 09 := 0% ¢! := ! unless
explicitly otherwise stated, and v"“ =2"—v""!, n=1,...,N—1. We approximate
u™ by W"GRger where Wo =, andfornzO,...,N—l

1 A .
OW™ + Ahwn+1/2 + VAiwnJrlﬂ w(Wn WnJrl’ Wn+1 . Wn+1)
_ w4+ Wn+1 wnr Wn+1
o #l W W),

where W is given by
. R A 1
(4.2) OW® 4+ A W2 4 v W2 = — p(uf, ).

It is easily seen that substituting W for U™ in (I.6]), and letting Wt be a starting
approximation to U™ (&) describes the first Newton iteration to the nonlinear
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system. It can be shown that for k and A sufficiently small and k = o(h'/4), W' ..., W¥
are uniquely defined by (£I)—(Z2), and
(4.3) max |[u” — W"||, < C(k*+ h?).

0<n<N

To compute W™ by (41), we have to solve a J x J linear system whose matrix
changes with n. To avoid this we next analyze an iterative scheme for the approximate
solution of (4.1]) that requires solving linear systems with the same coefficient matrix.

For ji,...,jn € N we define approximations U"V) ¢ Rger, g =0,...,0,, V" =
Um0n) | to u™ as follows: Let VO =40, V1= WL, U"® .= V" and forn=0,...,N—1

E (U +1(j+1) 174 )_'_ 5Ah(U +1(5+1) +V )
v n j n 1 n Crn n j Crn
(4.4) +5 A (U O Ly = —gg vV VLU 1) )
1 ~ N
—m@(vn‘i‘anrl,Vn—'—VnJrl), jIO,...7jn+1—1.

Let k < 8v. Then, the coefficient matrix of the linear systems (£2), (A4 is positive
definite, cf. (31); in particular, U™, j =0,...,j,,n=1,..., N, are well defined.

Theorem 4.1. Let u be sufficiently smooth, k and h be sufficiently small and k =
o(h'*). Then,

(4.5) mazocn<n || — V*||n < c(k* + h?).
Proof. Let é* := u' — V. Using [2.8), we obtain from 2 and B3)
R k R vk R
el+§Ah el+7Ai el =
k

=3 [v(2u’, u' —u°) + p(u' —u® ut —u”)] + k.

Taking the inner product with ¢é', and using (2.9), (2I0), (2I2), and the fact that
P(v,w); = (v; + 2vi41) (Wig1 — wi—1) + (2w + w;)(Vis1 — vi_1) , We obtain

(1- 8%) 17 < CRleM ]l + Ellr®lln 1],
and, therefore, for k small enough
(4.6) €12 < e(k® + n?)*.
Next, we shall show inductively that
(4.7) lu’ = VY2 < e (K +h%)*, £=0,...,N,
where cg = 0, ¢; = 1 say, and
(4.8) co=2(dk)" (D +8cry+2¢0 ) + (1 +dk) ey +dk e o+ dk, £=2,... N.

Here, D is such that [[u" — a"||? < Dk*, and d and d are as follows: let s" € R/, be
the consistency error of method ([41]). Using (Z8) and (B.3]), we easily see that

1
s = — (un—i—l o un-l—l’un—l—l o un+1)

Y
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and, therefore,

(4.9) max |s}[* < c(u) (k* + h2)2.
Let M := maxg |u(x,t)| + 1, dy := 2L dy := 3M?, d3 := dy + 30M> + 12 d, =
3M? 4+ 2 ds := 1c(u), and d and d be such that for sufficiently small k

dok ~ 03, + djk ,

< dk, <3 4+dk, j=3,...,5,
1—dik (1 —dk)(1—dk) ~ ¥ J
where 0 is the Kronecker symbol. It can be easily seen that maxo<,<ny ¢, < ¢* with
a constant ¢* independent of h and k. In the sequel we shall assume that h and k are

small enough such that

(4.10) ¢ Bl (K + h2)

Note that (A7) holds trivially for £ = 0. Assume now that (4.7) holds for £ =0,...,n
Letting ") :=u®» — U j=0,...,j,, and " :=u" — V", n=0,...,N, we have

(€n+1(j+1) )+ A, ( n+1G+D) 4 o )+KA}21 (€n+1(j+1) +€n)

| =

(411) — _ﬁ [w(‘/n_i_‘/rﬂrl7 enJrl( )+1/1( n+1 An+1’ el +€n+1):|
24h (e + en+17 6 —+ en+1) + Sn.

Taking the inner product with e+ 4 em and using (2.6), (Z5), (@I0) and the
induction hypothesis, we obtain

1
k

j A 1 — AN n j n
< (MHen+1(_]) +€th—|—MH€n+€n+1”h+ gh 1/2 He”+6 +1”i) ‘e +1(5+1) te |1,h

v }en+1(j+1) + en‘Q

1 .
(e H1E+D |2 = flen|[2) = 5 e 104D - enf? 4 2 "

+ 1" ln [le™ 1D €|

Therefore, by the arithmetic—geometric mean inequality

1

. . 2 14 : 2
= (Hen+1(]+1)”i _ ||€n||i) < }6n+1(j+1) + en}l,h v }en-i—l(j-i-l) + en‘Q’h

2

3 . 3 .
(112) 4 S0 (O e e ) + o e+

oI+ 2 e e
Thus, using (2.I10), for n > 1 we have
(1= dik)||le" VI < daoklle™ 7+ (1 + dak) "I
+ dyk||e" Y2 4 dsk (K 4 h%)?,

and conclude that (A7) holds for £ =n + 1.
Finally, for n = 0, (£12) and (£6) yield for k£ small enough

le* (I < Cr(lles + 11s°l17)-
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Using (4.6]) and (4.9), we see that (£.7) is valid for ¢ = 1, and the proof is complete. [

Taking j, = 1,n=1,..., N, the scheme described above takes for n > 1 the form

V" 4 Ay V2 4y AT VI =
(4.13) 1 n 41 n Trn+1

which is the standard way for linearizing the second—order scheme (L)) by extrapolat-
ing in the nonlinear term from previous time levels.

Remark 4.1. We assume here that the initial-value «° is an odd function. Then,
v,v(x,t) = —u(—x,1), is a solution of (LI)-(L.2). Consequently, by uniqueness v = u,
i.e., u(-,t) is odd for 0 < t < T. This property is carried over to the approximations
discussed above. For instance, U”,Ul-" = =U",i € Z,n = 0,...,N, satisfy (0.
Therefore, for k h='/% sufficiently small U™ = U™. This results to a reduction of the
number of the nonlinear equations (L)) from J to [%} — 1.

REFERENCES

1. G.A. Baker, V.A. Dougalis and O.A. Karakashian, Convergence of Galerkin approximations for
the Korteweg—de Vries equations, Math. Comp. 40 (1983) 419-433.

2. F.E. Browder, Ezistence and uniqueness theorems for solutions of nonlinear boundary value prob-
lems, In: R. Finn, ed., Applications of Nonlinear Partial Differential Equations. Proc. Symp. Appl.
Math. v. 17 (1965) 24-49. American Mathematical Society, Providence.

3. B. Fornberg, On the instability of leap—flog and Crank—Nicolson approzimations of a nonlinear
partial differential equation, Math. Comp. 27 (1973) 45-57.

4. G. Hammerlin and K.—H. Hoffmann, Numerische Mathematik, Springer, Berlin, 1989.

5. J.M. Hyman and B. Nicolaenko, The Kuramoto—-Sivashinsky equation: A bridge between PDE’S
and dynamical systems, Physica 18 D (1986) 113-126.

6. Y. Kuramoto, Diffusion induced chaos in reaction systems, Progr. Theoret. Phys. Suppl. 64 (1978)
346-367.

7. B. Nicolaenko and B. Scheurer, Remarks on the Kuramoto—Sivashinsky equation, Physica 12 D
(1984) 391-395.

8. B. Nicolaenko, B. Scheurer and R. Temam, Some global dynamical properties of the Kuramoto—
Sivashinsky equation: Nonlinear stability and attractors, Physica 16 D (1985) 155-183.

9. R. Osserman, The isoperimetric inequality, Bulletin of the A.M.S. 84 (1978) 1182-1238.

10. D.T. Papageorgiou, C. Maldarelli and D.S. Rumschitzki, Nonlinear interfacial stability of core—
annular film flows, Phys. Fluids A2 (1990) 340-352.

11. D.T. Papageorgiou and Y.S. Smyrlis, The route to chaos for the Kuramoto—Sivashinsky equation,
Theoret. Comput. Fluid Dynamics 3 (1991) 15-42.

12. R.D. Richtmyer and K.W. Morton, Difference Methods for Initial-Value Problems (second edi-
tion), John Wiley and Sons, Inc., New York, 1967.

13. A.A. Samarskij, Theorie der Differenzenverfahren, Akademische Verlagsgesellschaff Geest und
Portig K.—G., Leipzig, 1984.

14. G. Sivashinsky, On flame propagation under conditions of stoichiometry, SIAM J. Appl. Math.
39 (1980) 67-72.

15. R. Temam, Infinite-Dimensional Dynamical Systems in Mechanics and Physics, Springer, New
York, 1988.



FINITE DIFFERENCE DISCRETIZATION OF THE KS EQUATION 11

16. V. Thomée, Finite difference methods for linear parabolic equations, In: P. G. Ciarlet, J. L. Lions,
eds., Handbook of Numerical Analysis, Vol. I (1990) 5-196. North—Holland, Amsterdam.

17. N.J. Zabusky and M.D. Kruskal, Interaction of “solitons” in a collisionless plasma and the recur-
rence of initial states, Physical Review Letters 15 (1965) 240-243.

MATHEMATICS DEPARTMENT, UNIVERSITY OF CRETE, 714 09 HERAKLION, CRETE, GREECE



	1. Introduction
	2. Some properties of the Crank–Nicolson approximations
	3. Existence, Convergence and Uniqueness
	4. Linearization by Newton's method
	References

