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Abstract. The Probabilistic RBF (PEBF) network constitutes a classi-
fication network that employs Gaussian mixture models for class condi-
tional density estimation |7, 8]. The particular characteristic of this model
is that it allows the sharing of the Gaussian components of the mixture
models among all classes in the same spirit that the hidden units of a
elassification RBF network feed all output units. In the present work, we
present an extension to the original PRBF network that allows to impose
constraints on the degree of kernel sharing among the classes. We also
propose a fast and iterative training procedure (based on the EM al-
gorithm) that automatically adjusts not only the kernel parameters but
also the degree of sharing of each kernel among the classes. Experimental
results on well-known classification data sets indicate that the proposed
method leads to superior generalization performance compared to the
original PRBF netwerk with the same number of kernels (hidden units).

1 Introduction

The Probabilisitc RBF network (PRBF) is an adapration of the classical RBF
network where the hidden units correspond to the Gaussian kernels and each
output represents the class conditional density of each class [7,8]. From the
point of view of gaussian mixture modeling, a PRBF network is considered to
employ one mixture model for the conditional density of each class, with the
characteristic that each gaussian kernel is allowed to contribute to the density
estimation of all classes.

More specifically, p(z|,#;) denotes the gaussian probability density com-
puted by kernel (hidden unit) j (with parameter vector #;). For a PRBF network
with K classes and M kernels, the class conditional density p(z|C%) correspond-
ing to output k is given by

M
p{IECk:rk,E]=Zfrjkp{r|j'.ﬂ_,-:| k=10 K, (1)
j=1

where m; is the mixture coefficient (prior) representing the prior probability
of component j conditioned on the class Ci. We denote with = the vector of



all the priors associated with the class C) and with # the veetor of all hidden
unit parameters {#;}. The priors cannot be negative and for each k satisfy the
constraint

M
Somp=1. (2)
j=1

In order to train the PRBF network a fast training procedure has been developed
based on the EM algorithm [7).

As already stated the most important characteristic of the PREF network is
that it allows for each gaussian kernel j to contribute to the density estimation
of every class Cy. In addition to adjust the parameters of each kernel during
training all available training data are used. This is in contrast to the conven-
tional application of mixture models to classification, where a separate mixture
maodel is used for each class and is trained independently using only the dara of
the corresponding class.

The most common argument concerning the usefulness of kernel sharing is
that it can be beneficial in cases of highly overlapped classes since a kernel is
able to contribute simultaneously to the modeling of different classes. However,
in real world problems we are not aware of the kind of overlapping between the
classes and the employment of the above models might in some cases lead to
poor data representations from the classification perspective,

Therefore, in many cases it would be beneficial if we could constrain the
degree with which a kernel contributes to the mixture model of a specific class.
In this spirit, we present in this work constrained PRBF models and also present
training algorithms to automatically adjust the degree of kernel sharing. We
next present the formulation for this tvpe of model and provide experimental
results where for fixed number of kernels the solution with the best classification
performance is obtained by constrained shared kernel models.

2 The constrained PRBF network

Suppose we are given a classification problem with K classes expressed through
a data set X with N pairs (", k") where z" € R? and k" denotes the class of
pattern x™.

As stated in the introduction, the model described by (1) can be beneficial in
cases of highly overlapped classes and especially in such cases constistute a way
of reducing (compared to the separate mixture models) the required number of
kernels for representing efficiently the data. On the other hand, if the classes ex-
hibit little overlap then the modeling (1) may fail to provide with a qualified data
representation from the classification perspective [8]. The proposed method at-
tempts to resolve the above problem by automatically adjusting during training
the degree of kernel sharing among classes.



To begin with, we define the following functions! assuming a fixed number
M of kernels:
M
$H{z; Chy oy 72, 0) = erk“'jkl:’{xlj:'ﬂj) k=1 .:K, (3)
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which actually are those defined by (1) with special constraint parameters rj;
incorporated in the linear sum. These parameters cannot be negative and for

each j satisfy the constraint:
K

Y rie=1. (4)

k=1
The role of each parameter r;; is to specify the degree at which the kernel j is
allowed to be used for modeling class Cy, that is to represent data of this class.
In the definition of the ¢ functions we can observe that the incorporation of the
r variables adds competition between classes concerning the use of the kernels,
which is essentially due to the constraint {4). This competition will become
more clear later when we will introduce an objective function for learning the
parameters (&, r), where & denotes the whole parameter vector containing both
kernel parameters and priors, while r denotes the veetor of parameters rj;. The
values of the priors m;; satisfy by definition

M
Z'ﬁ'jk =1 and if rj =0 then a5 =0, (5)
jml
for each k. Therefore for every class Cj, there must be at least one rj; > 0. Thus,
we exclude the case where a function ¢ and, consequently, the corresponding class
conditional density is zero.

The functions ¢ in general do not constitute densities with respect to x
due to the fact that [ &(z; Ci,7i, 7x,8)dr < 1, unless the constraints rj; are
assigned zero-one values®’. However, it holds that &(x; Cp,re, 7. #) = 0 and
[ o(z; Ci, m&, wx, #)dz > 0 which is due to (5).

In order to exploit the ¢ functions for learning the model parameters (&,r) it
is necessary to treat them as if they were class conditional probability densities.
Such a learning procedure would actually realize the competition between classes
implied in the definition of the ¢ functions as discussed previously. If the ¢
functions are treated in a way analogous to the corresponding class densities, we

can introduce an objective function analogous to the log-likelihood function as
follows:

K
Le,r) = Z Z log &(; C, rie, Tk, 0) ©

k=1 xrc X

! These functions do not represent the class density models to be constructed, but
we use them in order to find suitable parameters for the real class density models
(which are given by (1)).

2 In this special case each function ¢(z; Ck, re, 7x. #) is identical to the corresponding
oz Ches m, 8),



where X denotes the available data of class Cp. Through the maximization
of the above function we adjust the values of the r variables (actually the de-
gree kernel sharing) and this automatically influences the solution for the class
density models parameter 8. Intuitively, we expect that the adjustment of the r
variables will be based on a strong competition among classes concerning the use
of the kernels. This issue will become more obvious in the next section where we
present the update parameter equations of an Expectation-Maximization (EM)
algorithm for the maximization of the objective function (6).

3 Training using the EM algorithm

We can use the EM algorithm [3] for maximizing the objective function (6).
Although the EM algorithm is employed for log likelihood or log posterior maxi-
mization, the fact that our objective function in its general form does not corre-
spond to any of the above cases does not constitute a problem. It can be proved
that the basic EM property concerning the guaranteed monotone increase of the
objective function still holds in our case® (8).

The EM algorithm starts from an initial parameter point (@@, (%) and
proceeds iteratively performing two steps: i) the E-step, where the expected value
of the complete data log likelihood function (denoted by @) is estimated and ii)
the M-step where the @ function is maximized with respect to the parameters.
In our case the @ function evaluated at the E-step of the t + 1 EM iteration is:

Qe,r:6",r1) = Z > Z @ (x; G m” 61) log{rumynp(zl; 6;)}
k=1x2X, j=1
(7)
where
rip i p(xli;85")
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The algorithm at the M-step maximizes the above function with respect the pa-
rameter vector (G, r). If we assume that the mixture components are Gaussians
of the general form

B;(z; G ri) 7w, 600 = (8)
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where p; is a d-dimensional vector representing the center of kernel j, while X;
represents the corresponding d » d covariance matrix. Then the M-step of the
EM can be performed analytically for the whole parameter vector (@,r). More
specifically the update equations for each kernel j are the following:

AE] p
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* The proof is omitted due to space limitations

(10)
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Using the equation (12}, equation (13) can be written as

_[t+1)
r;.n.[;. ik |-X (14)
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which explains how the r variables are adjusted at each EM iteration with respect
to the newly estimated prior values. If we assume that the classes have nearly
the same number of available training points, then during training each class Ci
is constrained to use a kernel j based on the ratio of the corresponding prior
value 7 ) over the sum of the rest of the priors associated with the same kernel

The EM algorithm performs iterations (eq. (10 - 13)) until convergence to
some locally optimal parameter point {8, 7). Then the estimated class densities
are given by (1) with parameters 8%,

4 Experimental Results and Conclusions

For the experiments we have considered two well-known classification data sets
(Satimage and Phoneme) from ELENA database [2] and one data set (Pima
indians) from the UCI repository [1]. For each dataset, in order te obtain an
estimate of the generalization error, we have employed the K-fold eross-validation
method with K = 5.

12 kernels|[18 kernels[24 kernels

Algorithm error | std [error| std [error| std
Constrained PRBF|12.3510.39(11.85|0.61|11.29(0.53
PREF 13.23]0.56(12.2810.79({11.52|0.75

Table 1. Generalization error for the Satimage data set.

Tables 1-3 display the obtained results in terms of average value and standard
deviation of the generalization error for several values of the number of kernel
functions M using i) the original method for PREF training [7,8| and ii) the
proposed constrained method for PRBF (in the tables Con. PRBF) training.



10 kernels|12 kernels|14 kernels

Algorithm error | std |error | std |error| std
Constrained PRBF|158.05(0.22/17.40[0.95(15.74(0.90
PREF 20.62|10.7520.03|0.75(|20.98(1.04

Table 2. Generalization error [or the Phoneme dataset,

10 kernels|12 kernels|14 kernels

Algorithm error| std |error| std |error | std
Constrained PRBF|27.47|2.37[27.73(3.26/25.52[1 .90
PRBF [20.05]3.06]28.12(2.21]28.25]1.97]

Table 3. Generalization error for the Pima Indians dataset.

These results indicate that the proposed technique provides in general superior
performance results compared to the PRBF network with full kernel sharing.

In what conecerns future enhancements of the method, eurrent work focuses on

developing Bayesian techniques for PRBF training that require the formulation
of a suitable prior function [over the mixing coefficients 7y} that will favour
more or less kernel sharing,
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