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[IEPIAHTYH

Kovotavtivog Kwvotavtivéortoviog tou l'ewpylou xan tng Hnverdnng.
PhD, Turuo IIingogopixrc, Havemotiwo Iwavvivwy. Tobviog, 2006.
Tithog: Yratiotinég xou Nevpwvixég Mévoodot yio ITgofiAuata Mnyoavixric Mddnorg.

EmpBiénovtac: Apoteidne Alxac.

Yty mapoloa dwtey) uehetdue uéoa ota mhatota tng Mnyavixrc Mddnong mpoAfuata
Tou TaEouctdlovTor o TNV TaEVOUNGT XAl TNV opadoroineT dedouévwy, UE wtaitepn Eupa-
o1} GTNY ETAOYT TNS TOAUTAOXOTNTAC TOU UOVTEAOU XL TNV ETLAOYT) TV YOQUXTNPLO TIXWV
TwV 0edouévwy. Avtiuetwnilouye To TpoBAAUAT and TV OTTXY TNC EXTIUNOTNG XATAVO-
UGV, YENOWOTOIOVTIS TNV ULEN XAVOVIXWY XATAVOUMY X0l TO THAVOTIXO BIXTUO AXTIVIXGDY
ouvopthoewy Bdonc (PRBEF). Ot akybpriuol tou npoteivouye anoppéouy and tov ahyderd-
uo Expectation-Maximization (EM) xou ané tnv variational Bayesian (VB) pedodoloy(a.
[Switeen mpoondiewa €yve yia va mpoteivouue auntixols alyderduoug exnaideuong, ot
omolol auEAvouv GTadlaXd TNV TOAUTAOXOTNTA TOU EXACTOTE UOVTIENOU.

To mptdto TEOBANUa mou eZetdlouue ebvar autd TN opadornoinonc. To yovtého mou
YETOWOTOWUUE Elvon Uiar WIET XOYOVIXDY XATAVOU®Y, UE TNV OTOl EXTWOUUE TNV XoTovou
TOU GUVOAOU DEDOUEVWY, xal G TNV GUVEYELL 0pilouUE TIC OUAOES OTWE UTODEXVOOVTAUL aTd
TI¢ ouVte TwoEeg TS WiEng. Tautdypova divouue xar pio andvineT 6Ty xplowr exthoyy| Tou
apduod Twv cuvicTwowy e uiéne. Ilpoteivouue wo auntier yédodo yio v emAoy
wovtélou xar TNy exnaldevor wog uiing, mou Baociletar ot variational Bayesian pédodo.
H pédodog npooiétel ouviotwoeg otny uiln yenotwonowwmvag évav éheyyo Bayesian 0ud-
OTOOTC: ULl CUVIOTWOO DLAoTdToL GE 000 VEEC GUVIGTWOES X0 GT1) GUVEYELX EQapudlovTon

variational Bayesian eiomoeic evuéomaonc Hovo 6TIC TOpUUETOOUC TV BUO VEWY GUVIC TW-
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owv. ¢ anotéheoya, efte xou oL HV0 GUVOTWOES dlatreoLvTol 0Ty Uiln, elte wo and g
000 amodEWYUETL TEQITTA o amahelpeton and tnv Wikn. XNy npocéyyion yoc To TedBAN-
uo EmhoYHC LOVTEROU avTIUETOTILETOL TOTXE GE Uiol TEQLOY T TOU YOEOU BedoUEVwY, EToL
UTopoUUE Vol YECOUUE THO XATATOTIG TIXES EX TWV TEOTEPWY Tavitnte Baoctlouevol TNy
TOTXY) XATAVOUT| TV OEdoEveY. o Ty uhonolnon auTthg TS TEOGEYYLOTE TaEoUGLAlou-
ue Wi Bedtiwuévn Bayesian picrn, xaddc xon évay alydprduo exmaideuonc mou egapudlet
eMAVOATTIXG Evay €AeY Y0 BldoTaoTc 6 xdUe cUVIGTWO NS WENC.

To enduevo mpdPinua mou e€etdlouue ebvar oA o TEOBANUA TG opadoToinong xat
emhoyrc yopoxtneloTixwy. o tny emAoyr Tou apluol Twv cUVIGTWOWY TNe Uilng ex-
ueTahheuouac e TNV Ttumixy| variational Bayesian pédodo, xat emXEVIpWVOUAGTE OTO TEO-
BAnua TG eMAOYAC YoeaxXTNEO TIXWY. AvalnToUUE YoguxXTNELO TIXd Ta 0Tolo AVADEXYOOLUY
I OLopopég ETALY TwV OUddwY, ot TpoTelvouue wa variational Bayesian uédodo yu tny
exnaldevon g UEng mou avTiueToriler TauToéyeova To TEOBANUL TNG ETAOYHS YoQUXTNEL-
oWV xou TS emAoYric yovtéhou. H emhoyr yopaxtnoiotixwy otneiletan oe pla Bayesian
WEn 800 emMREdWY, TOL YId XGVE CUVIOTWO TNG TA YAEAUXTNELO Tixd efvan aveldoTtnTa YeTalld
TOoUg, xat Ue Ui maveTrTa efvon xow ud cuVUXN aveldeTNTA Amd TNV GUVIGTOOA.

To Tplto mpdéfBinua mou e€etdlovue eivon To TEOBANUA TNC XATATUNONS WAS ELXOVIS, WS
TedPBAnua oyadoToinong Twv etxovosTotyelwy g, Agol e€dyouus xaTdhAnAa yopuxXTHEL-
oTxd amd T EXovooToLyEld, 1 ouadonolnor toug pmopel vo yivel ye uio uiln xavovixmy
xatavouwy. llpotetvoupe Ty otadtax? ogadonolnon Twy eiXovoc Toyeiny, xal Topouctd-
Coupe wo pédodo evepynuxhc uddnone mou auldver otadioxd 10 TARUOC TV EXOVOGTOL-
Yelwv Tou yenowonoolvIal i TRV eRavahauBavOUEVn XaTdTUNoT NG emovas. Xe xdie
emavdhndn e Yedodou €youue EVowpat®oer Evay ahyopriuo exnaideuonc tng pi&ng mou
Baoileton otny variational Bayesian uédodo, xou avtigetwniCel anodotixd to mpéBAnua emi-
Aoyrg povtéhou. Ta mepapatind anoteréopata Edetlav 6Tt 1 pédodog €yel txavomonTind
XeOvo exTéleang xaL TEOGUPUOLEL YE EMITUYIA TV aplUd TWV TEQLOYWY TOU YENOLIOTOLEL
G TNV TOAUTAOXOTNTOL TNG ELXOVAC.

To térapto mpoPBinua mou e€etdlouye elvor 10 TEOBANUA TNg ToVOUNGT) UE TO BiXTUO
PRBF. H tumuxr pédodog exmaideuone tou PRBE yi talvouncn yenotuonoel tov oh-

Yopwuo EM, xou 1o tehxd dixtuo eaptdtar and TNV dpyXOTOiNcT TWY TUQUUETOWY TOU.



ITpoteivoupe wa uédodo yio Ty audnuxy| exnaideucn tou duxtbou PRBF, n onola Zexwvd
UE UL HOVO CUVICTWOA, Xatl G Todlxd TPooVETEL TEQIOOOTERES O xATIAANAEC VETEC GTOV
Ywpo dedouévey. H mpocidrinn wiag emmiéov cuviotwoog Baciletar o€ va xpithiplo yiol Tov
EVIOTIGUO WG TEQLOY NS ToU efvar xplotun Yol TV TadvounoT, cuyxexpéva oTo 6plo anod-
paorng. Metd and tnyv mpocifnn OAwY TOV GUVIGTOOWY, 1) UEV0d0C BlaoTd xde GUVIO THOA
O€ UTIO-GUVIG TWOES TTOU XJUE Wat avTIo TOLYEL OE DLPORETIXT XATNYOpldL.

To teheutaio mpdPBAnua mou pag anacyolel ebvar To TEdBAnUa g evepynTxhc udidnong
PRBF vy ta€vounon. M evotagépouoa tagallay | Tou TooxUTTEL AV T0 GUVOAO EXTALDEL-
orne meptéyel Tadvounuéva xar aTavounTa TeOTUTA, TOTE 0 aAYORIIUOC UTOREL Vo ETIAEEEL
XL Vo pwTHOEL TNV xatnyopio xdmoou and ta atadvounta. Iapovodlouvye uro audntixy
uédodo Y exnaideucn ue NU-ETBAEdn YeNOWOTOIOVTAC To TAEIVOUTUEVA XoL ToL ATAEVO-
unta dedopéva, mou Pactleton otov alydpriuo EM. Ytnv ouvéyela mpotetvoupe wa pédodo
EVERYNTIXRC UAUTIONG TOU ETaVOANTTIXd EQupUOLel TNV Bradxacia udinone ue nu-eniBredn,
XU 6 TNY OLVEYELX ETAEYEL €val atadvounTo Bedouévo xou {ntd vo udder Ty xotnyopla Tou.
Agol mpoctelel oto Ghvolo exnaideuong n xatnyopla autol tou tpotinov, cuveyiletal 7
augntir extaldevon tou dixtlou. To xpithplo emhoyhc mou mpotelvouue emAEYEL onueia
XOVTd 670 6pL0 AmdPAGNC TOU TEEYOVTOC TavoUNTY, xou BIEUxoADVEL TNV auinTixy| pédodo

ue nu-eniBAedn nou enlong exyetaliedeTon T0 Gplo ATHPAGTC.
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This dissertation deals with Machine Learning, and more specifically with the most im-
portant issues that arise during classification and clustering, namely model and feature
selection. We also examined certain aspects of active learning for classification and image
segmentation. We treated learning as a density estimation problem, and exploited the
Gaussian Mixture model (GMM) and the Probabilistic Radial Basis Function network
(PRBF). The proposed algorithms are based on the Expectation-Maximization (EM) al-
gorithm and the variational Bayesian (VB) approach. We concentrated our efforts on
incremental training algorithms, which successively increase the complexity of the model
that we train.

The GMM is a convex linear combination of Gaussian probability density functions,
and can approximate arbitrary probability density functions in clustering and classifi-
cation problems. The PRBF network constitutes a special case of the well known RBF
network, and can estimate class conditional densities in classification problems. Moreover
it extends the typical GMM approach to classification by allowing the sharing of mixture
components among all classes. The proposed training algorithms for PRBF are based
on the EM. The EM is an iterative method that estimates the parameters of a model
maximizing the likelihood of a data set. The proposed training algorithms for GMM are
based on the VB approach. The VB is an approximate Bayesian framework that yields
EM-like algorithms.
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Chapter 1 constitutes the introduction of this dissertation, and in Chapter 2 we
present basic concepts of Machine Learning that we use throughout the dissertation.
Namely the Maximum Likelihood (ML) criterion, the GMM and PRBF models, and the
EM and VB methods for training these models.

In Chapter 3 we use a GMM for clustering data, and we try to estimate the true
number of clusters simultaneously. We propose an incremental method that derives from
VB. This method adds a new component using a Bayesian split test: a component is
splitted in two, and VB update equations are applied to estimate the parameters of the
new components. As a result, either both of them are retained, or one of them happens
to be redundant and is rejected. In our approach we can attack model selection locally, in
the space that the new components compete. So we can set more informative priors based
on the local density of data. We present an appropriate Bayesian mixture, and a training
algorithm that iteratively applies the split test on each component. Experimental results
demonstrated that the proposed method effectively clusters artificial and real data.

In Chapter 4 we present a VB method for GMM training that simultaneously treats
the feature selection and the model selection problem. The method is based on the
integration of a mixture model formulation that takes into account the saliency of the
features and a Bayesian approach to mixture learning that can be used to estimate
the number of mixture components. The proposed learning algorithm follows the VB
framework and can simultaneously optimize over the number of components, the saliency
of the features and the parameters of the mixture model. Experimental results using
high-dimensional artificial and real data illustrate the effectiveness of the method.

In Chapter 5 we present a method for image segmentation that uses a GMM to
cluster the pixels of the image. Our method offers a solution to the problem of selecting
the segments, and tackles the problem of high volume of data for an image with standard
resolution (e.g. 256 x256). We propose an iterative clustering of the pixels, using an active
learning method that increases gradually the number of pixels used for segmentation. The
method selects pixels that exhibit large square distances between the original and the
segmented image. In each iteration we apply the VB method described in Chapter 3

to train the model and simultaneously estimate the number of clusters. Experimental

xiil



results demonstrated that the method can be fast, and successfully adapt the number of
segments to the complexity of the target image.

In Chapter 6 we present an incremental algorithm for PRBF training. The typical
learning method of PRBF in a classification context employs the EM algorithm, and
depends strongly on the initial parameter values of the model. The proposed incremental
algorithm starts with a single component, and incrementally adds more components at
appropriate positions in the data space. The addition of the new component is based on
a criterion that detects the region in the data space that is crucial for the classification
task, namely the classification boundary. This stage of the algorithm concludes when a
maximum number of components have been added. In the following stage, the algorithm
splits every component of the network into sub-components, where each one corresponds
to a different class. Experimental results using several well-known classification data
sets indicate that the proposed incremental methodology provides superior solutions as
compared to standard hierarchical PRBF training. Comparative experiments with Sup-
port Vector Machines (SVM) were also conducted, and the obtained results along with a
qualitative comparison of the two approaches is presented.

In Chapter 7 we present an active learning methodology for training the PRBF net-
work. We propose an incremental method for semi-supervised learning of labeled and
unlabeled data simultaneously, based on the algorithm proposed in Chapter 6. We then
present an active learning method that iteratively applies semi-supervised learning, and
then employs a suitable criterion to select an unlabeled observation and query its label.
The new label is added in the training set, and the incremental semi-supervised learning
continues. The proposed criterion selects points near the decision boundary, and facili-
tates the incremental semi-supervised learning that also exploits the decision boundary.
The proposed algorithm were experimentally tested using well-known data sets, and the
results were promising.

This dissertation concludes in Chapter 8 with a short review, and some interesting

issues for future work.
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KE®AAAIO 1

EISATOIH

H unyoavix; pdinor etvar o topéag mou aoyohreiton Ye tny drnutoupyio ToYeauUdTRY UTo-
AOYIGTWY TOU UTOPOUY Vo BEATIOVOUV TNV CUUTECLPORd Toug xawg aroxTtoLy eureipla. H
eunelplor auTH Umopel var EYEL TNV Uop@Y| TAUAdEYUdT®wY Tou EYouv RO1 GUALEY Vel 1) cUNAE-
yovtaw xatd Ty dudexeta g udinong. H avdyxn yio tny avdmrudn tng unyovixiic udinong
TeoxOTTEL amd TNV aduvauia yag va dwoouue anculelag AooT ot xdnow tpoAfuata. Tétota
elvon Tor TpoPBAuaTa yior T omolo BEV UTAPYOUV EUTELCOYVWUOVES Yld Vol TERLYpdouy Wi
Aoom Ay 1) amodoTXY TEPLYLUPT) TNG Elvol ABUVATY), OTWS YIo TURUDELYUA O UNYAVIOUOC Yid
TNV AVALYVORLGT YELROYRAPWY YapaxThowV 1 gwvnudtmy outkiag. Trv idia ducxolia €youue
OTay TEETEL Vo dO0UPE AIGE Tou va Tpocapuolovial o€ €va TepBdihoy Tou ahhdlEL Suva-
Wxd, OTWS YL TAPABELY A OTNY TEQITTWOY EVOC POUTOT Tou pUUWILEL TNY CUUTERLPORE TOU
avdhoya ye Ti¢ cuvhdeleg 1 Ty Yuyohoywt, Siddeor Tou avilp®Tou TOU €YEL UTEOGTA TOL.
Y€ TETOIEG MEQITTWOELS XUTAPEVYOUUE G 11 G TadLY| avamTun oG AIoTS Y eNCILOTOLMVTAS
otd€otua mopadelypata ¥ cuAEyovtag xouvolpla. To GOVOAO aUTKOY TwV TAPADELYUATWY
ovopdletar oUrodo ekmaidevons, xaL TO YENOWOTOWVUE Yl VO OTOTIUNOOUUE TNV ERIDO-
orn g hong pag Bdor evog kpitnpiov pudinong xoL o1 GUVEYELL VAL T1) OLUUORPOGOUNE

avahoya yenowonoiwviag evay adydpiiuo pdonong.



1.1  IleoBAquoata Mnyoavixne Mdaddnonc

To npoPAfpata mou avTtiuetwnilouue oy meptoyy| TS unyavixric uddnone urmopolue va
Tor OLoplvoulue o€ TEEC PEYSAEC xaTNnYOopieg avdhoya UE TO TL EIDOUC AVATROYOOHTNOT) Yid
NV ETBOGY) Hog €Y0OUUE, ONAADY| TKS OLUTIG TOWVOUPE oV TO GUGTNE Uag AEtToupYEl 6O T,
Yuyxexptuévo UTopoUUe va daxplvoude v xatnyopla tne pudonong pe emiPAeyn (super-
vised learning), tnv xatnyopia tne pdinons ywpls emipAeyn (unsupervised learning) xou
v xatnyopio tne evioxvtiknis pdinong (reinforcement learning) [60, 2]. Xtn udinon pe
eniBhedn xdle nopdderyua oto ohvolo exmaideuong anoteheitar and Eva (ebyog €L06d0L xou
emduunTic €€6d0v, €Tl UToROVUE GUECH VoL DLATIG TWOOUYE AV T0 GUG TN ATODIDEL WG Td
yio 0edouévn eicodo. Ytny udinor ue eniBiedn eunintouy ta mpofifuata tne tabwdunong
(classification) xou tng maAwopdunons (regression). H udidnon ywplc eniBiedn nepihopd-
ver uetall dAwv tor mpoPAiuata e extiunons katavouns (density estimation) xou tng
opadoroimong (clustering). Ye autd dev yvwpilovue Vv owoth andpaocy), woT6c0 N and-
(aoT) TOU TUEVOUNE aopd T0 GUVOAD TwV TUPAOELYUdTmY o)L xd¥e Topdderyuo LeywploTd,
X0 EXYETAAAEVOUAOTE TwV TAeovaous (redudancy) mhnpogopiac. Téloc ota mpofiuata
evioyuTixhc udinong maipvouue wa emBedBeuon (n upwpicx) UET amd piar OELd AmoPAcEWY,
7 omolo 0ev avagépeTtar o€ xdVE andPacT ywEeioTd aAAd 6To xaTd TOGO 1} aIAAnhouyio Toug
Hog 0dHYNoE GTO G THYO.

Yta mpofhuata Tagvounong o téyog wog eivar va Slaxeivouue Ty xotnyopla 6Ty onol-
o avixouv ot TapatneRoeic poc. Eyouue yia mapdderypa gwtoypaglec and ta Ynpla (0 9)
Tou eggaviCovTor GToV ToyUdEOUIXE XWOXO EVOS Quxélou xor VEAOUUE VoL avary Vwpicoupe
Toug avtioToryoug apiuols. [evixd xdle Soadéoiuo Tagddetypo 610 oUVoho exnaideucng
arnoteheltar and éva Lebyog (Tcp(')'cuno, xamyopiu), OTOU TO TPOTUTO AMOTEAEL To TAPATY-
EOUUEVOL YAPAXTNEOTIXS TN OVTOTNTAC ToU VEAOUUE Vo ToEIVOURGOUUE. YTOY0C Uag €lvor
VoL EXUETAMAEUTOUUE TO GUVOLO EXTAUDEUOTS, Xo VoL BNULOVEYHGOUNE Eval 0o TNUA Tou Vo
uropet vo Tadvouel 6woTd véa TedTuTa TOU BEV UTdEyouY 610 oUvoho exnaideuonc. H uxo-
VOTNTA TNC 0WOTHC TaVOUNCTC XAVoURLwY TEOTUTWY OVOUALETOL XAVOTNTA YeriKevoT.
[a var xataoxevdoouye Evay tadvounty| Umopolue vo axohoulfiooupe 800 TpoceYYioeL.
H neotn elvar va mpoostadfcouue vo uddouye tnv ouvdpetnon tou anexovilel €va tpdTuto

oe Jio xatnyopla, OTwS auTh TEPLYEdgETHL and To cUVolo exnaldeuonc. Me dgpoug mda-



voTiToy, Peloxouye tnv mavotnTa wag xatnyoplag dovéviog evog npotinou. Auty elvou
n discriminative mpocéyyiorn xou mepthaufSdver uedodouc 6w VEUpwWIXE dixTud, Support
Vector Machines SVM, Relevance Vector Machines RVM xou 6évdpa andgacnc. H debtepn
npocéyylon ebvar va tpooradfcouue vo pdiouye Tt eldoug tpdTuTa ToEdyEL xdle xaTnyopi-
o. Anhad¥| va utoroyicouye Ty mavdtnTa evég TeotiTou dolelcaug pag xatnyoplog, xou
O TN CUVEYELX UTOPOUUE YeMowonowwvTas To Yempnua tou Bayes va unoloyicouue edxola
v mavotnTa TNE xatryopiag dovévTtoc Tou mpotimou. Auti elvon generative tpocéyyion,
xou Bootletan o YeVdooUC EXTUNOTG XATAVOURC, TOU Vol aVAPEQOUUE OTNY GuVEYELX. Ex
TeWOTNS OYewe QaiveTon 6Tl UE AUTO TOV TEOTO BUOXOAEVOUUE TO TROBANUA TS Ta&vounonC.
2676060 10 TAEOVEXTNUA Efvar OTL P afvoVTag TNV XATOVOUY| ATOXTIUE UId TUO YEVIXT, TEQL-
YEApT TOU YWEOoU, amd aUTH ToU TPOGpEpouy Ta TedTuT exTaideuone. H mhnpogopio twv
TeoTUTWY YiveTon TAngogopia TtuxvoTnTag TavoTnTag, xan anetxovilouvue pudla mavoTnTog
oe xatnyopio. Autd umopel va poc Bondnoet o Tapddelyuo 6Tay yio xdmol TedTUTA AEITEL
N xoTnyopior Toug # xdmoto amd TaL yopaxTNeto Td Toug. Téhog ofilel va avagépouue wa
TplTy TPOGEYYION, AUTH TV A-X0VTVOTEPWY YEITOVWY (k-nearest neighbours) mou anogel-
yeu va pder onoadrinote anewxévion (lazy learning). AmAd amoUnxever ta TeOTUTA, Yot UE
Bdomn ta mo xovivd Tadvouel xdmolo dyvemoTo TedTuTO.

Yta mpofAfjuata TaAvdpounong otdyog uag etvor vor udoude gl ouVAETNOY OTO YO-
e0 TV TeayuaTixwy agtiuay. Ta tagdderypo Y€houpe va npoBiédouue Ty Ty TOAnong
eVOg ool xplvovtag amd TNy YEITovid nou Beloxetal, TNy andoTaon and TO XEVIQO, oV
Beloxetar xovtd oe motdw x.A.w. Mag divetar Aoimdy Eva GUVOAO TURABELYUATWY TN LORPTHC
(mpdtumo, Tur ouvdetnong), xat VéRouue yio véo TEOTUTA TOU BEV UTEP)OLY GTO GUVOAO
va. teoPAédouye Ty T g ouvdptnong. H unddeon mou meémer va AdBoupe unddn poc
xotd Ty udinon etvar 6t or emuuntéc €€odol mou €youue oTo cOVOhO ExTaidEUCTC TE-
eéyouv YopuBo. Enouévwe dev Héhouue 1 cuvdptnet| uag va anetxovilet axetBng ta (ebyn
TOU GUVOLOU EXTIAUDEVOTS, aANS avalnToluE Wwia Tpocéyyior Tou Vo cuuBiBdler Tnv axplBeta
(ptxpﬁ anodxhon ané v dovelon £Z0d0) UE TNV amAOTNTA TNG GUVOETNoLaxc Hopenhc. T
1 AOOT) TOUC YETOLOTOVUE LOVTEN TTOU Efval AEXETA EVEMXTA (G TE VoL TEOGEYYICOUY Ue-
Ydho TAHY0OC GUVAPTAGEWY, OTIWSE TOAUMYLUA, VELPVLXS BixTua, Support Vector Machines,

xo Relevance Vector Machines, eve to 0€vOpa anoQaong TEOCHPEGOUY ULaL U TOCUUETEIXT,



AVTIUETOTLON.

Yta tpoPhuata extiunong xatavoung uag olveton £va 6UVOAO TEOTUTWY, Xt VEAOUUE
va Bpovue wa xatavout| 1) onofa ue peYdAn mavotnTa Yo uropovoe va ta €yel napdyet. H
YVOoT NG xotavouns pog Bonddel va utohoyicouue und cuvinxn mavotnteg. Emmiéov
OTwe avagépae o, Eva TpoBinua Talvounong axoloudmvtoag Ty generative tpocEyyion
aVAYETOL GE TRPOBANUA EXTIUNONEC TNG XATAVOUNC TV TPOTUTWY xdVe xatnyoplac eywploTd.
O mapapetonég p€dodol Tou YENOWOTOWVUYTHL VLol TNV EXTIUNOY XATAVOURS UTOVETOUY
UlaL CUVORTNOLOXY Lop@Y Yo TNV xatavour|, T.y. xovovixy. To mheovéxtnua oe auth Ty
nepinTwor eivan 6Tt 1 ouvdptnon xodopileton and €va Uixpd aptiud TUQUUETOWY, TOU aY
TIC exTiROOVUE TOTE 1) xatavour eivon yvwoth. To ueovéxtnua efvow 6Tt 0ev unopolue
VoL EXTIACOLUE €ToL aubalpeTal TOAOTAOXES XATAVOUES, Y. ME TOMAES xopupéc. T va to
EenepdoOUYE UTOPOUUE VU XOTAPUYOUPE o TNV Yenon e uiEng katavoudy (mixture model),
Tou elvot EVag YEoUUIXOC GUVOLACHOS ATd XATAVOUES ATATC CUVIRTNOLOXTC LoRGhc, SUVADKS
XOVOVIXEC.

Yta tpofSAfpata opadoroinong divetor £val GUVOAO TEOTUTWY Xt VENOLUE Vo BRollE TIg
ouddeg mou oy NuaTilouy, Ywelc WGTOC0 Vo £YOUUE XaULd TANEOGORIA YIor TA YULAXTNELO TIXY
TWV OUddwWY, OTWS 0 apluog Toug X T wop@Y| Toug. [ mapddetyyo uio etonpior GUAREYEL
ototyela yioo Tig ayopéc mou xdvouv ot TeRdteg TS xaddg xou dnUoyeapd oTotyeln yia
auTtolg OTwe Nhxia, @OARO, ¥ LOPPOTIXG ETUTEDO, Xou VEAEL VoL OEL TIC TROTIUAOEL TOUG, ON-
AodY| oV UTIEEYOUV OUDEC TEAATY TOU €Y0OUV TNV TAOY Vo ayopdlouy 1 vo uny oyopdlouy
xdmowo meotdv. o tny enfluon €101y TEOBANUATWY UTOROUUE Y ENOWOTOW|GOUNE UEVO-
00Ug EXTIUNOTG XATAVOUNS, O Efvar 1) WIEN XATAVOUGMY X0 VAL AVTLO TOLY HOOUUE Lol OUdDA
o€ xde ouvioTwoa e uigne. Ioupduola tpocéyyion axoloudet 1 yvwoth pédodoc k-yéowv
(k-means), Ywelc woTtdoo va xdvel extiunon xatavounc. M diapopetiny| uédodog ebvon 1
lepapy Y| ouadonoinon mou Baciletar oty dnuovpyia ouddwy, TETOWY MOTE 1) ATOCTACT
UETHCY TV aTOUOY uag ouddag va ebvar 1 eAdytotn. O agglomerative alydprduog Zexwvd
ue o ouddo yia %xdde mpoOTUTO, Xan QTIdY VEL ot LEQuEY (o amd OUADES EVROVOVTS QUTES TOU
elvon o xovtd, uéypl va xotahhler oe uio oudda mou mepaufdver dha ta mpdTuTa. Mia
npocéyyton nou Baciletar oty Yewpla yedgwv eivar 1 paouatikr opadoroinon (spectral

clustering). Mnopolue va oynuoaticouue éva Ypd@o 6mou 1 anéoTaoy PETAEY TwY TpoTl-



TV anoTelel To Bdpn TWV axU®Y EVOS YRAPOU, XAl VO TALOUUE ATOQAGELS YL TIC OUADES
YENOWOTOWVTAS WLOTNTES Tou Tivona YELTViNoNS (adjacency matrix).

Yta mpoBAfuata evioyutixhc udinong 6Téyog yag eV elvan Vo OnuiovpYRoOUUE Eva GU-
o TN Tou TofpVel Lol amdQoceT), ahhd wa oeLpd and ATOQAOELS UXOAOLIWVTIS UL OTEATY
yuh. ‘Etot éyouye évav mpdxtoga mou aAAnAemidpd Ue 10 TepB3dAlov xou TalpVEL ATOPACELS
avdhoya Ue TNy xatdotach tou. H andgoor mou maipver xdlde gopd xadoptleton and tny
OTEATNYWXT TOU, TNV omofo EOUOXEL Vo BEATIOCEL. 2oTdG0 Bev Eépet xdle oTiyur| av mrpe
TNV 0WOo T ARGQOOT), HOVO PETY amd Wil adAniouyla arogdoewy talpver wa emBedBevon (¥
upwpioz) avdroya ue to Padud tne emtuylag Tou, TV omola yenowonolel Yo TN exudinom
¢ PEATIoTNG oTpAT YIS,

Oloxhnpavovtag auth tnv evotnta o&iler va avagepolye oe 800 véa eVOLpELOVTA
TEOPBAAUATE TOU EYOUY GUYXEVTPWGEL TNV TEOCOY N TN epeuVNTXAC xowotnTag. To mpmTo
neoBAnua etvon 1 pdinon pe npu-emiPAeyn (semi-supervised learning), n omola exyetah-
AedeTon o xowd otovyeior Tne uddnone ue exiBiedn xan tne uddnong yweic eniBredn. e
auUTY| TNV TEPITTWOT T0 GOVORO EXTAUOEUGTIC TEQLEYEL TEOTUTOL TAEVOUTUEVA X0t ATAEVOUNTA
(dewomg xamyopiug). Ytoyoc etvon 1 Snuioupyio VO Talvounty Y eNoILOTOWWVTAS OAAL
o Stodéota tpdTuTa, Emimhéoy 1) enidoor Tou xodopileton and TNV BEATIOTH Yerion TV
AT VOUNTWY TEOTOTWY Tol 0Told ATOTEAOLY TO PEYAADTERO UEQOG TOU GUVOLOU EVE TA To-
Ewvounuéva etvor Tohd Aya yiar vo dwcouy e xahy) oo, To deltepo eivon 1y evepyn pndonon
(active learning), n onola cuvidwe yenowonoteitan o TpoAfuata udinone ue exiBiedn
aAAG unogel va yenoworoinVel xou oe tpoAfuata udinone ywelc eniBiedrn. H Boaou 1déa
elvon 671 T0 GUGTNUA ToU exTTAdEDOVUE UTopel var {nTdel xouvolpta TedTURA EXTAUDEUGTC Yid
vo Bedtidoer Ty enidoor| Tou. To evdgépov (Atnua elvor and mowd TEPLOYT TOU YWEOU
TEOTUTWY Yo TROEEYOVTAL, ETOL ATATOUYTOL XPLTALA ETLAOYHC TEOTUTWY TOU Ay T udeL To

oo tnua Yo BeATiOoEt TNV enidoor Tou.



1.2 YupBoin tng Awatelne

Yy ouvéyewa Yo mopouctdooude wa mepiAndn g dwateiPrc, xon Yo emonudvouue TNV
ouuPoly| Tou TpwtdTUTOL UEoug Tng. To Kegdhawo 2 amotehel wa olvtourn mapousioon
TV Paooy evvolmy xot UEVOdwY TN unyovixis wdinong mévew oTig onoleg avamtdynxe
n otatey). Fiveton avagopd oe Veuehwdn xpitripta udinong, Hoviéha xo Toug alyopruoug
udinone. ‘Etol xatd oepd nopouctdlouue ta xpithiota Maximum Likelihood, Maximum a
Posteriori xat Penalized Likelihood. Xtnv cuvéyeia avagepdpacte ota graphical models
ot omolo amoTEAOUY Evay YEVIXO TEOTO avamapdo Taorg miavoTixwy WoviéAwy. Axohoulel
1 TEQLYPAT] TNS ULENC XOVOVIXWY XATAVOUWY (Gaussian mixture model) ot tou mdavoti-
%00 dixthou axTIVIX®Y ouvapThoewy Bdone (Probabilistic RBF), ye to onolo o€ endueva
xe@dhara mpotelvoupe Aooelg oe TpoBAfuata udinong ywelic eniBiedn xar pdinone e eni-
Bredm avtiotorya. To xe@dhono ohoxAnewveTon Ue Wi avapopd 6tov ahybderduo EM, oty
EQOEUOYT| TOU Yla EXTIOUOEUOT) TNE WIENS XAVOVIX®Y XATAVOU®Y, XaL o T1) variational Bayesian
uévooo.

Y10 Kegdhowo 3 eletdloupe to mpdfBinua tng ouadonoinons. To woviého mou yenot-
HoToloVUE €lvar ol UEEN XOVOVIXWY XATAVOUWY, UE TNV OTOIA EXTILOVUE TNV XATAVOUT, TOU
OUVOAOU DEBOUEVWY, o GTNY GUVEYELL 0piLOUUE TIC OUABES OTWS UTOBEXVUOVTOL A TIC
ouviotwoeg e WEng. Tautdypova divouue xar Ui andvinon otny xpelown emAoyr Tou
apduol Twv cuvicTwowy e uiéne. Ilpoteivouue wo auntied yédodo yio v emAoy
HovTélou xau TNy exnaldevor wog uilne, mou Baociletoan ot variational Bayesian yédodo.
H pédodog npooiétel ouviotwoeg otny uiln yenotwonowwmvag évav éheyyo Bayesian 0ud-
OTOOTG: UL CUVIOTWON DLIOTTOL GE D00 VEEC GUVIGTWOES X0l GT1) GLUVEYELX EQapudlovTon
variational Bayesian eiomoeic evuéomaonc Hovo 6TIC TOpUUETOOUC TV BUO VEWY GUVIC TW-
owv. (¢ anotéheoya, elte xou oL BU0 CUVICTWOES dlaTrpolyTon oty Wiln, eite W and e
000 AmODEWVUETAL TEQITTA ot amahelpeton and Ty Wikn. XNy npocéyylon wog to TedPBAn-
uo EmAoYHC LOVTEROU avTIUETOTILETOL TOTXE GE Uiol TEQLOY T TOU YOEOU BedoUEVwY, EToL
uTopoUUE va YECOUUE THO XATATOTIC TIXEC EX TWY TPOTEPwY Tavotntec BaclOUevol TNy
TOTXY) XATAYOUT| TV dedoévey. o Ty uhonolnon autig TS TEOGEYYLoTE TaEoUGLAlou-
ue wio Bedtiwuévn Bayesian picrn, xadog xon évav alydprduo exmaideuong mou egapudlet

ETAVOATTIXG Evay €AeY Y0 BldoTaoTc 6 xdUe oUVIG TGO NS WENC.



Y10 Kegdhowo 4 eetdloupe mdh t0 TedBAnua tTng opgadonoinorng, oto onolo divouue
AOGT) EXTWOVTIC TNV XATAVOUY| TOU GUVOAOU BESOUEVMY UE Uil UEEN XAVOVIXGDY XATAVOUMY.
[t v emhoyy Tou aptduod 1wV CUVICTWOKY TNS UENC EXUETAAAEUOUAO TE TNV TUTXY| vari-
ational Bayesian ué0od0, xot EmMXEVTPWVOUAOTE GTO TROBANUAL TNG ETLAOYHS YOLAXTNELO Ti-
xwV. Avalntolue yopaxtneto Txd ta omolo avadetxviouy T Bla@opés UETA) TwV ouddwy,
xou mpoTelvouue Ui variational Bayesian pédodo yio tny exmaideuot wac piéng mou avtie-
TTlEl TaUTOYEOVA TO TEOBANUA TNC ETAOYNC YALAXTNRIO TIXY Xt TNE EMAOYHC HOVTELOUL.
H pédodoc otneileton oe wa Bayesian pl€n 60o emnédwy, mou yia xdde cuviotwoa Tng T
YopoxTNelo Td efvan aveZdpTnTo UETAED Toug, ot Ue uio mdavoetnta eivon xou Utd cuvifixy
aveldotnta and Ty cuvicTwoo. H mpotewvduevn yédodoc unopel va exTiufoel TaUTOYEOVA
TIC TORUPETEOUS TNG UENG, TOV JpLlUd TWY CUVIGTOOMY TN Xt TA EEEYOVTA YULAXTNELO TLXS
TV 0edopévwy, xot €yel topovotaotel otny [23].

Y10 Kegdhowo 5 eletdloupe to TOBAnUo TS XaTdTUNCNS UG EXOVAS, WS TEOBANUa
OUABOTOINONE TWY EIXOVOC TOLYEIWY (pixel) <. Aol e€dyouue xaTdAANAa YoEaxX THELO TIXd
AT TOL ELXOVOG TOLYELY, 1) OQADOTOMNOY TwY TEOTUTWY UTopel var Yivel ue o Uiln xavovixmy
xatavouwv. 2otdco ot uéypet T BiBAoypagio ToAE ard To {nThRuaTe TOU apopoly TNV
EXTUNOT TWV TAPAUETPWY TNS UENS Yol THY LOVTEAOTOINGT EIXOVWY BEV €Y0UY OVTIUETWTI-
otel emapxwe. Tétota InrAuarta ebvar 1 emthoyr| Tou apiuol TwY CUVIGTLOWY TNG WENS, o
0 UEYGAOC HYX0C BEBOUEVWY YLa EXOVES UE TuTixh avdiuon (m.y. 256x256). Ilpoteivouye
TNV G TadLoX T OUABOTOINGT TV EXOVOG TOYEWY, Xal TUEoUCIALoVUE Uio U€JoBo EVERYNTIXHC
udinone mou auZdvel otadlxd To TAHY0OC TWV EIXOVOCTOLYEIWY TOU YENCHIOTOOUVTIL YId
NV enavVahaUBavOUEVT XaTdTUNOT TNG EXOVaS. e xdie enavdindr tng uedddou €youue ev-
owUATOOEL Evay ahyopriuo extaideuone tne ui&ne mou Paciletar oty variational Bayesian
TEOGEYYLON Tou Tapouctdcape 6to Kegdhoo 3, xou avtiuetwniler anodotixd to TedBAnua
emhoyrc poviéhou. Tao nepapatind arotehéoyata €deay 61t 1) u€dodog Eyel txavomonTind
XeOvo exTéleang xat TEoGUPUOLEL YE ETITUYIA TV apIUd TWV TEQLOYWY TOU YLENOLIOTOLEL
otnv ntolurhoxotnta g eovac. H mpotewouevn pédodog yel napouciactel otny [19].

Y10 Kegdhowo 6 e€etdlouye 0 medBhnua Tne Tatvounonc, xat yenoulonoolus To mio-
voux6 8ixtuo oxtivixwy ouvaptioewy Bdone (Probabilistic RBF) nou anotekel o nido-

voTixr mopailayy| Tou vevpwvixol dixtiou RBF yia npofifuata tadivounone, xo emmiéoy



eMEXTEVEL TNV TUTLXY UEET XAVOVIXGDY XATAVOUWY ETUTEENOVTOS GE OAES TNG XATNYOpleg va
wotpdlovtar Tic Biec cuviotoee. H tumur pédodoc exnaideuonc tou PRBF yia tagivounon
yenowonotel Tov ahyoprduo EM, xou 1o tehind dixtuo e€optdton and Ty apyixomoinoy Twy
napopéteny tou. Ilpoteivouue pia pédodo yia Ty auinter exnaldeuor tou dixtiou PRBF,
1 omofo EExVE UE ULol LOVO GLUVIOTWOA, X O TAdLXd TEOCVETEL TEPLOGATERES OE XATIAANAES
Véoec 610V YOpo dedouévwy. H npocdixn wac emmiéov ouvicTwoog Bacileton ot €va xpt-
THELO Yo TOV EVTOTIOUS WG TEQLOY NS ToU Elvor xplown yior TNV Ta&VOUnoT), CUYXEXCWEVA
0710 6plo andgaong. Metd and v mpoc¥hixn G WY TwY CUVCTWOKY, 1 wEYodog Blaond
*(3YE CUVICTWON GE UTO-CUVIO TOOEC TOU XAUE Uid AVTIOTOLYEl GE DlaPORETIXT, XUTN YOl
H npotewdpevn uédodoc éyer nopovoactel otic [18, 22].

Y10 Kegdhawo 7 e&etdloupe to mpdfinua tng evepyntixhc udidnong yio talvounorn. Mo
EVOLAPEEOLTA TUPUAAYY) TOU TRPOXUTTEL AV TO GUVOAO EXTIUUDEUOTS TEPLEYEL TAEVOUNUEVA
xou ot voUn T TEOTUTL (pool-based active learning), t6te 0 ahyopriuog umopel va emi-
AEZEL %o Vo pwTHOEL TNV xatnyopio xdroou and ta atadvounta. Ipoteivouue wia pédodo
evepynTirhic udinong v tny exnaideuor tou PRBE. Apyixd npotelvouue par aunriny pé-
Yobo yio TV exnaideusn Tou dixtOou ue Nu-eniBAedn mou BaciCetar otov alydpriuo EM.
Yny cuvéyewa mpoteivoupe wa p€dodo evepynTixfic udUnone mou emovaAnTTIXG E@apudlEt
™V dadacia pdinong ue nui-etiBiedn ota tavounuéva xar o atavoUnTo DESOUEVAL, Xl
o TNV OUVEYELX ETAEYEL EVaL aTACVOUNTO DEBOUEVO o {nTd var udel Tnv xatnyopia Tou. To
XPUTHELo ETAOYYC TOU TRPOTEIVOUUE ETMAEYEL ONUEIX XOVTE GTO OPLO ATOPACTC TOU TEEYOVTOG
ToEvounTH, ot SlEUXOAUVEL TNY augnTixy| uéVodo ue nui-eniBAedn Tou eniong exUeTaAAEDETOL
0 6pto andgaonc. H npotevouevn uédodoc €yet napovowotel otic [21, 20].

H Swtpifr ohoxhnpwveton ye 1o Kegdhowo 8, dmou yiveton wiar avaoxomnor twv Yedodwy

TOU TOEOUGIAo TNy xou apatidevtar {NTALNTA Yiol TEQUTERW EQEUVAL



KE®AAAIO 2

Y TOIXEIA MHXANIKHY MAOGHIHY

Kde gopd mou gpyOuaoTte avTiuéTonol ue éva TpoBAnuo unyavixiic udinong teénet va xd-
Voule TElC EmhoYES, ot omoleg Ya xadopicouv xou v Alorn poac. H npodtn emhoyr agopd
T0 HovTéLRo Tou Yo YeNOWOTOGOUNE Yia v Teptypddoupe Ty Abor, 1 0elTepn agopd To
xptthiplo BedTioTonoinong ye to onolo Vo ATOTIUACOUUE TNV CUUTERLPOE TOU UOVTENOU, %ol
Télog ebvan 1) emhoy T, Tou adyopiuou Tou Vo YENGLIOTOWGOUUE Yo Vo UDVUIGOUNE TIC Tapa-
uETpoug Tou Uovtélou. O emAOYEC Yag aUTEC 00NYOLUVTOL amd TNV QOOT TOU TEOBAAUATOL
xou To €ldo¢ TNe uddnone mou amouteltar. Eloptdtan enione and tnv @lon twv dwdéot-
UGV BEBOUEVWY TOU TEQLYEAPOUY TO TEOBANUA, xou Totd yerolun TAngogopla utogolue va
eZdyoupe amd autd. XTI EMOUEVES EVOTNTEC Vol TOQOUGIACOUUE Tal XpLTHpta Udunong, T

HOVTENA Xat TOUS aAYOErUoUS UdUNoNG TOU UaS ATAC Y OANCAV.

2.1 Keutrpra Mdadnonc

YNy meplnTWwon TV VEUpWVIX®DY OXTUWY, TO TO GUYVE YENOWOTOUUEVO XELTHR0 Yid
udinor elvor 1o tetpaywviké opdAua, mou oplleTon WS TO GUEOLOU TWV TETEAYWVIXGY
anootdoewy g emduunthc €odou and Ty €€odo tou poviélou Yo xdve elcodo. Xe
éva mpoPBhnua udinone ue exifiedn mou meprypdgeton and éva olvoro mpotinwy D =

{(@p,yn)|n=1,...,N}, 6mou 10 ¥y, € RN™ anotelel tnv emduunty éZodo yio Vv elco-



5o x, € R, 10 TETPAYWVIXO GQdAUa ' evig veupmvixod dixtiou f opiletar wg

E0) =Y llyn = f(an; 0)| (2.1)

6mou 0 oL mopduETEoL Tou OxTUOU. XToY0c EVOC ahydorduou udidnonc eivon vo Beetl Tic

Topop€TEoUS 6% Tou UOVTEROU TTOU EAAYIGTOTONV TO TETEAYWVIXO QAU

N
* - . 2
0 —argmgxguyn F(@a; 0)| (2.2)

Mt ouy v tpomonolnon Tou TETpaYwVLX0) GYdApaTog efval 1 TeocV XN EVOC GRou TOWTC,
CUUPWVIL UE T TUEOXATE

0* = arg max {E0) — Xg(0)} (2.3)

6mou 1o A ebvon uia tapduetpog mou xadopilel to TG0 onuavTidg ebvar o dpog mownhc. H
g(0) eivor war un-apvnTn) cuVAETNOT, TOU UETEA TNY TOAUTAOXOTNTA TOU UOVTEAOL OTWG
auty| xodopiletan and Tic mapapétpouc. H yopgr tne e€aptdton xdlde popd and 1o TedBAnua
X0t TO HOVTENO TOU YENOWOTOUUE, xou YEVIX eivon uixpr, yior amhd povtéha (“ouahéc”
OLVOPTACELS) Xt UEYEAT) yiot tohOThoxa povtéra (“andtoues” ouvapthioe). ‘Etot xatd tny
ueYloToTolnoT TEENEL va Yivel Evag cUUPBBAoUOS AVIUEGH OE WXEO TETRUYWVIXO GOUAUL XAl
et tohuthoxotnta. Mio cuvnUIGUEVY HORP®Y| TOU OPOU TOWVAC YId VA VEUPWVIXO BIXTUO
elvor 10 dUPOLOUA TOV TETPAYWVLY TWV Bopwy Tou, xaL €Yel GTOHYO Vo TEPLOPIOEL TIC TUES
TOUG XOVTE GTO UNdEV.

H péywon mavopdvaa (Maximum Likelihood ML) efvar pior 1opopetiny| avTixeuevi-
x1 ouvdpeTnoT, Tou Teogpyetal and TNy otatioTixr Bihoypagia. Ty yenowonowliue dtay
UTOQOUUE Vo avdyoUUE €va TpdBAnua udinong oe éva mpdBAnua eXTUNOTS ULIG XATAVOURC
p(x]0), 6mou 1o w eivon 1 mopaTREOLUEYY Tuyoia UETABANTY xou € eivon o1 TapdUETEOL TNC
xotavourc te. T éva olvoho napatnprioewy X = {x1,...,zn}, n mbavogdveo eivor
n xotovouy| p(X|0) cav cuvdptnon twv mopauétewmy 0. AwucOntixd 1o xpitholo tng ué-
Yo NS TWAVOPAVELNS GTOYEVEL GTO Vol PPl TIC TapauéTous By, TOU UEYIGTOTOOUY TNV
THVOTNTA TV TOLATNEOUUEVGY DEBOUEVWY. TNV TEdly Yo AdYoug anhdtnToc, cuvidwe
ueytotonoteiton o hoydpriuoc tne miavogdvetag log p(X|6), agol o hoyderduog eivar povo-

TOVN GUVAETNGT xot OV ETNEEACEL TNV VEGT TWV AXPOTATWY TNS oLVdETNoNE TavopdveLag:
Oy = arg max log p(X|0) (2.4)
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Mt dhhn cuvnhopévn undieon etvor 6T oL Topatnenoels wog ebvon avedptnteg xar duoLa

AATAVEUNUEVES, OTOTE Yl TNV Aoyaprduxr mavogdvela 1oy beL

N N
log p(X10) = log p(1,. .., wn]0) = log [ [ p(xal0) = D logp(xa|0) (2.5)
n=1 n=1

‘Eyet evolagépov 1o 6Tt 10 xputrpto péytotng mavogdvelag oyeTileTol UE TO TETPAYWVIXO
ogdiua. Ewdwdtepa, av untoécouue dTL oL TapaTne|OELC MAS TROERYOVTOL U UL VIETEQUL-
VIG T, OUVEETNOT XU G TNV oLVEYELX Toug TpooTideTtan YopuBog, o onolog elvor aveldpTtnToc
XOU OUOLAL XUTAVEUNUEVOS Yol xdUe mapatrienon xot axolovel xavovixy| xatavour ue Yéon
T Unoéy, Tote Ta duo xpLthpta TauTilovTan, Ula amddE T UTdEYEL G TNV [10].

‘Eva dhho xpitfipto mou oyetiletar oTevd Ue Tnv Yéyiotn moavogdvela eivan 1 uéyiotn ex
twy votépwy mbavdtnta (Maximum a Posteriori MAP), énou avalNTAUE TIC TOPAUETOOUC
6 mou yeyotonowly v p(d]X). H mdavomta twv nopauétowy So0éviny twy napouty-
efoewy p(8].X) ovoudleton ek twr votépwr (a posteriori) moavotnra yia vo Snhdoet 6Tt
TOGOTXOTOEL TNV TETOIINGT UAC YL TIC TWES TWV TURUUETEWY apol EYOUUE OEL EVal GUYOAO
dedouévey. Xe avTidlo Tol Ue TNV €k twr mpotépwy (a priori) miavétnta p(f), mou agopd
NG TETOINGY Uag Yiot TIC TWES Tou UToEel var €youv oL TapdueTEoLl ety oUAAECOUUE Eva
olUvoho Bedouévwyv. Amé 1o Yewpnua Tou Bayes umopolue vo unoloylooude Tnv €x TV
uo Tépwy mavoTnTa cav cuvdpTnon Tng Tavopdvelag

_ p(X[6)p(9)
p(X)

6mou p(X) = >, p(X|[0)p(0) eivan 1 xatavour| neprdwpiov Tov Sedouévev, xat anotehel TNy

p(01X) (2.6)

nenolinoy| wog Yo 10 1600 efvar Tovd Vo TORATNEIGOUUE TO GUYXEXQIEVO GUVOLO DEDOUE-
VoV, aveddptnTta and TI¢ TapauéTeous Tou To maphyayay. Méyel thpa utodéoaue cuwnnid
6TL ot TopdueTeol O elvar Sloxpttéc, woTHGo Ta (B 1oy DoLUY xou av Elval cUVEYEiC xdvoVTaC
Ti¢ anapaitnTeg aAlayég, o dlpoioua dnAadY) oty Tepwplonoinon yivetar oloxAfipwua.

Ondte ov napduetpol Oy ap TOU Uy VOLUE TEOXVTTOUY Amd TNV TULUXATW UEYIOTOTOMOT
Orsap = argmaxlog p(6]X) = argmax log {p(X|9)p(0)) (2.7

6mou 1) 0eVTERY W6HTNTA TPOoXUTTEL EQupuolovTac To Yewpnua Tou Bayes, xou anakeipovtoc

ToV 6p0 Tou Bev eLopTdTon and TIC TAPAUETEoUC. Anhadr) TO XPLTARIO TOU UEYIO TOTOLOUUE
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elvon 1) miavodvela ouv pLo T0GGTTA TOU €C0PTATAL UOVO aTtd TIC TUPAUUETEOUS ot Teplop(let
TIc TS ToU Umopolv Vo Tdpouv. AV BeV EX(QPAGOUNE xdmolo TEOTIUNON Yiol TIC TS
TWY TUPAUETEWY XU ETAECOUUE OUOLOUOP®T p(0) tote TEOXUTTEL axEIBOC TO XEITHELo NS
uéytotng miavopdvelog.

"Eva xpithplo ye mo yevixt| wop@r teptoptoudy eivor 1 moavogdveta ue mowt| (Penalized
Likelihood PL), énou xatd tnv yeyiotonoinon tpoclétouye otny cuvdptnon e Aoyopr)-
uxfic mavogdvetag évay 6po TovAC Tou eCaRTTOL Xt TIA And TIC TULAUETEOUC, YWPIS va

etvar arapaitnza katavoun. H yevir wopgy| Tou xpirnelou etvor
Orp = arg max {log p(X[0) — Ag(0)} (2.8)

6mou 1 napdueTpog A xou 1 ouvdptnon g(f) nailouv Tov B0 pOAo GTWS X GTOV PO TG
TOU TETPAYWVIX0U opdhuatoc (2.3).

Ytor TpoPAfuaTa TOU Uog anacyohnoay oTnv mapovoa dwtedr 1 mrdavogdvela totle
XEVTPIXG pOLO. YTV cuvEyEL Tou xe@ahaiou Yo TOPOUGIAGOUUE To WOVTERA TTOU YETOULO-

TOUAGOUE xat TIC BaoES ahYOpUUIXES TPOCEYYIOE TOU EXUETAANEUTYXOUE.

2.2 T'paguxd Moviéia

YNy nopotoo evotnta Ya poc anacyohioouy ta ypopixd wovtéha [12, 40] yio tny teprypagt
xatavouwy. ‘Eva ypagixd yovtélo anoteel Ty ypapixr) avanapdo oo VoG GUVOAOU amd
XOLVES XATAVOUES, OPLOHEVES ETL EVOG GUVOLOU TOAUBLAG TATWY Tuydlwy UETUBANTOY. Y10
Yo 2.1 eygaviCovron xdmoto tumxd mapadetypata. H omtny| meprypagt| twv e€apthioemy
UETAY TwV TUyolwY UETABANTWY Tou Yo Tpoo@Epel To Ypapixd uovtého yac Bonddel oto
VoL xaTovoicoupe dtanodntixd, xar v epfardivouue Ty HEAETH TOU EXAGTOTE TEOBANUATOC.
ITpoogéger eniong €va xowvéd mhaiolo Yl TNV TEQLYPAPY) XU TNV EVOTOINGT, HOVTEAWY amd
OLopORETIXES EMIO TNUOVIXEC TEployéc. 'Etot éuueoa SleuxohOveL TNV UETaPOopd WEWY UeTald
ETUO TNUOVIXWY TEQLOY WY, XL DIEUXOADVEL TOV GYEDLAOUO VEWY HoviEhwy. To dueco Oge-
Aog amd TNV Yehor Toug ebvar 1 amodoTixy eQapuoyY Tou Vewpruatog Tou Bayes xot dAAwvY
Baocwmy Yewpnudtony tov mavothtny, xaog ot 1 dUVITOTATA YL EQUPUOYT ATOTEAE-

oudtwy g Yewplag Yedpwyv. Ov 000 T GNUAVTIXES XATNYORIES YRAPXWY UOVTEAWY Ef-
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N N

Yyfuo 2.1: Telo Tumxd ypapixd povtéla.

vat T un-xateuduvouevo (undirected) ypaghuota, xan o xateuduvoueva dxuxda (directed
acyclic) ypaghuarta, Snhadrh xateuduvoueva ypaghuata yweic xateuduvouevous xixhouc.
Y10 Yyfua 2.1 epgoviletan v un-xateuduvoUEVo Ypapixd HOVTELO Yidt TO GUVOAO TUY WY
uetafAntayv {A, B, C'}, xou 800 Sapopetind xoteL)uvOUEVR dxuxAa Yoopixd LOVTEN Y1 TO
oOvolo tuyaiwy yetafintdv {X,Y, Z}. To xateuduvéueva dxuxdho ypagphuota, to onold
xou Yo oG amacyOAo0oUY GTNY GUVEYELN, avagépovTal oty BiAoypagla xo we Bayesian
OlxTLL.

A¢ dewpricoupe éva 0molodYToTeE 0o THUA TO onolo TEpLYpdPeTAL and TEELS TUYAlES UE-
tofAntéc X, Y xar Z, xau éotw 6Tt yiol Ty amd xowvol toug xatavour wylel p(X,Y, Z) =
p(Z|Y, X)p(Y,X) = p(Z]Y, X)p(Y)p(X), dnhadh n xatavour, tou Z eaptdrar and ta X
xou Y, xou ta X xan Y etvon aveldptnto.  Auth 1 oyéon petoll twv tuyainv UeTofSAn-
TGOV TEpLypdgeTal and To Ypapd poviého oto Lyfua 2.1(b). Kdde xépPoc tou ypapixol
wovtéhou avtioToryel o€ uor Tuyador METABANTY, X xdUe xateuduvouevr axur Tou dNAG-
vel TNy e&dpTnon tou xéuPou tepuationol and Tov xoufBo €vaplne. XNTo Myhua 2.1(b)
oL 800 axuéc dnhavouv 6Tt 1o Z eloptdton and o X xar Y, xou 1 €€dptnoy Tou mepL-
Yedyeton and tny und cuvinan xotavour p(Z]Y, X). H anovota axudc yetoll 0o xou-
Bwv dnhdver v aveaptnoia Toug, dBNAadH oTo Myrua 2.1(b) 1 anoucia axuhc UETAEY
X xa Y dnhaver ot p(Y, X) = p(Y)p(X). Qotboo mo yevixd 1 anousio oxpfic On-
Advel Ty und ouviixn avelaptnoia Suo Tuyainy uetointdv. ‘Etot oto Yyfua 2.1(c)
neprypdgetar 6t p(X,Y|Z) = p(X|Z)p(Y|Z), xar yio v and xowol xatavour toyvet
(XY, Z) = p(X|Z)p(Y|Z)p(Z).

‘Eva ypagixd poviého avonaplotd wa Sidonact (decomposition) tng and xowol xata-
Voung Ghwv TV tuydiny YETABANTOY evog cuoThuatos. Anotelel €Tol évay TpdTo Yo va

neplypdouue Toleg Tuyalec YetaBAnTéC ebvar UG cuVOTXT avEEJPTNTES, XOU TOLEC UTO GUV-
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Ve xotavopég yag ebval amapaitnTeg yiol Vol UTOAOYIGOLUE TNV amd X000 XATAVOUY| OAGY
TV TUYdiwy UeTaBAnTtoy. Xenowonoiwvtag AoItoV 1o Yeupixd UOVTEAOD Yia Eva 6o THUA
tuyaiov petofintdy U = { X1, Xo, ..., X, } unopolue va ypddouye tny and xowvol xota-
voury touc we p(X1, Xo, ..., X,) = [ p(Xi|pa(X;)), émov pa(-) dnhdver toug mpoydvouc
evog x6uPou 1o Yeagpxd poviéro. ‘Oco agopd tic utd cuviixn avelaptnoieg, oylel yia
evay x6pPo 0Tt BOVEVTWY TWV TEOYOVWY TOU, TWV ATOYOVWY TOU XUl TWV TEOYOVKY TOUG
elvon aveddptnTog and xdde dhho x6ufo cTo dixTuo. 'ETol Yo Vo anouov@GouuE GhEC TIC
eMOPAOoELS Tou BEYETAL 0 xOuBog TeEnel var AdBouue unddn wog extog and To TpoavéS ol-
VOAO TWV TEOYOV®Y X TV ATOYOVWY TOU, Xl TO GOVORO TV TEOYOVWY TWV ATOYOVKY TOU
yioti ) enidpaor) Toug cupdneileTon ue TNV enldpao Tou EV AOYw x6uBou Y va xaopicouy
TOUC %0WV0UE TOUC ATOYOVOUC.

Yny cuvéyela Yo olpe Twg TERLYPdPOVTAL XATOLL EVEEWS YENOILOTOLOUUEVI HOVTELA
YETOWOTOLOVTOC XATELVUVOUEVA dxuxAa Ypagphuata. Av Yewpricouye 6TL €youue pia o-
vodido tatn tapathenon X mou axohoudel xavovixdh xatavouh N (X|u, o2) téte 10 Ypapxd
wovtélo amotehelton amd évav ubvo xoufo, xa meprypdger 6t p(X) = N(X|u, 0?) broc
paivetar 610 Lyhua 2.2(a). ‘Eva mo olvieto olotnua teoxinter av UtoVEGOUVUE 6Tt €YOUUE
oty ddeot pac éva olvoro amd J xavovixée xatavouée {N(X |, 02)|j =1,...,J}, xa
o Btoxprty tuyada yetoBAnts Z nou naipver twéc oto {1,...,J}. To Z xadopiler tnv
nopaywy?h tou X, ue v éwvoia ot av Z = j t6te p(X|Z = j) = N(X|u;,07) %o 7
mdavotnta vo ouuPel autod eivar p(Z = j) = m;. Xpewolouaote éva ypopixd LOVTENO UE
800 xouPouc v va meptypddouue Ty and xowvol xoatavour p(X, Z) = p(X|Z)p(Z) énwc

paivetor oo Lyfua 2.2(b). H xatavour mepriwpiou (marginal distribution) tou X eivou

P(X) = S p(XIZ)0(2) = 3 mN (X o),

OnAadY) o i€n xavovixwy xatavouwy. Ernexteivovtac axdua neptocdtepo 10 oo TN To-
caywyhc Tou X unopolue v 0plcouue xaTavouéc entl Twy Tapauétony e wigng. OpiCovtoc
AOLTOV Y1 To XEVTEOL TV XAVOVIXMY GUVIC TWOMY TS WENS Tic xatavoués pir ), - .., p(iey),

10 X axohovlel xavovixr xoatavour] 00VEVTWY Tou Z = j %o TWV fi1,. .., [y, ONAAON
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(@) (b) (€)
Syfue 2.2: (a) To ypapixd povtéro yio wa xavovixt xatavour. (b) To ypagxd poviéro yia

ot ui€n xoavovixav xatavopdy. (¢) To ypagixd povtélo yio o Bayesian pi€n xavovixdv

AATAVOUWY.

p(X|Z = j,puas - .., pry) = N(X|py,03). Hand xowol xatavout; yiveta

J J
p(X, Z, gy, pig) = p(X, 2, ) [ [ () = (XN Z, s ) p(2) T ] ()

j=1 Jj=1
xot 10 avtioTolyo Ypagxd wovtélo gaivetor oto LyAua 2.2(c). Ilepriwplonoidvtag 10 Z,

1 xatovour teptdwpiou Tou X B0UEvTwy TwV L1y, . .., fy €lvon TEAL o uién

J
p(X o) =Y p(X|Z s p)p(Z) =Y N (X, 07).
Z j=1

Yuvidwg pa tétota PN, yia Ty omola €youv oploTel Ex TWV TEOTEPWY XATAVOUES €Tl TWV
TOEUPETEMY TG, avapépeTton o TNy Biloypagio cav Bayesian ui&n. ‘Al\o topadetyyota ypo-
Py povtéhwy anoteholv ta Hidden Markov Models [33], Independent Factor Analysis
[7], Mixture of Factor Analyzers [34] xou Mixture of Probabilistic Principal Component
Analyzers [75].

2.3 Tornxd Movtélax

Aldlovtac ontixd Ywvia, otny cuvéyeta Yo YeheTicouue ta yovtéla ue Bdon tny mAn-
cogoplo Tou mepLyedpouy ot magdueTeol Touc. Mog evOlagépel 1 TEPLYPAPT TOU YWEOU
TV 0EdoUEVLY, xot Yo emixevipmwlolue oe Yoviéha To omold TEPLYRAPOUV TOV YWOEO YeT-
otponotdvtac éva olvolo and uovddes (ouviotdoeg). Kdie pio and autéc tic ouvio thoee

TEQLYPAPEL TA TOTUXY YAUPAXTNEIC TS Wag ouddag 0edouévwy. Ta 0o povtéia nou Vo pag
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AmAGYOMIGOLY Efvat 1) UEEN XAVOVIXMY XATAVOUMY XAl TO VEURMVIXO BIXTUO aXTWIX®Y Cu-
vapThoewyY Bdone. To yovtéla autd TpogpyovTal and DLUPORETIXES ETLC TNUOVIXEC TEQLOYEC,
TO TEWTO ATO TNV CTATICTIXY Xt T0 OEVTEPO ATO TA VEUPWWIXS BixTUd, WG TOC0 Yo doVUE
OTL wotpdlovTon X0Wd YopuxXTNELo Tixd, To omtola Vo avadelfoude, YEYOVOS TOU UG ETLTEETEL

VoL TA YELOLO TOUUE UE EVOY EVIALO Xl GUVETH TEOTO.
JELP ME M P

2.3.1 H pi&n xavovixwyv »xaATAVOUDY

H ui&n xovovix®y xatavou®y anotehel 1o mo eUEAXTo WOVTERD TN O TATIOTUXNS YL TNV EXTI-
UMOT XATAVOUWY, XL UTOREL vau yenotuonomVel 1660 Yo Ty enthuor tpoBAnudtwy udinong
ywelc exiBAedn o0 xaw uddnone ye eniBredn. Autéc ol duvatdtnTéc Tou To XhoTOOV EVva
TOAD EVOLUPECOY EQELVNTIXG AVTIXEIUEVO %Ol OTOYO EXTETOUMEVNS UEAETNG, ULl AETTOUERTC
AVACAOTNOT TNE REQLOYHC YivETHL O TIC (28, 58]. H wign etvon €vag xLPTHSC YEOUUXOS GUVBUO-
OUOC XATAVOUWY, XL YENOHIOTOLEITAL VLol Vo TERLYRADEL TNY XATAVOUT] GUVOAWY DESOUEVLY
O€ TEPITTWOELL TOU Ol ATAEC YVWO TEC XATAVOUES BEV EMOEXOVY, T.Y. DEV endpxel uovo uia
xavovixy), 1 uo exdetind xatavour,. To Boacixd yopaxtneto Tind TETolwY GUVOAWY DEDOUE-
VOV elvar OTL 1) xaTavour| Toug Topouctdlel TohhES xopupéc. Mto Lyrfua 2.3 divetar éva
TOEAOELY WOl LA LOVOBLIo TATNE WENS Ue BU0 xavovixés cuVoTWoeS. Muvidwe epunveboupe
®3e x0pLEPY TNC AATAVOURG UE UL GUVIOTMON TNG WENS, wGTO00 BEV UTAEYEL TavVTA EVa-
TEOC-EVaL AVTIO ToLy (ol UETAEY CUVIOTWOMY Xl XORUGPKY, ULXL AVIAUGT, TOU QouvoUEVoU YiveTor
ot [28, 14].

H urnddeon 6t éva alvoho mapatnerioewy X axohoudel pior ulln xoavovixwmy XoTavoumy

ONAMVEL OTL oL TagaTnERoELS €youv TapayVel clupwva UE TO TaPaXdTw UOVTEAD TaRUYWYHC:

Moag divetan éva oOvoro and J xavowixée xatavouéc {pi,...,ps}.
1. Eméyouue tuyaio pio and autég ue miavotna m, ..., Ty aviiotoya, €0Ttw Ty p;.

2. AetyuatoAnTTOUUE Wiot ToQTHENon and TNV ETAEYUEVY) XATAVOUT| P

To ypagixd yoviého mou avtioToryel oe auTh TNV dadixacio Tapoucidletor oTo My fua
2.2(b), xou 1 TR g tuyadac yetafintic Z xadopilel Ty xatavour p; Tou EMAEYETU GTO

mewto Brue. oty and xowol xatavour tov Tuyaiwy uetaBintov X xor Z oy le
p(X,Z) = p(X|2)p(Z) (2.9)
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0.4 -

0.35F / \

Eyfuo 2.3: Mt povodido oty WEn Xavovixdy Xotovoumy (cuveyhc Yeauun) UE BUO GUVL-

OTWOES (BLoaxeEXOUUEVY YoauuY).

[Tepwwplonotwvtag v Z PBeloxouye 61t 1 xotavour| g X elvon par pién

J

Zp =z|Z)p(Z) = Zp( =z|Z =j)p Z?TJ])] (2.10)
j=1
Av ot ouvio tdoee Tne WEne eivor ToAUBIEo TateES XxavovixéS xatavoués p;(x) = N (z|p;, ;)

UE UEOT) TWH 1 € R yon mivaxa CLUYOLIXOUAVONG X € R4 tH1e T0 & axohovel Y xot-

TAVOUT

Z% (tlpy. 2) (2.11)

z z J 7 7.
o €yeL péon T (1), = D7) T f1j X0 TVOKOL GUYBLOOUAVOTS

J J J J T
cov{z}, => w5+ Y mpu — (Z%’ Mj) (Z T Mj) :
j=1 j=1 j=1 j=1
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H neotn oyéon anodetvietor ebxola, and tov oploud g H€ong TS £YOUUE
J
@ = [o > m Nl E)do
j=1
J
= >om [ o NGl ) do
j=1

J
= > mu (2.12)
j=1

Me Tov (810 1péT0 UTOPOLUE Vo UTOAOYICOUUE TNY auTocUCYETION Tou . And TOV 0pioud

NG Loy Vel
J
@ty = [aa® YN (e, ) ds
j=1
J
= S [ et Mlaly 5 ds
j=1

J
= > (S + ) (2.13)
=1

H Televtala to6TnTa TEOXOTTEL EREWDY 1) AQUTOCUCYETION o Ty oo LETUBANTAS 1oo0Ton Ue
10 dpoloua Tou TV GUVOLIXOUAVOTS OUY TO EEWTERIXG YIVOUEVO TNG UEOTC TWAC TNC.

[ tov {610 Aoyo oy lel ot

cov{z}, = (zz"), —(z)p(z),
= Zﬂj (%5 + pnf ) = (Z m Mj) (Z mj Mj) (2.14)

‘Onwe €yer gavel péypr T@ea, 1 Uin xaAvovIxXOY XxATavou®y anoTeAel uio tpoondiet
VO TEQLYQAUPEL 1) XATAVOUT, TV TALATNPROEWY YLNOWOTOIWYTAS TOTUXS YULUXTNELC TLXd, OU-
CLUOTIXY YENOWOTOWVTAC Wa TOTX UEST) TR xou €vay ToTixd Tivaxa GuVOLXOUAVOTC.

7’ 7 7 N 7 7. 7
Expetodlevduevol Tny Onapdn auT®Y TWV BLUGOLETIXMY YULUXTNELO TIXWY UTOPOVUE VoL 00T
7 4 7 / / 7 N N /’
yndolue oe wa dlopéplon Tou Yweou. Ao To YovTEAD TapaYwYNG DEBOUEVWY TOU TEQL-
Yedoue, umopolue Vo GUUTEPAVOUUE OTL TORATNENOEC Tou €youv TpoéAUeL amd TNy (i
xavovixy) ouvioTwoo Ya Beloxovial xovtd otov ywpo. o cuyxexpwéva Yo oynuatiCouvy

€val VEQOQ, TOU TO XEVTEO Tou xou 1) Oudyuor ylpw oamd autd Yo xoopilovior amd Ty
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Yyfuo 2.4: Mo oiotdo tortn ulln xovovixmy xaTavou®y Je U0 GUVIC TWOES, Xt Vo GUVOLO

TORATNENCEWY TOU TORRYAYE.

uéomn Twh xar tov mivoxa ouvdlaxduavong tne utedYuvng cuvicTwoog. XTo Lyfua 2.4
TopouctdleTon o SLLdG TaTy WEN UE 0V GUVIGTMOOES, XAl EVal GUVOLO DEDOUEVMY TOU DELY-
wotohnmTRdnxay and auth. Eow xo d1tou adiol oyedidlovue wa piln, 0ev oyedtdlouue Tig
wwobelc xaumiieg e WIENS ahhd Wior ouyxeEXEEVY 16oUUn Yia xdde xavovixy cuVioTHoa,
7 omolo Oely Vel TNV TEPLOYT ETPEONC TNC CUVICTOOUC. LUYXEXQHIEVO YIU UL CUVIC TWO
pj(x) = N(z|p, 3;) oyedidloupe tny wwobdh tou téuver v Sieviuvon xdde Wiodtaviouo-
TOg TOU X5 OE 0V0 oNUElal TOU ATEYOUY ATO TO ftj ATGCTACT) OLTALCLA A6 TNY TETEAYWVIXT,
eiCa tne avtictoyne woturc. H oobdrc auth tepudkeiet 1o 95.4% e udlog miavotnTog
™me pj.

‘Otav yenotwonoolye tnv uiln oe npofAfuata pdinong yweic eniBAedn yia v opo-
domoinoy dedoUEVWY, AVTIOTREPOUUE TO UOVTERO TapaywYhc. Amo to undpyovTta dedoUéva
wodolvoulEe TIC TapaU€Teoug Wiag HiEng, xat oty cuvéyeia aviictoyilovtag Ta dedouéva
oe ouwloTwoeg e pidng avtiotoryllouye pla oudda dedouévwy oe xde ouviotwoa. H
TuTx| Otaduxactio udinong Twv Tapauétewy ebvar 1 UEYIGTOTOINGT TG TAVOPAVELS TWV
0edoUEVWY YenolHoTotwvTaS Tov alydpuo EM, xau o tnv neprypddouye avahutind otny
enduevn evotnto. Aol udouye Tic Tagapétpoug Tne pidng, Yo va avadécouue éva T oE W
ouvio T p; urohoyiloupe TNV ex TV o Tépwy tavétnta P(Z = j|T) Vo T0 ToEHYAYE T

7 X z 4 7. 7
ouvioToa p;, 60¥évtoc Tou . And o Yewpnua Tou Bayes oy et

o pelZ =z =) NGl
p(Z B ]| ) p(:L’) Z;']:1 Uy N(xmjv Ej) (2‘15)
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auth n miavoTnTo avapépeTtan xou we vrevilurdtned (responsibility) tne ocuviotdoag, enet-
07| ueTpd Tov Podud ue Ttov omoio eivon umebVuvn N CUVIC TGO Yia To Bedopévo. Agol
UTOAOYIGTOUY OAEC oL UTELYUVOTNTES, TO & avuioTowy(leTon GTNV opdda j yiot TNV onola
1oy UeL

j=argmaxp(Z = j|z) (2.16)
J

Me autd tov TPb6TO TETUYAVOUUE Vo Ywpelcouue Ta Oedopéva o J ouddec. Meypl Twoa
xqvoue cwnned Ty undleoT) 6Tt 0 aptludc TV ouddwY Tou Ydyvouue eivor YVWGTOS, av
0ev efval YvwoT6¢ 16T T0 TEoPBAnua yivetar ToAd o duoxoho. T'a va to avtyetwnicouue
N TO TUTXY| TEOGEYYIOT €lvol Vo XAVOUUE TOMAEC OUXDOTOL|OELS UE OLAPORETIXO dpliUo
OUdBWY, X OTNY GUVEYELXL VO DWIAEEOUUE TNV XOADTERT, OUADOTOMNGT UE XATOL0 XATIAANAO
xetthipto. H dAn npocéyyion etvor va Yewpricoupe 1o J ooy uLo TapdUeTeo Tou TEETEL VA
exTinVel xatd TNy uddnom, xou Vo YenoLOTOCOUUE XAToY XatdAAnAo akyopriuo. e
enouevo xe@dhono Yo eyPadivoue 610 GNUAVTIXG aUTO TEOBANUL.

H pi&n xavovixav xatavouwy unopel va yenotuoromiel xou otn udinon ue enifredn,
yior TNV TodvOUNoT) BeBoUEVwY. Ye €va TpoBATU TOU Ol TUPATNENOES AViXOUY GE Wid ot
K yvwotéc xatnyoplec umopoUUE Vo YeNGWOTOACOUUE Wal WET Yol VO EXTIUACOUUE TNV

xatavour| xdve xatnyoptag. To yoviého nopaywyrc yio Ty Tpocéyyior etvar o axdlovdo:

Moag divovtar K oUvoho and J xavovixée xatavopés My = {pe1,. .., Drs}, xau éva
oUvolo and deixtec xatnyopioc {1,..., K}.
1. Emkéyouue tuyaio évav Oeixtn xatnyoplag ue mavotnta wy, ..., wx aviicTouya,
€otw Tov k.
9 ik . , , ou M o (k) (k)
. Emiéyouue tuyaio wo and Tic xatavoué tou cuvolou My, ue mdavotntam , ..., Ty

avtio oy, EGTW TNV Pi;-
3. AeryuatoAnmToUUE Wiot TopaThENoN and TNV ETAEYUEVY) XATAVOUY| Pk;-

¥to Nyfua 2.5(a) napouctdleton T xATEAANAO Ypopixd woviéro, 6mou 1ty tne C xadopi-
(et TNV xatnyopla Tou TEoTiTOL oL TogdyeTal. o TNV amd xowvol xatavour Twv Tuyainy

UETUBANTWY oy VEL:
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) (b)

Syfuo 2.5: (a) To ypopied poviédo wog uiZne yio tadwvounon. (b) To ypoapixd poviého

evoc duxtvou PRBE.

Av yvwpilouye tic mavotnteg tou poviéhou tapaywyhc p(C = k) = wy, p(Z, = j|C =
k) = 7T§k) xou Ty xotavouh, p(X = z|Zy, = j) = pyj(x) = N(m\,ug»k), 25“), TOTE UTOPOVUE

VoL UTOAOYIGOUUE TNV xaTtavouy| Twv TeoTuTLY xdle xatnyopiac tepriwplonowwvtag Ty £

J
p(X =2|C=k) = Zp = 2| Z)p(ZlC = k) = > aPN (@|ul 2).(2.18)
j=1

‘Onwe otny nepintwon tng opadoroinong yenotuonotolue tov akydorduo EM yia v pdiou-
UE TOUC eExTWNTEC WEYIoTNC TUOVOQPAVELS YId TIC TAUpa€Teous xdde WIENS, Xou 0 EXTNTAC
uéyotne mwavogdvelag i Tig mavotnteg xdle xatnyoplag wy 1wolTon UE TOV AOYO TOU
aprluol TV TPoTiTWY TNg xatnyoplas Teog tov aptiud Shwv Twv TpotiTwy. Ondte uno-
POUUE VA YENOLLOTOCOUUE TOV xavova andgacns tou Bayes yio va Taltvouicouue éva véo
TEOTUTO AY VWO TNG XaTtnyoplac. XNy cuveyela Yo S0UUE TS UTOPOUUE VO TOOTOTOLCOVUE
AATIAANAAL EVaL BIXTUO X TIVIXDY GUVUPTAGEWY BAomg YLt VoL XATUAALOUUE OF €Va O YEVIXO

HOVTELD ToVOUNGTS.

2.3.2 To dixtuo axTWIXOV cuvapTHoEwY Bdong

T Sixtua axtvixdv ouvopthoewy Bdone (Radial Basis Function, RBF) eivon wio modd on-
Loyt xotnyopiot veLpwvix@y Sxtlny. Melethinxay yio Tewtn popd ot [66, 73], xou
oty [10] yiveton pla avaox6mnon Tng EXTEVOUS EQEUVNTIXAC PO TNPIOTNTAC TOU aXONOU-
Unoe. Xe éva dixtuo RBF yio xde xpupuévo xoufo undpyet éva didvuoua mou opilet tny

Véomn Tou x6USou 0TO YWEo TwV GESOUEVKY, %ot 1) EVERYOTOINGY Tou xouBou eaptdTton and
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TNV AmOGTAGT, AUTOU Tou BLavUoUATOS and To dtdvuoud €lcodou. Me autd tov TpdéTo Ot
XPUUUEVOL xOUfoL EVERYOTOWOUVTAL WOVO Yo TEOTUTA Tou BploxovTton 6Ny TEQLOY Y| ETLEEONS
Touc. To Bohoywd xiviteo Yy Ty avdntuirh twv RBE ftav 1 Swnictwon tapduotag to-
Tuxf¢ DPAOTG O VEURPMVES TOU EYXEQPIAOU. ATOTENOUV Wa EVERYT| EQEUVNTLXY TEQLOYT|, %ol
YETOUOTOLOUVTOL EXTEVMS Yo ToBArjuata Tadvounong xor naAvdpounons. Iapovoidlouy
UEYSAT eVEAE A XAUTd TNV TEOCEYYLION GUVIPTAGEWY, Xat EYOUV TNV WIOTHTA TNS TaykéouIas
mpooéyyons (universal approximation) [64] mou eyyudtar 6Tt xdTw and YeEVIXES GUVIY-
xe¢ €va dixtuo RBE prmogel va npoceyyioet onowdrrote cuvdptnon ue audaipetn oxplBeta
YENOWOTOIOVTAS XavO aptdud xOuBwyv.

Eva dixtuo RBF ulomowel wo un-yeopuudd anedvion f @z € RT — f(z) € RM.
‘Eyet éva xpuypévo eninedo pe J xéuPouc (ouvapthioewc Bdong) xon éva eninedo 600U ue
M xbuPouc. H ocuvdptnon evepyornoinong ¢; xdde xpuuuévou xdufou eivor par ooctivixn

ouvdptnom Phone ¢;(||x — w;|?). H m-oot éZ0doc tou dixtdou divetan amd tnv

fm(x) = Zaqubj(Hx — 15[ (2.19)

H mo ouvnhopévn popet| tne axtvixfc ouvdetnone Béorne etvon wo Gaussian, ¢;(||z—u,]?) =
N(x|uj,0]21). To uéyedog tng oxtivag 0]2- xaoptler mOG0 peYdAn elvon 1 TEQLOYT TOU Y-
cou TEoTOTWY Yo TNV omola evepyonoeiton o xépPBoc. Ilpoxewevou va yivel mo euéhixn
7 TEQLYQAPT, TOU YWEOU EVEQYOTOINONG, TOAAES PORES YENOWOTOLEITAUL 1] YEVIXT) U0p®Y TOU
ivoa ouvBLaXOpavVeNg X; avtl TG TEPLOPIOUEVNC 0]2-1. To xévtpo p; Tou xouBou xadopl-
(et Ty Yéom ToU GTOV YWEO TwWV OEDOUEVWY, xat amoTeAel o xaoplo TiXY) TAPAUETEO TOU
HOVTENOU. XTIC TEWWES UEAETES TOU DIXTUOU YENOWOTOOLYTAY €vag XOUPBog Yo xdle tpo-
TUTIO, UE XEVTPO T0 TpOTUTO. Autd elye cav anotéeoua Tny dnutoupyio HOVTEAWY UEYIANS
TOAUTAOXOTNTOG, XOL TNV ATALTNON Yid ATAOTONUEVES XAl YR YORES UEVADOUC exTtaldeuanC.
Yty nopeta TpotdUnxay OiXTUA TOU TA XEVIEA TOUS HTAY OUOLOUOSPI XATAVEUNUEVA GTOV
YWEO 1| AVTITPOCWTEUAY EVa UTOGUVORO TwV TeoTlTWY extaideuong. T'a va oonyndolue o
olxtua mou expeTaAledovTal ahydetdpoug ouadomoinong, xar 0 aEUdS TWY XOUBwY Toug
eCopTdTon and TNV TOAUTAOXOTNTA TN ATELXOVIONG ToU EmyElpeitar xou Oyt and 1o TAfvog
TWV TEOTUTWY.

Or napduetpor mou meénet va extundoly xatd tny exnaideuct Tou dixtlou elvon To xEV-
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TEA f1j TWV OLVAPTAGEWY PBdong, ot mapdueteol Tou xadopilouy Ty axtiva Toug, m.y ot
OLUXLUAVOELS 0]2- Twv Gaussian cuvVapTAGEWY, xat Ta BdpN ap;. Mo yevixy xatebtduvor tou
axohoueiton elvan 1 exmaideuon va yiveETar TE®TA Yo TIC TAPAUETLOUS TWY GUVIOTHOEWY
Bdong, xou oe delTeERn QdoT Vo exTipolvTaL T Bden. Me autd tov TpdT0 G0NV TEWTY YA
uroget va egapuootel udinon ywelc enlBAedn yio Ty xatdtunon tou yweou tpotiTwy. T'a
TOEAOELYUA YENOLUOTOLOVTAS TOV aAYOotuo k-xEvTpwy unopoly va opadortonioly To Tpo-
TUTIOL, XAl TOL YAUEAXTNEIO TS TV 0uddwy Vo xadopicouy T TapaUETEOUS TWY GUVIOTHOEWY
Bdone. Xtnyv cuvéyela egapudletar udinor ue exiBAedn yio tny extiunon twyv Bopwv. H tu-
TXT TEOCEYYLON €Vl 1) EAAYLO TOTIOINOT) TOU TETPAY WVIX00 G@dAUaTOC, Onhady| To dipoioua
TWY TETPAYWVOY TV dlopop®y UETaEl Tng emiuunthc e€600u xou e e€680U Tou dixTOoU
yio xdie mpdTUTO ELGHBOUL.
[ v enthuon mpoPfinudtoy tafwéunone ue K xotnyopiec, otn [10] neprypdpeTto
n yefon evéc dixtbou RBE mou oe xdlde tou €€0d0 unohoyiler tnv mdavétnrac p(k|x)
¢ k-ootrc xatnyoplac dovévtog evog mpotumou x. H pédodog elvon avdroyrn uye tnv
Yerion K Uixtoy xatavouny, Tou teply eddope 6Ty TponyolUeVT uto-evotnta. 01660 OeV
Yenoulomotel ZexwpLo TEC CUVIO TWOES Yia xdUe W, ahhd Vewpel OTL Yo OAEC TNC xaTnYOoplEC
YenowonolvTto ol (Bleg xavovixég cuvictwoes. H exmaideuon yivetar o€ 6o otddia, xan
010 TEWTo eQapuolel tov akyopriuo EM oe wa uiln J xavovixov xotavoumy p(z) =
> N (2|, 55) vy extipnon e xatavourc Ghwv twv mpotinwy ywpic exiBiedn.
YNy ouvéyela yprowomotel auth TNy Uiln yio var oploel Tic ouvapThoelc Bdong Tou Sixtiou
RBF. To dixtuo autd €yel J xavovixomomuéveg cuvapToeg Bdong gj(x), mou xde o
exTd v mavotnTa va ebvar uredYuvr yia Eva TedTUTo T BoYévTog Tou TEOTOTOU, dNAAOY
. p(j)p(x|j)
gi(x) = p(jlz) = o) (2.20)
6mou p(j) = m; xou p(xlj) = N(z|p;,%;). ‘Etor dnuovpyeita éva dixtuo 6nou 1 k-oo1H

Tou é€odoc elvat

J .
Za]k% (2.21)

XL 670 DEUTEPD GTABIO TNG EXTADEUGHC TOU ExTWOUVTAL Ta BAPN Ak YPNOUWOTOLOVTIG ULd

7j=1

uédodo exnatdevong ue eniBredn.

[a vo Bef€oupe 6Tt T0 dixtuo utoloyilel oe xdle Tou €€000 TNV EX TwWV VO TEQWY Tila-
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votnta yrog xatnyoplac p(klx) apxel va dewproouvde 6Tt to Bdpn ag; EXTUWOOY TNV EX WY
TeoTépwy mavoTnTa var Tapayoly Tpotuta TNng xatnyoplag k and tny g;, onhadn

pUlk)p(k)

) (222)

Qg = p(/flj) =

6mou p(k) 1 ex twv tpotépwy miavotnta g k-oothc xotnyoplac, xou p(jlk) 1 ex twy
Teotépwy mavotnTa 1 J-00 1 cuvdetnon Bdong va ebvar uredduvn Yo tedTUTAL TNG A-
06 1rc xatnyoplac doveloac e xatnyoplac. Omdte yi Ty k-00TY €€0d0 TOU BixTOOU

1oy VEL

o) = Y ouggpta) = 3 HAPIIIE _ BBy, (o)

Abyw tng urddeong 6Tl xdie cuvdptnom Bdone tapdyet tpdTuTa XdE xaTnyopiac, N xaToUvo-
un evoc mpotumou elvan aveldptnTy and Ty xatnyopla Tou dodeicac Tne cuvdpTtnore Pdonc
mou o maphyaye, onhadh p(zlj, k) = p(z|j). Autd ouvvemdyeta o Y. p(z|i)p(jlk) =

p(xlk), xau and v (2.23) npoxiintel

|k)p(k)

fola) = o ) = p(k|z). (2.24)

Yny ouvéyela g evotnag Yo meptyeddoupe o TavoTiNG BIXTUO AXTIVIX®OY GUVAPTY-
oewv Bdone (Probabilistic Radial Basis Function PRBF) [77, 78, 79] 10 onofo anotéheoe
avTixeluevo €peuvag xou tng Tagovoac dteyBnc. To dixtuo PRBE etvon éva dixtuo RBF
Yoo Tagvounor, mou o€ xdie tou €€odo umoloyilel TNV xATUVOUT TWV TEOTUTGWY WIS Xo-
wyoplac p(zlk). Onwg xa 1o dixtuo otn [10], yiveton 1 unddeon ot n xatavour evog
neoTUToU elvar ave€dpTnTn and TNy xatnyopio Tou doldeicouc Tng ouvdetnorg Bdong Tou To
nopryaye. Emniéov emPBdhovye Tov neplopioud 6Tl ta Bden mou xataliyouy oe wa €080
elvon un-opvntind xou adeoilouy otny wovdda. To PRBE €yet ouvapthoeig Bdong Gaussian,

xou 1 k-oo 1t é€odog evoc dixthou e J ouvapthoelc Bdong elvor

J
Fe(@) = N (x]p;, 55) (2.25)
j=1
xo EMBIANETOL O TEQLOPIOUOS
J
Zakj =1,ar; > 0, v xdde j. (2.26)
j=1
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Abyw tne und ouvidinng aveZoptnoioc tou unoVéooye woylel p(z|j, k) = p(x|j) = N (z|p;, 3;),
xo Vewp@vTag 0Tt 10 BAp0C ay; TEQLYPUPEL TNV EX TV TEOTEQKY XATAVOUY TNS CUVAETNONG
Béone dodeioac e xatnyopiac, dnhadn ax; = p(jlk), tote 1oy let

J

fi(x) =Y pilk)p(als) = p(x|k). (2.27)

j=1
Av dropepioouye to alvoho {p(z|j)|j =1,..., J} 1wV cuvapticewy Bdone tou ot k un-xevd
oOvoha By, Zéva yetall toug, xou meplopioouye ta Bden dote p(jlk) = 0 av p(z|j) ¢ B,
T6TE xdVe cuVdpTNoT BdoTc cUVDEETAL UE Lol HOvVo E€000. AuTo €yel e CUVETELR TO BiXTUO
VoL UETATEETETOL GE €val 00 TNUa k Leymwplotwy wewy, 6tou xdie olvoho B mepléyet Tig
CUVIO TWOEC Ut WENC.
To dixtuo PRBF unodnidver éva poviého mapaywyrc dedouévwy agol unohoyiler Tnv
XATAVOUT| TV TRoTUTWY xde xatnyoplag. Io cuyxexpyéva ta TpdTUTA ToEdyoVTAUL WS

e€hc:

Mo Siveton éva oOvoro and J xavovixée xatavouéc {py, ..., ps}, xou éva ohvolo and

oeixtec xatnyoplac {1,..., K}.

1. Emkéyouue tuyala Eva delxtn xatnyoplag e miavotnta wy, . . ., Wi AvTioTOL %, E0TW
Tov k.
2. Emiiéyouue tuyado uiot amod TIC XAVOVIXES XATAVOUESG UE TWAVOTNTA Mg, - . ., Wi AVTE-

ooy, EGTW TNV Pj.
3. AelyUaToANTTOUUE Wiot ToQTHENoT And TNV ETAEYUEVY) XATAVOUT| P

To xatddinio ypapixd poviého mopouotdletar oo Nyhua 2.5(b), xou yio tny and xovol

xotavouy| Ty Tuy ey UETUBANTWY oy Ve
p(X, Z,C) = p(X]Z)p(Z|C)p(C). (2.28)
Av yvwpilouye Tic mdavdtntee tou poviéhou nopaywyhc p(C = k) = wy, p(Z = j|C =

k) = mj xou Ty xotovouh, p(X = z|Z = j) = pj(z) = N(z|p;,3;), téte unopolue va

UTOAOY{COVUE TNV XATAVOUT| TV TEOTUTWY xdUe xatnyoplac TeplwploToldvTag TNy Z

(X =alC =k) = Y p(X =2l Z)p(Z|C = k) = Y muN(aluy, 5)  (2:29)

J=1
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mou anotehel TV k-00 11 €€000 Tou dixTlou. Av oe éva TpdBAnua Tatvounong pag dovel Eva
o0voro potinwY {(T,, yn)|n=1,..., N}, b1ou y, elvou o Seixtne xatnyopiag ToU ,,, TOTE
UTOPOVUE VO UTOAOYICOUUE TIC TOPAUETPOUS TOU OLXTOOU UEYIC TOTOIWVTAS TNV Aoyaprduixt

mavogdvels Twv TEOTITWY

N N
log Hp(X =x,,C =y, = Zlogp(X =2,|C = yn)p(C = yn) (2.30)
n=1 n=1

ue tov olyoptiuo EM.

2.4 O Alydpripoc EM

‘Eotw éva 00voho dedouévey X = {xn| T, ERIn=1,..., N}, TNV XATAVOUY| TOU 0Tofou
Véhouue va extiufoouvue. H mapauetowt extiunocy| tng mpobnoldétel tnv emhoyr wag cu-
VOPTNOWIXNAC HORPHC YLOL TNV XATAVOUY|, X0 G TN GUVEYELL EXTUNOT TwV Tagauéteny tng. H

Turxt) emhoyY| o€ auth Ty nepinTwon elvar 1 xavovixd, xatavouh N (z|u, X), émou
l 17 T Ty TEp 1 1 1 b1 oy 24)

~1/2
Nelp5) = B e {Ja = s -} 2.31)

UE TORUUETPOUC TO XEVILO [t € R yon Tov d X d Tivoxa cuvolouavong X. M tumxr
emAOYY) YL TI TApaUETEOUS Ebvan 1) YehoT TN WEoNS TN Xt Tou Tivaxa GuVBLIXOUAVGNG
Twv O0edopévey. Ilgdxettar oty ouola v v Aon tng uéylotng mavopdvelag, mou
TEOXUTTEL AmO TNV UEYIOTOTOINCT TNG TWAVOPAVELNS TWV OEDOUEVWY WS TEOG TOL [ XL X,
v wa an6dedn dec [3]. Av unodéoouue ot to Sedopéva ac efvon aveZdotnTa xar ol

xataveunuéva, Tote 1 Aoyapriuwd mavogdveld toug elvor

N N
L =1log [[N(@alps,2) = log N (|, %) (2.32)

n=1 n=1
Meyiotonowdvtag auty) TRy Toc6TNTY, Beloxouue 6Tl ot exTuNnTéC UEYIO TN TAVOPAVELNS

elvon 0 DELYUATINOG UECOC XU O DELYMATIXOG THUVOXAS GUVOLOOUAVOTS

Tp (2.33)

=
I
=]~
M) =

3
Il
—

(20— 1) (w0 — )" (2.34)

4

I
=]~
M =

3
Il
—
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Méyer Twpa unodéoaue 6Tt oL napatnerocc tou Peloxoviar 6to olvoko X €youy tpoéh-
Vel amd TNV BLo xavovixh xatavour. e TOAES OUWS TEQITTWOELS UToEL Vo €Youy Tpoehet
and 000 1| TEPIOCOTERES XAVOVXES xaTavouéc. Tote xdie wa xatavour| Aettoupyel cav
war Eeywpto T “mnyrR” DeB0UEVWY, X0 TURAYEL £VOL DLUPORETIXG UTOGUVOLO TWV TopaTneh-
oewv. 'Eotw 61t 610 X €youue dedopéva mou mapdydnxay and J “mnyéc”, UE xaTavouéc
N(z|p1, X1), ..o N x|y, ) aviiotorya. H xatavopd autdv tov Sedouévey eivar uua uiZn
XOYOVIXDY XOTOVOU®Y p(z) = Z}]:1 T N (2,115, 2;), 6mou xdde ouviotdoo e pilne ano-
Telel pa SapogeTint| “mnyr” DEDOUEVWY, X 0 GUVTEAEOTHG T EIVAL 1) EX TWV TEOTEQWYV Tl
Yavotnta Eva omolodrmote dedouévo va ooy Vet and Ty j-ooTH cuvict@oa. Av Eépaue and
Tol cuvio Twoa Eyel tapay Vel xdde tagatrenor, T6te Yo Htay Tohd EUXOMO VoL EXTWACOUUE
Ohat o g, Xy xon Ty (j=1,...,J). Oaopxoloe va Stopepicoupe To X oe J unochvoha €tot
0o TE xde Eva va avTio Tolyel ot wa “mnyR” BEBOUEVWY, XUl G TNV GUVEYEL VO UTOAOYICOUUE
ToL GTATIOTIXd PEYEYY Toug. Ac umovécoupe hoimoy 0Tt exToC amd To clvoho X uog Olve-
Tou o 1 QLoWERLon Tou UE TN Hop®t EVEC cuVOloU Z = {zn| 2 €{0,1}Y n=1,.. .,N},
6mou xdie Buadxd ddvuoua 2, avtieToy(lel U TapaTtheNeT o, o wa and Tig J “mnyéc”.
Anhadry av yioo xdmowo 2, wylel 2, = 1 xou z; = 0y xd0e @ # j, 10T€ 10 T, €YEL
npoéhler omd v “mnyR” e xatavoph N (z|p;, ;). Ondte avdhoyo pe tic (2.33) xou (2.34)
UTOQOUUE VO UTOMOYIGOUUE TIC TUPAUETEOUS TNE MIENS oUWV UE TIC TAURaXdTe eEIGMOOELS,

4 4 . /
OTI0L YL xde J LOYVEL

> s Zin Tn
By = 21\/17]2 (2.35)
n=1~Jn
ZnN: Zijn (X0 — ) (20 — p3)"
¥, = S 2 (2.36)
Zn:l Zjn

1 N
T = szjn. (2.37)
n=1

Me outd oV TROT0 10 *EVIPO XAVE CUVICTOGCOC EXTWATAUL ATO TOV OELYUITIXO UECO TWV

OEDOUEVMY TIOU TUERYAYE, Xt AVTIo ToLy o EXTIUdTOL xou 0 Ttivoncag ouvolaxuavehc tne. ‘Oco
YLo TOUS GUVTEAEG TEC TN WENC, apol amoTteholy TNy miavoTnTa UE TNV OTol 1] GUVIC THOA
4 e 7 z 7. 7 4
Toedyel xdmoto and to HedouEva Tou X, TOUC EXTILOUUE WS TO TOCOGTO Tou apliuol Twv
OEDOUEVWY TOU TULHYAYE 1) CUVIOTWOA GE OYEGT UE TO GLUVOAMXO TAHVOC TV DEDOUEVLY

oto X.
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YNy pdln 6ums 10 GUYOAD Z OEV EVOL YVWOTH, VLo AUTO XAl AVIPEPETOL AV TO GUVO-
Ao twv kpuupévor (hidden) yetointdv. Autd nou unopolue va xdvouue eivan va Ppolue
TIC OVAUEVOUEVES THES (2,) TwV XpUUUEVWY peTahntay. Av ye miavotnta p(jle,) woylet
Zin = 1, T10T€ 0mb 10V 0plopsd TS UEoNE TWWAC TPoXUTTEL OTL (2),) = p(j|2y,). H ex tov voté-
cwv mdavotna p(jlz,) we v onola to x, €yer mopoy Vel and Ty xatavouh N (z|w;, X;)
avagépeton xou oav “uneuduvotnta’ (responsibility), agol dtav 1woltar ue povdda dNAGVEL
OTL 1) CUYXEXQLIEYT) XATAVOUY| EYEL TUPAYEL TNV TOEATHENOT). XENOOTOLOVTAG TIC AVIUEVO-
UEVEC THES TV XPUUUEVWY UETUBANTAOY unopolue va tpotonoioouue tic (2.35), (2.36) xou

(2.37), xou vo EXTWWACOUUE TIC dYVWOTEC TUARUUETEOUC CUUPWVA UE TIC:

T o 639
Y, = 2 n=1(Zin) (1’]3 — 115) (w0 — p15)" (2.39)
2 n—1Zjn)

T, = %Z(zjn) (2.40)

Tig avoUEVOUEVES TWESC TWV XPUUUEVKY UETUBANT®Y UTOLOUUE VOl TS UTOAOYIOOUUE amd TO

Yewprnua Tou Bayes, ondte

o TN (@, B))
(zjn) = =3 :
Zj:l Ty N (|, 55)

Autéc uwe eCopT®VTOL and TIC TaeaéTeous TNg WEng mou Yélouue va exTiuocoude. Mno-

(2.41)

EOUUE AOITOV VoL LIOUETHCOUUE ULl ERAVOANTTIXT, TEOGEYYLON), OTOU EXTWOUUE EVAAAGE TIC
nopapéteous e uigng pe tig (2.38-2.40) xou Tic AvVOUEVOUEVES TWES TWV XPUUUEVWY UETA-
BANTOY pe Ty (2.41). Zexwvovtog and xdmoleg apyxéc TéS, unopolue v eyyunlolue ot
auth 1) Odtxacio Yo GUYXAIVEL GTOUC EXTIINTEC PEYIOTNE TWAVOQPAVELNS TWY TAQAUETOWY.
[pdxettan oty oucla yio egapuoyr Tou alyopiuou EM, tov onolo Yo nagoucidcouue mo
0Le€00XE TNV GUVEYELDL.

Méypr topa eidaye midc unopel va mpoxtel dioucdntixd o EM yio tnv extiunon twv
nopopéTeny woc uiéng. T'evixd duwe o ahyopriuoc EM eqapudleton yioo tny elpeot exti-
untov péytotng mavopdvelag, Tay ExTOC amd T0 GUVOAD TWV Tapatnpoluevwy Tuyainy
vetoBAnTwy X umdpyet xat éva GUVOAO amd Kpupéves Tuyalee UETABANTEC Z TOU GUUUE-

Té€youy 61NV extiunon TV tapapéTeny § e miavogdvelac. H extiunon tov topauéteny
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wag WEng ebvan To mo yapaxTnelo Tixd TpoBinua tou emtAbetal ye Tov EM adhd byt to ubvo.
Mot dAAT evOlapeégouca eQapuoYr Tou Elval Yot TNV CUUTAHOWOY) TOV EAMTOV TGV EVOS
GUVOAOL ToEATNEROEWY. YE AUTY| TNV TEpiTTwoT Vewpeiton 6TL T TUEATNEOUUEVA DLy OCUATA
ox0hoVYOUY Ulal xavoVIXT) xoTavouY|, oARd xdmoteg and TIC THWES TV BLavVUGUAT®WY AEimouy.
Xpnowonowwvtoag 1ov EM unogolue vo exTAGOUUE TIC TUQaUETEOUS TNS XaTavours xadog
xou Ti¢ TWé mou Aetmouv. O EM napovcidotnxe xar yehetidnxe Sieodixd otny [26], av %o
cav 0€a mpolnhpye xau elye yonowworomvel dncUnTixd xou oe dhieg epyasiec. 201600
oV [26] 0ploTNXE YENOLWOTOWOYTOC TNV EVVOLOL TNG XEUUUEVTS UETOPANTAS, xon amodelydn-
XE 1) WO oNUavTX WOTNTA Tou, 6Tl o€ xdUe Tou emavainn N Aoyapruiy mavogdveta
OEV UELOVETAL. TNV [67] yivetou wat oOVTOUY) AVAOXOTNOT) TN TEOCEYYIONS TNE UEYIOTNS Tt
Yavogdvetlag yior Uin xaTavouay, xot avantiocovTol oL VEMENTIXES Xl TEUXTIXES LOLOTNTES
tou EM ytor ulZn xatavoudv. Xtny [57] yiveton po extetapévn napoucioon xat UEAETN TwY
wWothtov Tou EM, xau tov nogadlay®y Tou Tou €youy xatd xapolc TUgoUCIacTEl 6TV
BiBhoypagpia.

To Baowd mpdBinua tou avtiwetwniouye elivon 1 ueyotonolnon tne hoyoprduxrs wi-
Yavopdveloc twy napatnpoluevmy dedopévev L = log p(X10) wc npoc to didvuoua napoué-
Towv 0 TN xaTavourc Toug. TNy [67] napouctdleTon Eva Yempnua 1o omoio woyvpiletar oTL,
®3tw amd hoywég umoVEcelg, av VECOLUE TIC UEpIXES Tapay®YouS Tng Aoyaprduixnic mo-
VOQAveELWS [0e¢ UE TO UNOEY, xat AUGOUPE TIC EELCMOELS TOU TEOXUTTOLY, TOTE Ol EEIGMOELS
VoL = 0 €youv povader) Aoor), xon auth yeytoTonolel Tomxd tnv Aoyaprduixy mavopd-
vewr. ‘Otay yag evoiagéper xou 1 extiunon twv xpupuévey Z 1 otav autd xadopilouv tny
AOGT), AXOUA X0 oY DEV AG EVOLAPEQOUY BUETA, TOTE xaTaedyouue otov EM. e auth tny
neplnTwon anuTeltar 0 0pIOUOS TG ATO XOWVO) XATAVOUNS p(X, Z|0) twv Tapatneoewy X
XL TV XPUUUEVGLY PETABANTWOY Z, 1) ontolo ouvidwe avagépetar wg 1 mArjpng mibavogpdraa
(complete likelihood) twv dedoyévmv.

Zexwvovtog and uio agyixr extiunon by, oty t-oot enavdindn o akyderiuog optle
wa yetdBaor and To Teéyov didvuoua TapaUéTewy ¢ ot éva véo didvuoua Oy e xdie

enavdhndr Tou egopudlovue duo Bruata

o Expectation-pripua: Opilouye wa xatavour, eni tov xpugpévey petofintey ¢(Z) =

p(Z]X,0;) 500éviwy ToV TapUTNEHOEWY XAl TNG TREYOUCUS EXTUNONS TWV Tapoué-
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TowY, X0 UTONOYILOUUE TNV AVOUEVOUEVT] T WS TEOS ¢ NS TATpoug Tavogdvelag
Q(6.60) = (ogp(X. 218)), = [ a(2)logp(X. 2162 (2.42)

o Mazimization-pripa: O£touue To VéO Sldvucpa Topauétewy B = arg maxy Q(0, 6;).

Av emotpédouye ony extiunon v topauétowy TNg WENg, 6Twe TNV Etcaydyaue dtanodn-
& o TNV apy Y| TNG EVOTNTIC, UTOROUUE Vo Slame Twooupe 0Tt To E-Bhua avtiotoryel otny
exTiunon TNg UEOTS TWAC TWV XPUUUEVKDY UETABANTOY UECK TNS (2.41), xou 0 M-BAua otny
extiunon twv mopauétemy Tic BiEne yéow twy (2.38), (2.39) xou (2.40).

Y1ny ouvéyeta Yo BMooUPE wia amAr amdoetln Yo Ty YeUehtndn) otdtnta Tou alyopiduou
VoL uny Uetwver Ty Aoyaprdux miavogdvela, €16t woTe e xdle enavdindy| Tou va Loy Ve

L(0r11) > L(6:). Anb to Jedpnua tou Bayes, yio tny unéd cuviixm xatavour éyoupe

p(X, Z]0141)
Z|X,0 _ = 2.43
p( | t+1) P(X|9t+1) ( )
logp(Z|X,0:1) = logp(X, Z101+1) — L(Or41). (2.44)

Mmnopolue TNy cUVEYELL Vo UTOAOYICOUUE TNV UEOT T TV dUo UEADY TiC e€iowong e

npoc v xatavour ¢(Z) = p(Z|X, 6;)
(log p(Z|X, 0:41))q = (log p(X, Z|0p11))q — L(Or41). (2.45)

Hopatneriote 0t (L(0i41))g = L(O141) xaddc 1 L(Or41) = log p(X|6i41) dev eZoptdton and

Tic Z. Ouolwe uropolue va arodetouye Ot
(logp(Z] X, 0:))q = (log p(X, Z|0,))q — L(6). (2.46)

Agapodvtac xatd YEAn Tic 0Vo TEoNYOVUEVES €EIGMOEIC XU AVADLATICOOVTAUC TOUS GpOUC

TOUC T{PVOUUE

L(0:11) — L(0;) = (logp(X, Z|9t+1)>q — (log p(X, Z|9t)>q
— (logp(Z|X, 0111))q + (log p(Z| X, 0;)) . (2.47)

Ané tov opopd tou M-Bruatoc woyber dt (log p(X, Z|0111)), — (log p(X, Z|60;)), > 0. ‘Oco

aopd TNV BedTERT BLaPoed 0TO HeLd UEAOG, TUQATNEOVUE OTL TEOXELTAL YL TNV ATOCTACT
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Kullback-Liebler petat twv xatavopdv p(Z|X, 0i41) xou p(Z|X, 6;). Tevixd n andotoon

Kullback-Liebler petaft Suo xatavoudyv pi(x) xou pa(x) opileton we

pa(w)

pi(z)

Egopuélovtac tyy avicdtnta tou Jensen unopolue va deioupe 61t KL(pi||p2) > 0, xou

KL(p1||p2) = —/pl(x) log dz. (2.48)

ue avuxatdotaon oty (2.48) Brénouye 6Tl ) oA toylel av pr(x) = pa(z). Opolwg
—(log p(Z|X,0:41))q + (logp(Z|X,6:))q > 0, xou étot xatahiYOUUE GTO ouPTéPUOUA OTL
woyVer L(0i41) > L(6;) oe xdde enavdindn tou EM. Eminiéov éyer anoderyVel 6Tt xdtw and
ToAU yevixéc ouvirixec 1 Aoyoapriuur mavogdvela auidveton o xdide emavaindn, uéypt
va oLYXAVEL oE xdnoto Tomxd péytoto. Il ouyxexpéva otny [83] anodewvietar 6t av
n Q(0',0) eivan cuveyhic we tpog B xou 6, téte dha T onueia olyxAong evog alydprduou
EM aroteholy otdoia onueio tne £, xou 1 axoloudia twv L mou topdyet o EM cuyxiiver
wovotova oo L* = L(6*) yw xdnoo otdowo onpelo §* e hoyaprduxic mdoavogdvetag.
Emnhéoyv, av xavéva caypotind onuelo tng £ dev eivon efvon ohixd péyioto g Q, tote n L
Yo ouyxAivel 6e xdmolo onueio yeyiotou. Xtny mpdln eivon Tohl dUoxolo va tpoBiédouue
™V o0YXhioY) o€ caypatixd onueio, woT6co auUTH eUPavileTal OTAVIO XAl OF EXPUAICUE-
veg mepimtwoelg. Mia o extevic meptypagr Twyv Wwiothtey olyxhong tou EM negiéyeto
oty [57].

‘Oco agopd v TayLtnTa obyxhiong o EM dewpeiton yevixd apyos, xou otny medln 7
oUYxAoY| Tou 0TI Teheutaleg enavalfdeg xaduotepel. H mpwtn uehétn tng taybtnTde ToU
€yet yiver Ty [26], eved oty [41] 1 yelén €yel enextadel oe wa euplteEn xAdom alyopiluwy
Tou TEpLhUBdVeEL xaL TEOCEYYIo TXES TopalhayEg Tou EM, xan €yel anoderyvel 6TL 1 vopua
||0¢+1—0%|] ouyxhiver yovétova oTo UNBEY UE TOLAAYIOTOV Yoauuxt ToyUTnTa GUYXNOTC,
OnAAUOY,

61— 6] < ]l — 67|, pe 0 < a < 1

6mou 0 1o onueio olyxhiong Ty Oy o va emtayuvdel 1 clyxliot Tou €youy mpotalel
nohhéc uédodol. Idaitepo evdagépov éyet n uédodog mou éyel npotael otny [16], xat exye-
todeveTon Ty oyéon uetall tou EM xou twv Proximal Point (PP) akyopiduwv. To Bacixd
xbvnteo v toug PP ebvan 61t mpocdétovtag otny aviixewevixr cuvdptnor wia axoloudio

amd TovéEC Tou eCapTWVIAL An6 TNV TEEYouca ETavAinn (xahoVvton proximal penalties)
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nadpvouue euctaelc emavainmTixols alyopiluoug, ol omolot Guyvd €youv ETBOOEC TOU
Eemepvolv Tic Tumxég Uelddoug Behtiotonolnone ywelc Tic mowvée. ‘Etol otny [16] EYEL
amodetyVel 6Tt EMAEYOVTAS Evay xatdAAnho Gpo mowrg mou mpootiVetan oto M-Brua Tou
EM, o tpononoinuévog ahyopriuog €yet ToyUTNTa GUYXAIGTC UTER-YROUUXT], UE TNV EVVOLA
OTL

|G — 07|

lim =
t—oo |0 — 6|

Emuniéov o tpononoinuévoc ahyderduog Slatneel Ty toTnTa Tng Yovotovne adinong tne

0.

mdavopdvetog.

Metd tnv ohoxhhpwon tng meprypagric Tou EM xou twv 100thtey Tou Yo entyelpioouue
VoL AVODEIZOUUE TNV UEYEAT TOU YENOWOTNTA Yiot TNV EVPECT) EXTIUNTOY YEYIoTNE Tdavopd-
VELUG, EXTIUNTOY PEYIGTNS EX TWV UG TEpWY THavOTNTAS A EXTIUNTOY PEYIG TG Tiavopdvelag
ue mowr. Katopyrv 1 dwtinwon tou EM elvon okl yevixy|, wote ta Brhuatd Tou vo ano-
TeEhOUY oTny ovcia wa xatevduvthgla yoouuy| yia Ty extAucr Tou ex4oTOTE TEOPAAUATOL
ueytstoroinonc. Autd tou emitpénel va Peloxel eQopuoyy| 6e TOAAG TEOBARUATA BLapORwY
EQELVNTIXWY TEQPLOYWY, OTWS TNE OTATICTIXRG, NG unyavixric udidnong, tng enelepyaoiog
ohUUTOS X Ewovag, xan Tne enelepyacioc guowhc Yhwooas. To yopoxtnoioTixd autedy
TV TEOBANUATLY eivon 1 Umopdn TwV xpUUUEVLY UETOBANTOY, ol onoleg xadopilouy TNy
Moor Tou mpofAfuatog eite anotelolyv To {ntoduevo elte Oyt [o mopdderypo otay e@ap-
uolouue tov EM ylor vo exTWAGOUPE TNV XATAVOUT EVOS GUVOLOU DEDOUEVLY UE Lol Uién
HOAVOVIXGDY XATOVOUWY OEV UOG EVOLAPEQOUY JUECH Ol XQUUMEVEC UETUPBANTES, ahAd ETUXEY-
TPWVOUACTE OTNY TEOGEYYLoN TNg ouvdptnone. Avtideta av ye v pidn oxomnebouye va
OUABOTOACOUUE EVaL GUVOAO DEDOUEVWY, TOTE UAS EVOLAPECOLY XUPIWE Ol XPUUUEVES UETO-
BAntéc o omoleg xou Yo xadoplcouv Tov Sy weloud Tewv dedouévey. ‘Oune mévta 1 Utoeén
TV XPUUPEVWY PETOBANTOVY elvar xodopioTixt, agol anhonooly Ty enthucn twv e€low-
OEWY XAl TEOGQEEOLY Ut XahT) dtononTixy) e€hynorn tne dradactag Bedtiotonoinong. Av
avti Tou EM axoloutolooue wa evahhaxtixh tpocéyyior), Yo unopolcope vo 0plcoude Tny
oLVAETNCT TAVOPAVELAS TWY DESOUEVMY LA ot VO AUGOUUE TIC EEIOWOELS TOU TEOXUTTOLY
undevilovtag Tic uepixéc mapaywyous tne mavogdveoc. Ertol duwc eite Yo Poloxaue exti-
UNTEC UOVO Yol TIC TAPAUETEOUS TOU LOVTEAOU Xo Oyl YLol TIC XpUUUEVES UeTaBAnTée, eite Ya

xotaAfyoue xon mdht oTic eCiowaoeic Tou EM xdvovtag xdmoleg unovécelg xan ahyefeixolc
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Yetptopolg tou atov EM yivovton auddpunta. Evaidaxtixd Yo unopolcoue vo oplcouye tny
AN mavo@dveld TV DEDOUEVWY Xl TWY XPUUUEVWY UETUBANT®Y, Xat Vo AOGOUUE TdAL
N¢ eCLOWOE TOU TEOXUTTOLY OmG TOV UNDEVIOUS TwV UEQIXWY TapaydYwy. ‘Etol duwc
oev Vo unopoloaue va eyyuntolue edxola Ty povotovr addnon tng mavogdvelag, xou
ot extiuntég mou Va mafpvaye dev Yo Hrav extiuntés peyiotng mavogdveag. Onote elvor
o BOAXO Vo UEYIO TOTOWOVUE TNV TAKRT TUaVOQAVELX XaL Vo EXTILOVUE TNV PEOT) TIUY| TWV

AQUUUEVOY UETABANTWY ETAVOANTTIXY, ONAXOT var e@apudcouue Tov EM.

2.5 O Alydépuduog EM v MiEn Kavovixdyv Katavouoyv

Yy mapovoa evotnta Yo EXTIUACOUUE xot TOAL TIC TOQUUETEOUS WG WIENS XOVOVIXWY
xatovopny dovéviog evig cuvdhou dedouévey X = {z,|n=1,...,N} é6nouv z, € R,
auTH TNV Qopd axohoudwviac ToTd Tov adyderuo EM. To didvucua twv mogouéteny 0
Tou Vol EXTWACOUUE amoTeAElTOL a6 TOUC GUVTEAEC TEC TNC UEENC Xou TNC TUPAUUETEOUC TWY
ouviotwowy e 0 = {m;, u;, Xl =1,...,J} Zexwovtog and 1o E-BrApo o opicouue
TNV XATAVOUT, ¢ TOV XQUUUEVWY UETABANTGV xat Yo UTOAOYICOUUE TNV AVOUEVOUEVT, TIuY
e Aoyopluxhc TAfpouc mdavogdvetas (logp(X, Z10)),. Onwe %dn avapépaue, o xdie
Ty, € X avrioTtouyel yio xpuUUEvn PETIPBANTY 2, € Z mou xoopilel Tol CUVIGTOGA EYEL
ToRdYEL TNV TopaTAPNGN Ty [pdxerton yio éva Buadixd dtdvucua Ye J oToryelo 2y, Yo T
orola elvon 1oy Vel Z}‘le Zjn = 1 yia xde n. Agol 10 zj, elvon govdda ye miavoTnTo 5 Xou
ijle = 1, 161€ 00 oTOLYEl TOU 2, oxoAoUYOUY TOAUWYLULXT xoTavour), xat 1 p(Z|0)

elvot 10 Youevo N TOAUWVUULXDY XOTAVOUGY

N J

p(Z10) =TT 1]~ (2.49)

n=1j=1
uno¥€TovTag aveZdpTNTES Xt OUOLY XATAVEUNUEVES XEUUUEVES UETIPANTEC. Emimiéoy Bolév-
TOC TOU 2y, YVORILOUUE 0Tl To X, €yel moapay Vel and xImoL CUYXEXQIUEVT] CUVICTWGO ol
axohoLVel xavovixr xatavour,, onéTe Loy Ve

N J

p(X12,0) = [T TIN @alpy, )7 (2.50)

n=1 j=1
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uTo¥E€TOVTaC AVEEAPTNTES XAl OUOLYL XATAVEUNUEVES TapaTneroel. OnOTE yiol TNV AVAUEVOH-

ueVY Ty TN Aoyoprduxrc TAxeoug mavo@dvelag oy De

Q(0,0,) = (logp(X,Z[0)),
= (logp(X|Z,0)), + <10gp(Z|9)>

N J
- ZZ% 10?3%+ZZ Zjn)q Log N (|15, 5j). (2.51)
n=1 j=1 n=1 j=1

Mo vo ouveyioouye mpénet var oploouye v xatavour ¢ = p(Z|X, 6;) xou va unohoyicoupe
TIC AVOPEVOUEVES TWES WS Teog auTh. Ta v ¢ oy lel and 1o Yewprnua Tou Bayes
X|Z. 0 VAL
q(Z) _ p( | ) t)p( ‘ t)
p(X|6:)
J (t) OIRSON

_ ﬁ Hj:l [Wj N("L’nm ;2 )}

N(xn|/"L] ?Z(t))

n=1

J ()
Jj=1 Ty

_ ﬂﬁ[ ) (xnlu(t =) ]m (2.52)
] 1

t) t)
n=1j=1 ] (l’n‘,u( Z( )

6mou 1 teheutaia 16HTNTA Loy VUEL AOYW TOU TEPLOPIGUOY Z}'le Zin = 1. Enouévec 1 ¢(2)
elvon 10 Yvouevo N aveldpTnTwy TOAUGYUUIXMY XATOYOU®Y, X0l YId TIC AVIUEVOUEVES TUIEC
TWV XPUUUEVWY UETABANTOY 1oy UL

 m Ny, E))
<Zjn>q - J N

> i TN (|, Ej)

‘Etot ohoxhnpwoaue Tou utohoyiouols tou aratolvtar oto E-Brua tou adyopiuou.

(2.53)

Y10 M-Brjua TEENEL Vo UEYIO TOTOLAGOVUE TNV AVOUEVOUEVT, TWH TNS Aoyoprduxhc TAf-
pouc TWAVOPAVEINS WS TEOS TS TapaéTpous e wiEng. Amd tnv (2.51) BAémouye OTL
UTOQOUUE VA UEYIOTOTOAGOLUE TNV @ ®¢ TEOo¢ Toug GLVTEAEGTES Tng Wigng aveldptnTa
and Tic mopapétpouc twy Gaussian. Apyilouue mopaywyilloviac v Q(6,6,) we tpoc Toug
OLVTEAEG TEC TNG WiEng T, xou 6NV cuVEYEla Yo Undevicoupe TNy uepixr topdywyo. ‘Ouwc
Y10l TOUC OUVTEAEGTEC TRETEL VAL LOYUEL ijl 7 = 1, oy var cavormotnel o TeEpLoptopog
yenowonotolue évay molaniaotacth Lagrange A, ondte Moyw e (2.51) malpvouye

0 J N P
8—77]' [Q(979t> + A (Z T — 1)] = Z<Zjn>q8—ﬂ'j logﬂ'j + A\

j=1 n=1
al 1
= ) {zin)e— + A (2.54)
n=1 ﬂ-j
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@STOVTO(Q TO O(TEOTE)\EGHO( me TEO(pO(Y(x)YLOTC oo ME TO p.'f] XOUP.E

N

1
wg—+A = 0
;(zy >q7Tj +
N
> (zn)g+ AT = 0 (2.55)
n=1

EnavolauBdvovtac v dodixacio v xdde ouvieheoth| m; xatakfyouvue otnyv (2.55) y

x&e Twh tou j =1,...,J. Adpoilovtac hoimdy Ty (2.55) wc TpO¢ J malpvouue

J N
D (zin)g +Az7r]_0 (2.56)

xoL AOY® TOU TEPLOPIOUOY GTOUC GUVTEAECTEC LoYUEL

N

—i (Zin)g = (2.57)

j:l n—=

[y

Aoyw e (2.53). Avtxadiotdvtoag to A oty (2.55) talpvoupe tny eZlowor avavéwong Y

T0UC ouvteheo Tég NG Wigne
N
(t—i—l _ Z Zin)a (2.58)

Yuveyilovue mapaywyiloviac v Q(6,6;) we npog T0 xEVTEO 1 TNS j-00THS GUVIG TH-
oag, xat undeviCovtog v pepixn napdywyo. And ty (2.51) woybet
P N

0
oy, 206,00 = Z<zjn>qa—uj log N (w11, %) (2.59)

n=1

H pepw| mapdywyog tou hoyaptiuou tne Gaussian etvou

0 9, 1,72 19 _
—1 nli, 25 = 1 J — = — )8 N e —
8,“) OgN(x |:u.7? ]) 8/1/] 0g (27T)d/2 2 aluj (Zlf /J“]) 7 (Zlf /J“])
= 3Nz — py) (2.60)

(t+1)

H véa extipnon v to xévigo K ¢ j-00ThS ouvieTwoug Peloxeton undeviovtag tny
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avtioTolyn uept| Tapdywyo Tic Q, ondTE EYOUUE

0
—Q(979t) =0
I D
J
N
_ t+1
D () e =) =0
n=1
N N
1
S )™ = Y (g
n=1 n=1
N
,Uz§t+1) — ZTLZI(ZJ”’)Q:”U (261)

ZnN:1 (2jn)q

OTou o Tivaxoc Zj_l anokeiplnxe and v deltepn WoHTHTA TOAAATAACLACOVTOC Xt To BUO
UEAT, TN amd apLoTERS UE TOV ;.

Oloxhnpwvouue 1o M-Brua tou EM nogaywyilovtag v Q(6, 6;) wc npoc tov nivaxa
oLYBLIXOUAVENG X TNG J-00THC CUVIGTWGIS, Xxat UNOEVILOVTaS TNV UeptnY| Tapdywyo. Ao

™y (2.51) oy le
N

0 0
g 20000 = > (i) log Nl £5) (2:62)

n=1

[t va utohoyicouue Ty Yepinr| Tapdywyo tou hoyapiduou tng Gaussian npénet va AdSou-
UE UTOYT UAC TOV TEQLOPIOUO YIol GUUMETEXO Xt VETIXE OpIoUEVO Tivoxa GUVOLIXOUAVOTC.
[t autd yedouue Zj_l = STS, ypnowonowdviog tov TeTpaywvixd Tivoxa S, xou yenoto-

TOLOVUUE BUO YVWOTY ATOTEAECUATO TNE TORAYWYIOTS WS TROG Thvoxa:

_885 a’STSb = S(ab” + ba™) (2.63)
9 T T qy-1

= 2. 4
53 log|S* S| 25(5°5) (2.64)

6mou o S etvan évac d x d mivaxag xou ta a, b elvon d x 1 davdouato. OndTe yia Ty Tapdywyo
¢ Gaussian oy et

0 |STS|Y2 10

log - ===

0% (2m)¥/2 298

— S(S78) = S — ) (o — )" (2.65)

i IOgN(anu]a (STS)_l)

53 (@ —py)"STS (x — 1)

36



Yty ouvéyeto undeviouye v pepxy| tapdywyo e Q(6, ;) we npog S, xa malpvouye

0

D (2n)eS(STE) T = Y zm)eS (@ — py) (@ — )"

(579)1 = ZnN:l(zj%fff:zzZ))jx_wT (2.66)

Enouévwe and tov opioud tou S mpoxOnTel 6Tl 1) VEo exTiUnoT yiot Tov mivaxo cuvoLonOuay-

omng th“) NG J-00THC CLUVIO TWOOG Elvar

St _ Zg:ﬂzjn)q(x — ) (@ — )" (2.67)

’ >t {Zinde

Av xau xotd tnyv Bedtiotonoinon AdBoue unddn uag TNV ATUlTNOY YLl GUUMETEXG XAl

Vetixd 0plopévo Tivaxa GUVBLIXOUAVENE, OTNY TEAEY dTay EQupudloule Tov alybpruo e€ap-
TOUAO TE o A6 ToL OEOOUEVA GTO X X0 TNV UEYIXOTOMNOY) TV TAPUUETEWY YL VAL THY LXOLVO-
nothooude. I'evixd mpénel yio cuvicTwoo va efvor UTEDYUVT] Yiot TOAAG DEDOUEVA TEOXEWUEVOU
va eZaogakioovye 6t 1 (2.67) diver éva Vetixd oplopévo mivoxa. Tumxd yio Sedopéva oe
7 e 7, z z 14 4 7 7 7
€val d-0ldoTATO YWEOo, TEETEL 1) UEGT, TYY| TV XPUUUEVWY UETABANT®Y va elvon ueyahiTepn
TOU UNOEVOS Yo TOUAyto Tov d+1 dedopéva ta ool dev Yo avixouy oTo (Do utep-eninedo
owdotaong d—1. o napdderyua 6Tov Do TaTo Yweo Y eetaldUacTE TOUALYLOTOV Telo un
ouveulelaxd onuela yio vo opiooupe Evay VeTixnd 0plouévo mivaxa, SLpoRETIX 1) Lol LOLOTHUY
Tou Vo etvon undevixt|. H mo cuvndiouévn uopgy| Tou mpoiAuatog etvor 6Tay Yot GUVIC TWOA
J EYEL W *EVTEO €V OEBOUEVO Ty o Elvol ToTOYEOVO UTELVLUYY UOVO Yia auTd, ONAXDT
’ i 7 / 7 ’ ’
[j = Ty XL TO (2Zjp)q TElVEL 0TO UNdEV Yio xdde n # n'. Tote o nivaxac cuvdlaxduaveng g
7, 7, 7, 7, 7 N 7 7. 7 7
GUVLO TMOOS GUPRLKVMVETL GUVEY WS, xom¢ OAES TOU oL OW0TIHES Telvouy oTo UNndév. Autd
amoTehel xa Yol amOOEE Yiol TO OTL 1) TAVOPAVELL TV OESOUEVOY BEV Elval dve PpayUévn
660 aopd Toug Tivoxeg ouvdlaxluavorng g uiéng, agol 1 mavogdveld TOU CUYXEXPEL-
7 z 4 7 7, 2 7. 7,
UEVOU BEBOUEVOL aLEAVETOL ATEQLOPLOTA xo®S 0 TVaXAS GUVDLIXUUAVOTS GUREIXVIVETOL.
O mo amh6g TEOTOC YLl VO AVTIUETWTICOUUE To TEOBAnua efvar vor EEXVACOUUE TAAL TOV
alyoprluo and dapopeTixéc apyés Tiég, eAtilovTag 6Tt Vo Yog odnyHoEL OE BIPORETIXO
/ 4 7’ I 4 7 / 4 4 e z
Tomixd péytoto. Mia mo mpaxtixd) Mo elvan va Vécoupe Eva xdtw @pdryuo yLo TiC WL TIIES
TV TUWVAXWY, XL AV O xdmol EnavdAndn tou akyopiuou n véa extiunon xdmotou wivaxa

Toeotdler To QEdyUd VO TUPAAEITOUPE TNY AVAVEWGCT TV TWKY TOU TivoxaL.
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Ohoxhnpavovtag tny meptypagr; Tou EM Yo xdvouue wa uixgr avagopd oo Yéua tng
apytxomoinohc Tou. Eivaw mpogavég 6Tt 10 Tomixd u€yioto 610 omoio Vo cuyxhivel o alyo-
ewuoc e€apTdTon and TNV apyLxonolnor Tou, Yo auto €yl alio 1 avalhTnon wog “xalhc”
apywonoinone. H mo amhy| uédodog avalAtnong etvor 1 emavadnmtixy| exxivnorn tou ok-
yopiduou and tuyaleg Véoeg. Emlong cuyvd €yel yenowonomiel xar o akydpruog twv
k-péowv yia va tpocdioploel apynés THIES Yiol Lol WIET XAVOVIXWDY XATAVOUWY, €TOL OUWS TO
TeoBAnua uetatiVetar oty dpyxonoinon twv k-uéowyv mou etvon xar tdAL Tuyaio. EminAfov
1 TUYUOTNTA oL Elodyouy auTég ot uédodot dev etvor emuunth. H woavixy| tpocéyyion
CTNV apytxoTolnon TEEREL Vo Yo 00NYel X0VTd 0TO OMXO UEYIOTO, XL VA TO XYVEL QUTO
ue ouvénew. Me autéd to oTtdy0, oTNY [82] éyer mpotadel évag dninotog EM akydpriuog
Yoo TNV exmaideuoT) wag wiEng. Buyxexpiuéva o akyoerdpog CEXVE UE U GUVIG TG Xl
eV TTIXE TPOGVETEL Ui xouvolpia, U€ypt Evay mpoxatoptouévo péyiato aprdud. To xi-
VNTEO Yo QUTH TNV TEOGEYYLoN Efval To OTL av €Y0oUUE Wo “xohh” Abom yia Ty Win e j
CUVIOTWOES, TOTE UE TPOCEXTIXY| avalATNoT UTOROUUE Vo apYIXOTOCOUUE TNV j+1 cuvi-
otwoa e “BEATIoT0” TROTO o var 0dnynYolue ot wa “xaky” Aoon ue j+1 ouvioT®oeg.
Y€ enOUEVO XEPIANO Vo EQUOUOCOUUE AUTY TNV WOEAL Yol Vo XaTIAREOUUE OE Evay ol yopiluo

exnaldeuone tou PRBEF.

2.6 H Variational Bayesian M&Jo60¢

Yty napovoa evotnta Yo ueAethioouue tny variational Bayesian uétodo €yovtag cav age-
nelo tov adybpriuo EM. H variational Bayesian yétodog €yel yvwpioet ta teheutaio ueydn
amodOY ) GTNY EPELYNTIXH XOWOTNTA TNG Unyavixhc udinong, xa otnyv Bifhoypapioa unde-
YOUV TOAAES ELOUYWYWXES UEAETES, EVOETIXY AVAUPEQOUUE TIC (48, 46]. Yty mpoondiela
vo avadeyoly dtagopeTinés Theugéc Tou EM €youv mpotael molkég epunveleg mou tov
ouyxpivouy ue dhdleg pedbdoug Bektiotonoinong. Me to (Blo otdyo Eyouy napouctacTel ep-
UMVELEC TOU TTOU UEAETAVE AVTIXEWEVIXES CUVIQTAGCELS TOU DLAPECOUY AO TNV T avoPavELd,
6Twe otic [39, 61] mou otnv then mwavogdveia £yel tpoctedel Evag 6pog evtponiag. XNy

[61] éyer nopovotactel wa dragopetiny| efynorn tou EM, clugwva ye tny omofa xow 6o 6Uo
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ToU BuoTa YiveTar peYIo TonoineT wag xatdhAnAia 0ploUEVNG AVTIXEWEVIXYS cuvdpTnong F.

XpnowomoidYTog Uiol XATAVoUTr ¢ €Tl TwY XPUUUEVGDY UETABANTOY Z 0pllouy TNV cuvdpTno

F(q,0) = (log p(X, Z10))q — (log ¢(2))4 (2.68)

6mou 10 (-), ouUBol Ty Yéon Tty we mpog TNV xatavoul| ¢(Z). Ondte n F npoxdnter av
oV avopevopevn Tur tne TAfpous mavogdvelas (log p(X, Z10)), mpootedel v eviponia
—(log ¢(Z2))4 tne xatavourc g. O alyopriyoc tou éyel npotavel (Variational EM) ueyioto-
Tolel EnaVaANTTIXG TNV F' w¢ Tpog g xat w¢ Tpog 0, xou anotehel wia toodlvoun Slatiemon

Tou EM:
o Expectation-pripna: ©Etouye Ty véo xatavour| g1 = arg max, F'(q, 0;).
o Mazimization-pripa: ©étouye o véo didvuoua napouétpwy B = argmaxy F'(qeq, 6).

‘Onou 610 E-BAua n ueyiotonolnon yivetor 610 y0po twv ouvapthoeny q. ‘Ontng avagpépeTo
oty [61], extéc and wo akhoyh oto mpbonuo, N cuvdptnon F eivar avdhoyn pe tnv “free
energy”’ tng oTanoTixNg guoxric. Baoiouévol oe avdhoya ouunepdouaTa TG O TATIO XS
puotxic, €youv amodellel Tt yia Bedouévn Tin Tou 0, UTdEYEL Ular LOVADBLXT| XATAVOUN Gy 1)
omola yeywotonotel Ty F(g, ) xau divetan and v ¢p(Z) = p(Z] X, 0). Ondte 1 wwoduvaula
Tou E-Brpatog ue 1o avtiotoryo Brua tou EM eivon mpogaviic. ‘Oco agopd tny icoduvouio
Twv 0uo M-fBnudtwy, apxel va mapatneRoovue 6Tl 0 6po¢ TNE EVIPOTUC GTNV (2.68) dev
eCapTtdTal and TIC TopaUETEOUS 0.

H enavolnmuixy| egopuoyr| Tov Brudtwy cuyxhivel o TWwéc ¢* xou 0 mou ueylotonoly
Tomxd v F(q,0). Autd duwc mou €yer ueydho evdiagépoy eivon 6Tt oty [61] €yer anoder-
yOel 6t av 1 F'(q,0) €yet éva tomxd péyioto (¢*, 6%), téte xou 1 hoyaprduxr nrdavogpdvela
log p(X, 0) éyer éva tomxd péyioto oto 0% Iogouoiwg, av n F(q,0) éyet ohixd uéyioto
(g%, 0%), t61e xou N hoyapruxy, miavogdvewa log p(X|6) éyer ohixd péyoto 610 0. M
cLVETRELL aUTOY Efvon 6TL av 1 I elvon mo ogoakd amd Ty Aoyoprduxr) mavogdveia, xon To-
pouctdlet Arydtepa Tomixd EYIOTA, TOTE YEYIGTOTOIOVTUS TNV £ etvor mdavdy va tdpoupe

AANOTEQOUG EXTIUNTES YL TIC TUQAUETPOUS ATO OTL AV YEYLO TOTOLOUGOUE TNV T oAvOPAVELDL.
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Eivor e0xolo va 6ei&oupe 6L 1 aviixelpevixyy ouvdptnon F' nou éyet opiotel oty [61]

amotehel éva xdtw @edypa Tng Aoyaprduixic mavogdvetag. Ao tnv (2.68) €Y OVUE

p(X, Z|)
F(q,0) = (log——=
p(Z]X, 0)p(X]0)
= (log
< q9(2) )
p(Z]X,0)
= (log———=), + logp(X|0 2.69
AvadlatdecovTag Toug 6pous GTa U0 UEAT TNS LGOTNTOC TalpVOUUE
p(Z]1X,0
log p(X[6) = F(g,0) — (log X250 (2.70)
q(Z)
xou ool o 6pog —(log p(fg)’g))q etvor 1) anootaon Kullback-Liebler petalt twv xatavoumy

q(Z) nou p(Z,X10), mou eivar yeyohtepn 1 ion tou undév, mpoxinter 6t logp(X|0) >
F(q,0).

Enexteivovtag tnv €peuva Yoo TNV Ye1|01) DLUPOLETIXMY OVTLXELUEVIXGDY CUVAQTHGEWY
otov EM, otic [5, 6] éyetl mpotadel 1 ueyiotonoinon evég xdtw gpdyuatoc tng Aoyoprduixhc
mdavopdvetoc neprimpiov log p(X).

logp(X) = log/p(X,Z,H)d@dZ

B p(X, Z,0)
- l"g/ 10" 6.2

p(X, Z,0)
> 0, Z)1log ———222q0dZ
- /q( ) log q(6,72)

= Flq) (2.71)

dodZ

6mou 1 avio6tnTa 610 TpoteheuTalo BrAua oy lel Adyw Tng avicotnTag Tou Jensen. o Ty
ueylotomoinoT g I wg Tpog TV ouvapTNoLIXT LoR®T TNS XATAVOURS ¢ EYEl Tpotael wia
TeooEYYloTIXY) UéVodog, 1 onola arnotekel Ty oucia tng variational Bayesian uevéoou.
Opilouv v variational ex twv votépwv xoatavour, ¢(Z,0) n onola eivon TELOPIGUEVY Vo

amoTeAE(TOL an6 EVA YIVOUEVO TUQAYOVIWY

q(Z,0) = qz(Z)qe(0) (2.72)

€10l OO TE D0VEVTWY TV Tagatneoewy X, ol xpupuéveg uetafAntéc Z va elvon aveldptnTeg

and T mopopéTeous 6 tou povtélou. O TEPoPLOUOC AUTOC ETITEETEL TNV EQUOUOYY| EVOC
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enavahnmTixol ahyoplduou yeyiotonoinong mou elvon avdhoyog pe tov EM. Y10 aviictoyo
E-Brua yeywotonowly mmy F ¢ Teog gz Yo Vo Tdeouy TV BEATIOTN EX TWV UCTEQWY

XATAVOUY| TWV XCUUUEVODY UETABANT®Y
qz(Z) o< exp(log p(X, Z|0))q, (2.73)

Y10 avtiotoyo M-Brua ueyiotomowiy v F w¢ meog gp Yoo Vo Tdpouy TNy BEATIOTN €x

TWV UOTERWY XATAVOUY| ETL TWV TOQUUETEWY

q0(0) o< exp(log p(X, Z10)),,p(0) (2.74)

avtl yio Ti¢ BEATIOTEC TORUPETEOUS TTOU EXTWOUVTAL 0TO TUTLXG ahyderipo EM.

M onpoavtin cuvels@opd authc tng ueVddou etvan 1) yeron tng mavogdvelng nepriw-
elou, n omola elvan €vag TEOTOC YLol TOV EAEYYO TN TOAUTAOXOTNTAS TOU YLENOLLOTOLOUUEVOU
wovtélou. I'a tov unohoyioud tng anotteitar 1 tepriwelonoinen TwV TAEAUETEWY TOU UOV-
Téhou, xau €Tol eCdyeTon Evag UEcog 6pog Nl GAWY TwV THAVKOY TULUUETOOTOLACEWY. LTNY
TERIMTWOT) TOAAGY CNUAVTIXWDY UOVTEA®Y 1 TOAUTAOXOTNTE Toug EAEYyEToL undevilovtac xd-
TOLEC TAUPAUETPOUS, OTWS OE Uil WIET XATAVOUMY TOU UXEUVEL 0 aptdOS TV GUVLO TWGKY
¢ undeviCovtog xdmooug and Toug cuvieleotés tne. ‘Etol n nepilwplonolnon twyv mo-
COUETEWY EUUECU TEQLIWELOTIOLEL X0 TNV TOAUTAOXOTNTA TOU UOVTEAOU, X0 1) AVTIXEWEVIXT
OLVAETNGT TOU UEYIC TOTOLE(TOL TEPLEYEL TANPOYORIA Yol TNV TOAUTAOXATNTA TOU HOVTELOU.
Enniéov extoc and auth v Swnodntx dedpnor, otny [6] avagépetar 6Tt 610 Gpto ye-
ydhou detyuotoc N — oo, n F avuctoyel oto xpitfiplo Bayesian Information Criterion
xodde xou 670 10od0vauo Mnimum Description Length Criterion.

Enexteivovtac auth ty uédodo otic (34, 24] éyouv mpotadel ehappddc SlupopeTinég
UTOVETELC Yia TIC XATAVOUES TOL UTELoEpyovTaL o To poviélo. H mpdtn tpononoinon etvar o
0PIOUOC HLOC EX TWV TEOTEQWY XATAVOUNC p(Z) eni Ty AEUUUEVWY UETABANTOY. Auto €ye
oav anotéheopa n Aon tou E-Bruatoc va Swgoponoteiton and tic [5, 6], émou opillovtar ex
WV TEOTEPWY XATaVOpES Wovo enl twv 0. H dedtepr tpomonoinon eivon 1 pnth analtnon 7
variational ex TwV UCTEQWY XATAVOUT VO TOQAYOVTOTOIEITUL XU WS TEOC OAX ToL GToLyEl
ToU 6. Oewpwvtac howndv 10 6Uvoho O = {Z,0} v xpUUUEVWY UETIBANTAOY X0t OA®Y TwY

TOQUUETEWY amotTelTal xotd TNV Ueytotomoinor tng F va toy Vel

a(©) = ][ a(®) (2.75)
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AUTO WOTOG0 BEV EMPEREL TEaxTXES alhayéc oto M-Briua mou €yet npotadel otic [5, 6).
EZoutiog tou 61t otic [5, 6] opilouv aveZdotntec xou oLLUYEIC EX TWY TEOTEQWY XATAVOUES
enl Twv 0, €101 0L EX TV UG TEPWY XaTaVOUEC elvon xou auTéc aveldptntes. Ievind 1 ex Ty
TEOTEPWY XUTAVOUY| G TpaéTeou elvar UCUYRG TN XATAVOURC TWV TUQUTNENOEWY AV 1)
EX TWV UG TEPMY XATAVOUY| TNS TUPAUETEOU, OTwe utoloyiletar and to Yewprnua tou Bayes,
€yel TNV (B0 CUYAPTNCLAXT UORYT UE TNV €X TV TEOoTépwY xatavour. Autd uac Bondde
xotd Ty peyiotonoinon g F, yiotl umopoluE €ToL VoL €Y0UUE AUGELS YIX TIC @5 OE XAEIGTH,
popp.

Eivar €0xolo vo Bel€oupe OTL 1 AVTIXEWWEVIXT] OUVAETNOY) TOU UEYLIG TOTOWUUE DLopEpEL
and Ty Aoyoapriud mavogdveia tepiwplov xatd Ty andotach Kullback-Liebler yetagt

Tn¢ variational xatavourc xou Tng meayuaTixhc xoatavouric wv O. T v dlagopd toug

oyt
logp(X) = Fla) = [ (@) logp(x)a0 — [ g(©)1og 7o
_ —/q@ﬂo T??}d@
_ —/q@ﬂ% &g?d@ (2.76)
Evot oe avooyla ue Ty (2.70) 1oy ver
Flq) = logp(X) + (log 2Oy, (277

q(©)
Hapatneodue ot 1 mdavogdveio teptiwpiou dev e€aptdton and TNV ¢, ONOTE 1] UEYIGTO-
noinon tng F' wooduvayel ye ehaytotonoinon tng anéotaong Kullback-Liebler petald tng
variational ex twv uoTépwy xatavophc ¢(O) xou TNC TEAYUATIXAC EX TWV UCTEPWY XOTO-
voung p(©]X). H an6oTach auth Undevi{eTton 6TaY 0L BUO XATAYOUES TAUTIOTOUY, WO TOGO
Aoy Tou Teploplopol (2.75) n andotacT Sev Unopel Vo UNdEVIG TEL, X AMOYEVYETOL AUTH 1)
teTpwpévn Aoon. To xivntpo yio v emBoly| Tou meplopopol eivon 6t €tot 1 F' Yo anotehel
wat xohy) Teooéyyion tng mavogdvelas nepriwpetou, ahkd Yo efvan Tautdypova apxeTd At
o Te vo utoloyileton ebxola. XNy medln emahndeletan apxeTéC QopEc, xat €yEl 0dNYHOEL
oe ahyoplduoug ye moAG xahy| exidooT.

Oloxhnpwvoviag ty evotnta Ya unohoyioouye Tic ouvapthoe ¢;(0;) mou ueyoTo-

nowlv Vv F(g). Mnogel vo avanoderyVel 6t v F(q) eivar wa xoikn cuvdptnon (xupth
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TEOC TA XATw) NG ¢, Oeg Yo mapddetyua otny [46] xou Tic avagopés mou mapotidevton exel,
€06 Yo TERLOPIG TOVUE O TNV ETIAUCT) TNE €EI0WONC TV UERIXWDY TORUYWY WY (siiowon Euler).
[ Ty cuvapTnoloxy| op@h Ty ¢; oL WOVEC UTOVECES TOU Xdvouue Elvar 6Tl arnoTeAoOY
XOTOVOUES ot TRETEL VoL IxavoToteltan o meptoptoude (2.75). H ueyotonoinon yivetar yen-
OLUOTIOLWYTAC TUTIXES TEYVIXES TNS ouvapTnotaxic avdiuong [4]. O yeyioTonoicouue Ty
F Zeywplotd yio xde xatavour, onote yia dovelon q; yed@ouue

Fla) = / [T« logn)qi(@f) a0

~ [ a(@)ogp(x.0)) 000, [ a(e Jos[La0)ma0; 279

OTOU YEYCLLOTOLCUUE TOV GUUBOAIGUO (-)j# Y10 VO ONAWOOUUE TNY UECT) THLY| WG TEOG OAES
NG xaTavoués exToc NS ¢;(0;), dnhady| we tpoc To Hj# ¢;(©;). Emmiéov oy let
(log H 6i(0:))j = > _(108q:(0:))j: = log q:(©3) + > (log ¢;(6;)) 4 (2.79)
i Ve

onéte ypdyouue TV F(g;) 10000voua g

Flg) = /Qi(@i)<10gp(X> @)>j7éid@i_/%(@i) log ¢;(©;) d©;

+ Z log ¢;(©;)) (2.80)
J#t

[ va Beotye to péytoto mpénet va Aooouue Tty eioworn tou Euler, nou otny neplntowo

wog ebva

S (6O (08 DX, ©)),1 — (6) g s(6) =0 (2:81)

‘Ouwe mpoxewévou 1 g; vo anotehel xatavour TeeEnel va oy Ve

/Qi(@i) de; =1 (2.82)

4 4 Z 4 4 7
Yl auTo €ledyoupe évav tohhamiactacth Lagrange A xou Advoupe tny eiowon

8% (6:(0:) (108 p(X, ©))2 — 4:(6:) log 4:(O;) + Ags(©4)) = 0

(logp(X,0))jz —logqi(©:) =1+ A =0
log ¢;(©;) = (log p(X, @)>j7ﬁi —1+A
3:(0:) = exp {(log p(X, ©)) 4} exp {—1 + A} (2.83)
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Ano tov nepoptopd e xatavourc (2.82) tou emBdhaye 1oy Vet

exp{~1+ A} [ exp {{log (X))} 46 = 1 (2.81)

ot toodUvaua 1) (2.83) yedgpeton

(O — eXP{Ung(X,@))j#}
%(S) J exp {(logp(X,0));.} dO;

Auth n Aoon eCopTdton and OAeC TIC ¢ YLoL J # §, ONOTE AMOUTEITAL 1) ERAVAANTTLXY TNC EQUp-

(2.85)

HoY" Yl 6Aec Tic variational ex Twv voTEpwY xaTavouEs ¢;. H Swboyixy| epaguoyt| authc
¢ edlowong Yo Oheg Tig ¢; amotelel pio emavdAndy tng variational Bayesian pedodou.
H olyxhon tng puedddou umopel va eheyy Vel nopoxohoudnviag thy cUYXANOT TV TGV
e F.

OhoxAnpadvovtag TNy evOTNTA, €V EVOLAPEROV EQMTNUA TOU TAUPAUEVEL elvan T0 THGO
aueTNEG Yivetar To gedyua Tng mavogdvetag teplwplou, GTay LIVETOUUE TOV TEQLORPIGUO
(2.75), o omoioc eivar Yvwotéc oav mean field npocéyyion ot guowt|. Lougwva ye Ty
oulhtnon mou yivetan otny [46], autd eZaptdton and o xatd n6c0 ot © eivon avedptnTeg
oOUPOVOL UE TNV TEAYUOTIXH EX TwY UG TERWY xatavour p(O]X). Av eivar oyedov aveldp-
NTES, TOTE 1) TEootyyion Ya elvon ToAD xoAh. Xe dagopeTixy| tepintwon unopel va efvar
TOAD Tpayld, OTWS Yo TapdOeryua 6Ttay 1 €€deTnon ogetheTon oty Unapln TEPLOCOTERWY
OO UL XOPUYWY OTNY TRAYUATIXY €X TWV UG TEPWY xaTavour, TéTe 1) variational ex Twv

Lo TépwY xatavour| Yo meptypdder ubvo wo and autég.
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KE®AAAIO 3

OMAAOIIOIHEH ME MI=H KANONIKON

KATANOMON

‘Eva omd o epwthpata mou meenet va anavtniel xatd tny exnaideuon o tpofihuata xdie
eldoug udinon ebvon o xodoptouds TG TOAUTAOXOTNTISC TOU UOVTENOU TOU Y PNGLLOTOLOVUE,
TIOU OVAUPEQETE X0 GAY €TIAOYN) HOVTEAOU. L TNV TERIMTWOT Wiog UEng mpénel va anogacicou-
UE Tov apiud TV CUVIGTOOWY Tou Yo €yel. XE auTO T0 XEQPIAALO TEOTEVOUUE Utol auENTIXY
uédodo Yo TNy emhoyr wovtéhou xou TNy exmaideucT) wag uiing, mou Pacileton otny varia-
tional Bayesian npocéyyion. H yédodoc npociétel cuviot®oeg otny Pidn yenoonoimyTog
evav Eheyyo Bayesian dudonaong: pla ouVo THOA DACTIATAL OE U0 VEEC GUVIO TWOES XAl GTT)
oLVEyela egapubdlovton variational Bayesian e£lo®oelg evNUépmons UOVO GTIC TUQAUETEOUS
WY 0UO VEWY oUVICTWOWY. ()¢ anotéleoud, elte xaL oL BU0 GUVIGTMOES DLATNEOUVTOL GTY)
wign, eite Wi amd 11 800 amodewvieTaL TEPLTTH xou amaAelgeTon and v wi€n. XTnv meo-
o€yylor auth To TEOBANUA ETAOYHC UOVTEROU avTIUETWTICETaL TOTUXd OE Yla TEQLOYY| TOU
YWEOU DEDOUEVWY, ETGL UTOROUUE VO VEGOUUE THO XATATOTUC TIXEC EX TWV TROTEPWY -
votnTeg Paoctlouevol oTny Tomxy xatavour| Ty dedopévwy. [ tnv vloroinon authc tng
TeoGEYYIoTC Topouctdlouue W Tpotonoinuévy Bayesian piln, xoadde xou €vay ahyoeriuo
exnafdevong mou eQapuOlEL ERAVOANTTIXE Evay €AY Y0 OldoTaong oe xdie cuvieTOoa TNg
wEne yenowonownvtag variational yedodoroyio. Tao melpauatind anoteAéopata xoL 1 TEL-

coUaTIXT) CUYXEIOT, UE OUO GAREC YVWO TEC TEYVIXEC EMBERAOYOUY TNV ATOBOTIXOTNTA TS
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TEOTEVOUEVTS TROGEY YIOT.

3.1 Ewoayonyn

H pién xavovixmv xatavounmy eivon éva toddTino otatio txd epyaheio yio tnv yoviehonoinon
xatavouwy. Eivar 1660 eunpoodpuoctn wote va utopel vo tpoceyYioel omoldToTE xoTa-
vouY| Ue UEYIAn axpifeia, xou emmAéoy Umopel va epunveuTel ooy oTaduouevn oyadoroino.
[at autd Tov Moyo €youy yernowornotniel eupéwe oe TpoBifuata udinong ue eniBAedn xou
udinone ywelc enifBredn, xou €youv yehetniel extevag m.y. [58]. Onwg avaépdnxe 610
TEONYOUUEVO XE@dhoto, utar WEn unopel vo exnandeutel uéow tou ahyopiduou EM [26, 57],
mou PBeloxetl extiuntés Yéytotng mavoQavelag yiol TI¢ TUpaUéTeous g uilng. Auth elvor
xou 1) T LEVodog exmaldeuog, av xat Tagouctdlet xdrota petovexthpata. 1o ouyxexpr-
uéva, o EM ouyxhiver oe éva tomixd eldyioto g mdavogdvetag, to onoio eLopTtdTon and
TIc apyixéc TWéc Ty mopauétewy. ‘Eva dAlo mohl onuoavtixd mpdBinue mou eugoavileto
XA TNV EXTAUBEVOT) TETOWWY PHOVTEAWY Efval 0 TEOGBLOELEUGS TOU 0EIIU0) TWV GUVLO TWOKY
mou yeewdlovtar yia éva 500€v olvoho dedopévey. Adyw tng onuaciac tou mpofifuatog
emhoyhc uovtélou Torkég pedooot €youy mpotadel yioo Ty exthucy Tou.

H mo anhy) npocéyyion otny emthoyy, poviéhou ebvar 1 exmaldeuor evog tAfoug and
wielc ye dtapopeTnd apriud cuVIoTWoKY UEcw Tou EM, xar o1 cuvéyewa 1 allohdynon
TV AICEWY YENOWOTOIWVTAS Eva XatdhAnio xpithglo. To xpitrplo autd dev umopel va
elvon n mavogdvela, yioti TETOWUEVO UTORPOVUE VA TNV UEYIC TOTOW|COUUE YEYOLUOTOLV-
TOC TOOEC CUVIOTWOEC GG To TEOTUTA, XoL TOTOVETWVTAC TO XEVIPO XAVE UAC TAVL GE
éva mpotumo. o autd ouviwg yernowonoteitar 1o ddpoloua evog dpou mavogdvelag xou
€VOC Opou TOWHAC, 0 omolog Tweel uielc ue yeydho apiud cuvictwowy. Ilopadelyyota
étowy xpitnplwy eivar too Akaike’s Information Criterion, Bayesian Inference Criterion,
Laplace Empirical Criterion, Minimum Message Length, dec [58] yua wo avaoxdnnon xou
olyxplon v xprtnpioy. 3to o tvelbua éyer mpotadel oty [72] n yprhon e mdavo-
(PAVELIC OLUC TAVPWHEVTS ETUIXVRWOTS (cross-validated likelihood), 6ou wiZeic SLopopeTinhic

TOAUTAOXOTNTOS EQAEUOLoVTAL O TA DEDOUEVA EXTAUDEUGTE, xot AELOAOYOUYTOL WS TEOG TNV Tl
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Yavogdvela evog EeywploTo0 GUVOLOL ETLXIEWOTS (validation set). "Eyouv eniong npotael
uédodol mou exmandelouy TNV UiEn xou TaUTOYPOVA TE0oUEUO6LoLY TV APUd TWV GUVIC TW-
oy tne. Yy [29] to Minimum Message Length (MML) xpitfiplo éyel evowuatwie! otny
AVTIXEWUEVIXT) GLVAETNGT), xat PBehTio ToToleiton yenotonolwvTag Tov EM. Zexwvavtog ue éva
UEYGAO aptlud oUVIGTWOKY, 1 uéVodog BehtioTonolnong TpoodeuTind agoutpel CUVICTWOES,
xou 1o MML xpitvipio ypnowonoeiton yio vo tpoteivel o xahOtepo wovtéro. Auty| 1 meo-
oeyywon ebvou enfong Aydtego evaioUntn otny agyixonoinorn and 6T o tumixéc EM. Mia
Bayesian npocéyyion éyet npotadel otny [68], dmou o aplduds TV CUVICTWOMY avTiuE-
Twnileton cav Tuyata BETOBANTA xou yenowwonoteiton 1 uéVodog derypatoindiog Reversible
Jump Markov Chain Monte Carlo [38], 1 onoio ©61660 €ivar TOA) amoutnTif) UTONOYLOTL-
%3 o var avTietwmio Toly Ta 8Ucx0ka ohoxhnpouota tou eugaviCovtor otny Bayesian
uédodo éyel mpotael n yperon e variational npocéyyiong [61, 46, 35], Tou xatodyouyv
otnyv variational Bayesian pédodo mou eivar nopduola ue tov EM. Auth 1 yevixr| uédodoc
Behtiotomolnong €yet yenowonomVel o apXETEC TPOCYATES EQYUCIES, OTWS GTIC [5, 6, 24]
Y Vv exnaidevon woc pi€ne. Eniong oty [80] éyer ypnowonomiel oe cuvbuaoud e
0 ahybpduo Split and Merge EM [81]. Ye auth v epyaocia €youv xatahhler o€ wa
AVTIXEWEVIXT] CUVAQTNOT) TOU ETUTEETEL TNV TAUTOYLOVY EXTIUNOT TWV TAPAUETLWY XAl TOU
apluol) TV GUVIGTOOWY TN Uing, xot TNy e@dpuocay Yo TNV extaideucT) utag ui&ng xo-
VOVIX@Y xatavou®y xadoe eniong xar ot wa ui€n eunepoyvoudvey (mixture of experts)
v taAtvdopounor. H variational Bayesian uédooog €yel eniong yenowonomiel otny [34]
YL TNV EXTIUNON TWV TOPAUETOWY XU TOU dpldUol TV GUVICTWoWY Wog uiéng and factor
analyzers. e auty egopuélouv wa dladixacion YevwHoewy/Javdtwy 6Tl CUVIOTWOES YL
v AUoouy 1o TeéfBAnua Ti¢ ETAOYHS LOVTENOU.

Mot amd Ti¢ To evOlpEROUTES TpooeYYioE 6ToV XaoploUd Tou aEWiuol TWY CUVICTW-
owv éyet npotoel otny [24]. Eivan pua variational Bayesian uédodoc yio tny Bedtio tonoinon
¢ mavogdvetag tepriwpliou SoVEvTwy Twv cuvtedesty g uilng. H uédodog exvd e
€Vl UEYGAO aprlud CUVIGTWOWY, Xl TEOOOEUTIXA aPoueel auTEC Tou PBploxovion otny (Bl
TEPLOY Y TOu YWeou dedouEvewy. ‘Eyouue dwmotooer ot n uédodog elvon amodotixy|, aA-
A eaptdTan amd TG TOPAUETEOUC TWV EX TV Tpotépwy mavothtwy. Onwg Yo doldue

TNV CUVEYEW, av Xat 1) UEV0DOG OEV ETLTEENEL VA XAAOTTOUY TNV (Ol OUdDA OEDOUEVWV
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TOMAEC GUVIOTWOES, av 1) EX TwV TpoTépwy mdavotnta tou tivaxa axpBeioc (avtiotpogog
mivaxoc ouv&ax()pavong) TWV CLUVIOTWOWY OV ETAEYEL XUTAAANAY, TOTE QTAVEL GUYVE ULl
AOGT OTIOU UL CUVIO TWOA XANUTITEL TEQLOCOTEREG antd Wit o0uddes. EmmAcov av xou 1 uédo-
0o¢ elvon vietepuvioTixt|, 10 onuelo clyxAohc Tne eCapTdTon and TV apytxY| ETAOYT TV
TOQUPETEWY TN uilrng.

Eueic npoteivouye uio Bayesian yétodo yia tny exnaideuon wiog UEng xavovixdy xatavo-
UGV TOU EIVOL VIETEPUIVIO TUXT, UE XOADC OPLOUEVT] ARy IXOTOINGT), %ot AV TWETWTICEL ETOEXDC
T0 TEOPANua emhoyhic woviéhou. Ilpdxertan yiar o audntiny| wédodo: Eexwvd pe uio u6vo
CUVIOTWON Xl TPOODEUTIXA Tpoo¥ETel cuvioTwoeg otny WiEn. H dwdicacio meocVxng
wac cuviotwoag Paciletar oe évav €heyyo Bidonaong, Tou eQapuoleTon ot xdUe pla and Tic
UTEQY OUGEC GUVIGTOOGES. LUUPOVA UE AUTOV TOV EAEY YO Wid GUVIG T avTixadioTatar and
OUO UTO-GUVIO TWOES XAl GT1) GUVEYEL eQapuolovTan variational Bayesian e&iomoeig evrué-
EWOoNC 610 GUYXEXPWEVO (EUYOC, EVE Ol UTOAOLTES GUVIG TOOES OLUTNEoUYToL aUETABANTES.
Xden oty EloaywYr TwV EX TV TEOTEPWY TWHAVOTATOY CGTIC TUQAUETPOUS TWV XAVOVIXMDY
CUVIO TWOKY, 0L GUVIO TOOES avTaywviCovtar 1) o TNy S, AV 1 xaTavour| TwV DESOUEVKY
o TNV TEQLOY Y| TNC CUVIGTOOUC TOU EAEYYOUUE UTOBEXVUEL TNV UToeET] TEQIOCOTEPWY ATd Ui
OUdOWY, TOTE X Ol VO UTO-GUVIC TWOES DLATNEOUVTAL XAl ET0L O APIUUOS TWY GUVIC TWOWY
augdveTtar. AQoPeTIXd 0 AVTAYWVIOUOS PETOLY TV BUO CUVIGTWOWY Vo TEOXUAETEL TNV
ATAAOLPT| TNG LG, XU GUVETAS TNV QVAXTNGT TNS apytxiS OUVIOT®WOAS. AUt 1 oTeaTnyLx)
e auénTXhc TEOGUAXNS CUVIGTOOWY BIEUXONOVEL ETioTC TOV xaoploUd TV TopUUETEMY
TWV EX TWV TE0TEpwY THavoTATWY, agol autdg unopel va otnpyVel 6TIC TUQAUETEOUS TS
ouvioTwoag ou eAéyyouue. Ilpoxewévou va egapudoouye auty TNy W amateltar wa

Tponomoinoy tne Bayesian pignc tnv onola Ya neprypddovue 6ty cuvéyeia.

3.2 Variational Bayesian EntAoy?r Movtéiou

‘Evag xatdAnhog tpémog Yo Tov EAEY Y0 TNg ToAuThoxoTNnTaC Wac piéng elvon 1 tpocopuo-
YY) TV ouvtEAEo TV NS Ui&ne. Mo cuvictdoa anoleipetar and TNy uiln av o avtictoryog

OLVTEAEG THC UNdEVIO TEl. Luvenwe unopolue va Yewprcouue wa uiln ue yeydio aptdud ou-
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VIGTWOWY, X0 VO UEYLOTOTOWOOUUE Ylal XATIAATAY AVTIXEWEVIXT| GUVEQTNOT WS TEOS TOUG
ouvteheo tég g uilne. Me autd Tov TpoTo oL TERITTES GUVIC THOES Var anoewpdoly, xade
ol avtioToryol cuvteAeoTEC Toug Ya undeviotoly. H tumiy elpeon exTiuntoy UEYIoTNG mi-
Yavogdvelag péow tou EM dev amotehel pa Biwotun Ao yio autol Tou eidoug Ty emAoyn
wovtélou, xomg évag ouvteheoThg TN Ming mou ouveywe Piiver £yel wg anotélecua ula
CUVICTWON TNE oTtolag 0 Tivaxag cuvdlaxluavong €yel PUivouces WOOTWES, dONAadr odnYEl
GTOV OYNUATIONO Wog otouoppns cuvictwoag. H Bayesian npocéyyion mapéyet uo Ao
o€ aUTO TO TEOBANUA xomS TEPLORIlEL TIC TAPAUETEOUS TWVY CUVIGTOOMY UECW TV EX TWVY
TEOTEPWY TWAVOTATWY, €T0L ATOTEETEL TOV GYNUATIONS WOLOUOPPWY CUVICTWOWY. Me au-
T6 TOV TPOTO UO6VO ACHUAVTES CUVIOTWOES agotpolval and tnyv ui€n. 261600 o TOMEC
TepnTWoelC 1) variational Bayesian npocéyyion €yel dwoet Puwolec MIoE Yoo TV exmai-
ocuor Bayesian pilewv. Yto undhoino tng evOTNTOC AUTAC TERLYPAPOUUE €V GuVTOUla %ot
oyohdlouye Tny variational Bayesian npocéyyion yio UEEC xAVOVIXGDY XATAVOUODV.
Eotw X = {z,} éva clvohro and N napatnefoeic, 6mou xde x,, € R? efvon éva Sidvuopa

yapaxtneo Tixawy. Emniéov dewpolue ot 1 f elvan wior pi&n J xavovixady xatavouomy

f(z) = Zﬁj N (2|, T)) (3.1)

6mou ™ = {m;} eivor ot cuvtekeotéc e wilng, p = {p;} T (xEvipa TWV CUVICTLWOOY Xou
T = {T;} ot nivoxec axpBeioc.

H yovtehonoinor twv dedouévwy Ye v f umodnioverl Tny undleot ott Yo xdde Topo-
THENON Ty, UTEQYEL UL XPUUUEVT, UETIBANTY 2, TOU DELYVEL TNV GUVLOTWOA TOU TOLHYAYE
™y z,. Eow 6t Z = {z,} eivar 10 6Uvoho autdV TV xpuugévey yetofintoy. H z,
umopel v avamapao tadel wg €va J-oidotato duadixd OLdvucud, TETOWO WOTE AV 1) j-01T1
OUVIOTWOoW elvor UTELVUYY YIdL TO Ty, TOTE Zj, = 1, ahhdg 2, = 0. Luvenwg oylel o me-
ploploude ijl Zjn = 1. Emmiéov 1 xatavour| tou z, do¥évtog tng 2, elvor N (2|15, Ty),
urodéTovtag 0T 25, = 1 yla TV CUVIOTWCA j.

M Bayesian pign haufBdvetor 9€tovtoc ex twv npotépwy mavOTNTES OTIC TAUPUUE-

Teoug m, i xar T' Twv ouviotwony. Tumxd yenowonowivton ouluyelc ex TwV TEOTEPWY
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Yyfua 3.1: (a) To ypagixd povtéro tou €yet tpotadel otny [24]. Ta mhaiota utodnhwvouy

(b)

emavdindn Tov Tuyainy yetaBinTev tou mepuxhelouy, o o axeBrc apriuds Twv emava-

Mbewyv epoaviletor otny dvew 0eltd ywvia xdde mhatciou. AV XUXAOVOUUE TO T YLO Va
A Mo n Y M Y

ONAWGCOULUE TNV WLTEEYN VEWENOT, TOU W¢ TUPIUETPOS YWEIC EX TWV TEOTECKY XATAVOUN.

(b) To ypopixd YOVTELO TOU TROTEVOUYE, TEOCUPUOCUEVO Yia TOTXY) ETAOYY) LOVTELOU.

xatavopéc, ot omoleg ebvor yia 1o gy xavovix ) N(p;]0, 5 Z), v to 7 Dirichlet

P(Z}Izl%‘) d aj—1
H;-’zlr(aj)H :

=r-—, xou v Tov T; Wishart
Dim i

D(rley, ..., ay) =

Ue ovapevouevn Tk () =

|T;|=4=1)/2 exp tr {—%VT]}

W(Tj|y> V) = _ _ d .
2 A WAV [ (4 1= )72

ue avopevouevn twh (1) = vV, érou v ebvor or Padpol ehevdeplac, xou V etvor o whvar
xag dwfdduone. Aut) n uiln dev etvar xatdhhnhn yio emhoyt povtélou pe alyopriuoug
nagopooug ue tov EM, xadag n Dirichlet ex twv npotépwy xatavour dev emitpénel 6Toug
OoLVTEAEG TEC TNG MiEng Vo undeviotoy. Ltny [24] eyel mpotael éva Bayesian yovtélo mou
0ev UTOVETEL EX TWV TEOTEPWY XATAVOUT YLd TOUS GUVTEAEG TES, ot omolot Yewpolvtal amhol
TopdueTEoL xar Oyt Tuyaleg peTafAntéc. To ypagixd uoviého Yo qUTH TNV TEOGEYYLON
anexoviletar oto Lyfua 3.1(a).

H Bayesian emhoy?] LOVTEAOU ETUTUYYAVETOL UEYIOTOTOIOVTAS TNV TAVOPAVELX TEQL-
VYwplou p(X|m) mou npoxintel ohoxhnpdvovtac tne uetaBintéc 0 = {Z, p, T'} and tny and
xowvob xotavour| p(X, 0|)

pCx1m) = [ 9,617 a0 (3.2
xo VEWPWVTAS TOUG GUVTEAEGTES Tng ui&ne oav mapauétpouc. H variational mpocéyyion

n¢ Bayesian yed6dou mpoteivel Ty ueyio tomoinon eveg xdtw @edyuatog tTng Aoyootduic
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miavogdvelog tepriwpiou

p(X,0|m)
q(0)

6mou q(8) eivan pa avdaipetn xotavouy, Tou mpoceYYIlEl TNY EX TWV UGTERWY XOTAVOUY

Llg, 7| = /q(9) log do <logp(X|m) (3.3)

p(0]X). M afoonueintn idtnta eivor 10 6Tt xotd TV peytotonoinon e L, oav x3noteg
amd TIC CUVIOTWOES BploxovTtar 6Ty (Bl TEQLOYT TOU YWEOU OEDOUEVWY TOTE UTHPYEL ULd
woyveh tdorn oty uikn va anoleidel Tic TEPITTEC CUVICTWOES, AV T DEdOUEVA OFE AUTH
NV Teptoy | e&nyolvTal txavorotnuxd and hyotepeg ouviaTwoes. Mua gpunveia autod Tou

aVTAY WVIoRoU Aaudveton and tny axdioudn avdiuor Tou variational godyuatog

L= / ¢(6) log p(X0) d6 — / 4(0) log p(géii) do. (3.4)

O np®tog 6pog avTioTolyel 6TNY avauevouevn Aoyoprduxr tavogdvela, we teog v ¢(6).
O deltepoc bpog eiva 1 andotaon Kullback-Leibler (KL) tne ¢(0) and v ex twv tpoté-
cwv p(f|m). ‘Otav wa nepttth ouviotdoa agoupeitar 1 anéotaon KL ehattdveton, xou to
®3tw Pedyus auEdveTaL EUVOWVTAS ATA0VOTERA HOVTELX. AV duwe uTdpyEet 1oy upY| EVOELN
and ta dedouéva (Snhady) n avouevouevy Aoyoprdu miovogdvela éyet yeydhn Ty, to-
TE 1) GUVIOTWOOA DITNEELTAL X0t TO QedryUo auEdveToL Yder 6TnV abinon Tou TEOTOU OROU.
Yty [6] eZetdleton 10 mdg to Bayesian Information xou to Minimum Message Length
xQITHEL0 TEOXUTTOUV GaY 0pLaXéS TEQITTWOELS Tng variational peyiotonoinong tne mavo-
pavelag Teprimpliou.

O avtaywvioudc Yetall TwY GUVICTWOWY 001YNOE OF Ulal VEXL TOOGEYYLOT) YLOL TNV AVTIUE-
TOTLOY TOU TEOPAAUATOC TNE EMAOYHC HOVTENOU: EXTULOEVOLUE Wi Ui UE TOAAES GUVIO T®-
OEC %ol APRVOUUE TOV AvVTAYWVIOUS va amaheldel Tig mepittéc. Auth elvorn plar amotehecuoTinn
uédodog xon yevixd divel TNV owo T AUoT), av xou Tapouotdlet xdmoteg aduvauies. H uédodoc
eCopTdTon amd TIC aPYIXES TWES TV TULUUETEWY TNG MIENS, xou autd enneedlel TNy emAOYN
HovTélou Waitepa av apytxd Bev UTdEY oLV apxeTés cuvicTwoes. Erlong av apyixomoniel
UE TOMAEC GUVIGTWOES EYEL UEYAAO UTOAOYIO TIXO XOGTOG YL GOVOAYL UE UEYIAO aptdud OedOo-
UEVWY %o UEYSAD aprdud yapax Tneto Tixwy. Extéc autold 1 mo onuavTtiny| ducxohio agopd
TOV TEOGOIOPIOUS TWYV TARUUETPWY NG EX TWY TEOTEPWY XAUTAVOUNS Tou Tivoxa axplBeiog
T;. IIo GUYXEXPUEVA 1) EX TWV TEOTEQCWY YVWGET Tou avatiletar otov mivaxa dtafdidutong

V' ennpedler To anotéhecpa NG emAOYRC HOVTELOL, Yiol Topddelyua deg To Nyfua 3.2. H
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Yyfua 3.2: Xprjon tou VBgmm yio tnyv udidnon evog teyvntol cuvdrou DEDOPEVWY UE TEELS
Srapopetixole mivaxee SwBdduone (V = FZ 6mov f = 1,0.25,0.025). Ané opiotepd npog

T 0e€Ld, TaL AmMOTEAECUATO YONOWOTOWWVTAS TLo O TEVO Tivoxa dta3ddutong.

uédodoc mou meprypdgetar otny [24] (tnv ovoudlouye VBgmm) éyel eappootel oe éva te-
YVNto oOvoho dedouévwy ue 208 dudido Tata ornuela mou oynuatiCouy 15 xavovixéc oudde:.
Aoxudotnxay teelc dagopetxol nivaxes dodduone (V = BZ émou B = 1,0.25,0.025)
Yoo Ty exmaideuoT) wac wigne pe 40 apyixéc ouvioTwoeg, tou xatéhnlav oe AOoelC uE 9,
13 xou 15 ouviotwoeg avtioTotya, dSNAGVOVTIC TNV onuavTix e£4oTNon Tou ATOTEAECUATOC
arné o V.

‘Eyouue napatnerioer 6t auty| ebvon wa otadept| tdon tng pedodou: oo mo 61evog i
vau o miivaag oBdiuiong Tou EMAEYETAUL TO00 TEQIGGOTECES GUVIC TWOES YLPNOOTOW0V T
otnv tedxt) Aoor. Edo yenoworowiue Tov 6po GTEVOS Yio Vo ONAWGOUUE €vay Tivaxa
owfdiutong ue ouyxpluxd Uixpdtepes wotuée. Evioltolg dev galvetar duvatdc 0 X TV
TEOTEPWY TEOGOLOPIOUOC EVOC BEATIoTOU Tivoxa. Autd To medBAnua yivetow axdua mo on-
HOVTIXO G TNV TERITTWOT) GUVOAWY DEBOUEVLY oL TEQIEY 0LV Uall WXEEC XL UEYIAES OUADES.
Av emheyel évag mhatic mivaxag dtaBdduiong, Tote ToAES wxpég ouddes Va xahugdoly and
wa cuvietwod. Av emheyel évag oTevog mivaxag, TOTE plal UEYAAT oudda umopel Vo xohu-
Vel and moArég cuviotwoes. [lpénetl va onuewwdel 6L dev €youue mapatneriost TapdUoL
evatoUnoio Tng UEVOOOU GTNY EX TWV TEOTERWY XATAVOUR TWV XEVIPWY, 1) oTtola ETMAEYETAL
vo ebvon mhamid xon vou uny teplopilet Tic maveg TIWES TV XEVTPWY.

Yuvoilovtag, To Yeovéxtnua tne uedodou elvor 6Tl ypnotwotowwvTag Evay audalpeTa
Aoty mivoxa BtaBdduiong Bev elvar SuvaTOV Vo AdBouUE UTOYT UG TA YARAXTNRIO TS TWY
OEDOUEVWY G TNV TEQLOYY) OTOU OL CUVIOTWOES avTaywviCovtor petall Toug. Me dAda Aoyia

n u€Vodog hettovpyel ue wa xooAixy| €x TV TEOTEPWY XATAVOUT, Yia ToV Tivona axplfetog,
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EVEK WA TOTUXT EX TV TEOTEPWY Xatavour| gotvetal mo emuunth. Autd poag 0dhynoe otny
avdmTugn plag auEnTixic Ledodou yio Ty dnplovpyia wioag uilne. e xdde Brua tre uedodou
N udinon meproplleton TNV TEQLOYY| TV OECOUEVODY TOU XATOAUUBAVEL ULol OUYXEXQWIEV
CUVIG TWOW J, ETGL UTOREL VoL TEOGOLOPIG TEL Lo TOTUXT| EX TWYV TEOTEPWY XxaTavVoUY| BACIouévn
otov mivaxo axpBetag ;. Ilpoxeiwévou vo TeTly0LUE AUTY| TNV GUUTERLPORA YEetdlEToL Uid
UETATEOTY GTO YRAPIXO UOVTEAO Tou yernotuonoleiton otov VBgmm yio va meplopto el o
AVTAYWVIOUOS OE EVOL UTOGUVORO TOV GUVIOTWOWY UOvo. AuTy| 1 W6éa Tne Tomixrc EmhoYhc

HOVTELOU TUpOUGLALETAUL O TNV GUVEYELX.

3.3 ’'Eva Bayesian ITAaicto yia Tonuxry Enthoyrny Moviélou

Ocewpolue Eva GUVOLO TapaTnEioEwy X = {:L’n eRin=1,..., N}, wou o wign f pe J

XOVOVIXEC CUVIC TWOEC
J
fi(x) = ZWJ N (|, Tj). (3.5)
j=1

Trovétouye 6Tt Eva Ao amd J — s CUVIGTWOES TEQLYPAPOLY IXAVOTOTIXY. TA OEOOUEVA
oTig avtioToyeg TEpOYEC EMEEONC TOTE TiUETon TO EWTNUA: UTOROVUE Vo BEATIGTOTOW-
COUUE TEPIOGOTERO TIC TULUUETEOUS TWVY UTOAOITWY GUVICTWOWY Xal TURIAATAA Vo ETEA-
z 7 14 z e 7 7 7. 7,
AouPE Evay unyaviopo emAoyhc woviéhou; Me dhha Aoyl to mpofBhnua evon o TS va
TEOGUPUOGOUUE TO HOVTENO TNC TRONYOUUEVTC EVOTNTIC £TOL OO TE O AVTAYWVIOUOC UETAC)
TWV GUVICTWOWY VA TEQLOPIO TEL O EVAL GUYXEXPWEVO UTOGUVOAG TOUG, EVK OL UTOAOLTES VA
TOQUPEIVOLUY AVETNEENG TES.

Autd onuaiver 6Tt ywpelloude TIC CUVIGTWOES OE B0 OUAOES, 0TS “oTalepés” xou Tig
“ehetlepec”, xou EXTWOUUE UOVO TIC TUPUUETEOUS TwV Teheutalwy. Evrtoltowg o mpoyw-
efioouUE ot auTh TNV extiunon elvon avayxato vo Y€couue uior xatdAANAT EX TV TEOTERWY

7 7 ’ %4 ’, b3 7, 4 14
XOTOVOUY| 6T0UE oUVTEREOTESC WiENg Ty “otalepdy” cuvioTwo®y (Toug ovoudlouye “oTa-
Yepoic” OLVTEAEO TEC), eunodiCovtog €0l TNV analolpy| Toug and Ty uiln. XNy cuvéyew

[44 799 / 7 7 / 7

ol “ctadepol” ouvteheotég avTweTwrilovTon cay Tuyalec YeTABANTES xon TEQ)WELOTOLOUY-
IN 7 7 ’ 7 7 V4 « 4 2
T, 00NYWVTaG ot W mavogdveta tegtimpiou Tou e€aptdTar povo and Toug “ehebilepoug

2 7, I ’ (13 /, 7
ouvteleotéc. MeyloTtonowwvtag v mﬁavocpocvstcx neplwplou we mpog Toug “ehediepouc
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ouvtehea 1€ meplopiCoupe TV avalhTnon TEQITTWY CUVIGTWOWY UETALY TWV AVTIGTO WY
“ehelEpWY’ CUVICTWOMY.

To npotewvoduevo ypoapixd wovtélo anexovileton oto Lyhua 3.1(b). Eivou nopbduoto pe
T0 Yovtého oto Lyrua 3.1(a), ue Vv Swgopd 6Tt €yer emPBAnVel wo ex TV TPOTEQWY
xatavout| enl twv J—s “ehedlepwv’ cuvieheotov . Onwg xot mporyouuévws, dodéviog

TOU GUYOROU TV XPUUUEVWY YETOBANTOY Z = {2;,} oylel 6Tt

p(X1Z,0.7) = [LTT Wl T (5.5)

unodétovtag aveddptnTeg xat opoiwe xotaveunuéves napatneroec. H xatavour| tou Z uno-
Vétovtag aveldoTnTes ot 0UoiwS XATAVEUNUEVES XPUUUEVES UETAPANTEC elvon €var Yivouevo
TOANUWVUULXWY

pZlm ) =111~ I] #" (3.7)

n=1j=1 j=s+1

800évtoc tou unocuvéhou T = {7} twv “otadepdV’ GUVTEAEGTMV X0l TOU UTOGUVOAOU
m = {m;} Tov “ehedlepwv”’ ouvteheotdv. [a euxolio otov cuyfohiopd xar uvnodétovtag
J GUVIGTOOES, UTOROUUE TAVTA Vo AVAOLITAZOUUE TOUC DEIXTEC TV CUVIOTWOWY ETOL OO TE
ol Te®Teg s va eivon ot “ehetlepec”. Ta unocivola Twv cUVTEAEGTOV elvor Zéva Yetadld

TOUG, xaL OREC ot TWES Toug ebvon ur-apvnTeg xou apollouy oTny povada:

s J
2{:7U'+‘ 2{: ﬁj::l‘
j=1

j=s+1

To tumixéd Bayesian mhaioo unodéter ouluyr Dirichlet ex twv mpotépwv xatavour| et
TOU GUVOAOU TV GUVTEAEG TGOV WENG. ‘Ouws Teoxetévou vo egapudcouue TNy W Jag,
7, 7 ’ 4 7 7 7, 7 ~ [44 2

elvat avaryxao va oplooupe Ty und cuvixn and xovol xotavouy| p(7|T) twv “otadepy

7, IN 7 «“ ’ I3 ’ a4 7 ’ 7 4
CUVTEAEGTWY D0VEVTOY TV “eAedlcpwv”. Eivor Yvwot6 6T av 1 and xowol xatavour] evog

/7 7 4 /. . M /7 /7 7 /7 7 /7
cuvolou Tuyaiwy ueTaBAnTwy etvor Dirichlet, t6te 1 and xowol xatavour| negrwpiou evog
unoouvérou toug elvan eniong Dirichlet, dec [50]. Xenowonowdvrag to Yedpnua tou Bayes
uropet va mpoxOPer 1 und cuVIRxn and xowvol xatavour p(7|m), n onola elvon prar un-TuUTXY

Dirichlet pe napopétpouc o; (j =s+1,...,J):

s —J+s

~ F(Z;']:s+1aj) ! 7~Tj %=1
prm ={1-2m ) e 1 <1—zz:m> (3:8)

j=1 j=s+1 j=s+1
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xou anoterel TRV ouluYH ex TV TEOTEPWY XATAVOUT| TV “oTadepwy” cuvteleoTwV WENg

7. Ov avouevoueveg TWES Ty T xan log ) ebvou

(7)) = <1— 7rk> 2o = w £y (3.9)
; Sie s+1< n=1(Zkn +ak)
(log7;) = log <1 — Zm) + (Z Zin) —I—a])
-0 ( > Z<zkn> +Oék> (3.10)

6mou ¥ (x) etvor 1 ouvdptnon diyapua: Y(z) = <L log I'(x).
Oloxhnpwvovtag tnyv mepypagy| Tou Bayesian yog povtéhou umo¥éTouue uior xavovixn
xou wor Wishart ex twv npotépwy xatavour yio ta p xan 1" avtio totya

s

p(p) = HN(ujIO,ﬁI) (3.11)
p(T) = HW(Tj|u,V). (3.12)

Yny enduevn evotnTa teptypd@oupe war u€Vodo EXTAlDEUOTC Yo AUTO TO UOVTEAO, TOU

Baoileton oty peytotonoinon tne mavopdvelac tepriwpiou.

3.4 Variational Bayesian MdUnorn pue Tonuxy Enthoyr Mov-
TéAOUL

H ydinon uéoa oo Bayesian mhaicio mou neprypddaye unopel vo entteuy Vel UEYIOTOTOWWDY-

Tog TNV miavogdvelo tepriwpiou Twv Bedouévwy, 1 onolo UTohoYI(ETON OAOXATRPOYVOVTIC WS

TEOC TIC XPUUUEVES UETABANTES TNV amd XOWVOU XATAVOUT| TOU YRaPIX0) HOVTENOU. XTNnV Te-

cintwor wog, n mavogdveia tepriwpiou Tou X do¥évtoc m unoloyiletar ohoxAnpdYOVTIC

wc mpog ta § = {Z,pn, T, 7}

p(X]m) = Z/p(X, 2., T, 7|7) dpu dT di. (3.13)
Z
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Axoloudmvtac v variational Bayesian yedodoloyia [5, 6, 24, 34, 35] nou otoyelel oy
ueytoTonoinot evog xdtw godyuatoc £ tne Aoyapuiuric mdavogdvelas neptdmpiou, Ueyt-

GTOTO0UE TNV

3 o P 2 T T N
A 7 Y 7

< logp(X|n) (3.15)

6mou g ebvan pia audoipetn xatavour tov npoceyylel Ty ex wv uo Tépwy xatavour p(Z, u, T, 7| X, 7).
H yeywotonoinon e £ ylvetan enavolnntixd, émou oe xdde emavdhndn extehodviar 600
Bruata (oe avahoyio ye tov EM): mpdta yeyiotonoeitar 10 gpdyua ws Teog ¢, oL oTny
GUVEYEL UEYIGTOTOLELTAL WC TIEOC .

[ Ty yeylotonoinon e mpog ¢, emthéyouue TNy tpocéyylon mean-field [5, 6, 24, 34,

35], xou VewpolUe OTL 10 ¢ elval TEQLOPLOUEVO VoL ATOTEAEL £VaL YIVOUEVO NS UORYNC

q(0) = 42(Z) ¢ (1) qr(T) gz (7).

H yédodog dev unoVETel xdmota CUYXEXPWEVY) LOR®T YL TOUC TURAYOVTES TN ¢, AVTIVETLC
ueytotonolel TNy £ wg Teog TNV GUVARTNGLAXT| LORPT| TV Gz, qu, qr X ¢z. H Tumixy| Lot
xacla fehtioTonolnong g ouvapTnotaxic avdluong GUVETAYETAL TNV Yerion TN eélowang
Euler ot neptopiopoic tne wopgric tohhamiactac @y Lagrange yio va e€aogaiicouvy 61 ot
ANooeic efvan xatavouée, dec [4]. H Aon yio xdie O € 0 eivou

~ exp(log p(X,0|7))s—s
4 (V) = T exp(log p(X, 0]7))e_g AV

OTOU Ol OVOUEVOUEVES TIIEC (- )o_y umohoyilovtar ¢ TPOG OAEg TIC Tuyaleg UETABANTES

(3.16)

exto¢ g ¥, Avanticcovtoag tny mponyoluevy e&lowon To anotéhecpa ebvar To axdloudo

GUVOAO XATAVOUWYV:

N s J
w2(2) = T[1I=0 11 P (3.17)

n=1j=1 Jj=s+1

gu(m) = [N (wilm;. S;) (3.18)
j=1

ar(T) = [ Tiln;, ;) (3.19)
j=1

s s L&) o = &j—1
(7 = (1Z> % I (sm) 6

j=s+1 F(&j) j=s+1
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Ot TopduUETEOL TV XxaTavVOUMY efvon oL axdhovVES:

T'jn ‘
Tin = = T g =15 (3.21)
D het Thn + Zk:s—l—l Pkn
Pjn = P s ywj=s+1,...,J (3.22)

- Wi ~
22:1 Tkn + Zk:s—i—l Pkn

- 1
i = mexn{ glos L)

1

— 5t (T (ol = )+ Gl + (i)} (3.23)

. 1 N
i = exp{ og 1)) + flogs)

S LR R A R 1)) S CEY
my = ST Y (e (3.29)
Si = BI+(T)D (zm) (3.26)

n = I/‘l‘Z(Zjn) (3.27)

U = V4D (zn) (g — ey’ — )y + (50)) (3.28)
& = a;j+ > (zm) (3.29)

Or avouevouevee TWEC w¢ Tpog ¢ Tou eggaviCovtor 6Tl Tapamdve eEIGMOELS looUVTAL UE:
(1) = mU3", Qog|Tyl) = S0, 00500 + 1 = 9) + dIn2 — W [U}], () = m; xu
(uipl) = Sj_l +m;m] . ‘0c0o agopd ¢ uneuduvétnteg (ex TV UoTépwY TAVOTNTES) Wiag
OLVIETOOAC § BOVEVTOS Ty, toy Vel Yio Tig “eAeliepec” OUVIGTOOES (2jn) = Tjn, J = 1,..., S,
xou Yl g “otadepEc” cUVICTWOES <zjn> = pjn, J =s+1,...,J. Ondte ypnoyonowvTag
¢ (3.9) xau (3.10) éyoupe:

s N
(T5) = (1 — Z m) . Lone fvjn %
k=1 Zk:s+1 <Zn:1 Pkn T ak)

s N J N
<log7~rj> = 10g<1—271'k)+’(/1<2pjn+aj>—’(/J<Z Zpkn+ak).

k=s+1 n=1
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ALmGTOVETAL OTL 0L XUTAVOUES EEUPTAOVTOL 1) WA ATO TNV GAAY UECW TWV AVOUEVOUEVGY
TIHOY, EToL YeetdleTal ERAVUANTTIXY EXTUNOT TwV TopaUéTowy Toug. 261600 GTNV TEdLN
€vaL UOvo épaoua eival dpxeTo.

Metd v peyistonoinon g £ w¢ mpog ¢, T0 deltepo Briua xde emavainng tng ue-
V6dou exmaldevong anatel Ty Yeyiotonoinon g £ og mpog T, cUUPOVA UE TIG axGhoUVES

eZIGWOOEIC AVAVEWOTC:

J N )
= 1—k_z (x) ZE"SJ(V:’E;”> (3.30)

H enavaknmtue] uédodog nou neptypddaue enavolouBdveton péyet va cuyxivel. H olyxhion
uroget va eheyy et e€etdlovtag o variational gpdypa. Ytnv enduevn evotnta napouctdlou-
UE Evay ahyOptlo TOU EVOWUXTWVEL TNV TOTLXY| ETLAOYT, LWOVTEAOU Yo var AUCEL To TROBATUX

xordohxd.

3.5 Auvintwxry, Mddnorn Boaoiwopévn otnyv Awdonacr Xuvi-

CTOOWYV

Expetodievtrixape v uédodo tomxhc emAOYHC YALAXTNPIO TIXGY YIol VoL VAT TUCOUUE UidL
auéntier uédodo yu trv Bayesian exmaideuct woag RENS XOVOVIXGY XATAVOU®Y.  XTNV
TEOGEYYLON) UAC Ol GUVIC TWOES TEOGVETOVTAL GELRLOXA GTNY UIEYN YeNOILOTOWWVTAS THY axd-
Aoudn dradixaciog SIIOTAGTS UG TWOMY: Ui ATO TIC CUVIGTWOES ETLAEYETOL Xt DlaoTdToL
XATIAANAAL GE BUO VEEC GUVIGTWOES. AUTEC TIC CUVIGTWOES TOL Tpoexuday Ti¢ yepllduacTe
cav “eheliepec” xou Tic uTOhoineg cav “oTadepEc”, oUUPYA UE TNV 0pOAOYIA TOU EIGAY-
YOUE OTNY TEONYOUUEVT] EVOTNTA. LTNY CUVEYELL 0pILOVUE TNV EX TWV TEOTEPWY XUTAVOUY
p(T') Boaoctouévol oo YopaxTNELoTIXd TNE OUVIGTMGUS TOU OWIOTECAUUE, ot EQUpUOLOUUE
NV variational udinon pe tomxr| emhoyn poviéhou mou meprypddoue. To arnotéheopa Ya
avTiotoyel o€ pio amd Teelg mavES TEQITTWOELS. TNV TeWTN TEp(nTwon Tou oL 500 GUVL-
O TOOES TEPLYEAPOLY TOMD xahd o BEBOPEVA TNE TEPLOYHC TOUS, TOTE Xt OL HUO dLaTrEovVTIL
oty wen. Awgopetixd 1 pédodog anadelgel Ty pla, ondte £Youue TNV BEVTERT DUVATH

nepintwon. Trdpyel enlong wa ondvia ity TEQInTWOT, 6TOU X Ot BUO VEEC GUVICTWOES
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oo VTl XoMS 1N CUVIOTWOA TOU SoTdoaye efvar aouavTn (e TOAD Uixpd GUVTEAEGTY
wiEnc). Mo tétolo oUVIOT@OO TUYYEVEL Vo TERLY pAEL AlYol AMOUOVOUEVR ONUEid GTNY TE-
cLoY Y| WG ONUAVTIXN S CUVIGTWOoC. MEeTd TNy Oldoracy 1 xuplapy” CUVIGTWON TERLY PApEL
e 7’ N4 7 7, 7. 7 7’ /7
xou ouTd Tor omueta, xar oL 800 VEEC GUVICTWOES agonpolvTal and TNy WiEr. Xtov akyoderiuo
TOU TEOTEIVOUUE OEV ATODEYOUAGTE AUTH TNV omdvia TEpiTTWOT), yiotl umopel va 0dnyroet
o€ wa atépuovn exavdhndn. 261660 unopoluE va agop€couUe TETOWU EIBOUS GUVIG TOOEC
UETS TOV TEQUATIONO TOL ahyopiluou.

O éheyyog didomaong eqopudletar Gelploxd GE OAEC TIC GUVIGTMOOES, xat 1 uéYodog
TepUatilel 6Tay OheC oL CUVICTWOES €youv eheyyVel xau oL SLIoTdoEC améTuyay. TNy
TERIMTWOY) TOU Wia BidoTaor TETUYEL, TOTE 0 aEiUdC TV CUVICTWOWY TN UEng auldveto

z 7 7. z 7’ 4 / 7’
xou €vag véog YOpog ehéyywv axohoulel. O mpotewduevog alydpriuog cuvodiletar ota

ocohovda Brpoa:

[EEN

Beétovpe [ :=1le —10, kot v:=d.

2. Apxixomorotue J = 2, V := Cov{X} kat exnoidebovpe tnv pi&n pe tov
aAYépLOuo VBgmm.

3. Av petd ™V oOYKALON UTGEXEL MLO HOVO CULUVLOTOON, TOTE OTOUNTOHUE .

4. "Eote C to oUvoho twv J ouvioTewodv mou oxnuatilouvv v pi&n f.

5. To&lvopoupe ta otolxeia tou C oe ¢Oivovow oelpd, ovppeva pe Tty |Ujl.
6. I'a k&Be ovvioteoa c € C

(a") ALoomdue TV ¢ 0 ¢ KoL Cy, oVUpeva pe Tic (3.31)-(3.34), kol

oxnuotilovue ™V friq.

4

(B") 'Eote F ={c1,c} to 00voro tev ‘ ‘eAelBepwv’’ ouvioTeodv, kot F to

[4

oUVOAO TwV ‘ ‘0TABEP®V’’ OLUVLOTWOOY PE OTOLXELN TLC OUVLOTHOEC TNG
fri1 extoC and TLC 1 KAl Co.

N
n=1

(y') B¢touue o = > {zjn) Yia j € F, xar V = vAZ émou A eival 1

pEYLOTN LdLoTLuR Ttou U./7e.
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(3") Egoppoloupe emavoaAnmtikd tic (3.17)-(3.30) oTLC MopapéTPouC TNG

fre1, KoL pETE TNV oUYKALOM oxnuatiloune v fp pe J' ouvvioTdoec.
(") Av koL oL dVo ouvioTthoeg oto I €xouv agaLpebei, TdtE
i. InueL®voupe Tnv amotuyia Tnc diLdomaonc.
ii. ZuveyiCoupe pe TNV emnodpevn ovviotd@ca oto C (mnyaivouue oTo
Priua 6o’ ) .
(¢7) Av pla and Tig ouviot@oeg oto F' €xel agalpedel, TOTE OMueELHVOLUE

v anotuyia tTng dLdomaonc.

(T) Betovue J:=J ko fj:=fy.

7. Av 6Aec oL dLaomAoeLC €xouv ONUELWOEl ®C ATOTUYMMEVEC OTOMATAEUE,

aAAL®C Tnyoivouue oto Priua 4.

o va teprypddouue Tic Aemtopépeleg e dradxaciag didoracnc UToUEToue 6Tl xdmoLa
ouvte twoa j e xatavouh N (x|u;, T;) npénet va draonaotel. H déa eivor ot yio va oymuo-
tloouye TNV Véa Uil ATOUOXEUVOUUE TNV CUVIGTOGA ], X0 ELGAYOUUE DUO VEEG GUVIG TWGEG
ue xorovouée N (x|, Th) xou N (x| g, The) avtiotorya. EmhéZaye va tonodetiooupe ta
0U0 (EVTPA TOUC XATA UNXOC TOU TEWTEVOVTOC dZova TOU Tivoxa GUYOLIXOUAVGNC Tj_l, oL
OUUPETEIXA GE GYEGT) UE TO xEVTPO f15. Toug cuvteheatég pldng Twv 800 CUVICTWEWY TOUg

Vé€Touye looug Ty = T = 7Tj/2, X0 TIC TUPAUETOOUS TWYV CUVIO TWOWY TIG VETOUUE GUUPLVAL

uE:
= p+vVau (3.31)
P = H;—VAu (3-32)
Th =T (3.33)
T =T (3.34)

omou \ ebvot éviotn wiotuh tou T xou u to avtiotoyo WBodévucua. Tleérel va on-
T N MEYIOTY U7 j X po. LIpET 1
UELWOOUUE OTL XAVUUE ULol ATTAT) X0t AOYLXY) ETLAOYY| Yiot TNV TOTOVETNOT TV XEVIPWY TWV
VEWY CUVIOTWOMY, 1) ontola Eyel enlong yenotworomndel xou o€ dhhec uedod0ug TOL UTEIGER-

yeta didonaoy, m.y. 0ec [32, 85] yio mo eZehyuévec uedddoug Yiol TOV TEOGBLOPLOUG TOU
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dCova drdonaonc. Aleg emhoyég Yo pmopoloay eniong va eheyyvoly, w.y. tuyaia emtio-
Y1 dCova 6Twe TNV [34], xadee eniong xouw moAhamhol EAeyy oL OIAOTACTC UE DLAPORETIXES
AQYLXOTOLAGELS TWV CGUVIO TWOWY.

‘Eva onuovtind Vépa otny npotevouevn uédodo etvan o teocdloptonds tou ivaxa dtaB3dd-
wone V 1ng ex twv Tpotépmy XATavoung W(v, V), ue Bdon tnv cuvicTOGA TOL BlaGTTAL.
O¢toupe v = d (mou elvon 1 wixpdtepn emTpenoUevy Tur), xor VENOUUE 1 AVOUEVOUEVY Ti-
un vVl ™me W(v, V) va eivou ouyxplown pe tov mivaxa axpBelac T;. doté600 eunelpind
napatnenooue Ot dtay Yétouue V = I/Tj_l 1 u€Vodog Tapouctdlel o TAoT) VoL amodEyETol
TEPLOGOTERPES DIAOTACES amd OTL Elvon amapaftnTo, Xou 6Tl TETUYAUVOUUE XAAUTEQN ATOTEAE-
ouata av oploouue tov mivoaxa dwPBdduone va etvar Aiyo mo mhatidc. Ye autd Tto mveLua,
emhélope va Vécoupe V' = vAZ, 6mou A ebvar 1 yeyoldtepn woT, Tou Tj_l. "Eva mo-
EADELYUA DLIOTOOTG X TEOGOLOPLOUOY TNG EX TWV TEOTEPWY XATAVOUYG ametxovi{eTal oTo
Yyfhua 3.3.

Mot dhAn TAeupd NG UEVOBOU APoEd TNV GELRY UE TNY OTOLN Ol GUVIC TWOES EMLAEYOVTOL
Yoo Tov €heYyo Oudonaorng. Av xou 1 enidoor 0ev emnpedlETon oNUAVTIXS and TNV GELRd,
TOEATNEACAUE OTL 1) UEV0OOS EmITayUvETON (xdver AYOTEQOUS ATOTUYNUEVOUS E)\éyxouq) av
OWOOVUE TEOTEQUOTNTA GTIC TO TAATIEC CUVIO TWOES, OTOU T0 TAdTOC Toug xadopiletar and
v opilouca |Tj_1| T0U avTioToLYoU Tvaxa GUYBLIXOUAVGTNC.

Téhog TEETEL VAL OTUEIWGOUNE OTL TPOXEWEVOU Vol EQAEUOGOUUE TNV HEVODO TOTUXAS ETL-
Aoyrc uwovtéhou, 1 uin meéner va amoteleiton and 800 ToUAdyloTOV cuwioTwoes. T va
AdPouvue unodn yac To evOEYOUEVO To BEBoUEVa Uac Vo €youv TapayVel amd ula yovodixy
oUVE TWOW, aEyLxd egapubélouvue tov akyopriuo VBgmm oe pio pidn ue duo ocuvioT®oeg,
YENOWOTOWVTAC WS EX TWV TEOTECKY xatavour|) Tou wivaxa dwfdduiong tov avtiotpogo
Tivoxo cLYBLIXDUAVONC TV DEBdOUEVWY. Av 1) exntaldeuon xatahhZerl o€ Uiol UoVadLXY) GUVL-
O TOOU O TALATIUE, DLAPORETINS EQUEUOLOVUE TOUS EAEYYOUS DLAGTAGNE O TIC DU GUVIG TWGES

/
Tou TEoExuday.
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N
o
(d)

Yyfua 3.3: Téooepa otiywodTuna tng ddixactag exmaideuons. O avauevouevog miva-
X0G GUYOLIXOUAVETNS WG TEOS TNV €x TwV TpoTtépwy Wishart anewoviletan ye daxexopuévn
Yeouur. (a) M evdidueon Ao pe 5 ouviotwoec. (b) Mt cuviot@oa Slondton oo 5Vo.
(c) H ui&n yetd and variational Bayesian pddnon. (d) Mo dAAn ouviot@oa emhéyeTon xou

OtaomdTot.
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Yyfuo 3.4: Yt aploTepd, To OTELROELDT] OEDOMEVA. XTO UECO, VA EVOIYUESO GTAO0 TOU
TeoTEVOUEVOL ahyoplduou. Yta 8edid, 1 teAm| Aor. T xdde cuvictwoa tng wing

Oy VOLUE Ta LBLOBLAVIoUAT TOU Tvoxa GUYBLIXOUAVGNC.

3.6 Iletpdpota

[ v aZlohéynon tou mpotevouevou alyopiduou (tov xaholbue VBgmmSplit) yenoiuo-
TOUACOUE TEYVNTY XU TEAYUATXd GUVORX OEOOUEVWY, xal cuYXpivaue TNV enidoor Tou UE
duo evpéwe YVwoTée uedddouc: v wédodo tou mpotdinxe oty [29] (tnv xaholue MML-
gmm'), xot Ty uédodo tou mpotddnxe otny [34] (tnv xaholue VBmfa?).

O mpotog €heyyoc tou VBgmmSplit €ywve ota YopuPddrn cupptxvolUEVa GTELOELDT

dedouéva [29, 34, 81] ue onpeia mov Topdyovia clUQwva UE TNV eZlowon:
[z1, o, x3]" = [(13 — 0.5t) cost, (0.5t — 13)sint, t]* + [n1, no, ns]”

6mou To t derypatohnmteiton ogotdpoppa oto didotnua [0, 4w], xou ta ny, ne xou ng eivo
aveZdptnta xou Guoto xoTaveunuéva olppwya ue TNy Tumxy| xavovixy| xatavour N(0,1).
Egapudoaue tov ahyopriuo oe éva alvoro 900 onuciwy xot 1o anotéheoua Rty uio uién
ue 21 ouviotwoeg, 6nwe gatveton oto LyAua 3.4. H hon autr elvan magduota ye 1o anote-
Moyata mou avagépoviar oTic [29] xou [34], 6mou o (B dedopéva padedtnxay ue wa wign
an6 factor analyzers divovtac Aboewc ye 13 cuVIoTWOES xatd UEGO Gpo.

Yuyxpivaye eniong tov ahyopriuo ue teyvnTd dedouéva Tou oy NUATi{ouy XaVOVIXES OUd-
0ec, €Tol WoTE 1) WEN mou mpoxUntel va epunveudel cav oyadonoinor. To mpdto clvoho

(to o mou ypnowonoiinxe xou oty Evétnta 3.2) anotekeitar and 208 ididotota onueio

'To hoyouxo eivon dlodéoo oto http://www.1lx.it.pt/~mtf/mixturecode.zip.
*To hoywouwd etvon dadéotuo oto http://www.cse.buffalo.edu/faculty/mbeal/

software/vbmfa/vbmfa.tar.gz.
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(b) Teyvntd dedouéva mou oynuotilouv 10 ouddec.

Yyfua 3.5 Amo opiotepd mpog ta 0e€Ld: ToL oMuEi OUABOTONUEVD YOTCLLOTOIWYTAS TOV
VBgmmSplit, 1o 16 tdypaupa tou aprduol twv cuviotweny rou Berixe o MMLgmm, xo to

10 TOYpoUUA ToU aptdpol TwV GUVICTWoWY Tou Befixe o VBmfa.
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Yyfuar 3.6: Xto aploTepd, xdmola mopadelypata and to alvolo dnglwy. Xta delid, To
%€vipo xdle ouvioTwooc e uilne mou éuade o VBgmmSplit. Ildvew and xdde xévtpo

epgavileton o avtioToryog ouvtekeo g uilrng.

Tou dnwoupyHinxay and wo uign ye 15 xavovixéc ouviotwoes. To Lyfua 3.5(a) (apiote-
ed) amewovilet to anotéleopa tou VBgmmSplit. Egopuboope enione tougc MLgmm xou
VBmfa 50 @opéc tov xoéva, xot TiC TEPIOGHTERES Popég Euoday Tar DEDOUEVA YPTOUo-
nowwvTag 14 cuvictwoes. To Xyfua 3.5(a) anewxovilel 1o 1o ToYpdUUaTA TOU LU0 TwV
OUVIGTWOKY Tou Berxav ot 800 alydprduot. O VBmfa eugaviler peyorltepn droaxduoavon
ota arnotehéopota and 6Tt o MLgmm, xou duo @opéc Berixe Mol ue uévo 6 cUVIETWOES.
Y10 embuevo melpaua yenotwonotioaue 505 10 dido tata onueia tou mporhday and wa wiEn
ue 10 xavovixéc ouviotwoec. To Xyfua 3.5(b) anewoviler to arotéheoua Tou VBgmm-
Split mpoPefinuévo oo B0 WOBLAVIGUATA PE TIC UEYANITERES WLOTWES, XoL LG TOYRIUUAUTA
T0U aprluoy TV cLVoTWoKY Ttou Perixav o MLgmm xou o VBmfa oe 50 exteréoec. O
MLgmm édwoe xalbtepec Moel yenowonowviac 8 1 9 cuvictwoeg, eve o VBmfa Perxe
4 1 5 CUVIGTOOES TIC TEQLOGOTERES POPES.

H eridoor tou ahyoptduou ehéyydnxe xou oe mpaypatixd dedouéva. o ouyxexpiuéva,
eqapuoooue Tov VBgmmSplit oe éva oivolo yeipbdypapnv Ynpiov [45], to Lyhua 3.6 (apt-
oTepd) éyel xdmowa mapadeiypota. Kdde ¢npio anotelel wa edvo and 8 X 8 eixovootouyeia,
ue 256 oPaduloec tou yxpilou. Ocwphoaue éva olvoro and 700 nepintmoelg yio xdde
éva and ta Ynolo 0-4, xou opadorothcaue To dedouéva Tou ue wa WiEn. Ilpw tnv exnai-
0EUCT] TUTOTIOLACOUE Tol DEDOUEVA, WOTE XJVE YUPUXTNEIG TIXO TOUS VA €YEL UECT) THY) UNOEV
xou Tumixry amoxhon éva. Ta x€vtpa Twv ouVIoTWoKY Tou Berxe o akyoderipog gatvovto

oto Yyhua 3.6 (8eid). Agol yenowonotoaue xdlde olyoprduo yia Ty exnaidevon g
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ivaxag 3.1: O avapevouevog aptiuoc cuVIcTWomY xot T0 o@diua Tofvounons (o mopév-
Veon n tumxy| andxhion) tou akyopiduou VBgmm yio 1o ohvolo yewpdypagpmwy dneiwy. Ta
amoTEAEoUATA aUTA ThpaUE YpnoworowwvTtag wa Wishart ex twv mpotépwy xatavour| e

ivoca SroBdiueng BT

f ouviothoes % opdhua f ouviotwoes % opdhua
1 50.0(0.0)  5.0(1.0) || 60 9.4(1.5) 4.8 (3.9)
10 47.8(1.6) 2.9(1.3) | 70 7.8(0.8)  10.0(4.3)
20 40.8(1.6)  2.5(1.0) | 80 6.8(0.8)  13.2(8.4)
30 27.8(2.7)  3.6(3.6) || 90 6.8(0.4)  21.8(10.5)
40 17.0(1.7)  2.0(0.6) | 100 6.0(0.0)  28.7(4.1)
50 10.8(0.8)  6.2(4.2) | 200 3.2(0.4)  50.6(6.1)

wiEne, ouyxplvaye tic AGE TOUC WS TPog To o@dhua “tavounconc” Yo éva CEYweloTo
oOvolo ehéyyou (200 nepintdoeic yio xdde Pngio). o va unohoyicoupe autd To opdiua
avaéoaue xde DEBOUEVO EXTAUDEVOTG OTNY GUVIGTOOA UE TNV UEYAAUTERY uTELILVOTNHTA
(ex v votépwv miavétnTa). Metd and auth tny ouyadonoinon avadécaue oe xGVe GuUVL-
otwoa o Ynglo mou elye N ThetovotnTa TV onueiny Te. [poxewévou va talivourcouue
EvaL Ay VwoTo BEB0UEVO EAEYY0U uTohoYicauE Tic UTELDUVOTNTES XdDE GUVIOTMOAS, XL TOU
avadécaye 1o Ynglo Tng ouvioToag Ye TRV peYahOTepn uteuduvetyta. O VBgmmSplit
€dwoe wa wiZn ue 14 ouviotdhoee xon o@dhua talvéunone 1.9%. O VBgmm Soxwdotnxe
eniong pe wo Wishart ex twv tpotépwv xatavour pe didgopoug ntivaxeg dtafdiuiong, xat ta
anoteréopata ouvodilovton otov mivoxa 3.1. Ot avauevoueves Twég umoloyioTnxay UETd
and mévte doxtuéc yio xde mivaxo dBdduione. Ye xdde doxuur| 1 widn elye apywd 50
CUVIOTWOES, X 1) xaAUTERY, Ao elye o@dhua Tagvounorc 2.0% ue 17 ouviotoeg xatd
uéco 6go.

E€aitioc Tou 6Tt T0 00volo dedouévwy elye uPnAr Sidotaoy xou HTay apod, o akydord-
woc MMLgmm €dwoe anodextd anoteAéouata x4tw utd TV LToYeoT Vo xowol Tivaxa
GLVOLIXOUAVENG Yol OAES TIC OUVIOTWOES. XE TEVTE DOXWES T0 PECO GRIAUL TaEvOuneng
oy 11.9% xou 0 péoog apriuoe cuviotwony Htay 19.8. Tré tny unddeorn evic Zeywpto ol

OLLYWVIOU THEVAX O GUVOLIXUUAVOTNG Yid XJUE CUVIGTWON, TO UECO GPANUA OF TEVTE DOXUUES
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frov 35.9%, xou o péooc apiudc ouviotwody 7. H ui€n mou exnoudedtnxe xon oto 600
newpduata elye apyixd 50 cuVcTOOoEC.

Xpnowonowinxe enlone o alyoprduoc VBmfa yia tny exnaideuon wag wigng and factor
analyzers. IIgénetl vau onuel®ooUUE 6TL YLt auTd TO GOVORO BEBOUEVLY O alybprluog Tapou-
olace evaoUnoio oty TWh TN PEYIOTNG EMITEENOUEVNS DldoTaong twv factor analyzers,
1 omolo émpene va xadopiotel €€ apyfc. T'a v ndpouue anoteréopota cuyxpiowa UE TOV
VBgmmSplit oe ypdvo extéheorc xou aprdud cUVIGTWOWY, 1 U€YLo T dido TaoT xdve factor
analyzer oplotnxe va etvar 10 petd and doxipés. T'a névte exteléoclc 10 p€oo ogdhua fray

11.4% »ou o u€cog aptuds cuVcTWowy 14.

3.7 Xuunepdopota

Y10 AEQPIAAO AUTO TOEOUCIACTNIXE Wiot auEnTxr) U€Vodo Yo TNV EXTAIDEUCT, xat ETAOYT
wovtélou oe wa uiéne xovovix@y xotavouwyv. H uédodoc auth Pehtidver v Bayesian
TEOGEYYIOT ToU TRoTAUNXE oV [24] xou 1) omola TEOCEEREL EVoL UNYOVIOUO YL TOV aVTa-
YWVIoUO UETAEY TV GUVIOTWOGY Tou Bploxovtal 6Ny Bla TEPLOY T TOU YOEOU DEDOUEVKY
xou amohoupy| Ty TEPITTOY. ‘Oung extog and to {hTnua Tne apytxonolnong, auty 1 Tpocéy-
Yiom Topouctdlel evaodnoio 6T TALAUETEOUS TNG EX TWYV TROTEQMY XUTAVOURS TOU Tivoxa
axpBetag. ‘Onwe del€aye, elvar 5Uo%0A0 Vo TROGOLORICOVUE XATIAANAES TWES, EWOXY O TNY
TERIMTWOTY) BEBOUEVWY Tou oy MUaTiCouv ouddeS dlagopeTixol Ueyédouc.

H rpotewouevn uévodog Eemepvd auth TV BuoxoAa TpocVETOVTC GELRLXS GUVIG TOOEC
otn uiln yenowonolmvtag €va Bayesian €Aeyyo OldoTacNE, OTOU WA CUVIOTWGO DIAOTATIL
o€ 000 VEeg xou 0T ouvEyELn egapuolovTa variational e€lomOoELC EVNUEPWOTS OTIC TaPa-
UETPOUS QUTWY TWV CUVICTWOWY. ()¢ anotéheopa €{te xat VO CUVIGTWOES OLXTNEOVVTL
oty ui&n ¥ wla amodewvieTon mepttth) xan agoupeitor. H mpocéyyior yag emtpénet tov
TEOGOIOPLOUG ULog BLopopeTixol ToTixAg ex Twv TeoTépwy xatavourc p(T) yia xdde éheyyo
dwdomacne, xat ot TapducTeol Tne Tpoodlopilovial TalpvovToag UTOYN TA YoEUXTNEIC TIXY TOU
mivoxar axgiBelag TNg ouvicTwoug Tou eEAEyyoupe. Emmidov n npotevouevr uédodog etvar

VIETEPUIVIO TIXY) X OEV e€apTdTar amd TNy agyLxonolnon tng weng, 6nws cuyPalvel ua dh-
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Aeg uevdoouc. Onwe gabvetor amd Ta TELGUUATIXG ATOTEAEGUATA XU TIC GUYXPIOELS UE U0
GAAeC YVWOTéC Yedodouc 1) TeoTEVOUEVT UEV0d0C avTIUETWRILEL ETapX®S To TEOBANUL TNC
eMAOYNC LOVTEAOU Yiot Uia WIET XOVOVIXWY XATOVOUWY.

H pelhovtin yag €peuva Yo emxevipwiel otov Eheyyo xot tnv Teleonoinon 600 Ve-
wdtwyv. To mpwto etvar 1 avalATnor eVarhaxTix®Y TeOTKY Yio ToV xaoploud Tng Tomxhg
EX TWV TEOTEPWY XaTavourc tou mivaxa axpiBelac. Extoc autol, elvon duvatd vo extehé-
GOUUE TOANATAOUS EAEYYOUS OWdoTAONS Yo TNV (Dl cuVoTWoa PE Tov Tivaxa dlaP3dduiong
VO TAXTAEVEL G TAUOLOXS TROXEWEVOU VAL ATOXTHOOUUE €val UETEO YId EVPWG Tl TOU EAEYYOU
owdomacnc. To deltepo Véua elvon vo e€etdoouye evolloxTixolc TEOTOUC Yl TNV apyi-
XOTOMOT, TV XEVTIPWY TWV VEWY GUVICTWOMY TOU TpoxUTTouy and tny dwdonaon (m.y.
oty [34] emiéyovton tuyaio). Enlong elvon duvatd va extelécouye nolhanhéc Sloondoelg
YLOU L0 GUVIG TGO, UE DLAQORETLXY Ay IXOTOINGT TWV GUVIGTWOWY Tou TpoxUrtouv. Té-
Aoc dhha Yéuata mou mEénel va eEETac ToUV Elvor TO TS XAAxOVETHL 1) H€Y0B0C wC TEOC
NV 0o Taon xou 10 TAHUOSC TV DEDOUEVWY, 1) DUVATOTNTA Vo EXTEAOUUE TAUTOYEOVA EAEY-
YOUG GE TOMAEC GUVIGTWGEG, XAl 1 YeNoT TN UEVADOU GE EQARUOYES DLUPHLMY EQELVITIXGY

TEOIWV.
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KE®AAAIO 4

EIIIAOMH XAPAKTHPIESTIKON T'IA

OMAAOIIOIHYH

Ye autd 10 xe@dloto mopouctdlouue wior Bayesian pédodo yio Ty exmaideuot plag uilng
TOU AVTLIETOTILEL TAUTOYPOVA TO TEOBANUA TNG ETLAOYG YUPAXTNELO TLXWY X0t TNE ETLAOYHC
wovtélou [23]. H uédodoc otnpiletan otov ouvduooud uac uidne mouv hauPdver unddn
NS To EEEYOVTA YOPAXTNEIOTIXA TwV TRoTUTWY, xai Wor Bayesian yédodo pdinonc mou
exTd Tov apriud Twv cuvictwowy g uilne. H mpotewvduevn pédodog axohoudel tny
variational Bayesian mpocéyylon xou umopel vo BEATIOTOTOLEL TAUTOYEOVA TIC TUQAUETOOUS
e uiéng, Tov apud TV CUVIGTOOWY TNC XAl TNV GHUAVTIXOTNTA TV YoUQUXTNELC TIXWOY
TV dedopévey. To telpapotind anoTeAéoUaTa UE TEYVNTA ot TEAYUoTiXd DEdOUEVA UYNATC

owdcTaong anoteoly eVOELELS Yia TNV anoTEAEoUATIXOTNTA TNE YeHODOUL.

4.1 Ewayonyn

H ufén xavovixev xatavopy anoTehel uio eupéms yenolonooluevy uélodo ot tpoAfuota
udinone ywelc eniBredn. H npocéyyion tne xatavourc Twv dedouévwy Ue Ui WEn uropel va
epunvevdel cav TauToTOMON TWY OUAOWY oL oy NUATI{OUY To BEBOUEVI UE TIC GUVIG TOOEC

e wiEng. H extipnon tov napauétpwy wag wiEng ue xooptouévo agtdud cuvic Tmowy Yive-
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T UEYIO TOTOLOVTAS TNV Tidavogdvelo ye tov odyoprduo EM ) xdmota togakhoyr tou [58].
Ext6¢ and tov xaoploud tou aprduol TV CUVICTWO®Y, EVA EQOTNUN TOU TEOXUTTEL GUCLO-
Aoyuxd lvon 1) eVPECT, TwV EEEYOVTIWY YARUAXTNRIO TIXAY, EWIXA OE TEOPAAUATA UE DEBOUEVA
unifc dtdotaone. Atuodntixd, to e&éyovia yapuxtneio Tixd elvat exelva Tou dSleuxohivouy
NV exnaideucn xot 6ivouy ouddeg ue tig emuuntéc wibtnteg. ‘Oco agopd Tic pilee xavo-
VIXGV XATAVOUWY, Ta EEEYOVTA YoRUXTNOIO XY TV OECOUEVMY TRETEL VoL TERLYPAPOUY UL
xotavout| tou eupavier ToAEC eEAEU)OELDTC OUADBES, xou GE IXAVOTOMNTIX T anbo TacT UETAL)
TOUG WO TE Vo “Otaxpivovtar” elxoha. Ye avtinopdleor Ye To YopaxTneto Txd TouU TEPLYpd-
(QOUY DEDOUEVO UE OUOLOUOQHT XATAVOUY| 1} XAUTAVOUY UE UL LOVO X0pUQY|, XL ToL oTold BEV
Taeéyouy TAnpogopior GYETIXd Ue TNV Umoplrn ouddwy ota dedouéva. Tétow “achuavta”
YAEAXTNEO TIXE. UT0E0oUV Vo TEOXUAECOLY GUYYUOT XaTd TNV eXTaldeusn auZdvovTag Tny
TOAUTAOXOTNTOL TOU YoVTENOU, Yo mapadelypata deg [13, 51]. 'Evo napdderyua yopoxtnpt-
OTIXWY UE DLOUPORETIXT CNUAVTIXOTNTA Topouctdleton oTo Lyfua 4.1, Mnuewdvouue 6Tt 1
EMAOYT TV YOQUXTNEIO TIXWY XOL 1] ETAOYY, TOU aptUol TWV CUVIGTWOWY Efval ahAnAoe-
Captoueva tpoAruoata. XenoloToiwyTog DlpoRETIXd UTOGUVORA YALUXTNRIG TIXWY Elval
OLUVATO VO THPOUUE DLAPORETIXEC EXTIUNOEIC Yial TOV aeiud Twv ouddwy tou oynuatilovTo,
Yot ETMTAEOV OYOAAL OEG [27]. Eivou enioNC AVOUEVOUEVO OTL YEYNCLLOTOLOVTAS TEQLOCOTEQY
YAEAXTNELO TS UT0POVUE VoL 001y )00UE OE Tlo TOAITAOXES XATAVOUES TWV DEBOUEVWY, %ol
OLVETWG TEPLOOOTERES 0udde. [N To Adyo autd elvon onuavtind va emiteuyJel Tautdypovn
ETAOYT YAEAXTNELO TIXWY Xt ETLAOYY| LOVTEAOU.

[t vou avTWETWTICOUUE TNV ETIAOYT| YOQOXTNOIO TIXWY X0l HOVTEAOU TopoUGIALOUUE UL
variational Bayesian pétodo yia tnv exnaideuorn utog ui&ng 800 emnédwy, n extaldeuon tng
omoloc Pacileton oTny UEYIOTOTOMOY EVOC XAt Qedyuatos Tne midavogdvelas tepiwplou.
Xpnowonowlue to Yovtého mou npotdinxe otny [51], dnhadh wa piZn xavovixdy xatavo-
UGV TOU EVOOUATMVEL ULol OLadIXAGTo Yol TOV TROGBLORIGUO TWY EEEYOVIWY YALUAXTNRLG TIXWY,
XOUL 1) ONUOVTIXOTNTA xGVE YapaxTnelo Txol Yetpiéton oav wa navotnta. ‘Etot dtav auth
N moavotnTta Todpvel TWWES XOVTE GTO UNOEV TO YUPAaXTNEIo TIXO TEoxTxd Oev Aaudveton
unodn. Auth 1 tpocéyyion etvar eEAxuoTIXT, xa®e Bev anaitel Tov BeCodind EAEYY 0 OAWY
TV TAVOY UTOGUVOAWY TWV YUQUXTNEIO TIXWY, TOU YEVIXS elvar avEpLxtog. LOupunva Ue

T0 Bayesian mhaiclo opiCouue ex Twv TRoTépwY XUTAVOUES YIo TIC TapauéTpous TnNg Uine,
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Yyfua 4.1 Awdotata dedouéva tou €youy Teoéhdel and TNy Uiln Buo XAVOVIXGDY GUVL-
otwo®y. H mpofoly) twy dedouévey atov opilévTio dfova Yo Tapouctdoet BUo OUdBeS, EVEM

1 TEOBOAY| TOUC GTOV XUTAXOPUPO dEova UOVO ULl

XU UEYIOTOTOWUUE TNV xatovour meptiweiou B8oUEVTwyY TV GUVTEAEGTOYV UiEng xou Tng
ONUAVTIXOTNTAS TWV YopoxTneto Tixwy. [ tny Bedtiotonoinon yenoyonotolue variational
uedddoug Y va e€dyoude évay ahyderduo napopoo tou EM [61], axolouddvtac tny npo-

oéyylon ot [6, 24].

4.2 Emhoy7n Xopoaxtneiotixoyv yia Mdidnon Xwelc EniBAe-
Sl

To medfhnua TNg EMAOYNG YAQUXTNRO TIXWY, oV xat EYEl UEAETNUEl eExTeEVOC o oyéon Ue
NV To&VOUNoT), WOVo Tpdcpata dpytoe v e€eTalETon TopdAANAa e TNV odadonoinor. Ao
Boowéc npooeyyioeic éyouv npotael oty Tpocéyylon Tou “nepituliyuatoc” (wrapper) o
alyopriuog opadoroinong mepBdiheTon and Evay ahyopiuo emAoY g EVOC UTOGUVOROL TV
yapoxTnelo Tix@y. O akyderduog emhoyhc exterel wor avalATnoT yio TV EVPEGT EVOC XohoU
UTOGLYOAOU, xat YeNooTOoLEl ToV adydorduo opadotoinong cav TuiUa TN cUVAETNONS TOU
amoTiud To utodhiglo urtocivolo yapaxtneloTixwy. H deltepn mpocéyyion aviyetwnile
TNV OUAdOTOMOY) X0t TNV ETAOYT YUQUXTNEIO TIXWY TAUTOY eV, 0pilovTag Uiol XATIAANAN

avTIXEWEVIXY cuvdptnor. H Beltiotonoinon authc tne cuvdetrnonc anowéeet €va uTtocOvo-
P | | < e
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MO YOQUXTNELO TIXWY XAl TNV OUABOTOINGT TwV BEBOUEVWY GTOV YWeo Tou opllouv. Xtny
GUVEYELX TEQLYPUPOUUE GUVOTTIXA XAUTOLES AVTITCOCWTEVTIXEC UEVODOOUC.

Yy [27] yenowonowly tny tpocéyyion nepttuhiypoatoc. Wéyvouv oTov ympeo twy uto-
OUVOAWY TWV YULAXTNEIO TIXWY, Xat anoTYolV xdide utodrhglo UTOGUVOLO OUADOTOLOVTUS
ToL OEDOUEVOL X0 YENOLUOTOLWVTAS EV GUVEYElX xdmoto xatdhinho pétpo. Io va Qdlouy
TOV YWEO TWY UTOGUVOAWY YENOWOTOOVUY GELOLXT TEOS ToL EUTEOC (forward) avalhTnon
EEXWVAOVTIAC UE TO XEVO GUVOLO, ot TEOCVETOVIC EVal YapaxTnelo Tixd 1 @opd. I'ia v evto-
TlGoUY TO XAAVTERO UTOGUVOAO YURAXTNRIO TIXWY YLENGLIOTOW0Y TO XEITHP0 NS UEYIGTNS
mhavogdvenc. T Ty opadonolnon tTwv SedoUEVKY YENOWOTOWNY Wiot &N XAVOVIXMDY
xatavouwy mou exnandevouy e tov EM. T va extiuioouy tov apdud tTwv cuvIG TwonY
¢ pléng doxwdlouv UE TN OELRd Vol GLUYYWVEVGOLY DUO GUVIG TWOES, XOL Y PNGLOTOLOLY TO
Bayesian Information Criterion yia va emAé€ouv 10 xahitepo amd tny adknhouyio povté-
AWV TOU ONULOUEYOUV.

Yy [51] axohoudoly v deltepn mpooéyyion xou 0pillouy THY ONUAVTIXOTNTA TWY
0edoUEVLY w¢ TavoTnTa. Xenowonowly Bl Xavovixmy XATOVOUMY Yo THY OpadoToin-
o1, xou utovétouy aveldoTtnta yapaxTtnelo Tixd dodeione wac cuvictwoac. To pétpo g
ONUAVTIXOTNTAG TOU YULUXTNEIO TIX0U elvon 1) maveTnTa UE TNY OTOaL 1) XATAVOUT| TV TTot-
PUTNERCEWY YA AUTO TO YoRUXTNEIOTIXG eLopTdTOL amd TIC CUVIGTWOES. AV UE PEYAAN
THavOTNTAL 1) XUTAVOUY| TWV TAQUTNENOEMY TOU YopuX TN Tixol elvon mapouota Yoo xdie
CUVICTWOX, TOTE TO YoEAXTNEWOTIXG EYeEl et onuavtxotnta. [o va extoudetoouy tnv
wEn yenowonowlv 1o xpithplo MML xar wa nopaiiayy| tou alyopiduou EM mou unopet
va amahelgel ouviotooeg and Ty piEn. ‘Onwe untootmeillouv otny [51], n uédodoc pnopel va
Yewpnel cav MAP npocéyyion ue improper prior xatavoués yio Toug ouvteAeoTéC WENC
X0 TNV ONUAVTIXOTNTA TV YURAXTNOIO TIXWY.

Yty [13] npoteivouv uio Bayesian yédodo. Xenotwonoolv uta uigrn xavovixdy xatavo-
UGV Yo TNV opadornoinon, xat 0pllouv ouluyels ex TV TEOTECWY XATAVOUES Yio OAES TIC
nopopéteoug g uilne. Emmiéov Vétouv hyperprior xatavoués 6TiC TOpaUéToouc TwV €X
TWY TREOTEPWY XATAVOUWY TWV XEVTIPWY XAl TV CUVTIEAEGTOVY T uilne. Xprnoworowdytog
U0l X TWV TEOTEQMY XUTAVOUY| Yol To XEVTPA TTOU Todpvel HEYAAES THES OTav Gha efvar oD

®x0v1d, TeooTaolY Vo EVIOTIGOUY To ACHUAVTO YAQUXTNPLO TIXA XAl VO CUYXEVTPWOOUY TIG
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avtioToryeg THES TV xEVTpwY Ylpw amd VEGE X0WES Yio OAES TIC ouvtoTwoes. [ Ty
extiunoT Twv Tapauétewy e WEne tpocgelyouy oty MAP npocéyyion.

Yy [53] TEOTEIVETOL 1) EQPAPUOY T TN AVAAUOTC XURIWY CUVICTWOWY, XAl GTY] CUVEYEL
1 exnofdevon uoag wEng ota dedouéva mou TEoPBdihovial G XATOES A TIC XVPLES GUVL-
otwoec. [o va emthé€ouv €va uToaUVORO amd TS XUPLEC GUVIGTWOES UTOVETOUV OTL Yia €Val
0edoUEVO Ta TEOTA k YapaxTNelo Tixd Tou axohouloly Uiot WEN XOVOVIXMY XATAVOUMY, ol
TOL UTOAOLTIOL Yoo TNt Tid axoloudolv xavovixy| xatavour. Xewiloviar o k cav tuyai-
o peToBAnTy, xou mpotetvouv €va Bayesian mhalowo ye yeriorn tng pedodsou Markov Chain
Monte Carlo.

H pédodoc mou mpoteivouye yenotponotel to 8o wovtého tou mpotdinxe otny [51] yio
VoL TEQLYRAEL TNV ONUAVTIXOTNTA TV YARAXTNEO TIXGY, ahhd evomolel TNV emAOYY HOV-
TENOU X0l YUPAXTNRIOTIXWY X4Tw and €va xowd Bayesian mhaicio. H Minimum Message
Length npocéyyion mou yenowonomdnxe oty [51] Baocileta oe éva otatiouxd xpithiplo
X UTOXEITAL OE OLdopeg amlonoioelg xar utovéoeic. H pédoddc pog ypnowonouwvrag,
T0 Bayesian mhalcto, avauévouue va €yel xahltepn enidoon wialtepa yio apatd oOVOIA Be-
OOUEVWV.

[péner va onueiwidel 6TL 1 TeoGEYYIGT Yag 6 TNV EMAOYY| LOVTEAOL UTOVETEL Yol o TdUWUIOT
TWY YAQUXTNRIG TIXWY, XAl 0 GUVTEAEG THG oTdduiong xde yapaxtneloTixol etvar o Blog yia
ONES TIC OUAOES TwV BedOUEVLY. Mia dlagopetiny Tpoctyyion mou yehethinxe oTig (31, 42]
elvon 7 opadoToinNcT OE UTOYWEOUS, TOU UTOUETEL DLUPOPETIXOUE CUVTEAECTEC GTddUIoNG
TWYV YOQUXTNRIO TIXWY Yo xdVe oudoa. Etot xdie oudda diapogomoteiton and 1i¢ undroineg

o€ £Vl LOLTEPO UTOYWPO.

4.3 ’'Eva Bayesian IIAalocio yio Emihoy? Xogaxtrnelotixoy

Trodétouue éva olvolo dedopévoy X = {z"|n=1,..., N}, 6nou xdlde ™ elvar éva Bid-
VUOUQ OE €va d-OldGTATO YWE0, ot VENOUUE VA UOVTEAOTOLAGOUUE AUTY TA DEDOUEVAL EX-
ToudevovTaC Wiot €N xavovixy xoatavouwy. Emmiéov unodétouue dTL Tor yopax Trnelo Tixd

TV 0ed0UEVLY elvon aveldpTtnTa dovévTog uag cuvietmoag tng wiEne. Kdnow and ta yo-
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EUXTNELO TIXG UTOPEL VoL elvo aGAUAVTA Yiot TNV HoVIEAOTOMON eve xdmoto dAlo umopel va
elvon o onupavTixd. Avti va dewpricouue 6TL uTdpyel wa auo TNEY| SidxeioT) YeTall onuavTI-
AWV XU ACTHUAVTWY YALAX TN TIXWY, VEWPOUUE OTL 1} CNUAVTIXOTNTA EVOC YUQUXTNELO TIXOD
uetptéton oav wo mavotnta. ‘Etot dodeiong plog ouviotwoag, Yewpolue ot va yopaxtn-
eloTixd Tou X mapdyeTan oo ol uin 800 HOVOBLIC TATKY UTO-GUVIO TWOKY, OTWS TEOTAUNXE
ot [51]. H TEWTY UTO-CLUVIO TWOU Efval SLapoeeTixy| Yiot X3Ue cUVIO TGO TNE WIENC o ToEd-
L “yprioya” DEBOUEVA, EVE T DEVTERY) UTO-CUVIG TWOW EEVAL XOWT| Yo OAES TIC CUVIC TWOES
xou mopdryel “YopuPaon” dedouéva.
[Tpotetvoupe tny evowudtwor autol tou woviéhou 6o Bayesian mhaioto nou mpotdinxe
TNV [24] v TNV extipnon tou apluol TV cuVIoTWoKY Wwoc uiine. Trolétouye OTL To
obvoho X €yet mopaydel and to Yoapxd Hoviédo tou magouotdletoar 6o Yy fua 4.2. Av 7

WEn €yel J ouVIoTWOES TOHTE TEOXELTAL YLol TNV TORUXATW XATAVOUT:

m; [ eta:) (4.1)

1 =1

_/\/‘(ZL’Z, Hiji, T]z) + (1 - ’(UZ)N(S(,’Z, €i, 7@) (42)

M“

f(x)

I
ET

p(zi)

Auté T0 ypagixd HovTERO UTODBNAWYVEL TNV EAETNCT WO TARATARNONS T amd TNV j-00TH
OLVIGTOON UECK WiaC xpuupévne uetofBintrc 27, 6mou 2} € {0,1} %o Zj 27 =1. Avn
" mpofMe amd TNV J-00TH OUVIGTWOY, TOTE 1) Th g 27 Elvan povdda, SpopeTind elvou
unoév. H onuavtixdtnta evog yopaxtneloTixol expedletal oand TIc XPUUUEVES UETIPANTEC
n

S

?oomou st € {0,1}. Av n ) e sP elvon povdda, TOTE T0 1-06TH YoEAXTNELO TN TOU
n 4 4 14 43 4 ” , ;L Z 7

" €yer mpoéhdel and v “yerRown” UTO-GUVICT®G, OLPORETIXd €yel Tpoghlel and TNy
“DopuBwon”

Aodéviwy Twv oUVOAeY Tev xpuuuévey petaflntav Z = {2} xu S = {s}, 1

oedouéva Vewpolvton 6Tt efvan aveldpTnTa xon TEoHAYAY amd ULa XUVOVIXT XATUVOUT

n
Zj

p(X|Z>:UJ7T>S>€>7 HH HN z?:u]UT]Z) N(x?;eif}/i)l_sy . (43)

n=1j=1 Li=1

To oOvoha 1 = {pj;} xou T = {7;} ouyxevipdvouv ta xévtpa xou Toug Tivaxes axpyBeiog
Uy ol ” , , . . , ,
v “yerowy’ uno-ouvictwowy. Avtictorya, € = {&;} xau v = {7y} ebvar ta olvola

Z « N ’ / . ,
TARUUETPWY TWV ﬁOpUﬁ(x)b(x)V UTO-oUVIo TWowyY. H ){O(TO(VOP.Y] TWY XPUUUEVWY P.ETO(p)\Y]T(x)V
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Yo 4.2: Toapixd wovtého yioo Ty dnplovpyia dedouevmy and o Bayesian pign mou npo-
Bréner YopuPwon yapaxtneto Tid. To xuxhwuéva clyfoha dnhwvouy Tuyales UETABANTES,
OLopoEETXE dNAWVOLY TapaUéTeoug Tou wovtéhou. Ta Aot uTodNAGVOUY ETaVAATYT TV
LETUBANT®Y, X0t 0 aplude Twv emavolfihewy eugaviletal otny xdtw aptotepr Ywvia xdie

Thauciou.

Z 500évtwv v ouvteheo Tty piEne m = {m;}, xou 1 xatavour Twv xpUUUEVKDY UETABANTOY
S dovelone TNS ONUAVTIXOTNTOC TV YALAXTNRIC TIXOY W = {w;} etvou:
N J
p(Z|T) = HH j : (4.4)
W
p(S|w) :HHwn (1—w;)" ™. (4.5)
n=1i=1
H mdavogdvela tTov nopatnpoluevmy dedouévmy 800Eviwy twv Tagauéteny utoloyile-
Tou TEPLIWEIOTOIWVTAC TN XEUUUEVES PETOBANTEC Z xou S amd TNy and xovol xotovou
p(X, Z, S|, pu, T, w, e,7)
N J d
p(X|m,p, Tow,e,y) = [[ Do m [ o). (4.6)
n=1j=1  i=1
Auth elvor 1 ouviing mocdtnta mou Beltiotomoeltan 610 TAalclo TV péyloTtng mavo-
paveg. 20T000 aUTH 1 AVTIXEIEVIXT| CUVAETNOT OV UTopel va yenowonomlel yioo tTnv
emhoyy) yoviéhou. ‘Etol dev yac Pondder, agold otdyog uag elvon xat 0 mpoodloploudg
T0U apEUol GUVIGTWOWY NG uilng. Xtny [51] avté To TedPAnua avtetwriletu yenot-
womowwvtag 1o xetthetlo Minimum Message Length, nopdhhnia pe wa mapaiiayy) tou EM

Tou umopel va amahelpel oTadlaxd cUVIGTOOoES and TNy WEN. XNy uédodd uac viodetolue
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TNV TROGEYYLON oTNY EMAOYY HOVTENOU ToU TEoTdlNXE TNy [24], xou TEQLYpdYnXE GTO
TEONYOUUEVO XEPIANNO. MUYXEXQWEVA, ELOSYOUUE EX TWV TEOTEQKY XATAVOUES YOl TAL L1 XAl

T mou elvar avtioToryor Uiot XoVoVIXTH xou ULo Yoo

HHN [hjis M, €), (4.7)

J
=1 i=1

.

IT1I6Gie.8). (4.8)

=1 i=1

.

XL OAOXANPWVOUUE WS TEOG AUTEC Yia Vo ThpoLUE TNV xatavour mepiwpiou. Ot unep-
TOEAUETEOL M, €, v Xou (3 EAEYYOUV TIC EX TWV TEOTEPWY XATAVOUES, xai Tofpvouv TUéC
mou opilouv xatavopés mhatiég o yweic mAnpogopgia. Iho cuyxexpéva, Y€touue T0 m
(oo pe v péon T dhev Twy dedoévay, eve ¢ = a = § = 1071% ou efvor o ToAD
wxer) Ty xovtd otny axpeifeia e unyavic. H uédodoc dev ennpedletar and 1600 wxpéc
TIWES TV UTER-TaRoETEWY, Yiatl €tol dev mapéyouy xaula TAngogopla. Onwg Yo doldue
oTNY CUVEYEL, ouaLacTXd OV emnpedlouy Ty extiunon Twyv variational ex twv Lo TéQWY
xatavouwy. IapatnerRote 6L dev VEcaUE e TWV TEOTEQWY XAUTAVOUES ETL TWV CUVTEAE-
OTOVY NS WENS T XU TNV ONUAVTIXOTNTA TWY YARAXTNPIC TIXWY W, X TIC YEWOLLOUACTE oay
TORUPETEOUS Tou HovTELOU. OEtovtag xdmotoug cuvteheatég g uing (ooug ue to undéyv
UTOQOUUE VA DIy eAPOUNE GUVIG TOOES, ot avTioTotya undevioviag Tny onuavTiXoOTnToL Vo

umoPBaduiCoupe yapaxTnelo TXd.

4.4 Variational Bayesian Mdinorn yia Enthoyrn Xapaxtnet-

OTILXWOV

[ vo amhomotficouue toug ouuBolioolc optlouue To 0 = {Z, 1, T, S} va eivar o chvoho
v Tuydiov yetoffintov xa ¥ = {7, w,e,7} 10 clvoho twv mopauétewy. H uédodoc
TOU TEOTEVOUPE exTWd T TopoéTeoug ¥ ToU UOVTEAOU UEYIOTOTOLMVING TNV XOTAVOUY
reprdwpiov p(X|J):
p(x19) = Y [ plX.B9)dpr, (4.9)
7,8
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WS TEOC TOUG GUVTEAEGTES WIENG 7, TNV ONUAVTIXOTNTO TV YUPAXTNRIOTIXWY W %ol TIC
TopouéTeous g “YopuBndouc” cuVIoTOoUS. OEWEWVTIC XATIAANAES €X TV TEOTEQWY
XATAVOUES Yo TIC UETABANTES TV CUVIC TWOWY XAl TEQIWELOTOIWVTAS AUTEC AVAUEVOUUE VA
eCouahvoupe Ty mioavogdveta (4.6), xon va tdpouye wa tdavogdveto neptinmpiou Tou eivor
o eVPWG TN WS TEOG TNV UTEp-exntaldeuoT). Auty| n uedodoroyia €yel tpotadel otny [24] v
BelTio TomolNon WC TEOC TOUC GUVTEAEGTEC T, XU TNY ETAOYY| TOU aptiuol TWV GUVIC TWOKY
W TUTIXAC UIENG XAVOVIXADY XATAVOUWY UE aELONOYA ATOTEAEGUITAL.

Eneidr) ) ohoxhfipwon otny (4.9) dev yivetar avolutixd, yenotuonoolue tny variational
TEOGEYYLON TOU TROTEIVEL TNV UEYICTOTOINGT EVOC %dtw @edyuatoc L tou Aoyapiduou tne
miavogdvelag tepriwplou:

L[Q, Y] = Z/Q X, Q)W)d dT (4.10)

< log p(X19). (4.11)

To gpdypo £ eivon ouvdptnon wac audaipetne xatavourc Q(#) mou npooeyyiler v ex
v Vo tépwy xatavopr p(8|X,¥). Hpoxewévou va yeyotonoicoupe 1o L vodetobue ula
owdtxaoto Tou exterel emavaAnmTixd BV PrAuaTar apyixd UEYLOTOTOETAL TO QEdyUd WS
Teoc TNV (), X 6T GUVEYELN WS TEOS To V.

Yougwva e v mpocéyyion mean-field, dev unoVétoude xdmolo GUYXEXPUEVT GUVOE-

TNoLor) oY) Yol TNV (Q,exToS Tou OTL ebvar Eva YIVOUEVO TN HORYNS
Q) = Qz(2)Qu(1)Qr(T)Qs(S).

Meyiotomoidviag 10 L ¢ mpog Ty cuvaptnetaxt Lopgr| Tov @z, @, Q1 xou Qg, 1 TuTixXh
CUVIETNOLOXY| AVAAUGT) TAREYEL AUGELS UE TNV axOAOLVT| YEVIXT UOp®N:

exp(P (X, 0|0)) g

Q(6;) = [ exp(P(X,0]9)) ki d6;’

(4.12)

OTOU ()i ONADVEL THY avoeVOPEVT T WS Teoc Tic xatavoués Qr(fx) Yo Ok ta k # 4.
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[ to povtého pac n (4.12) Siver:
N o
Qz(Z) = 11117 (4.13)
J d
Qup) = H HN(Mji; m;, C;‘)i)v (4.14)
J d
QT(T) = H H g(Tji; O‘;}m ]Uz)a (415)

N d
Qs(8) = [T T in (1 = pin) . (4.16)

v
Ji

v v

U
Ciis Xjss Pji

. . , ’ 7 ’

Or variational mopdpetpor rj,, mj;, ¢i;, a XL Pip TEOXOTTOUY ATO TNV UEYLOTOTOINGT

xou puiuifouv TIC xaTavoué Tou Tagayoviomowly Ty . Ou variational magductgor e tny

o€lpd Toug 0piloVTol YENOWOTOWWVTAC TIC UECEC TWES TWY z;»‘, iy Tji, S XL CUVOQTY|OELS
7, X 7, 14 14 7.

QUT®V. XENGIIOTOWWVTAS TNV GUVILTNOWXY Wopgh ToV @z, Qu, Qr xo Qg umopolue

Vo BpoluE TI¢ avTioTOoLYEC UEGES TWES, X0 VA TIC YPTOWOTOLAGOUUE GTOUSC OPLOUOUS TV

variational mapauétpwy. Méta and npdlewc naipvoupe Tic ETOUEVES €EIGMOELC:

TiTjn

,rj” = J ~ (417)
Zj:l 5T jn
1
Tjn = €Xp {5 Z pin [1(5;) — log 55]
i=1
d
1 o 1
— 5D Pinzy {(:c? — m;;.)2 + —U} } , (4.18)
2 4 V. cv.
=1 J? 77
v v N n
,  Cmit (aji/ ji) D n1 TinPin} (4.19)
i v v N ’ :
’ c+ (aji/ ji) > et TinPin
ol N
Cgi =c+ % Z TjnPins (4.20)
Ji p=1
| N
ag; = o+ 3 Z; TjnPin; (4.21)
1 . 1
=65 ) Tinbin [(m? — ) o (4.22)
n=1 i



in = — = ; 4.23

) 1<
Pin = €XP {5 ern W(a})i) —log ;)Z]
j=1

I i, el
- 52%7 (@ —mg) "+ =1 ¢ (4.24)

= i Cji
1 " 5 1
in = €xp —5% (% - €i) + B log~; ¢, (4-25)

6mou ¢Y(z) = dlogI'(z)/dz. H peyotonoinon tou L we npoc Ty  otoyelel oto va Bpe-
Vel éva ixavomomnTind xdtw gedyua yioo Ty Aoyapriun miavopdveln neptdmpiou. Av xou
n oxpBric peylotonoinon tou L w¢ meog T variational mopauétpoug efvar adbvaty, agol
OAANAOECUPTOVTOL PE UT) YRUUUIXG TEOTO, UTOLOUUE VO EXTWHOOUUE TO QEAYUO AVAVE®D-
YOVTOG ETOVAANTTIXG TiC TapauéTpouc yenotporowwvtoac Tic (4.17) we (4.24). M avdhoyn
Tpocéyyion axolouleiton otny [24].

Metd tnv yeyiotonoinon tou £ we mpog v (), o deltepo Priua tne pedddou amantel Ty
ueytstonoinom g £ w¢ Teog TIC T, w4, & xou ¥;. MndeviCovtoag Tic uepixés mopay@youc
T0U L 0¢ TPog TIC TURAUETEOUC, TAlpVOUUE TIC oxOhovlee EEIOWOELS

N

1
T = > i, (4.26)
n=1
1 N
N n=1
N n
g = anz\fl Pin; 7 (4.28)

Zn:l Pin
N n
71 Zn:l p’"

H rapamdve dradascia twv 800 Brudtony emavakauBdveton uéyet va cuyxhivel. H oly-

xhon unogel va eheyyvel e€etdlovtag 1o variational gedyua. Mo onuavtiny widTTA
QUTAC TNG OLadaciag Elvon OTL DEV ETUTEENEL GE OUO XAVOVIXEC GUVIGTWOES UE TUPOUOLES
TOEUUETEOUC VoL TECLYRAPoUY TNy (Ol oudda Oedopévwy. 'Etol wa and tig 0vo emxpatel
e 7’ . 7, z 4 I4 7, 7
xou 1 @AY amahelpeTon. ZEXVOVTOC UE €V UEYAAO aptlud CUVIGTOOWY, O AVTAYWVIOUOS
UETAED TOUC EYEL GV AMOTERECUN VA UOVTEAD OTIOU OL TEPLTTEC GUVIO TWOES €)Y 0UV ATOPEL-

pUel. Toautdypova 1 aVaVEWST TWV W; ETITEETEL TOV UTOAOYIOUS TNS CNUAVTIXOTNTAS TWV
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YAQAXTTPLO TIXGV.

4.5 Ileipdpato

Yuyxpivope ™ w€Vodo poag (tny xaholue varFnMS) ue tnv pédodo mou éyer mpotael
oty [51] (v xaholpe FnMs) yio v ogodonoinon TEYVNTOY Xou TpoyUaTIXDOY GUVO-
AoV dedopévwy uhniic didotaonc. Extehéoaye enlone ta (B mewpdpoata pe v pédodo
nou €yet npotadel oty [24] (tnv xaholue varMS). H npdtn oeipd mewpaudtwy agopoloe
NV opadoroinet teyynTeY dedouévwy. Iho ouyxexpwéva, onuoupyrioaue 9 X 9 exdveg
ue owPBaduicec tou yxpilou, 6mou xdle wio Teplelye o oyfua Tou yapaxtrhpa “a’ B “c”.
To oyfua oe xde exdva ToroVetiinxe oe plo and tig TeE duvatéc Véoel, €ToL WOTE
41 ewovoototyela xatd uRxog Tou oplou NG EwdVag avixay TdvTa oto undPatpo. Ot ev-
TAOEIC TWV €X0VOs ToyElwy Tou unofddpou mpofilday ue deryuatolndla and wiar xovovixy
xatovoph) N(0.4,12 - 1073), xau oL €vTdoeic TV EXOVOSTOYEIWY TOU TEOGXNVIOU antd Ui
HOVOVIXT| XOTAVOUT) N(0.85,0.4-1073). Y1y ouvEyELd GAES OL EVTAOELS XAVOVIXOTOL )XY
oto [0,1]. 1o Eyfua 4.3(a) eppavilovrar yeptxéc and Tic edves mou yenotponoiinxay.
Eivar mpogavéc dti undpyouy €€t ouddec oo dedouéva (Tpstq Yéoeic X duo Ypo’tppaw), O
6TL ToLAGY Lo TOV 41 etxovooTotyela Bev TEpEyouY TATPOYORid YeNoWN Yid TRV OYadoTOoiN-
o1}, ONAADY| AVTIOTOLYOLY GE aohuavta yapaxtneoTid. Egapudoaue tic tpeig pedodoug o
GUVOAL UE OLIPORETIXO GUVOAMXO aptdud EXOVWY xdUe Qopd, YENCWOTOWVTAS TAVTA (50
aptdud edvwy v OAeg T ouddeg. o xde clvolo exnaldeuong extehécoue To melpaua
10 gogég, exnardetovtag wa wiln ue 30 apyés ouviotwoes. o obvola pe 180, 240 xou
300 ewdveg 1 u€V0dOS pog eVIOTIoE WO Td TIg €4L ouddeg 4, 10 xon 10 gopéc avtiototya. H
uédodoc FnMs eviomoe Tic €1 opddeg 0, 5 xou 10 @opéc avtictoya, ennpeacuévn and Tny
uelwon tou mhidouc twv exdvwy. To Lyrua 4.3(b) npoogéoet wo ontxy| avanapdo oo
TIC GNUAVTIXOTNTAUC TWYV YALAXTNRIG TIXWY OTWS TpocdloploTnxe and T duo pedodous. H
uédodoc varMS Sev xatdpepe xauio Qopd vo eXTUNOEL TV 60OTH apiud TV ouddwy,
Beloxovtag xatd péoo 6po 12 ouddeg xar yio T Tplot GUVORA EXOVWY.

[o to metpduato 6 mpaypatixd GUVOAA OEDOUEVLY Yenoulomotooue Ty Bdon “mul-

80



alafafalala Jea]eafe
clcjclclefcn]n]n

a)

Syfuo 4.3: (a) ‘BEva Selyya and tic teyvntée exdvee. (b) H onuavtixdmta tov yopaxtn-
PO TIXWY OTw¢ exTwWhUnxe and tny varFnMS otny ndvw oepd, xa and vy FuMS otny
x4tw. Ao aploTeRd mpog To 0edid, Tor amotehéouata yio Ta oUvoha ue 180, 240 xar 300

eloveS avTioTolya.

tiple feature database” mou ypnowonohdnxe oty [47], xou etvon Swrdéown and 1o UCI
repository [11]. Anotekeftar and ta yopaxtneiotixd yeipdypapwy dnelwy (“0”—“9”), 6mou
Yoo xdde xoatnyoplo utdpyouv 200 Tagadelypata divovtag cuvohixd 2000 ewdvee. To dnpla
AVATAPLO TOVTAL UE OLdpopa GUVOAX Yapaxtnolo Txwy. Euelc yenowonowoaue tpla cbvola
0edouévey, 10 TE®To TEpLYpdpel To Yngio ue Zernike moments (47 yapoxtnelotixd), To
0eVtepo e ouvtereotée Fourier (76 yopaxtneiotixd) xau to tpito ue profile correlations
(216 yapoxtnpiotxd). H ernidoon twv akyopiduwv otnv ouadonoinor uetpiinxe e 1o
“odhua Tavounonc” oc éva aveldetnto clvolo eréyyou. [ va 1o umohoyicouue yia
doveloa ogadomoinoy Tou cuvdlou extaldeuong, avadétoupe o xdide opdda TV xatrnyopia
Tou avTioTotyel oty mAslodneio Twy dedouévwy Tng. Xtnv ouvéyela avadétouue ot xdie
0E00UEVO EAEYYOL TNV xaTTyopla TNG 0uddAS O TNY oTtola aVAXEL Xou T1 CUYXPIVOUUE UE TNV
mpoyuatir) xatnyopia Tou. T'io Vo exTWUACOUYE TNV AVOUEVOUEVT] TILY) TOU GQIAIITOS %o
TOV AVOUEVOUEVO JpllUd CUVIGTWOWY exTEAEGaUE xdie melpaua 20 gopés, yweilovtag To
GUVOAO TV OEOOUEVWY GTNV UECT) XL OLUTNEWVTAUC TNV AVAAOYI TV XATNYORUDY Yol Vo
ONUOUEYNOOUUE ToL UVOAX exTaldeucng xou EAEYYoU. Tao anoteAéouaTor CUYXEVTEWVOVTIL
otoug Iivaxeg 4.1-4.3 yio Ty exnaldevon wag pi&ne pe 30, 50 xar 60 apyxés cUVIGTOGES
avtiotouya.

H pédod6c pac epgaviler uixpdtepo o@diua, ohhd YeNCILOTOLE! TEPLOGOTERPES GUVIC TG-

oeg and v FnMS. ‘Oupwe xou ot 800 pédodor xatahryouv mdvta o maganhinoo aptiud
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Mivoxag 4.1: Avayevouevo ogdipo xar aptuds cuVIGTHoWY yenowonrowwvtag varkFnMsS,

varMS xouFnMs, ye 30 apyixéc cuviotwoes. Ye napévieon 1 avtiotoryn TUTiXY) ATOXALGT).

Zernike Fourier Profile

varFnMS opdApa|0.39 (0.07) 0.35(0.06) 0.13(0.01)

owiot. | 26.8(6.4) 24.6(7.2) 26.3(3.7)

varMS — o@dApa|0.37 (0.02) 0.34(0.02) 0.14(0.01)

owiwot. | 29.5(0.5) 27.5(1.2) 27.6(1.5)

FnMS — ogdApa|0.53(0.02) 0.50 (0.07) 0.77 (0.04)

ounor. | 10.7(1.2)  6.1(0.9) 2.3(0.7)

ivoxag 4.2: Avayevouevo ogdipo xar aptduds cuVIcTHoWY yenowonrowwvtag varFnMS,

varMS xouFnMs, ye 50 apyxéc cuviotwoec. Ye napévieon 1 avtioToryn TUTIXY ATOXALCT).

Zernike Fourier Profile

varFnMS o@dApa| 0.37(0.03) 0.32(0.02) 0.12(0.01)

owiwort. | 28.1(2.3) 25.0(1.6) 29.6(2.4)

varMS — o@dApa| 0.35(0.02) 0.31(0.02) 0.11(0.01)

ouvior. | 44.6(1.9) 37.6(2.9) 41.3(2.1)

FnMS  opdApal0.53 (0.01) 0.52(0.03) 0.76 (0.04)

owiot. | 10.8(1.1) 5.7(0.7)  2.3(0.4)

Mivoxag 4.3: Avayevouevo cgdipo xar aptuds cuVIGTHoWY yenowonrowwvtag varFnMsS,

varMS xouFnMs, ye 60 apyxéc cuviotwoec. Ye napévieon 1 avtioToryn TUTIXY ATOXALCT).

Zernike Fourier Profile

varFnMS o@dApa|0.37 (0.03) 0.30 (0.02) 0.11(0.01)

owiot. | 32.8(2.0) 29.5(2.7) 35.3(2.5)

varMS — o@dApa|0.33(0.01) 0.30(0.02) 0.10(0.01)

ouior. | 50.6(2.3) 41.7(3.1) 46.7(2.7)

FnMS — opdpa| 0.53 (§,2) 0.52(0.04) 0.77(0.04)

owiwot. | 10.9(0.9) 5.7(0.8) 2.2(0.4)
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Yyfua 4.4: H onuovtixotnta twv xotd Zernike moments ypnowonowdvtoc tny varknMS

(aptotepd) xon tnv FnMS (6e€1d).

CUVIOTWOWY AVEEIETNTA OmO TOV apyixd Toug aptdud, oTOTE oL AUCEC Tou divouy elvon dio-
popeTixéc ahAd ouvenelc. And tny dAAn pepid, 1 varMS ennpedleton and tov apyixd aptiud
CUVIO TWOWY, xal £YEL TNV TdoT Vo dtatneel Tic TeptocdTepeg and autés. Eniong evigépoy
yioo Ty varEnMS eivon to 6t xodidc 0 aprdudc TwV yoeaxTnEo TiX@Y auidvel o aprdudc
WY GUVIGTWOGY PETOPAAAETOL Alyo ahhd To opdipa uixpaiver awotdntd. [lpogavee n uédo-
00¢ EXUETUAAEVETAL TO UEYIAO TANDOC YUpAX TNELO TIXWY YL VoL BEATIOOEL THY AUGT) NS, %ot
0ev emnpedleton and apalwot Twv dedouévey. Voo agopd TV EXTWWOUEVT CNUAVTIXOTN-
TOL TV YApOXTNEIo TIXGY Tapouctdlouye pafdoypdupata (error-bars) ota Xy fuota. 4.4 4.6
yioo uiec mou apyxomotfinxay e 30 cuvictwoeg. llapatneriote 61t 60 Lyrua 4.5 o
ouvteheatég Fourier telvouv va yivouv Atydtepo onuavtixol yia Ty opadoroinot xadog
nAnctdlovye TIC PECUlEC OLUYVOTNTES, Xt 6TO Lyfua 4.7 1 AVOUEVOUEVT CTUOVTIXOTNTA
omwe extydTon and tny varFnMS magoucidlet éva tomixd eddytoto xdie 12 yopaxtrpoTi-
%3 Yoav éva Yevixd oyoho, 1 FuMS nopéyel uixpdtepes THWES Yo TNY GNUAVTIXOTATA, EVED

n varFnMS elvar mo ocuvtnenTud.
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Yyfua 4.5: H onpavtixdtnta twv cuvteleotwy Fourier yenowonowwvtag tny varFnMS

(aptotepd) xon tnv FnMS (6e€1d).
4.6 uunepdopoTa

Y10 xe@dhono autd Tagoucidoaue pla variational Bayesian yétodo yio tny exnaideucn plog
wigne, 1 omolo umopel autouato va xadopilel Tov aplud TWV CUVICTWOWY XAl TNV OTUAV-
TIXOTNTA TV YAQUXTNPLO TIXWY 23]. Ta TELRdUoTd wog €detlay 6Tt 1 U€Vodog UTEREYEL TNC
npocéyylone mou teotdinxe otny [51] xau mou Basciletor 6to Minimum Message Length
xetthiplo OTtay eQapuoleTon ot apond GUVOIA BEBOUEVWY, Xou AUTO anoTEAE! EVOEIEN NS OToU-
odtnTac tne Bayesian npooéyyiong mou vodethoaue. ‘Onwg avauévaue, 1 wédodog tou
Bacileton oto Minimum Message Length xpitripto ypetdletan nepioodtepa dedopéva yia va
EXUETAMAEUTEL TAREWE TO HOVTENO YIOL TNV GNUAVTIXOTATA TV Yoapuxtnelo ixwy. Erxiong 7
uEV006¢ uog TapouctdlEL TO GUVETY cUUTERLPORd and Tn u€Yodo mou Tpotdlnxe 6NV [24],
660V aQopd Tov apUd TWY CUVIGTWOWY ToU yenotuonoolvial.  Autd HTav avouevoue-
vo, xadag 1 teheutala 0eV e@apudlel ETLAOYT YUEAXTNELO TIXWY, XL Yo DEdOUEVA UbNAng
010 TAoNG GLUVAVTE DUGXOMES XATE TNV EXTAUOEUGT).

O Baowodg meploplolde TS TEOTEWVOUEVTS MEVOOOU Efvon TO OTL TAL YUQUXTNRIO TiXd Vew-
polvToL aveldptnta doVelong Wiag oUVICTWoAS NS piéng. Ynuavtixd ueAlovtixy xatehuv-
om €peuvag etvart 1 YEVIXEUOT) TOU UOVTENOU, ETGL MG TE VA yernolponotel évay TAvier wivoxa
oLYOLIXOUAVONC YL XJUE CUVIG TGO TNS WENC X var lvar SuVaTH TauTOYEOVA 1) EXTIUTON

NS ONUAVTIXOTYTAUC TWY Y AQAATY)OIO TIXWY.
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Yyfua 4.6: H onuoavtixétnta twv profile correlations yernowonowwvtag tny varFnMS (Otpl—

otepd) xou v FnMS (8e&id).
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11 23 35 47 59 71 83 95 107 119 131 143 155 167 179 191 203 215

Yyfuo 4.7: H péon T tne onuavtixdtntoag twv profile correlations ypnowonoimvtag tnv
varFnMS (endvew) xou ty FnMS (xdtw). Kdde otihn avtiotoryel o€ éva yapoxtnoto Ti-
%0, xaL oL evidoelg €youv dPaduoTel €10l Mo TE TO UalPo Vo avTIGToLEl oTNY EAdy Lo TY

OVIUEVOUEVT] GTUAVTIXOTNTA X0 TO AEUXH G TNV UEYIG TN,
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KE®AAAIO 5

KATATMHYH EIKONON ME MI=H KANONIKQN

KATANOMON

H ui&n xavovix®yv xatavouy €yt anodeyVel éva anodotixd epyalelo yio Ty oviehonoinon
xou TV xatdTunon ewévey. 201660 ToANL and To {NTAUATI TOU AQOEOLY TNV EXTIUNGT TV
TOEUUETEMY UL WIENS YL TNY LOVTEAOTOINGT EOVWY OV €youy Bpet Uiot xatdhhnir AboT),
OTWC elvor 0 apLIUOC TV CUVLCTWOWY TN WIENC XAt 0 HEYAAOS 6YX0C BEQOUEVKY EXTADEUGTC
Y etxovee pe tumxyy avdiuon (m.y. 256x256). Ipoteivouye v otadioxr opadonoinon
TWY ELXOVOO TOLYELWY, xat Topouctdlouue Ui pédodo mou audvel ctadiaxd to TAdog Twy
EIXOVOC TOLYEWY TOU YENOWOTOOUYTOL YL TNV ETAVOAUBAVOUEVY) XATATUNOT TNG EIXOVOC.
Ye xdie emavdhndn tng uedodou €youue evowuatmoel évay alyoprduo exmaideucong TNng
uigne mou Baoileton otnv variational Bayesian mpocéyylon, xow avtiuetomilel anodotixd
10 TEOPBANUa emhoyc wovtéhou. Ta mewpayotind anoteréopata Edetlay 6Tt 1 uédodog Eyet
IXAVOTIOTIXG YpOVO EXTENEOTC Xt TPooapUdlel Ue emTuyio TV aprdud TV TEQLOYWY TOU

Yenowonotel 6TV TOAUTAOXOTNTA TNE EXOVAS.
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5.1 Ewcaywyn

H xotdtunon emdvwy etvar €va and to xevTpnd ntpoBAfuata e enelepyasiog exovag, xou
apoed TNV OUABOTOINGCT, TWV EIXOVOC TOLYEIWY YENOWOTOUWVTAC XATIAANAL YAEAXTNEIC T d
7 7 /. /7 7 7 / N 7
toug [63]. To mpdto Brua v TV xatdtunoy wiog exovag eivor 1 e€aywyr evoc davioua-
TOG YUQUXTNPLO TIXWY Yid XAVE EXOVOG TOLYEID, OTWE TO YEWUA, 1) UG X.A.T. TNV CUVEYELX
ETULYELRELTAL 1) OUABOTOINGCT) TV BIVUGUATWY AUTWY, Xt ot ouddeS Tou xadoptlovtar TeoBdh-
AovTon Tow GTOV YWeo TwV etxovooTolyeiwy. M tpocéyyion otny opadoroinot anotehel
14 7 14 N 7 . 7 e
n yeron uedddwy goouatxic opadonoinone (spectral clustering), énwe yio mopdderyya
TNV [71]. M OLUPOPETIXY| TROCEYYLON eVl 1) EXTIUNOT TNG XATAVOURC TWV YoURAXTNELO Ti-
xGY, xat eEoyWYT oUddwY amd To YALAXTNEO TN AUTAHS TNC OTATIOTIXNC AVATORIC TAOTC.
H otatio x| avomapdo taor emévwy uropel va yiver ue didpopoug TpdTous, oL TpmTES TEo-
ondveiec otnelloviay Ge Lo TOYPAUUATA, EVE apYOTERA Tapouctdc Trxay uédodot Bactouévor
o TN WEN XUTAVOUWY, OTWE Yol TUPAOELY U OTIC [70, 37]. H WIEN XATAVOUWDY EYEL oVOLY V-
cwotel cav éva edyenoto epyahelo yio v woviehonoinon exdvey. Iho cuyxexpuéva, wa
eOvo Vempeltar oav €va GUVORO TEQLOY WY, OTOU XAVE TEQLOY T AVUTAPLG TATAL OO [ULOL XAVO-
VIXY| XATOVOUTY, X0t TO GUVOAO OAWY TWV TEQLOYWY TNC EXOVAC AVATUQIO TITOL and TNy WiEn
TWV AVTOTOLY WY XAVOVIXGDY XATAVOUWY.

‘Otav optlouye tng meployéc g edvag Véloupe va efvon 660 duVATHY TO GUUTAYELS,
ONAXDT, VoL UnY EYOLY TOAAES OTES X0 VAL UN)V ATOTEAOUVTAL AT TOAAES UXEOTECES ACUVOETES
nepoyéc. ‘Eva onuovtind {htnua eivon o teg Yo emBIAOUUE qUTH THY YW cuvoy Y, xou

7 4 x> 7 7’ 7 7 4 4
UTOQOUUE VoL TO TETUYOUUE UE BV0 TedToug. O mpwrog elvar VETovTag ULo XaTdAANAT EX TV
7 7 7 ’ N 7’ . .
TeoTépwy TMIavOTNTA GTIC TapAUETEoUS TNS uing yia va odnyndolue oto Spatially Variant
Mixture Model SVMM [69]. H Seltepn eivar wa anevleiag avnupetdmon, énou v Héon
x&de etxovooToryelov YEoo GTNV EXOVAL YENOILOTOLETOL Gy EVal ETUTAEOY YORAXTNELO TIXO
TOU xaTd TNV woviehornolnon tng ewdvag. Me autd tov TpdTO, Yia ElxovocToLyEld TOU
Beloxovton poxpud oty exova aLEAVETOL 1) ATOGTAGY, TOUC XAl GTOV YWEO ToU YiveTow 1)
opadomoinon. Eva yur eixovootoyeio mou Peloxovion xovid otny eixéva 1 ando Taor Toug
xooplleTon HOVO AmO To UTOAOLTIAL YORAXTTELO TLXL.
I 7’ 4 4 7, z
Y auth TNV epyacio YeNOULOTOLOUUE YAPAXTNRLO TIXE YPWUATOS Xou VEGTC YioL TNV TEPL-

Yeopr Twv exovooTolyelwy. EZdyouue ta yopoxToio TiXd Tou Ye@UATOS OVITORLC TWVTIC
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x&e ewovootoryeio pe éva tpddotato Bidvuoua ooy yoeo yewuatoc (L, a,b). To ya-
coxxtneto Tixd Véong xde eixovootolyeiou anoteAoly Eva OLOIAC TATO OIdYUoUX UE G TolyEela
NV Yeauur xou TNy oThAN otnv onola Beloxetar yéoa oty exdva. H avtiyetomon g
XATATUNOTS TNG ELXOVIC GAY OUADOTOMNGY) ONUEIWY aUTOU TOU TEVTABIAG TATOU YWEOU UE Uid
UIEN AoVOVIXWY XATAVOUMY EYEL XATOLEC EAXUGTIXES WtOTNTES. H mpwtn elvan dTL Tl yapa-
xtneto Tixd Yéong mepriwplonolotvton E0X0AN AT TNV XATAVOUT, X UTOPOVUE VO TAQOUUE
€10l wa extiunomn yio T xatavour uovo Y to yewuo. H dedtepn elvon 611 xdie cuvictwon
NG WENg €yer ouyxexpuévr Y€on xou xoAITTEL GUYXEXPLUEVO YWEO UEca o TNy exbdva. ‘Etot
UTOPOUUE VoL DX Vo EEAYOUNE Wiot UiEN Yol TNV XATAVOUT, TOU YewUAToS OE Wiot audolpeTn
TEELOY Y}, YENOWOTOUMVTIAC TIC CUVIOTWOES Tou Eblval EVERYEC O auTh TNy Teploy Y. Téhog
UT0EOUUE Vo avadECOUUE TWES OTA YALAXTNRLO TIXE YPWUAUTOS GE TEQLOYES TNG ELXOVIS TOU
oev €youv yenowonomnel xatd v opadonoinor. Ileprimplonoidvtoag o yopaxtrnelo Tixd
YeWUATOC and TNV WY, UTOPOUUE UTOMOYIGOUUE YLol TA ELXOVOG TOLYElD TNE AYVWo TG TE-
CLOYC TNV CUVICTWO UE TNV UEYAAVUTERT EX TV UOTECKY THavOTNTA. TN GUVEYELL TOUG
VUD€ TOUUE T YUPAXTNELO TIXS YPWUATOS TOU EYEL TO XEVTPO TNG UTELVUVTS GUVIO TMOIS.
Auté pag emTeénel Vo EXPETIAAEUTOUUE TNV TAEoVALouoa TANpoYopio TWV EXOVOG TOLyEl-
WV, XU VoL EXTUOEVCOUUE TNV UIEN YENOWOTOIWYTAC UOVO EVA AVTITPOOWTEUTIXO UTOGUVORG
Toug. Ta undhotna exovoc oLyl UTOEOUUE Vol T YPNOUOTOLAGOUUE Gay €V 0UV0A0 €A€ -
XOU Yt VoL exTiuRooude Ty “enidoon xatdtunone” urohoyilovtag Tny andcTac UETAE TS
aEY NS EXOVAC XAt TN “UaTATUNUEVNC” , TOU TEOoXUTTEL VETOVTAC OE OAXL TO ELXOVOC ToLyElat
TOU AVAXOLY G TNV {Blol GUVIO TMOOA TO YROUA TOU xE€VTPou T1c. AvanticcovTaC TEQIOCOTEROD
auTHY TNV WEa TeoTelvoupE TNV yerior wag uedodohoylag “evepynuixfc xatdTunong”, 6mou
1 exnaideuon Eexwvd Ue Eva uixed UToGUVORO TwV BEBOUEVWY Xt o Tadloxd Teoc Tidevtar emi-
A€oV xatdhAnia emheyUEva 0edougva xadwe 1 udinon npoywed. Me autd Tov TpoTO Elvan
OUVATO VO XATAGXEUAGOUUE EVOL AVTITPOOWTEUTIXO UOVTIEAD YLOL TNV ELXOVIL YPTOUOTOLOVTOG
UOVO Eval U0 UEPOC TV EIXOVOG TOLYEIWY.

H mpotewdpevn yédodog “evepyntinrc xatdtunone” uropel vo vhoroiniel cav €vag oh-
Yoprduoc mepitudiypatos (wrapper) yOpw ané évay alybprduo opadonoinong Tov otolo avti-
uetwniler oav “padpo xoutl”. Eva onpavtixd npdBinua tou alydprduou oyadotoinong mou

TEENEL VoL AVTIETOTIG TEL Elvan 1) emthoy T Tou aptduod Twv ouddwyv. H yeron tne widng y
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TNV OUAdOTOMOT YOG EMITEETEL VO YETCULOTOLAGOUNE XATOLEG antd TIC UEVHOOUSC TOU EYOLY
neotadel Yia TNV TauToy oV ExTaideVoT) TS UENS xou TNV EmhoyT| Tou apttuo) CUVIC TWOKY
™, 6nwe otig [24, 29]. Qotbéoo emhéyouue tov ahybprduo avénTikig ndonons Baowouévng
otnr oidonaon owiotwooy Tou avantilaue oty Evétnta 3.5, agol 1 otadiont, uédodog

TEOGVHANG GUVIO TWOWY GUVADEL TEQLOGOTERO UE TNV O TAdLX T TPOGH7xT DEDOUEVWY.

5.2 Evepyntuxn Katdtunon

z e 7. 7. /7 4 4 14
H pédodog xatdtunong mou npoteivouue etvor exavaknmrixs, xou xdie exavdhndy tng aro-
Telelton amd duo oTddl.  XTo TEOTO eQopudleTar o ahyopriuog exmaldevong wa WEng
XOVOVIXWY XATAVOUWY UE EVa TECLORIGUEVO GUVOLO GNuEimwY, Ta omtola amoTEAODY To Yapa-
ATNELO TG ETAEYUEVWY Exovoo Totyelwy. 'Etol mpoxinTel mar ulln xavovixmy xatavoumy.
370 0eUTERO GTABW0 0 ahyopLiuog EvEpYNTIXC XATATUNOTC Yenoworotel Tny Widn yio xato-
TUAOEL TNV EXOVOL X0 VO ETAEEEL ETITAEOV EIXOVOCTOLYELX, TA YOPAXTNELO TIXA TWV 0TolwY
neoctidevial 610 GUVOAO EXTADEUOTS.

7 ’ ’ ’ ’ . .

O ahyoeripog exmaideuone tne pléng mou yenowonolue axohoudel tny variational
Bayesian yédodo 9étovtac xatdAANAES EX TV TEOTERWY XATAVOUES OTIC TUQUUETPOUS TN,
Tou ETUPAAAOLY TOV AVTAYWVIGHO PETOEY TWV CUVICTWOWY Yo TNV ETXEATNGY TOUC GE Wid

/7 7 ’ 7 7 7 7 /
negoyh.  Ou cuvteheotég Uidng twv TALoValOVIOY CUVIOTWOWY UXEAVOUY GUVEYMS, UE-
YL mou undeviCovton xat oL avTIoTOLYEC CUVIGTWOES TEaxTXd anaAeigovtal and Tnv Hidn.
2671600 0 ahyoEUUOC DEV EMLTEETEL GE OAEC TIC CUVICTWOES VoL AV Tay wVICovTal TauTOY POV
Ye xde emavdindy| Tou emAEYEL Lo GUVIGTOGA TNV oTtola SlaoTd xatdAAnia o 600 VEES

’ ’ , . . . , , , ~
CUVIO TWOES, 6TI¢ omoleg egapuoleton variational Bayesian udidnon eva ov urndhoireg datn-
polUvTon otoepéc. Autod Uoag Bivel TNV BUVATOTNTA Vo VEGOUUE €X TWYV TROTEQMY XATAVOUEC
OTIC TOPUUETROUS TWYV VEWY GUVIGTOOWY YENOLOTOIMVTIS TANE0popla and Ty GUVIO THOA

7 7 / , . . . ,
mou duondctnxe. M Aemtouegpric meprypagn autrc tng variational Bayesian npocéyyiong
ue Tomuxt| emAoyy| woviéhou tapatideton oto Kegpdhaio 3.
‘Eotw S = {z,} 10 olvoho twv N onueiwy NS apyWhc EXOVAS, OTOU Ty OVIXEL

0TOV TEVTUOLIOTATO e Tou opilouy 1o yedua (L, a,b) xou n Véon (yeouun, oThhn) twy
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eovootoyelwv. H egopuoyrh tng pedddou exnaideuong ye autd 10 6OVOro BEDOUEVGLY Hog
ofver Wit WEn J xavovix@y XaTavouwy

J

plan) =D N (s, ) (5.1)

i=1

omou p; ebvar 10 x€vTeo xan Xj; 0 mivaxag cuvOlXOUAVOTS TNS J-0GTHS CUVIO TOOUC, XL OL
ouvteheotég g WEng m; ebvon Yetiol xou adpoilouv otnv yovdda. Ia xde cuvio oo
N 7 4 7’ /7 4 4 /7 7’

J ¢ wléng pmopolue va utoloyicoupe Ty uteudnvoTnTd TG Bovévtog evog onueiou T,

ONAXDT, TNV EX TWV VO TEPWY TWAVOTNTA

WJN(xn‘:ujv E]) ‘

p(jlan) = (5.2)
p(xn)
Y11 GLVEYELL UTOROUUE VoL OUABOTIO COUUE ToL dedoUéva exnatdevong o€ J ouddec S, ..., Sy,
6mou éva onuelo T, avixer oty S; av
j = argmaxp(jlan). (5.3)

H xatdtunon tng ewxdvag yenowonowvtag v Wn p uropel va dewpniel wg wa anetxdvion
fra, €S — f(ay;p) € 5%, clugwva Ye TNY OOl YL VA XATAGKEUGACOUUE TNV XATATUN-
wévr ewxova avadétouue o xde onuelo x, € S mou avixel oty opdda S; To Ye®UA TOU
TEQLEYETAU GTO fi5, ETOL ONULOULYOUUE TO GUVOAD S™ TwV GNUEIWY TNG XATOUUNUEVTS ELXOVOC.

O olydpwluoc exnaidevone tne WEne umopel va egopuoctel 0To cUvoho TNe edvag,
WO TOCO Yol VoL ETLTAYUVOUUE TNV EXTEAEGT, TOU €QUPUOLOUUE W DIAPOPETIXY TEOGEYYLOT.
ITo cuyxexptuéva, emAEYOUUE Eva Uixpd AVTITPOOWTELTIXG GUVOLO oNuelwy, dTou 1) DeELY-
wotohndion yiveton opotopoppa w¢ meog v Yé€on touc. Me ta onueio autd extondebouye
Wi UiEn XAVOVIXOY XATOVOUWY. TNV CUVEYELN ETAEYOUUE ETTAEOV onueia UE Eva XaTaA-
Anho xpLthpto, xaL To TeoGVETOUUE 610 oUvoho exmaideuons. Metd emavohauSdvoupe tny
exnatdevon tng ping oto emaudnuévo olvVolo oTUElWY, UPYIXOTOLOVTIS TIC TUQAUETOOUS
e uiéne oTic TS Tou Tpoéxuday and TNV TEOTYOUUEVT EXTEAEST, Tou akybotduou exmai-
dcuonc. Auty 1 dduacta enavolopfBdveton cUVEY WS, Uéypet va txavoroudel éva xpLthpto
TEQUATIONOU.

H emhoy?| tov onueinv tou mpoctiloviar oto olvolo exnaldevong Baciletar otny Te-

TPUYWVIXT| ATOG TAOT €(Ty, ) TWY ONUEIWY TOU TEPLYPAPOUY TO N-00TH EXOVOG TOLYED TPV Xou
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UETE TNV xotdTunot, dnhadh e(zy,) = [z, — f(za;p)|[*. Ze x8de eravédndn npocdétoupe
oo K omnuelo ye v yeyalbtepn anéotaor. o va tepuatiotel auth 1 Swodixaocio adpoiCouue
TIC TETPAYWVIXES ATOCTACES OAWY TV ONUEIWY TNG ELXOVAS, XL AV TO TETEAYWVIXO GQJA-
wo augRdnxe aroppinTouue TNV TEEyouca piEn xou LIOVETOOUE AUTH TOU EXTOUOEVTNXE G TNV
neonyoluevy enaveindn. Av autéd ouuBel téooeplc gopéc cuveybdueva toTe TepUaTiCoupE
TOV aAybpriuo.

O mpotewvduevog ahyodpriuoc ouvoldiletoan ot axdrouto Brivata:

—

‘Eote S ={sy/n=1,...,N} 1o 00voAo 6AwV T®V ONUEL®Y TNG E£LKOVOG.
2. Bétovue t =0 kot E = 00.
3. Kotaokevdlouvhe pia UIEN py ME ML OLVLOTGOX YLo TO S.

4. EmiA€youde opolOpop@a oc Tpoc TNy O€on toug K onueia tou S,

Kol dnuilovpyolpe to X.
5. Anpilovpyolue to oOvoro Y =S5-X.

6. Bétouvue t =t+1, kol exkmoLdeboupe pLo WIEN Py yio To X OoPYLKOTOLAVTOC

WE TNV Pr.
7. TmohoyiQovpe to Ey=3 _o||s—f(s;p)|*.

8. Av E, > FE, 1, téte B¢tovpe Er=FEi 1, pr=Di-1,

KoL KOUTOYPAPOUVME TNV QmOTLY L.
9. Av amoTtOYOUME TEOOEPLC QOPEC ouvVeEXOUEVH TEPMATLCOUPE TOV OAYSPLOUO.
10. Tia k&Bs y € Y vnoroyiZloupe 1o e(y)=|ly—f(y;p:)|*-

11. EmiAéyoupe to K onuela y €Y pe tnv peyohoutepn andotoon e(y),

KoL ONELOVPYOUUE TO OUVOAO Yiax-
12. Avavedvovpe to X = X U VY kot Y =Y — Vi,

13. Emiotpépoupe oto Prjux 6.
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Auth n evepynTix TEOCGEYYIOT OTNY XATATUNOT) ETUTAYLVEL ONUAVTIXY TNV EXTUldELVDT
e WEne, xadde TiC TEPLOGOTERES POREC Y PNOILOTOETAL UOVO €val Uixpd UEPOS TwV Oe-
OouévwY Yo TNV exTiunon twv Tapauétewy tne. Emmiéov oe xdle emavdhndn naipvouue
wa xatdTunor mou Baciletor o TEPLIOGOTERA EIXOVOTTOLYELX, €TOL TPOXUTTEL Wi BLadoY N

XATATUNOEWY UE AUEAVOUEVT] TATRPOQOE(L.

5.3 Ileipdpota

[t vae ehéyZoude tny enidoom Tng TEOTEVOUEVNS UEVOOLO, DLECAYOUE TELQAUATA UE TEYVNTES
xou uoxég ewdveg. o xdie exdva axohovdficoue to Tapuxdte Pruata. HpwTta donuloue-
YHOUUE TO GOVONO UE TA YoQUXTNEIO TIXY Ypwuatog xat Y€ong Lo OAo Ta EXOVOO TOLYEld,
X0 0TI GUVEYELL TO TUTOTIOOUUE WO TE 1) xaTtovour xdlde yapaxtneto ol va €yel uéom
TIY) UNOEV o TUTIXY| ATOXAOT EVal. LTNY GUVEYELL EQUQUOCUUE TOV AAYORIUO XATAUTUT)-
OTC TOU TUEOUCLACUUE TNV TEONYOUUEVT EVOTNTA. Ye xdUe exTéAEoT), TO apyix6 GUYOAO
exnatdevong nepielye Ky = 500 ornpuela, xou oe xde enavdindn tou akyopiuou ntpociétaue
K =100 onueto.

Y10 Eyua 5.1 epgavileton 1 xatdTunoy duo TEYVNTOY EXOVWY UE Do Tdoelg 128128
(mévw) xon 128x64 (xdtw). o vo epgavicouye tic ouviotdoeg e wiZng xat to onueia
Tou emAEYUNXAY YeNOWOTORGUUE UOVOY Ta yoapuxtnelo ixd Véorng twv onuetwy. T tny
en(OEIEN TNC XATATUNONC OE QUOIXEC ELXOVES, YPTOWOTOLGOUE BU0 EIXOVES amd TNy Bdom et
x6vwy Berkley Segmentation Data Set (BSDS) [55] ue diactdoeic 481 x321. To Xyrua 5.2
nopovatdlel TNY xatdtunon tne ewovos #253036 (ndvw) xow #118035 (xdtw). H xatdtun-
O™ TNS TEWTNG EXOVOS EYIVE UE Utar Uil 13 xovovix®y cuvicTwo®y yernotporotwvtag 1000
onuelo. H xatdtunomn tne deltepnc exovog €yve Ue war uiln 8 Xavovixmy CUVICTWOKY
yenowonowwvtag 800 onueia.

O ITivaxog 5.1 CUYXEVTIPMOVEL TO TETEAYWVIXG GQIAUA XL TOV AL TV OUADWY Yo Xd-
Ve enavdAndm. o Aoyouc olyxplong eugavioviar xat ot UETEHOEIC Yol Yol TOQUANXY T TOU
alyopiduou xatdTunong, 6mou Ta ornueio EMAEYoVTaL OUOLOUoRYA GE XAUE TOU ETAVAAT)T.

‘Onwe gatvetan 1) TpoTevouevn pédodog yernolponotel TeplocdTeEpa GNUEia Xot TEPLOGOTERES
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Syfuo 5.1: Avo teyvntéc emxovec. (a) Apywr exova. (b) Ta emheyuéva onuela xou ot

CUVIO TWOES TNE WENC. (c) H XATYTUNON TNG EXOVOS YPNOLHOTOIWVTASC THY WED.

ouddeg Yoo TNV xatdTunoy| toug. ‘Onwe avopevotay pelwoe ToA) T0 TETpAYWVIXG GQIAUAL,
oYEd6V 010 Wehd TN apyxhc Tou Twhc. Avtideta n tuyaio uévodoc emhoync oToudTn-
oe TohO yeryopa, yenowornowwvtoag Alyeg ouddeg xan onuetoe. H xoatdtunon g meadng
EOVog EYVE Ue W uiln 5 xavovixwy cuVIoTwony yenoworowwvtag 700 onueio. H xatd-
TUNOY NS OEUTERNC ELXOVAS EYIVE UE Wit Uin 4 XoVOVIXWY CUVIGTOOMY YPTOUOTOLOVTIC
600 onuela. Toutdypova To TETPAYWVIXG GPIAUA UeEWDdUNXE TOAD Afyo. Autd anotehel év-
oeiln OTL emA€yovTag opotduopga Aiyo ornuela 1 TANpogopla TOU €YOUUE Yl TNV EIXOVA
0ev audveTtar apxeTd Yo va fehtiwoouye v extiunct, uag. Igogavag yeedletoa xdie
Qopd Vo ETMAEYOUUE Tuyala TOAD TEQIGOOTERA GTOLYEIX VLol VO THQOUUE Ual TO AETTOUEQT,
XATATUNOT). LNUEWVOUUE OTL T0 GLUVOAXS TARYOC TV oTolYElwY XdVE ExXdVag RTay TNg Td-
&g Twv 140000, wotbdoo elyoue Ty AOon Yo THY XATATUNGT| TNE EWMOVAS OE UEPLXS AemTd

YETOUOTOLOVTIS EVOY TUTIXO TPOOWTIXO UTOAOYIGTH.
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Yyfua 5.2: Abo guoixée emdveg and v Bdon BSDS. Ytnv apiotepy| othln oL apyixéc

EXOVES, X GT1) OECLE GTHAY Ol XATUTUNUEVES ELXOVECS.

Iivaxag 5.1: Xoyxeion tng mpotewvouevng UeV600ou ETLAOYAC UE TNY OUOLOUOLPT, Tuyaia
emhoyr. [ xde emavddndn eugaviletor to TETPAYWVIXG OQAAUA X OE TapEVieaT o

aptuUoC TWV OUIdWY.

BSDS #253036 BSDS #118035
evepynTIKN tuyaia €vepynTIKN tuyaia

1516.2 (4) 1516.2 (4) | 1143.7 (4) 1143.7 (4)
11632 (6) 1300.6 (5) | 1017.5 (5) 1047.7 (4)
1099.0 (7) 1276.8 (5) | 840.3 (6)

903.6 (9) 827.4 (8)

800.5 (11)

7445 (13)
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5.4 Xvuunepdopota

Avtigetwnicaus 0 TpOBANUL TNG XATATUNONG EXOVKY UE TNV Yeron wac WENc xavovixmy
XATAVOUWY GoY TEOBANUA OUAOOTOMOTS, Xt TEOTEVAUE Utal ERAVAANTTIXH UEVODO XATATUT)-
0TS TOU EXPETUAAEVETAL €V UTOGUVOAD TWV EXOVOGTolyElwy. e xde enavdindn n uédo-
00¢ BEATIWVEL TNV TEEYOVCA OUADOTOINGT) ETAEYOVTAUC UE EVA XATAAANAO XQITHCLO ETITAEOV
eovoctoyela, ta onola tpocVétel oTo olvoho exnaideuone tng wiEne. Hapdhhnia, yenot-
womolwvTag Ty variational Bayesian yetodoloyia tou Kegahaiou 3 yio tnv exnaldevon tng
wEng avtpetoniooye emtuy®e 0 TEOBANUA TG emAoYHC Tou Aoy TWV GUVIGTWOWY,
xo XATd GUVETELX TOU aEUol TwV TEPLOY WY TN xatdtunons. H newpauatinr egapuoyy| Tng
ueV600U Ot Eval DLAPOEES EMOVES EDWOE IXAVOTOLTIXY ATOTEAEGUATA, XAVOC HTAV YEHYOoeT
ywelc v Yuctdler Ty moLOTNTA TNG XATATUNGNC.

‘Eva {htnua mtou afilel teplocdTtepT UEAETH €lvol TO XEITHRIO EMAOYTC TwV GTOLEiWY
mou TpocVétoupe 6To clvoho exmaideuorc. Ilpotelvaye tnv yeron tne andotaorng yetald
NG OEYIXAG X0 TNG XUTATUNUEVNS EWXOVIC, XL UL TEoQaviS eEvahhaxTix emthoyy ebvon 7
otapopd tng mavogdvetag. 2otdco Yo meénel va dovel Bdpog oe xpiThpla TOU ETXEVTEW-
vovTaL TNV mototnta xatdtunong. Enlong n uédodog unogel va egapuooTel ywolc ahhayn
X0 YL ETUTAEOV YUQUXTNEIO TIXA EXTOC TOU YEWUATOS, OTwS eivar 1 ugr. H evowudtwo, té-
TOLWY YUPAXTNELO TIXWY (0WS BEATIOOEL TO XPLTAGLO Yo TNV EVERYT| ETLAOY Y ELXOVOG TOLYEIWV.
‘Eva dhho yapoxtneiotixd tng uedodou nou aliCel nepiocdtepy Tpocoyt elvor 6Tt TapdyeL
wa Btodoy Y| amd xaTaTUNoES AUEAVOUEVNC TOAUTAOXOTNTOC. LTIC EQUEUOYES opadoTolinong
GLYOGAOU EXOVWLY Xt avalATNoTg Eévwy ot Bdoelg efvon cuvnhouévn taxTixr 1 cUyxpeLon
TV ExXOVeY Vo Baciletar og oUYxplon TwV Piewy TOU HOVTEAOTOWOY TNV XATAVOUY| TOUC,
OTWS Yo TOEAOELYUA GTIG [70, 37]. Mrogolue lowe va exyeTahheuToVUE TNV aAinhouyia
TWYV AVATORAO TACEWY TOL OIVEL 1 TEOTEWOUEVT UEVODOC Yia VO DWOOUUE EUGaCT] ETE GTNY
Ty UTNTA ElTE OTNY AeTTOPERELX TV amaTOVUEVWY LY Xploewy. Mua dhhn exdoy etvor 1 On-
wovpyio plag tepagyiag and ouadOTOLAGEL TOU TEOXUTTEL YPTOWOTOUWVTIC AVATACUC TAOELS

OLLPORETIXC TOANUTAOXOTNTAS Yia xdUE ETinEDO.
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KE®AAAIO 6

AY=HTIKH MAOHESH ME TO NETPQONIKO

AIKTTO PRBF

NV

To mdavotxd dixtuo axtvixdv ouvaptioewy Bdone (PRBF) anotekel pla mdavotixr na-
earhayy) Tou veupwvixoL dixtiou RBF yio mpofBhfuata tadivounong, 1 onola enexteivel tny
TUTIXY UEEY) XAVOVIXDY XATOVOUMY ETLTEETOVTAC OE OAEC TIC XATNYOPiEC va wotpdlovTon Tic
(diec ouviotwoeg e wiEnc. H tumxr wédodog exmaideuonc tou PRBE yia talvounon
yenowonotel Tov ahyopriuo EM xou 1o tehind dixtuo eCoptdtar and tnyv apyixonoincy| Tou.
Y10 mapdy xepdioto mapouatdlouue uio pédodo yia v auénTixr exnaldeucn Tou dixtLou
PRBF [22]. H TEOTEVOUEVT U€V0B0C EeEXtVA UE ULoL UOVO GUVIG TOOA, X O Tadlaxd Tpoc¥ETeL
TEQLOGOTEPEC GUVIGTMOES GE XATAAANA ETAEYUEVES VEaEIC 610 Ypo dedouévwy. H meo-
oyn wag emmiéov cuvieTwoag PacileTon ot Eva xPITHELO VLo TOV EVIOTIGUO WLag TERLOY S
TOU YWEoU OE00UEVKY Tou efval onuavTixy and TNV oxomd tne tadwvounonc. Metd and tny
Te0oUAXT OAWY TWV CUVICTWOWY, 1) UEV000S DlaoTd XdUE CUVIGTOON GE UTO-CUVIC TWOEG

Tou xdve o avtioToLyel oe dlapopeTnt| xaTnyopla.
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6.1 Ewcaywyn

‘Eva and ta Yepehiddr mpoBhuata otny unyovixy| udinon etvar 1 tadvounor. Ipdxerton yia
NV dnplovpyla eVOC TadvounTr yiol TpOTUTA &y Vwo TNE xatrnyoplas, doUévtog evog cuvohou
exnatdevong ue Ta&vounuéva TedTuTa, ONAadY| TeOTUTA YVWo TS xatnyoplag. Kdle npdturno
aVAXEL O Wal xatnyoplo, xar OAEC oL BLYVATEC xaTNYople evan YvwoTéc. M otatio it
TEoGEYYLoN 670 TEOBANUA TS Tadvounong eivat 1) dnutoupyio EVOC LOVTENOU TOU EXTIUS TNV
xotovouy| p(x|k) twv npotinwy dodeiong tne xatnyopioc k xou avtioTolymn x TwV TPOTEQWY
xotovouy| P(k) yur xdde xotnyopio k. Xtnv cuvéyela, yenollonotdviag To VemMenud Tou
Bayes unohoyilovton ot ex twv uotépwy xatavouéc P(k|z):

_ plxlk)P(k)
Plkle) = = P @)

Hpoxewévou va tadvouniel éva dyvwoTto TedTUTo &, CUUPKVL UE TOV xovOVa TaEVOUNoNC

(6.1)

tou Bayes emhéyetar 1 xatnyoplo ue v uéytoty ex twv votépwy mavotnta P(k|z).

Mt oupBotixnd tpocéyyion otny extiunon Twv xatavoumy dodeiong tng xatnyopiag ei-
vou xdUe xotavopur xatnyoplog p(z|k) va EXTWATOL YENOWOTOIWVTAC ol CEYWEIOTH Ui
xortovou®y. ‘Onwe éyel Ron avagepdel oto tponyolueva xepdhona, ua Uiy xatavoudy [58]
elvat €vog yeauuixGg ouVBUAOUOS ¢ XATOVOU®Y, 6Tou ¢(x) = Z}'le w;fj(x). Ov ouvteke-
otéc WiEn w; etvon un-opvntxol xon adeollovy TNy Hovdda, EVK oL GUVIGTWOOES f; Tng WEne
elvon ouvilwe xavovixée xatavouéc. Autr 1 pédodog extiud Ty xatavour xdde xatnyopi-
ag aveddpTnTa and TG JARES, Vwe®VTIC UOVO T TEATUTA EXTUUDEUGTC TNG CUYXEXQUIEVNC
xatnyopiag. LNy TERITTWOT TOU UTOVEGOUUE ULaL XAVOVIXT] GUVIG TG XEVTPAPLOUEVY) OF
x&e mpdtumo, TOTE €youue o mavouxd poviého mou mpotdinxe otnv [73]. Autd To
wovTélo utovétel thpa TOAES CUVIGTWOES, OEV amautel Wiaitepy exnaldevon xou 1 enidoo
ToU e€UPTATOL ONO TOV EVRETIXG XO0PIOUG TIC AXTIVAC TV XAVOVIXWY CUVIG TWOWV.

To dixtuo PRBF [76, 77, 79] anotehel yior evodhax x| ToocéyyLomn yiol THY EXTIUNOY TwV
xatavouwy xatnyoplac. Etvon éva veupwvixd dixtuo RBF[10] TPOCUPUOCUEVO VOl OIVEL GTIC
k e€6bouc tou Tic avtiotoryeg xotavouéc xatnyopioc p(xlk). Agol mpdxettoan v dixtuo
t0rmou RBF, ot cuvietdoeg tou (ouvapthoeis Bdong) uotpdlovtor YeTall TV XATNYORIDY,
xo x3UE xATUVOUT| XAUTNYORIC EXTIUATOL YONOCWOTOIWYTAS OAL Tal OlVEGUIA TEOTUTOL XAk OYL

HOVO TOL TROTUTOL TNG OUYAEXPLUEVY) xaTNnYoplog, OTwe Yivetar oe Uiot TUTXh Ui&n xavovixmy
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xatavouwy. Ilpoxeévou va extoudetoouye to dixtuo eqogublovue Tov akyopriuo EM
Yoo TV Ueytotononorn g mavogdavelag Twv OEDOUEVWY WS TEOS TIC TUQUUETPOUC TOU
duxtbou [26, 57, 10, 77]. Emniéov obugwva ye tny [78] 1 YEVIXEUTIN oy TN Ta TOL BixTOOU
BehtidveTon av YETA amd TNV EXTOUDEUGT) Ol GUVIO TWOES DIAOTWVTAL, £T0L WG TE OL VEEC UTO-
GUVIO TWOES TOU TEOXVUTTOUY VoL UV vl X0WVES Yo OAEC TIC xaTnYopleg. Ou avapepduacTe
O€ QUTY| TNV TEOCEYYLON W tEpapyxn exnaideucr Tou PRBE.

‘Eva onpavtixd Véua otny exnaidevor tou PRBE elvou 1) apyixonoinon towv cuvictwomy
T0U, eTEWY| Enneedlel To onueio clyxhong Tou EM. ‘Onwe &époupe 0o EM etvon évag ahyo-
ewuoc tomxfic avalhtnong, ondte eivan eYYUnuévy 1 o0yxhior Tou e €va ToTXO UEYIOTO
e mavodvelag To onolo ouwg umopel va Peloxetar poxpld and T0 oAxd UEYIGTO, OEC
Y mopdderypo Ty [9]. H enidpaon tne apyixonoinong oty enidoon g uedodou giveton
X0 G TA TELRAUTLXS anoTEAéopaTa ToU TopaléTouue e enduevy evotnta. Mo ugpuxr Ao
elvon 1 moAhamAy| enavexxivnorn tou EM ue dwgopetinég apyonotioelg, xat 1) otathenon
e xahOTEENS AUong. M dAAn mpocéyyion ebvan 1 egapuoyy Tou alyopiduou k-means
(mou yenotponoteiton ouyvé otny extaideuot tou dixtiou RBF) yio tny ebpeon anodextmy
apyx@v TeY. 201600 T0 TEOBANUL UETAPERETAL ETOL G TNV apyixomoinon Tou k-means.
EmnAéov 10 xivnteod pog ebvar var avTIUETWRICOUUE TO TEOBANUA TNS aEYLXOT0NoTE UE EVay
Te6T0 Tou Vo mpodyel TNV Tavounc. Autéd dev elvon BuVaTO UE xavEva alydotduo opado-
noinong, agol dev unopel va Adfet unddn Tou Thnpoopia Yl TIC xaTNYopEiES.

[at var avTIUETWTIGOVUE TO TEOBANUA TNS aPYLXOTOMONC TEOTEVOUUE Uiol aUENTIXY Ué-
Yoodo exmaidevone yia 1o PRBE dixtuo, 6mou ol cuviotohoeg npocUétovion oetploxd ot
emheypéva onuela Tou yhpou dedouévwy [22]. H Baowr| 16éa eivar 1 tonodétnon twv ou-
VIGTWOWY %x0v1d 670 bpto andgacns. To oplo andgacrc evog Tavounty| dloupel Twy yweo
TWYV OEDOUEVWY GE UT) ETUXANUTTOUEVES TIEQLOYES, OL OTOIEC AVTIOTOLYOUV OE OLUPOPETIXES XAl
mYoplec. Avoauévouue 0Tt Uil xahY| EXTIUNOY) TV XATAVOUMY XATNYORLOY YUPw and 10 Hplo
amOQaong etvar apxeth yio va eacgaiioet xahy| yevixeutixt| txavotnta. Ipbdogatec uédodot
TOU ETUXEVIPWVOVTAL 0T0 Opto andgaorc tou RBE talivounts neprypdgovtar otic (54, 62].
H yédodoc mou mpotetvouue elvon VIETEQUIVIO TIXY), OEV eE0pTdTon Amd TNV apyLIXOToNoT TOU
ouxtO0L, xar uTopel eUX0A Vo GUVBUAGTEL UE XELTAPLAL ETLAOYHAC LOVTEAOU TEOXEWWEVOL VA

Beelel xar o xatdAinhoc apriudc Twv cuvioTwowy Tou dtlou. To melpauaTixd aToTEAE-
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opota delyvouv ot 1) uédodog elvar avaTepn NG tepapyixic exnaldeuvorng tou PRBF (78],
xou €yel ouyxplown enidoon pe yedodouc Baowouévee oe Support Vector Machines (SVM)
[25].

[pénel va onuetdoouue 6t Sidgopes uédodol [65, 49, 84, 43, 44| éyouv mpotodel yio
Vv auéntxt) extaldeuor Tou RBFE dixtiou, xou Bastlovton eniong otny éa tne otadluxhc
TEOCUAXNC CUVIOTWOMY XxaTd TNV exTaideuoy). 261000 auTéC oL PEVODOL EMXEVTRWVOVTAL
oe oeptaxd dedopéva (on-line pdidnon) xar o mpolhfuata taivdpdunone (tpocéyyiong
ouvopthoewy). Aev eivor Zexdiopo To TdC unopolv Vo TpocupuocToly auTéc ot uédodol 610
mhaioo Tou PRBF, 10 onolo eivan o otatio x| uédodoc 61o mpdéBinua tne talvounonc,
xo €yel VEUEMMOELS OLpOPES Xl OE OYEDY) UE TO HOVIEAD TOU YETOLUOTOLElTON (to omoio
elvat ptor Ui€n xavovixdy xatavoudy) xo o€ oyéon ue 1o tpdBinua mou emthlel. o autd 7

TEOGEYYLON TOU TEOTEVOUUE Elvor TOAD DLUPORETLXY,

6.2 To IItdavotixd Aixtuo RBF yia Tagwvounon

Ocewpolue €va meolinua tadvounong pe K xoatnyopleg, omou K ebvar yvwotd xat xdie
TEOTUTO aViXEL OE ULaL xat U6vo xoatnyopla. Mag divetar Eva 6OVOho DEDOUEVLY EXTAIDEVOTIC
X ={(zM,y™)n=1,...,N} énou (" eivar éva d-Bidotato mpbTuTo, Xt Y™ eivor pia
etxéta k € {1,..., K} mou delyver v xatnyopla tou mpotinou ™. To apyxd clvoho
X umopel va ywploTel ypnoworoiwvtac Tic eTixétec o K aveldptnta utocivola Xy, étol
wote xdde utocUvolo TEREYEL UOVO TeoTUTA NS avtioToyng xatnyopiag. Eotw N o
apriuoe TV TpoTiTWY T xatnyoplac k, dnhadr Ny = [ Xj|.

Trovétouye 6TL €youue éva dixtuo ue M cuvapthoelg Bdong oL onoleg elvar xatavoués,
6mwe 610 Lyhua 6.1. Xto dixtuo PRBE 6hec o ouviotdoee tou f;(z) = p(x|j) yenorwo-
TOLLYTOL Yol TNV EXTUNGT TV UTO GUYVITRXT XUTAVOULY OAKY TV XATNYORLWY, YEWEMVTIS
611 Oheg oL ouvioToes Peioxovton oe pla xowt| de&auevy| (common-pool) [76, 77]. Ondrte

x&e xotavour| xatnyoplac p(z|k) wovtehonoeiton ye wa iln tne wopehc:

M
plalk) = mpfilx), k=1,..., K (6.2)

j=1
OTOov f](x) elvol 1 CUCTATIXY XATAVOUT| J, EVK OL GUVTEAECTEC UENC 7 amoTehOOY TNV
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p(x[j=M)

p(x[j=1)

Yyfuo 6.1: To mdavotxd dixtuo RBE.

€X TWV TEOTEPWY TIAVOTNTA PE TNV OTolo VA TEOTUTO TEOEPYETAL UTO TNV GUVICTWOW J
dovEvTog 6Tl avixer otny xatnyopio k. Ou cuvtedestég ebvar un-apvntixol xat adpoilovto
oTNV Uovada Z;\il i =1, k=1,..., K. Méhc unohoyiotolv ot éZodot p(z|k) tou Bi-
xTOou, 1 xaTnyopla EVOC dyvwoTou Tpotinou = xodoplleTon YENOLOTOIWYTIC TOV XAVOVA
anoaong Tou Bayes, dnhadt to o avatideton otny xatnyopio UE TNV UEYLOTH EX TWV LUOTE-
ewv mavotnta P(k|x) nou unohoyileton and v (6.1). Ov anoutodueves ex TwY TPOTEQWY
mdavotnteg etvon ou P = Ni/N, olugwva ue TV Aor uéyiotng miavopdyvelag.

Eivar enlong yeriowo va opicouye Ti¢ ex twv o Tépnmy TavotnTe Tou ex@edlouy TNV
nenoldnom 61l 1 ouvioTwoa j elvon UTELYUYY Yia €val TEOTUTO T BOVEVTOC OTL AVAXEL O TNV
xatnyopio k. Aut n mavétnta urtoroyileton ye to Vewprnua tou Bayes

P(jla, k) = —ei@) (6.3)
> e T fi()

Yny ouvéyela g epyactiog Vo aVaPEQOUAOTE GE XAVOVIXES CUVIOTWOES TNG LOpPrC:
filz) = Wexp —5(93 — )" B (T — ) (6.4)

OToU [t € R eivar o (EVIPO TN GUVIOTWOOAS J, eve Xj elvon o avtioTowyog d X d mivaxog
ouvdlxtuavone. To mAfpeg didvuoua Topauétowy © amoTteleiton and TOUC GUVTEAECTEC
wiEne, to xévtpa xou Touc mivaxeg ouvdtoxiuavone © = {m, s, 25| V7, k}. ‘Onwe neprypd-
bope oty Evétnra 2.3.2 to PRBF anotehel yia ey nepintwon tou dixtiou RBF, xou
YEVIXEUEL TNV WIET) XOVOVIXDY XATOVOUWDY.

[ty extiunon 1wy tapauétewy tou PRBE, o alyépuoc EM unogel va egapuoctel
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Yoo TV peYloTonoinen tng mavopdvelog:

£(O)

> logp(alk). (6.5)

1 fEeXk

‘Onwg etvan yvwoto, o EM elvon o emavaknmtier owadixactio pe 600 Bhuata oe xdie ema-
vahndn. Katd 1o E-Bhua urohoyillovtar ot ex tov uotépwv xatavopés (uneuduvotnreg)
® (t)

YETOWOTOLOVTUS TIS TEEYOUGES EXTIUAGELS YIo TOUS Tips Ko X Zj . oUugwva Ye [77]:

m it g, 55)
Sy g filws 20

Katd 1o M-Brjuo oL EXTIURCEL TV TOQAUETOWY AVOVEWVOVTAL GUUGOVA UE TIC EELOWOELS:

K ‘
(t+1) Zk:l erxk P (Jlz, k)x

PO(jlz, k) = (6.6)

T SR Sen, PO D 00
st T Lo, POGIE B — 157w — ™) 68
2521 ZwEXz P(t)(]|1”£)
it = Nik > POGle, k), k=1,...,K. (6.9)
ze Xy

O EM tehxd cuyxAivel oe €va ToTix6 UEYIGTO TNG TAVOPAVELIS.

6.3 H Iepapyixr) Exnoldeuvon tou ITidavoTtixob Awxtbouv RBF

Yy [78] eyel mpotadel wa tepapyint| wEYodog exnaldeuong yia o dixtuo PRBE ue 600 o1d-
ot X210 EM-o1ddio, éva dixtuo PRBF ye M cuvictdoec exmandeleton Ye tov ahyoprduo
EM (6.6-6.9). Metd v oUyxhion tou EM unogel va undpyouy cuvio 1oec TotoVeTNUEVES
O€ TEPLOYEC TOU Ol XUTNYO0plEC TwV dedouévwy emxalinTovTon. Autd unopel va cupPel av
OEV €)Y0UUE EXTUNOEL 6wOo T ToV aptlud M twv cuvictwooy. Ilpoxewévou va auiniel 7
Yevixeutxy| enidoon tou dixthou, oty (78] mpotelveTal N SLIOTAGT, TETOLWY GUVIC TWOMY.
‘Etol 670 61400 dtdonaong TN Lepapyhc extaideuong, xdle cuvioTwoa Tou BixTUOU dLa-
ondrtat o€ K 10 TOA) UTO-GUVIG TWOES, TOU AVTIGTOLYOVY G TIC XUTNYOPIES TWV TEOTUTWY Yid
o omola ebvon unedYuvn. Autd umogolyue vo o TeTUyouue LToAoYilovTag TNV EX TWV LOTE-

cwv miavotnta P(j|x, k) péow tne (6.3) yia xdle cuvio o, xat vo ano@acicouvue av eivor
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umebYuvn yio tedTUTA TOAAGY xaTnyoplwy. ‘Etol yio xdie mpdtuto x € X unohoyiloupe

v P(jlx, k), xou ehéyyoupe av 3 o P(jlz, k) > 0 yio nepioodrepec and pua xatnyopiec
k. Av ioylel autod, TOTE aQoupolUE TNV CUVIGTWOI j and TO diXTUO xaL TROCUETOUUE UL
EeYwplo T UTO-CUVIOTOOA Yiol Xdle xatnyopia. AV DLIGTEGOUUE ULl CUVIOTWGA j, 1 UTO-
4 / ’ 2 4 4 .
OULVIO TMOA TOU TEOXVUTTEL YLol TNV xatnyopio k etvar uar xavovixr) xatavout| fir = p(x|j, k)
UE XEVTEO L, TV GUYOLIXOUAVONCE j5 XAl CUVTEAESTH WENC 7). AUTEC TIC TopauéToouC

VéToupe olupwva Ue Tic tapoxdte eilohoerg [78]:

1 )
T = 5 2 PlUle k) (6.10)
reXy
e = 0, VU #Ek (6.11)
P(jlz, k)x
pa = 2aex, LU, F) (6.12)

2vex, LUl k)
Ywex, LUl ) (@ — ) (@ — pe)
2 rex, Pl k) '

Metd tnv dtdoraon v xdde xatnyopla k undpyouv Mj, cuviotwoeg, xot 1 E£0d0g k Tou

(6.13)

OwetOou elval

M,
plalk) = i fn(z), k=1,... K. (6.14)

Xpnowonowwvtog tig tpoavagepleioes eEIOMOELS, Ol GUVIOTMOES TOU XUAUTTOUY TEELO-
YEC UE TEOTUTAL TOMAGDY XATTYORIWY DLIOTIWVTAL OF UTO-GUVIOTWOES TTou efvar UTEDTUVES
YLl GUYXEXPIEVES xaTnYoplec. Y10 Xyhua 6.2 mopouctdleton €val YopaxTnolo Tixd mapd-
Oetyuor Btdomaong wag cuviotwoac. Mo Tapatfienot mou umopel va Yivelr and tnv dmodn
¢ tadvounong ebvar to 6Tl ) Theng expetdAieuon g dtdornaong yiveto Gty Gheg ot
ouviotwoeg Tou PRBF ebvar totodetnuéveg oe meployéc mou xahinTtouy 10 6plo andgaong,
OTWC Yo ToEddEYUo 6To Uy fua 6.3. AuTh 1) Topathenon Wac odRYNoE G TNV avdTTUdY Uiog
augnTehg uedodou yia TNV TOTOVETNOY TOV CUVIGTMOMY TOU DIXTUOU TOU EXTALOEVETAL O TO
EM-otddto.

‘Eyet anodeydei otny [78] 61t 1 tpocdixn tou otadiov Sidonaone and Ty uia eYyudTaL
™y al&nom tne mavogdvelag, xou and TNy GAAY Oiver Eva BixTuo Ue BEATIWUEVY] YEVIXEUTIXN
XavOTNTA G GYEGT) UE TO BixTLO Tou extondeeTal 6T0 EM-01ddt0. Qotdoo av 1 egapuoyr
Tou EM rnou mponyeiton dev €yel xatarhilel oe ixavonotuixy| Aoor, TOTE 1) OLACGTAGT, UTOPEL

va 0woe AOon mou ebvar TOAD xatwtepn and v BEATioTn. Egdcov evdlagepduacte yia
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Yyfua 6.2: H dwadwasta didonaong uag cuvictwoag. H xevipnd cuviotmoa etvon Totove-
TNUEVY) OE Lol TERLOYY| UE TEOTUTAL 000 XATNYORUDY, XAl OLUOTYTAL OE VO UTO-GUVIC TWOEG

0€ BUO UTO-OLUVIO TWOES ToL efvol UTEVVUVES Yiar TEOTUT UL XaTHYopiag HOVo.

NV epunveia 1wy ouvioTwowy Tou PRBE cav ouddeg mpotinwy, Yo Yéhaue va amo@lyouue
nepnTwoel mou o EM €yel ouyxiivel oe uia AOoT TOU Uiol oLV TWOA XUAOTTEL TOAAES
ouddeS 1) ot oudda xahiTeETOL antd TOAAEC cuvioTwoes. O tumixdg EM unopel va naryideutet

o€ TETOIEC UTOBEET TEREC AUGELS, Xt AUTO €CUOTATOL ATOXAEIG TXE Amd TNV 0Py LXOTOINCT TOL.

[t v avTipetownicoupe autd To TpoBinua, tpoteivouue o audntiny| uédodo yia 1o EM-
o1ddto mou Lemepvd To TEOBANUa TS apytxonoinong tou EM. Katd tny didpxela autol tou
o Tadiou, ZEXIVOVTISC UE UL GUVIGTWOI TROGUETOUUE G TABLIXA CUVIO TWOES GTO BiXTUO, %ot

0710 Be0TEPO GTADIO DLIGTIUE OAEC TIC CUVIOTWOES YLA VAL TALOUKE TOV TEAXG TalvounTH.

6.4 H Auvintixn Médodog Exnaldosvong

H npotewvdpevn audntnt| pédodog epapudletar 6T0 TPWTO GTABI0 TNG LEPUP) I EXTALDEL-
ong. ‘Onwg Mdn avagégaue, eivor Aoyixd vo ToTOVETACOUUE TIC CUVIGTWOES OE TEQPLOYES
TOU TEPIEYOUY TEOTUTOL TOMWY XATNYOEt®Y. AUTY 1) Tax Ty avaUéVoulE Vo BKOOEL UETA TO
o Tddt0 ddomaoTg Eva BixTuo YE xahr enidoor 6TV TACVOUNOT) dY VRO TWY TEOTUTWY.

Ocewpolue éva dixtuo PRBE pe M cuvict@oeg xatd tnv Sidpxela Tou TpMTou G Tadiou
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Yyfuo 6.3: H emduuntd tonodétnon 1wy cuviotwony tdve 610 6plo andgaons (oyedio-
OUEVO UE OLUXEXOUMEVT) chxpw’]) ©oTd 10 TEWTO OTAOW TNG tEpapy g exmaideuong. M
ax6houln OIIOTUCT, TWY CUVICTWOWY Yo DWOEL UL xavoronTxr AOor 6 To TEdBAnU TNg

T vouneng.

exnaldeuonc. Hpoxewévou va onuoupyiooule Eva dixtuo ue M+1 cuvic Twoeg 1) dtadLxacio
¢ Teoo¥nxng epumhéxel xadohixn xou Tomxh avalATNOT GTOY YMEO TWY TAPUUETEWY, YLl VA
oploel Ti¢ mapauéteoug TN Véog cuviotwoag. Katd tny didpxeta tng xaolxric avalrtnorng,
n wévodog e€etdlel éva 6UVOAO amd UTOPRPLEC TEQIOYEC GTOV YOEO TWY TEOTUTWY, %ol
eMAEYEL TNV XAAVTERY) HE EVOL XATIAANAO XQITHELO. TNV GUVEYELL, YIoL TNV TOTXY) avalATNo
yenowonoteiton o alybdprduoc EM nou npocapudlel Ti¢ TapopéTeous Tou VEOU DIXTUOU UE
Tic M + 1 ouvictwoec. H dadixacia enavalnmTixic Tpochxng cuVIGTOOoMY Cexve UE Wi

CUVIC TWOO ot ETavaAauBaveTar u€ypet va xavoromniel xdrota cuvifixn tepuaTiopon.

6.4.1 IlpoocUnxn XuvicTdoog

Trovétovtag éva dixtuo ue M ouvioT®oeg xo dtdvucua Tapauétewy O, 1 utd cuvif-
xn xatavour, vy xde xotnyopion k eivon p(x|k; ©pr). Etnv mepintwon mou npootiveto
wo véo ouviotwoa j = M + 1 ye xatovour fary1(x), xdde xouvolpla xatavour xatnyo-

ploc p(z|k; Ong1) opiletan we wa pidn tou tpéyovtoc uovtéhou p(x|k; Opr) xar e véac
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oo tHoag fari1(T):

p(xlk; Onrga) = (1 — ag)p(xlk; Onr) + i far g1 () (6.15)

6mou oy (k=1,..., K) elvar ot ouvtedeotéc uidng tne véac ouviotwoag xat oy € (0,1).
Auth 1 mpocéyyion elvar avdhoyn ue Ty auintixd akyoderduo Greedy-EM mou éyel npotadet
oty [82] v Ty extiunon xatavoumy ywelc eniBredn. Xenowonotdvtag v npornyoluevy
e&lowom, 1o dixtuo Tou tpoxtntet eivon ndht PRBF. H hoyaprduid nidavogdveia L£(Oy41)
ToU OWTLoL UE Tic M + 1 cuvioTwoeg efvar

K

L(On1) = Z Z log {(1 — ay)p(z|k; Onr) + ag fars1(2)} (6.16)

k=1 zeXy
‘Eotww PRBF(M) eivar to Sixtuo PRBF petd tnv npoctiixn M cuvictwody, xo €61w
PRBFsplit(M) 1o 6ixtuo nou mpoxOnTel uetd v didonaon twv ouvio twotky tou PRBF(M).

O augntixdg ahyopriuog exnaideuons mou tpotelvoupe cuvodiletar ota axdrouda BruoTa:

1. Bétouvue M :=1. ApyxikomoioVue to diktuo PRBF(1) pe Tn Lo ouvLoTGOO,

0¢ €&NC:
1 K
k=1 ze Xy,
1 K
5= mz (& — ) (x — )" (6.18)
k=1 ze X}
e = 1, k=1,....K (6.19)

2. Bpiokoupe TLC TOPAUETPOLC TNC VEAC ouvioteoac fur41(T) Kol Toug avtiotol-
XOUG GUVTEAEOTEG (v, OEwPOVTOG TLG Katavoues katnyopioac p(z|k; On) ota-
Bepec. LNy mepintwon mou dev pmopel vo MPooTeBEl EMLTAEOV OCULUVLIOTOON

Teppatilouvhe TNV owEnTikY) dLadilkaoia kol mnyalvouue oto Prjuc 7.
3. Apyikomoiolpye To diktvo pe M + 1 ouvviotwoeg péow tne (6.15).

4. Egapuolouue Tov oAY6pLBuo EM oto dikTuo pEXPL Vo OUYKALVEL, YLo vo Té-

poupe To diktuvo PRBF(M +1).
5. Bétovue M =M +1.
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6. Av M < M40, TMyaivouvue oto Prjua 2.
7. TnoloyiZoupe Tto diktuvo PRBFsplit(M) oOugeva pe tic (6.10) oc (6.14).

To Bruata 1 6 anoterolv 10 EM-01d6i0 mou xatacxeudletar 1o PRBF, eve 1o Brua
7 avtiototyel oto Split-c1ddio xataoxeurc Ttou PRBFsplit. Eivor mpogavée dtu n audntixd
otadtxaoto teppatiCel elte oto Brua 2 (omv TeplnTwoT Tou BeV UTopoUUE Vo EVIOTICOUUE
xoctd()\)\n)\n Véon oo Sedopéva yior TV VEX GUVIOTOOA), EiTe 610 Brua 6 av €yet Totovetnlel

/

HON €vag TeoxaoptouEVog HEYIOTOC apliud CUVIG TWOMY.

6.4.2 Ilob ToroYetodue tn Néa YuvicTwow;

To Briua 2 Tou alyopiduou elvon o mo xplowo xatd TV TEOCVHXY TNS CUVIC TWOUS, OTOU
xodoptlovTar oL TopdUETEOL TN VEAC CUVIOTWOS Ue avalltnon uéoa o€ éva 6UVORO UTO-

bhguwy Mcewv. Mropolue va cuvodilouue auth tnv dradxacia oe tpla BAuoTa:

2. (o) Anprovpyolue €va 0UVOAO amd LTOPHPLEC CUVLOTHOEC XPENOLUOTOLOVTUC

MLO TEYVLKY] dLopeEpLonc Tev dedouevey.
(B") Ipooapudlovue TLC MAPAUETPOUC TV UTOPHPLO®YV CUVLOTWORV.

(y") XpnoLpomoLoUue €va KpLTHPLO €MLAOYAC YL Vo SLAAEEOUUE TNV CLVLOTO-

oo mov Bo mpootebel o0To dikTULO.

Enedy) dev elvar duvatd va opioouue amevdeiog gl Lovadixr| XA GUVIGTOOA YL Vo
npoctedel, opiCouue éva alvolo amd uToYPleC apyIXéC TUPAUETEOTOOELS, TEOGUAPUOLoU-
UE TIC TapaUéTPouS yenowonowwvtoag partial EM, xau ot xalOTtepec TWES TwV ToQUUETEMY
(1, 3, ax) yenotponowivton oto Bua 3 tou olyopiiyou.

‘Eotw M 1o tpéyov tARdog cuvictwowy tou dixtiou. llgoxewévou va dnuovpyfoou-
UE TO GUYOAO TV UTOPRQLY apyix®V TopaueTeoroioewy diouepiCoupe To clvolo X ot
M vurocivoha Boctouévol oTic ex Twv uoTépwy Tavotntee P(j]x), étot yio xdde ouvi-
otwoa j opilouvue 10 S; = {x|P(jlz) > P(ilr),Vi # j}. O mdavétnrec unohoyilovto

TEPIWPLOTOLOVTAS TIC ETIXETES TWV XATNYORLWV:

K
P(jlx) =" P(jla, k) P(k) (6.20)
k=1
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Yyfua 6.4: Avadpouiny| Slauépton evoc TEYVNTOU GUVOLOU BEBOUEVWY OE ETUXANUTTOUEVES
Teploy € UE Yenon tou akyopiuou kd-tree. ‘Okec ot 14 dauepioeic mou aneixoviloviar ota
Tplo Ypagruata Aaufdvovton unddr Yo TOV TEOGBIOPIOUS TWY UTOYHPIWY TOLUUETCOTOL -

OEWV.

6mou P(k) = Ni/N n ex tov npotépwyv mdavotnta e xatnyoplac k. T xdde éva and
T M obvoha S;, dnuoupyeitoan éva utocivolo and urtohriglec GUVIGTAOOES, YweilovTac T
oedouéva ue tov ohyopriyo kd-tree [8]. ‘Eva kd-tree opilel o avadpouwxt| diopépton tou yo-
EOU DEDOUEVWY OF UN-ETXAAUTTOUEVES Teptoyec. [lpdxettan yio Eva duadixd 6EvTpo, dTou Ta
oedouéva mou oyetiCovton Ue Eva Un-TepUaTind x6ufBo ywellovtal 6Ta BUO YENOUOTOIOYTIC
éva umepeninedo yia va oploouy Toug anoydévous tou xéuPou. [o tnv Swpépion Twv dedo-
UEVWY evog xoufou yenoonooue Ty Bl tpocéyyion ue v [52], dtou 1o unepeninedo
optleton va ebvon xd¥eto oty x0pld CUVICTWOON TOU TiVaxo GUVBLIXUUOYOTG TwV OEd0UE-
VoV Tou x0uBou xou v diépyeton and to péco toug. To Xyhua 6.4 anewxoviler ta oTdda
NG dopéplong yia éva TEYVNTO oOvoho dedouévwy. H dudiacia dlauepionol egapuoleto
avadEoULXd UEYEL VoL DWOEL EVOL DEVTRO TECCULWY ETITEDWY, XL YETOWOTOOVUE OAOUS TOUG
xouPoug Tou (éXL UOVO TOUg Tsppauxo()g) YLt VoL 0p{COUUE To ETIXAAUTITOUEVA UTOGUVORX
S; (14 unooivoha Y xdle cuviot®oa §). O Betyuatinds pécog xot 0 SerypaTiXos Tvoxog
oLVOLIXOUAVENG %x4VE UTOGUVOAOU amOTEAOVY TIC UTODHPIES aPYIXES TALUUETLOUS TNE OU-
victwoac M + 1. Ov apywéc Twéc twv oy opilovton {oeg Ue 7Tjk/2, YL TO UTOGUVOAX TOU
neoéxuay and TNy dopéplon Tou S;.

ITpoxeyévou Vo TpocapUdCOUUE TEQLOGOTECO TIS TUPAUETEOUS XAVE UTOPHPLIC CUVIG TG-
oag, epapudlouue Tov partial EM mou avavemvel uévo Tic Tapaé€Teous TS VEUC CUVIC TWGOIC

EVK Ol UTOAOLTES TOEAUETEOL TOU dixTOoU Uévouv ctoepéc. Auty 1 Teploplouévr Tomxy
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Behtiotonoinon eivan yeryopn, cuvidwe wa ¥ dVo eravadfels apxoly, Xal 1 GUVIGTOGU
nopapével xovtd oty apyxh tne Véon. ‘Eotw Oy 1o Sidvuoya nopauétpwy tou PRBF(M)
mou Vewpeltoaw otadepd xatd v extéleon tou partial EM. Yto E-BAua tou partial EM
umohoyiloupe TG ex TV UG TEPWY TAVOTNTES P(t)(j = M + 1|z, k) ypnowonoudvog Tic

: ‘ ®) (®) ’ )
TEEYOUOEC EXTIUNCELS TWV (", g XOL X3, 1 CUUQWVOL UE TNV:

t t t
Oé/(f)fMH(SC; ,U/E\/[)—i-lv 25\4)+1)

PO =M+ 1|z, k) = : (6.21)
(1 = ayp(alk: Ou) + o farsa (: i, Eh )
Y10 M-Brjuo avave@Voule TI¢ TOPUUETOOUS TNS CUVIGTWOIS CUUPWVIL UE TIC:
L) Y1 Saex, PO = M+ 1z, k) (6.22)
T L Taex, PO = M+ 1z, 0) |
. 1 1
gy _ Lo e, POG = Mt U (e — i) @ =D o
M+1 = ‘ -
Yt Ypex, PO = M + . ()
0 _ LSS pog vk, k=1, K 6.24
ak ‘Xk‘EZX (.] + ‘ZII’, )7 PRI . ( )
zeXy

Av egapubdoouue tov partial EM yia xdie unodhgia cuviot®oa, taipvoude 10 6OVoro Ty
UTOPRPLOY AEYIXWY TUPUUETPOTOOEWY ol = {,ul, ¥ aﬁg} ¢ ouviotwoog M + 1. M and
auUTEC emAEYETAL GUUQWVIL UE TNV OLadtxacio Tou axolouiel.

‘Eyouue 71 avagépet 6Tt Yéhouue n véo ouviotwoa va tornodetniel oe wa meployt
TOU YWEOU DEDOUEVWY Tou TEELEYEL TEOTUTA TOAAWY xatnyopwy. 'Evag tpdmog yio va
TOGOTIXOTOGOUUE ToV Bodud oTov ontolo Ut oYl CUVIETGGN EYEL AUTYH TNV WLOTNTA
elvon var utohoyicoupe v puetaolr Tng hoyopruxrc mavogdvelag yio Ty xatnyopla k,
mou ogelleTar oY TEocVxn TNe utogriglac véag cuviotwoog | Ye xatavouy| fi = p(x; 91)

obugwva ue Ty (6.15). ‘Etor opiloupe v uetaBols Aﬁﬁc Yoo Ty xatnyoplo k wg:

1
Aﬁfk ﬁ(ﬁk(@s\/j-ﬂ) — Li(On))
k
1 p(z;0") }
= — N logll—ap+ap——t 6.25
Ni ; g{ T p(alk: Ow) .

/ l o [ L L l ’ 7 /
omou Oy, = O UG, Bacouévor otig tiwée ALy, avalntolue aviueoa oTig utohhgLeg
oLVIOTWOEC [, auTéc Tou OTay TpocteYolv auidvouv Ty Aoyaprduy Tavogdvela oe 500

ToUAd Lo Tov xatnyopiec. Tétoec unodhgiec Poloxovton oe TeplOyéC TOU TEPLEYOUY TEOTUTY
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oMoV xatnyoptwy. Ilgoxewévou va Bpolue tnv xahltepn uTodhQla BIATNEOUUE TIC GUVL-
OTOOES oL audvouy TNV Aoyopruxy miavogdvela 6e U0 TOUAAYIGTOV XoTNYOoplEC Xou
aroppintoupe Tic undroiteg. [a xde cuvicTwoo | mou dlatnpeiton, TeocVETouUe Toug YeTI-
%€00¢ 6ROUC Aﬁf,f YL vae utohoyicoupe Ty cuvolixy| adiner tng Aoyapriutxric mavogdvetag
AL;. H vrodhga I* yioa tyv onola yeyotonoeiton n T ALy npootiieton 6to tpéyov
dixtuo PRBF (M), egbéoov 1t auth elvon peyahltepn and éva xotdght (1o nepduotd
wog to oploaue {co ue 0.01). AwaopeTind Vewpolye 6Tl 1 tpoondieia vor Tpoc¥€couUe Uia
VEX OUVIGTWOO amETuYE, xat Teppatilouue v EM-gdon tou akyopiiuou. To xatwmeht mou
oploape avagépetar oty adinon tne hoyoprduxhc mavopdvelog YETE and TV Tpoc¥rixn
wac ouvioTwoog. Tehxd, Yetd and v tpoc¥rixn TOAAGY CUVIGTWOWY, 1 AOENCT TElVEL 0 TO
undév xar 1 teocVxn otouatd. To xat@eAl Tou YENCILOTOWVUE TO OplcauE EUTEIPIXY Yid
vo anogacicouye noTe 1 avinon tng mavogdvelag etvor auehnTéa, xot Vo ano@OYOUUE TNV
TEOCUAXY TEPITTAOY CUVICTWOWY. MEeTd and TelpauaTiond Ue ToAAS GUVORX DEQOUEVWY PTY-
oaue oTo cuumépacua OTL aAlayéc auThc TNg xhigaxac otny miavogdvelo 6ev ennpedlouy
™V enidoor oy TavouncT), xa eniong Bev 00NYoUV OE TPOWEO TEQUATIONS TNg alinong
ToU OTUoU.

Y10 Yyrfua 6.5 anewoviletar 1 dadasia e tpocdixne cuvictwoas. And apiotepd
neoc Tar Oe&id xon omd Tdvew TEog Ta xdTw @aivetor TO BixTuo UE U cuvioTdoa (Brua
1), n yovodixr, cuviotwoa xou €ZL unodrpieg véeg ouviotwoes (Bhua 2(B) ), 1 emheyuévn
vrodphgla cuviotdoa (Bhua 2(y) ), xat To Bixtuo Ye 800 GUVICTOOES UETE amd EQopUOYY
ou EM (Brua 4).

[Tpéner va onueiwiel oL ydpn otny egapuoyr) Tou EM elvor duvatd pia 6uVo T)Hoa Tou
TeooTEUNXE va yetonavniel uaxpud and to dpto andgacrg omou elye apyxd totoYeTniel.
Auté unopel va cuuBel oty TepinTWoN TOU UTdPYEL W TEQLOY Y| GTOV YOEO DEDOUEVWY TOU
TEQLEYEL TEOTUTIAL UG XUTNYOoplag %ot OEV XOAOTTETOL ETAPAWS ATO TG UTHPYOUGES GUVL-
010oeg. 20Td60 autd dev anoterel TEOBANUA Yot TRV PEYODO, APOl 1] ETOUEVT GUVLO THOA
mou Ya mpoctelel elvar mohs miavo 6t Yo tomovetniel otny Ol apyixr| Véon pe tnv
TeonyYoUuevn, xou Yo Topouetvel exef.

Ohoxhnpavovtag, €va TOA) EAXUGTIXGO YULUXTNELO TIXG TNG TROTEWVOUEVNS Uehdou elvar

TO 6TL Yo TNV EXTAUOEUCT) EVOC OLXTOOU PRBF (M) ue M cuvio TwoeS 1) UEY0DOS XATACKEVY-
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ivaxag 6.1: Ta yopaxtnelo Tixd Twv GUVOAWY BESOUEVKY TOU Yenoorothinxay oTa TEL-

eduoTL.
BLD PID Iris Veh Glass Wave Wine Thyr
mpdTuTa 345 768 150 846 214 5000 178 215
xapaktnpotikd 6 8 4 18 9 21 13 5
Katnyopieg 2 2 3 4 6 3 3 3
(et Oha Ta EVOLIUEST BixTUN PRBF(m) ue m = 1,..., M ouvwictwoec. 'Etol onowdrrote

uéVodog emhoyric wovtélou urnogel vo uhotornel Toh) anodotxd, 6e GUYXELON UE TNV CGUU-
Batinr| pédodo exnaideuong omou o ahyoerpog EM npénel va exteleotel emavahnmind yia
e m = 1,..., M. Avdhoyo peovéxtnua €youv xou ot cuuPotixol yédodol exnaideu-
ornc tou SVM, 6mou ypetdlovton ToAEC EXTEAECELS UE DIAPOPES TWES TWV UTER-TOQUUETOMY
(m.y. Y Vv axtiva evog RBF nupr’]voz) TEOXEWEVOL Va xaoplo ToLY ot BEATIOTES TIES TWY

UTIER-TIORUUETOWY.

6.5 Ileipdpota

Yuyxelvaye tny tpotetvouevn audntixt, uédodo exnaldevong (mv xohovue incremental PRBF-
split) pe tny epopyixn wéVodo mou npotdinxe otnv [78] (tnv xoholpe PRBFsplit) xou pe
Tov SVM tadwvounth. T'a tny exmaideuorn tou SVM yenowonotooue tnv Bi3hiovxn Ao-
yiouxol OSU SVM Classifier Matlab Toolbox version 3.0". E&etdooue oxted cOvola
dedouévev and to UCI repository [11], ouyxexpéva to Bupa Liver Disorder (BLD),
Pima Indian Diabetes (PID), Iris, Vehicles (Veh), Glass, Waveform (Wave), Wine o
Thyroid (Thyr). O aprdudc twv TEoTinWY, 0 PGS TWY YARUXTNRIO TIXOY Xat 0 apliude
TV xaTnyoptwy xdde cuvéhou cuvodilovtar otov Tlivaxa 6.1.

[ xde 00VORO BEDOUEVDY UTOAOYICUUE TO OVOUEVOUEVO GHAAUA YEVIXEUGNC UE Olo-

'To hoyouxd eivan dtodéowo oto http://www.ece.osu.edu/~maj/osu_svm
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o TaPWUEVY EMX0OpWaT), ONhadY yweloaue T0 GUVOAO BEDOUEVMY GE OEXA UTOGUVOAL %ol
eExTEAEOUUE TO TElpOUA OEXA PORES, YPNOWOTOWWVTAC XAVE Popd Eva UTOGOVOLO Yiol EAEY YO
X ToL UTOAOLTL EVVLYL Yot EXTIUOEUGT) TOU OixTO0U. e xdUe eEXTEAECT) TOU TEIPAUATOS EX-
TOUOEVOAUE EVVIA BixTuA Yia DLaPopeTiXéS TES Tou M xat Bla@opeTinols TUTOUS Tou Tivaxa
GLUYBLIXOUAVENG, YETOULOTOLOVTIS EVal amd Ta EVVIA BtadE€ata UTOGUVOAI Yia ETIXUPWGT ol
Toe uTohoima Yo TV augntx uédodo exmaldevorne. Emiéaye tov cuvduaoud tou M xou
TOU TUTOU TOU TVIXA GUVOLAXVUAVOTS TOU EfYaY TO WXEOTECO AVUUEVOUEVO GHAAUA ETXV-
ewong, xou Tov EAEYEaUe UE To UToGUVOho eXEYyou. AxplBng 1) ida Sadtxactio emtxlpwong
xou Tor {0t UTOGUVOAXL YENOoWOTO UMY Lol TNV TEOCUQUOYT TWV UTEQ-TUQAUETPWY TOU
SVM, xau yia Ty emAoyr yovtéhou xotd tny iepapyiny| exnaideuor Tou PRBF. To povté-
Ao SVM pe o onolo retpapotiothraye elye RBF nuphvee K (z,y) = exp{—7|x — y|*}. T
TeoPAAuaTa Je TEPLOGOTERES amd dV0 xatnyopieg yenotuonotfoaue To oyfua “1 tpog 17 yia
v Tot avdyoude o€ tpofBAfuota 800 xatnyopudy, oTtny [1] yiveto gior avaoxénnoT Twv oyE-
Tixwv Pedoowy. O unep-tapduetpotl mou €npene vo puduicouue ¥tav T0 avtioTeogo £0pog
7 Tou mughva xau o x6otog C napafiaong neptopouwmy. Ta xdie nelpaua, npoxepévou
va o) oplcouUE TIC TWES TV (C,7) apywonothooue 10 C' = 1 xou avalntioaue uéoa 6o
obvoro {2°|s = —50,...,50} v Ty tou 7y Tou ehayoTomolEl TO GYIAU ETUVPWOT.
©¢tovtag 10 v o1n BédTiotn Adom, avalnthoaue ot ouvéyela Ty BéhtioTy T tou C
uéoa oo ovvoho {2°|s = —50,...,50}. Tlpogavde n yédodog autr dev eetdlet Ghoug
Toug TaVoUg GUVOUAOUOUE TWY (C,7y) odN& TNV EMAEEAUE Yo Vo €Y OUUE AmodeEXTONS Ypo-
voug extéheone. llewpauatiothxaue enione pe tnv eaviintixd avalhtnor o éva Théyua
ToU YOeou ntou opllouv ta (C, ) xo 1 enidoorn oty Tadvounon HTav oyedoy 1) (Ba, EVK 0
Yeovog extéleonc Ntav 10 70 gopéc ueyalbtepog.

‘Eva onuoavtind tedfinua mou ennpedlet tnv enidoor tou talvounti PRBF eivou o xo-
Yoptopog Tou TOTOU Tou TV GUVOLIXDUAVETNE. XETOLLOTOMACUUE TEELS TUPAUETPOTOLOELS
T0U: oUUUETEXOC VeTxd optouévog (Tov xaholue “mhnen”), Yetixdg dlorydviog (Ttov xaholye
“Duorydvio”) xon Yetinde Sarywviog mivaxag ue Oha ta oToryela g Srywviou (Bl (tov xo-
AoOuE “ocpcxtptxé”). O t0moc¢ tou Tivaxa xadopilel TV apriud TV TUPAUETEWY TOU SIXTUOU
XL TO OYHU TWV GUVIOTWOMY Yia auTtd TeEmel va yiver évag ouufiBacuds. ‘Evag mifeng

TVOXOC ETUTEENEL GUVIC TWOEC OTOWICONTOTE YopPTc, ahhd Umopel var aulHoEL adXotoNGY T
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TNV TOAUTAOXOTNTA Tou BxTOOU xaL Vo 00NYHoeL o utodeéotepeg Aioeg. Emmiéov yia
Uxed oOVORA DEDOUEVMY UE TOAAY YOQUXTNEOTIXY, 1) ¥PhoT ToU TAREOUC TVIXA GUVOLXU-
HoVoNG UTOEEL Vo OONYTOEL GE GUVIOTWOES UE TUVIXEC TOU EYOLY UNDEVIXES 10WTWES. [
VoL TO avTWETWTIOOUUE, yia xde emavdhndn tng dLac THLEWUEVNS EMXIPWOTS EXTEAECUUE
TEEIC YOREC TOV ahybetduo eXTADEUGNS YETOUWOTOLOVTIS XdVE Qopd DLaogeTixol TUTOU
mivoxa ouvdlaxOpavong. Me autd tov 1pdmo xataoxevdoaue xdde popd tela dixTua, To
PRBFsplit’(m), PRBFsplit¥®(m) xon PRBFsplit**"eric®(m), xou emhé€ope vt e
NV xoAOTERT Enld0oT 6T0 Glvolo emxlpworg. Eivar mpogavég 61 yia SapogeTind utoci-
VoAU EXTIUUDEVUOTC T BIXTUOL TOU ETUAEYOUUE UTOREL Vo DLUPECOLY WG TEOS TOV AptdUd TwVY
CUVICTWOWY Xl Tov TOTo Tou Tivaxa cuvolaxuavons. ‘Oco agopd Ty Epapyiny| exmai-
ocuon tou PRBF, vy xdle ts tou m = 1,..., My, xou xd0e tOmo mhvoaxa, exterécoue
Tov EM névte Qopéc Ue DLaopeTinéc apytXxOTO|OELS xat ERAECUUE TO BIXTUO UE TO UXPO-
TEQO O EMIXUPWONG YId VA TROYWENOOUUE G TN OWIOTACT, TWY CUVIG TWOWY Tou. Téhog
TEETEL VU AVAPEPOUPE OTL XaTd TNV Lepoyxh xon TNy auvéntxy exnaldeuorn tou PRBF o
UEYLoTog apriuds GUVIOTWOGY ATay M, = 30 yio Ok to merpdpata. Av xou 0TI TEpLo-
OOTEPEC TEQITTWOEIC 0 AUENTIXOC aAYOplUoC oTauaToVoE Vepitepa, xowe OeV Unopoloe
VO TPOGVEGEL ETUTAEOY GNUAVTIXES CUVIO TWOEC.

O Tlivaxag 6.2 cUYXEVTPWVEL YLot OAOL TOL TELRAUATA TNV PEOT) TIUY) XOL TNV TUTLXY AmO-
xNoT TOU GPIAUATOS YEVIXEUGTS, BNAADT TOU T0GOGTOU TWV TEOTLTWY OE xdVE UTOGOVOLO
ehéyyou mou tadvoutnxay Addog. Xnuet@vouue OTt £YLve 1) (Bl Slauéplon TwY BESOUEVKY
o€ 0€xa UTOGUYOAA o Yo TIC TEEIC UeVddouc exmaideuone. Eivow gavepd ot n audntiny
uédodog exmaldevong uneptepel TNg Lepapytxrc. Xe alyxplon ue To SVM, ol emtddoelg Toug
elvon ouyxplowes. Ta xdmowa cOvola OEBOUEVWY 1) TEOTEWOUEVT UEV000g UTERTEREL, EVW
yio xdmotar dAho o SVM Biver xolUtepa anotehéopata. ‘Etol dev etvar duvatd va Pydioupe
afLOTIO T GUUTERAOUATO YIoL TNV UTECOY Y TNG Uag 1 g dAAng pedddou 6oov agopd To
oAU YEVIXEUGTS.

O Tltvoxag 6.3 CUYXEVTPWYVEL TEWPAUATIXEG UETENOES Yl TNV OUYXQIOT TNG TEOTEWVO-
uevng uevodou ue to SVM. Ou yetprioeic agopoly Tov ypovo exTEAESNC Xal TV ootduwY
TWY CUVIOTWOMY 1 TWV BLIVUOUITWY Tou yenoworotinxay avtiotoya. ‘Ocov agopd Tig

CUVICTWOES, 1) MEVODOC Hag YeNoWoTotel onuavTind AYOTERES and To SlayLoUATA G THpL-
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Hivaxac 6.2: H péon tn (%) xou n tumxt| andxhion (oe nagévileon) tou o@dlpotog yevi-

AEVOTS TWV TELWY UEVHOWY.

PRBFsplit  Incremental SVM
PRBFsplit

BLD  31.3(7.8) 284 (5.2) 30.5 (5.3)
PID 253 (4.6)  24.1 (5.8) 22.7 (4.6)
Iris 3.7 (5.2) 2.0 (3.2) 3.3 (4.7)
Veh 204 (3.6) 14.3(5.17) 16.5 (5.5)
Glass 34.4 (10.3)  28.6 (8.2) 29.1 (9.5)
Wave 144 (1.5) 142 (1.9) 13.3 (1.2)
Wine — 2.2(2.8) 05 (1.75) 1.1 (3.5)
Thyr 7.0 (4.5) 46 (6.1) 5.5 (5.2)

&ne (support vectors) tou SVM, autd ogeihetar 610 OTL T0 JOVTENO TOU YENOWOTOOUUE
Baocileton 61NV oUadoTonoY TWV TEOTUTWY, xal ATOTEAE(TON and Eva OYETXE Uixpd aptiud
amo UEYGAES TEPLOYES TOU YWEOU TEOTUTWY, Tou xovopiloviol and TNy TEQLOYY| ETMEEONC
xde ouviotwooas. ‘Ocov agopd 1oV Yedvo EXTENEOTS, T ATOTEAEGUUTA ECUQTWVTAL ATO
0 mhoor ouvduaouol Twv unep-napauétewy (C,7y) Tou SVM doxwdlovton uéyper vo Bpedel
o Béhtiotoc. Ot yedvor elvan cuyxpiotol yio Tic 600 yedodous, duwe mo dieCodixol Tpod-
oL avalATNOTS TwV TUpAUETewY UTopel va aulhcouy urepBolixd Tov yedvo extéreons. Ot
Yeovolr extéheans petprRinxay yio ulonotioel twv uedodwy o Matlab xar tny extéheon
TOUC 6TOV (B0 TEOcWTIXO UToAoYioTh. Mo oot odyxplon 1wy YEVHOWY YiveTon GTNY

EMOUEVY) EVOTNTAL.
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ivaxac 6.3: O yéooc ypdvoc extéleone (oe Seutepdhenta) xot 0 optduos TV GUVLO TW-

o0WV/BvuoUdTwy Yo TNV TeoTeEVOUEYY wéVodo xat 1o SVM.

Incremental SVM
PRBFsplit

Xpovos owiotwoes  ypdrog daviouata

BLD 33.8 4.5 39.7 224.0
PID 61.4 4.3 164.1 413.2
Iris 16.2 3.0 19.0 50.7
Veh 87.5 4.0 617.0 438.2
Glass 60.6 16.9 20.1 161.4
Wave 118.5 4.6 11357.1 2381.8
Wine 28.1 3.6 30.2 88.4
Thyr 45.3 3.8 19.1 69.4

6.6 XuvunepdopaTo

Y& auTy| T0 xE@dAoto TagouGtdoTXe W auEnTixy uEYodo yio TRV ExTaidEUcT) ToU diXTUOU
PRBF [22], nou Eemepvd To TPOBANUa TNg apyxonoinone Tou Tumxol alyopriuou EM xo
oiver dixTua Ue aveTeRn YEVXeuTr, xavotnTa. O mpotewvouevog ahyopriuog Baciletar otny
TEOGEXTXT| TOTOVETNGT VEWY CUVIOTWOWY GE TEPLOYES TOU elval EVOLUEPOUCES and dmo-
dn Tagwvounong, dnhady o meptoyéc oTic omoleg Peloxoviol TEATUTO TOAGDY XATNHYOELOY
(to bplo om(')cpcxong). AuTéc oL CUVIGTWOES GTNY GUVEYELXL DLICTIOVTAL Yol Vo TpoxUdouy
UTO-GUVIC TWOES TIOU AVTIOTOLY 00V GE CUYXEXQUIEVES XATNYORIES, EMTUYYAVOVTAS €TOL ULd
BehTiwUEvn eXTIUNOT TWV XATAVOUGY TOVY TEOTUTLY xdUE xatnYoplag 6 TNV TEQLOYY| EVOLUpE-
covtog. Ta mewpopatind anoTeAEouaTa OELVOUVY OTL TEOXELTOL VLol flol UEYOD0 oV Ty wVIc TIXT,
wv SVM, nou aiel va houPBdveton unodn xotd TNy xataoxeur evoc Tavounty.

H npotewouevn auinti uédodog napouctdlel ToAES onUaVTIXES DLlagopés pe To SVM.
[Tpota and Oha, ebvan pla otaTio i Tpocéyyion mou axohouvlel To generative npdTumo, ot

avtideon pe to discriminative npétuno mou axoloudolv o SVM xou tar Tumixd VEupVIXS
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wovtéla (MLP o RBF). Emnhéov unopolue va entonudvoude Tic napoxdte Slapopéc:

e To PRBF ebvar eyyevig xatddinho yia mpoBAAUata TOMAGY XATNYORLOY, EVK TO
Tumixé SVM emlel npoAfuoata 800 xatnyoptdy xou anaitelton Tepoutépm avamTtuln

yio var emAOOEL TEOBAAUATA TEQLOCOTECMY XATNYORLMY.

e To PRBF tagwopel éva tpdtuno = Bactopévo 6Tig ex Twv UG TépwY THAVOTNTES TWV
xotnyopudv P(k|x), étol unopel dueca vo unohoyiotel 1 ofefoudtnta Tne andpoaore

1) va Yenowonomdoly ot miavotnTeg auTtég o€ Evay TAVOTIXG XAVOVA ATOPACTS.

e To PRBF uropel aneudelag va daoet pior xatdtoln Tov XaTnyopt®y Buclouévr oTic

avTIoTOLYES EX TWV VO TEQWY TAVOTNTES.

e To PRBF otnpilel tnv andgact Tou o Wio exTiunon tng xatavounic xde xatnyo-
olag ot eploy i Tou TEOTUTOU ELGODBOV, ETOL 1) XATNYOELOTOMGY) UTopEl EUXOAA Vo
epunvevdel diuontind. And tnv dhhrn, 10 SVM xataoxeudler ta dpla andgouomne
ooV Yhpo twv muphvev (kernel space), étol n andgoon tou eivar mo SUGXOMO VA

epunveudel.

e To PRBF nepiypdgetar and éva puixpd clvolo mepioy®y, mou xadoptllovtal and Tic
AAVOVIXEC GUVIGTWOOES. ATd Ty dhAn to SVM reprypdgetar and Eva moh) peyahltepo

oUVoho Blavuoudteny oTieErng.

o Ytnyv iepapyiny| exnaideucn tou PRBE elvor o edxoln xou yeriyoen 1 emthoyy, povté-

Aou, agol Oho Tar LoVTERA BNLoLVEY0DVTAL Bladoytxd oF UL EXTEREGT), Tou akyopiiuou.
e To PRBF eivon éva povtéro mou Pactleton 6 xatavouéc, ondTe avouévouue var €YEL
UELWUEVT amddooT, o TeofhAuata ue ToAD uxed oprlud TeoTinwy xot TOAD UEYd-
Ao aprlud YaAXTNPO TIXGY, OTwS GUUBaEVEL Yiol TOEdOELYUo OE TOMAG TEOBAfuoTa
Tagvounone otny Blomineogopix (TE.X. TaEVOUNCT TNS €XPRACNC TWY Yovdiwy).
e To SVM dev epgaviler apriuntixéc Suoxohiec napduolec pe autéc tou PRBE (m.y.

TUVOXEC DIUXUUAVONG UE UNDEVIXES L&oupég).

Trdoyouv mepriopla Yoo Tepaitéom €peuva, WLaitepa oto Véua Tou xadoplogol Tou

oLVGhOU TV UTOYRPLY Yoo TEoc V1T cuVIGTWOoWY e xdVe eravdindn. Enlone a&iler va
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eCetaotel 1 yprion Probabilistic Principal Component Analyzers [75] avti yio xovovixéc

CUVIG TMGCEC.
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KE®AANAIO 7

ENEPTHTIKH MAOHYH ME TO NETPONIKO

AIKTTO PRBF

Ye autd 10 AeQdhao Topouctdlovue uo uéYodo evepynTixic udldnong v TV exmaldeu-
on tou mdavotixol dixtou RBE (PRBF) [21]. ‘Onwc #0n avagépaue oto Kegpdhao 2,
T0 BixTUO AUTO elvar W ey tepintwon tou RBF, xau anotekel wa yevixeuon tne widne
XOVOVIXWY XATAVOUWY. Apywd mpotetvouue wiar audnuxs) pédodo Yy TNy exXTaideUcT, TOU
otoou pe nu-eniBiedn mou Pacileton otov adydprduo EM. Ytny cuvéyela mpoteivoupe
wa wévodo evepynTixic pdinong mou emavaknmTind e@apuolet TNy dadixaoio udinong pe
nu-eniBredn ota Talvounuéva xon tar atadvounTo BECOUEVY, XAl OTNY CUVEYELXL ETAEYEL
éva atavopnto dedouévo xar {ntd va udder v xatnyopia tou. To xpithglo emhoyic
Tou Tpotelvoupe emAEYEL onueia x0VTd 6T0 dplo ATGPACTC TOU TEEYOVTOS TALVOUNTY, %ot
OlEUXOAUVEL TNV auénTxr) uédodo ue nui-eniBiedn tou exione exyetalheletar T0 6plO AToH-
goaone. To anotehéopata tng yedodoou ot mELPdUATA UE YVWO TS GUVOAL OEQOUEVWY Efvar

eviopeuUVTIXd.
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7.1 Ewaywyn

H evepyntiny uddnon evoc talivountr anoteket €va diaitepo mpdBAnue Tng unyovixhc udin-
OTC, OTOU TA OEQOUEVA TNE EXTIUDEUCTIC GUAAEYOVTAL EVERYY XUTA TNV Otdpxela TG EXTUOEL-
ong. Ta dedopéva elvon Sadéatua cav o pory TAVOUNUEVLY TEOTUTWY, AAAd 1) TANPogopia
mou Uetagépouy xoopiletan and tov tadivounty. O exmadeuduevoc tavounthc xovopi-
Cev oe xde emavdhndn neptoyéc evolapépovioc 6To Yweo BedoPévwy, xou {NTd dedouéva
exnafdevong and autée Tic mepoyés. H onuaoio v evepyntuhic udidnong ebvar eupéwg
anodexth, xat otny [15] yehetdte ) Pedtiwon e yevixeutixhc txavoTntag tou Tadvounty
xS 0 oprluos Twy Tadvounuévey tpotinwy auidvetal. [ToAléc oyetinéc uédodot Eyouy
neotadel Yoo To TEOBANUA. NNV [17] €yl mpotael Evag ol yoprdoc Yiar Wi W& xavovixay
XATAVOUMY, TOU ETLAEYEL To OEDOUEVI TOU EAAYLOTOTOWOY TNV BLodUaveT Tou TAVoUNTY.
Yy [30] éyer mpotadel 1 evepynTd uddnon woag emtponic and TolvounTéc, Tou ETL-
AEYEL DEdOUEVA Yiar To omolar To UEAT TNG ETLTEOTNG Otawvoly. Me Bdon tnv B uédodo
emAoyng, TNy [56] éyer mpotael 7 alonoinon twv ddéouwy atadvounTny TeoTiTmY
yenowonowwvtog tov EM vy va Bedtiwlel i draducacia emthoyhc, Ye 6Toy0 TNy extaldeuon
evoc amhoixol Bayesian (naive Bayes) taZvounts . Yty [86] exnoudelouv Gaussian ran-
dom fields xau apuovixéc ocuvaptrioeic, xou eTAEYOUV BEBOUEVI BACLOUEVOL GTO EXTIUWUEVO
OVIUEVOUEVO GPAAUA TaVOUNGTC.

H epyaoio pag emxevtpmveton o€ Uior TapaAlay ) Tou oevagiou tng evepynTic udinong
mou ovoudleton evepynuxt, udinor Bactouévrn oe wa “delouevy mpotinwy” (pool-based),
xou €yel enlong pehetniel oTic (56, 86]. Xe auTY TNV TERITTWOT T0 GUVOAO TwV TALVO-
UnUEVLY xot atalvounTtwy mteotinwy etvar dtadéowo and v apyr. Katd v didpxeta
NG EXTUUBEVOTC UOC ETLTRENETOL VAL PWTYUE ETAVIANTTIXG TNV XAt yopia EVOC aTalvounTou
TEOTUTOU, XAl YA YENOWOTOWUUE TNV ardvTNoT Yiot Vo BEATIOO0UUE ToV Tadvountr. Xtny
TEdEN AUTO TO GEVAELO Elval GNUAVTIXG HTAV TO Vo pWTHOELS Evay EWdixd Tou Tedlou xooTilet
o3, OTwWS N DAY VWO VO Yiateol, 1 6Tav 0 6YX0C TV ATaEVOUNTWY BE00UEVLY Elvar
1600 Yeydhog mou eunodilel Tnv dieodxr Tadvouncy| Toug, OTwe cuualvel cuyvd TNV To-
Ewounor xeyévoy. Atncdnuxd to xivnteo tlow and tny evepyntnt| pdinorn nou Pacileto
o€ wa 0e€auevy| TPoTUTWY elvor To GTL Ta atadvounTa TEdTUTA Utoeoly Vo Bonihcouy oTny

AATACHEVT| EVOS TO AETTOUEPOUC OTATIO 00 UOVTEAOU TogaywYnc Twv mpotinwy. Erot
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T0 TEOPANUA GUVDEETAUL GTEVE UE TO TEOPBANUA TN udinong ue nu-emiBiedmn. Alydprduot
Yo Ty pdinon ue nu-eniBredn €youv mpotadel yior Ty uiln xavovixdy xatavouwy [36, 74],
xS xon yroo o dixtvo RBF [59)]. ‘Eyet Aoy domotwlel 6Tt T atavounta TpoTuTa
ATOXUAUTTOUY YERGUT TANEOQOELOL Yol TNV XATAVOUY| TWV TACIVOUTUEVOV.

Yny cuvéyeta Yo yehethoouue TNy evepynTixh pdinon nou Baciletar o wio deCopevr
TeoTUTWY Yo To Tavotixd dixtuo RBE. ‘Onwg avagépaue elvar pa elduxr tepintwon tou
owtoouv RBF, mou unoloyilet oe xdle tou €080 TNy xotavour| Twv TEOTUTOY WS XATN-
yoplag. Kotd tny exnaidevor; tou uodetoldue v epunveia Tov cUVIG TWOMY (CUVIPTHTEWY
ﬁdong) ooV OUBOES TEOTUTWY, 6TOU xdUe oudda utopel vo tegthopBdver TpdTURa XdUE o
myoplac. Yto Kegdhao 6 mpotdinxe uio auintixy| uédodoc mou Baoileton otov EM yua
Ny exnaldeuon tou dixtiou PRBE pe eniBiedn. Xtnv cuvéyewa Yo tnv enextelvouye yia
vo xataAhioupe oe U audntixy| wévodo mou Paciletar otov EM yio tny exmaideucr tou
owtoou PRBF ye nui-eniBiedn. e autéd uag dieuxorivel To YEYOVOS 6TL xdde cuvio Thoo
tou PRBF nepiypdger tnv tomxd xatavour|) 1wy tpotinwy, To onola unopody va eivon dla-
poewy xatnyoptwy. 'Etot yio ta atadivounTa TedTunto UTogoUue Vo TEQUIWELOTOLGOUUE TNV
LETUPBANTY Tne xatnyoplac and Tic e€lowoelg avavéwone Tou EM, xou va ypnoiuonolicouye

woll tor Tovounuéva xon Tor aTaVOUNTO TEOTUTA YLl TNV EXTIUNGCT TV TOQAUETOWY.

7.2 Madadnon pe Hu-EniBAsdn

TroVétoupe éva olvoro and tadvounuéva mpdtuna X = {(2",y")|n =1,..., N} xa éva
oOvolo and atafwvounta npdtuna Xy = {a"|n = 1,..., Ny}. Ta to€vounuéva npbdtuna
amotehovTaL amd Eva TUAUA “Eloddou” T € R xou éva tuhuo “e€6dov” y € {1,..., K},

oty repintwon npofAnudtwy ue K xatnyopiec. Autd to turua “eEodou” avadéter wa
XATNYopiol GTO TEOTUTO, X GTNV TEPITTWOT TV ATAEVOUNTWY TEoTiTWY Aelrel. 'Eotw
1 £VWOT] TV GUVOAWY TV TAEVOUTUEV®Y Xt ATaVOUNTWY TeoTOTwY, dnhady 2 = X U X|.
Emuniéov dapepilouue 10 X olugpwva ye tic “e€6douc” oe K &éva uetall touc clvola
Xip ={@™y")|y*=k,n=1,..., Ny} éva yio xdde xatnyopia, t6te Q = |J, X} U Xj.

Yougwva pe Tov xavéva andgacng tou Bayes, évag tadivountig avolétel o€ Eva dyve-
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0710 TEOTUTO TF TNV xoTnYopla K* ue TV UEyiotn ex Twv LoTépwy mavotnta. Av mapa-

Aelhoupe Tov 6p0 TNC £X TWY UG TEPWY THavOTNTAC TOU ECoPTATL UOVO and To T*, TOTE
k* = arg mgxp(x*|k)p(k) (7.1)

6mou p(z|k) etvon 1 xatavour doveione e xatnyoplac k, xou p(k) eivan 1 ex TwY TPOTERWY
mdavotnta tne xatnyopiac. o 0o xatnyopiec k xou k', uéow tne eZiowone p(z|k)p(k) =
p(x|k")p(k') opileton t0 bpto andygacnc tou tadvounth, 1o onolo Slouepilel TOV YWPO TWV
TEOTUTWY.

[ vou eXTIUACOUUE TIC XATAVOUES XATNYORUWY Yenolonoolue to dixtuo PRBE. T
eloodo x 1 xatavour, xatnyoplag p(x|k) eivor n k-ooth é€0do¢ evoc PRBF ue J cuvio tdoeg

(ouvapthoeic Bdone).

J
p(zlk) = Z Tk p(]]) (7.2)

Or cuvtelectég mjy, elvon pun-apvntixol xou Zj ik = 1, eV oL cuvicT®oee Tou etvor Gaussian

1

pleld) = gy o0~ — ) (& = 1)) (73

UE XEVTEO [1; € R won OLXVUVOT) ajz, urodétovtag ogaipxd mivaxa cuvdtaxiuavong. [go-

AEWEVOU VAL EXTILYOOUUE TIC TAPAUETEOUS TOU OLXTOO0U
0 ={pk), K, pj,o5lj=1,...,J, k=1,...,K}

UEYIGTOTOWOUUE TNV antd X000 TAVOPAVELX, OTWS GTNY [59]. Oewpdvtac aveldpTnTeg o
OUOLOL XATAVEUNUEVES TapaTnehoels, 1 Aoyapiuwxr and xowol mavogdveta £ oV Talvo-

UNUEVLY Xt aToVOUNTWY TEOTUTWY Elvor

£ = log[[ II pta.®) I] (=)

= 2. D logp(k) p_mupleli) + 3 log p_p(k) p_mupleli).  (74)

[a Ty yeyiotonoinon tne L yenowonowlue tov ahyopruo EM [26]. O EM eivor évoc
eMAVOATTIXOS ahYOpLdU0g 0 0Tolog GUYXAIVEL GE £val TOTXG PEYIGTO TNG THIAVOPAVELIS, %o
Yenowonoteiton oe TEoBARUATA TOU UTHEY 0LV XEUUUEVES UETABANTES. AuTéC oL pyetaSAnTég

xodoptlouv TNV AOon Tou TEoPBAfuatog, av xai dev eivon TaEATNENOWES. XTNY TEQINTWOY
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Hog oL xpUUPEVES PETOPBANTES xadopilouy TNV CUVIGTWGA Tou BXTUOU TOU TAPRYUYE Eva
TEOTUTO, %ot TNV Xatnyopia evog atadivounTtou Tpotumou. MTnv cuvéyela Yo e€dyouue Tic
eClonoelc avavénmone tou EM Tic onolec yprowonoiooue [21].

OgiCoupe uror xpuUEVY UETABANTA 2(@) yioo xde x € Q mou avadétel 6To TEOTUTO ULl
xatnyopio xat wiat ouvieTwoa. Kde 2(*) givor évac duadinde J x K nivaxac, 6mou z(k) =1
av 670 = €yel avateVel n k-ooTh xocmyoptoc xou 1 j-061H ouvioTwoo. Auty n avddeon
ebvor povaduxr|, €ToL GOTE ) Zk ]k = 1. Emnhéov yio éva tadivounuévo npétuno (z, k)
n aviicTowym 2(®) givon TEQLOPLOUEVT) €TOL WG TE zj(f) = 0 yio xde xotnyopia £ # k xou yio
Oho o . ‘Etou wio xpuppévn uetofBanth unopel vo avadécel oe éva Tavounuévo TpoTuTo
OTOLBATOTE GUVIGTAOOA, ahAd UOvVo wa xatnyopla. Autd dev 1oy Vel TNV TERITTWOT TWY
AT VOUNTWY TROTUTIWY, GT OTolo UTopel Vo avatelel 0ToLdNTOTE XaThHyopio XaL OTOLUDT-
10Te oUVETAOL. Ao¥éVTog ToU GUVOLOU TV XpUPUEVLY LETOBATOY Z = {2@| Vr € O},
optlouue TV hoyoprduxy Thren mdavogdvew

—tog T TTTTiptk)msep(al i)} (7.5)
zeQ k
Av xot dev umopolue va utoloyicouye ancudeiog v Q, agol eaptdTar and TS dY VWO TES
TWES TV Z, UTOPOVUE OUwS Vo tohoyicouue Ty avauevouevn turf tne (Q) wg mpog tny
xatavouy| Ty Z. Egbcov 1 avaugevouevn Ty tng z](.z) 1000To UE TNV ATO XOWOU EX TWV
votépwy mavotnta p(J, k|z) ye ty onola 1o x éyer napoayel and Ty j-00TH cuvioTOow
xou avhxeL oty k-oo 1 xatnyopla, Eneton OTL
=33 " p(, kla) log {p(k)mjp(xlj)} (7.6)
zeQ k
O ahyoéerdpoc EM enoavaroufdver 800 Briuata uéypt va ouyxiivel. YXto E-Brua urnohoyilel
TNV AVOUEVOUEVY THLY| TNE Aoyaprduxhc Thrjpoug mdavopdvelag (Q), oovelong tng TEEYOL-
oag extiunong yio To didvuoua tapauétewy 0. Yto M-Bruc extud to 6 mou peyloTonolel
v (Q). Auty| 1 Sodaoiar GuYXAIVEL oE Eval ToTXG UEYLIGTO NS Aoyoprduxhc and xovou
mdavogdvelac L.

ITio Aentopepde, oo E-BAua unohoyilovue tny p(j, k|x) yoxdde z € Q, j € {1,...,J}

xou k€ {1,..., K} obygwva ye tnv

p(j; klx) = p(jlk, 2)p(k|z). (7.7)

122



Av 10 x elvar atadvounto, téte unohoyilouvue tc p(k|z) xar p(jlk, ) yo xdde xatnyopla

k yenowornowvtag to Yewpnua tou Bayes

k)
p(klz) = —Zzp(x\g)z?(@ (7.8)
p(ilha) = —HPl) (7.9)

Zi 7"-ikp(xh.) .
Av 10 x elvor Tavounuévo, TOTE EXPETIAAELOUAG TE TNV TANEOGopia Yot TNV xaTtnyopla Tou

xon YéTouue

1 ave e X,
p(klz) = (7.10)
0 avaé¢ Xy
xou unohoyilovue v p(jlk, ) napouoing
mikp(x]d)
J ~ avzx € X
p(ilk, z) = imiwrlel) * (7.11)
0 av x ¢ X

Y10 M-Brjua yeytotonololue tnv (Q) wc TE0¢ 10 0, BOVEVTWY TWV TEEYOVIWY EXTIUNACEWY
Y Ti¢ and xowol ex twv votépwy mavotntec. H Aon yio xdde j € {1,...,J} xou
ke{l,...,K} etva

- erﬂzkp(],k|I)a?
S Y owea 2w P Elz) (7.12)

1 e pl M) (= ) — ) .

d > weq 2k PU K|T)
k= Ni+ 2252 vex, PUs klz) (714)
Nk . reX ', klx
o) = + Z]]gi sz(J | )‘ (7.15)

Mo onuavtiny Theupd tng exmaideucne Tou dixtou elvon 1) extipnon Tou aptipol Twv

oLV TWoKY Tou Ya yenotwonotndolv. o va v avtetwricovye viodetolue Ty auin-
14 z e 4 e 7’ 7
T mpocéyylon mou meprypddope oto Kegpdhono 6 yioo uddnon ue exiBiedn, tnv omolo xou
TpomomoloVUUE xatdhAnio. H audntixy| auth pédodog €yet 800 otddia. Zextvdye ye éva oi-
XTUO TOU €YEL UOVO UId CUVIOTWOW, TNE 0ol oL TaedueTeol urtohoyilovton ebxola and T
O TATIO TS TOU GUYOAOL BEDOUEVWY. YTO TEWTO GTAdW0 TNG UEVOOOU TEOGUETOUUE ERAVAAT)-
e 7 7, 7 e 14 7 z
TG VEEC GUVIO TWOES, PEYEL VA PTAGOUNE o TNV emuunTA TOAUTAOXOTN T 11N GUVEYELL,
0710 0e0TEPO GTABLO OLAGTAUE OAES TIC CUVIGTWOES TEOXEWEVOU Vo auECOUUE TNV EidooT

Tou BixtOou. Ta duo 6Tddla TaEouGIdloVTaL O AVUAUTIXE GTNV GUVEYELL.
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7.2.1 IlpoocU%xn XuvicTwoOYV

Ao¥évtoc evog dixtlou e M GUVIOTHOEC UTOPOUUE VA XAUTUGKEUACOUUE €val OiXTUO UE
M+1 ouviotdoee. Av 1 Sodeioa xatavour, xatnyopioc etvon p(z|k), t61e 1 TpocVAXY Wiog

Gaussian cuviothoag q(z) = N (z; f1g, 02 ) €yer we amotéheoua ™y p(z|k) olugpwva pe tny:
p(xlk) = (1 — ax) p(x|k) + ax q(z) (7.16)

6TOU g, vt 1) EX TV TEOTEPWY THAVOTNTA UE TNV OTOLAL 1) GUVIOTOOA ¢ TUPIYEL TPOTUTA
¢ xatnyoplag k. Q20T600 TEENEL VAL EXTYWHGOUUE TA (v, TO XEVTEO iy XL TNV Ol OUVoT)
03 ™ g. Tt autd avalntolue TapauéTpouc TETOolEC WO TE 1) g Vo BploXETon XOVTd GTo 6pLo
anogaons. H xahy) extiunomn twv xatavouny xatnyoploc xovid 1o dpto andgacng elvor
TOAD onuavtixt, yio TV enidoor Tou Ta&vounTy.

Axoloudwvtac v npocéyyion tou Kegahaiou 6, xatageldyouue otny uédodo kd-tree [8]
Ylol TOV OLOUEPIOUO TOU GUVOAOU TV TEOTUTWY. XE1NoWoTowlUE UoVo To Tatvounuéva

7 7’ 7’ 7.
TeoTuTa, To omofa xou yweilouye oe M urocUvola

Xj =A{(z, k)| (z, k) € X, p(jlk, ) > p(ilk, z),Vi # j}

éva v xdde x6uPo. Katodmy ywpeiCoupe mdh xde éva amd 1o X; oe €41 untocUvola xo-

taoxevdlovtag éva kd-tree. H péon tiun xou 1 dtoaxdugovern xde unocuvohou aroteholy

TIC UTOPRQLEC EXTIUNCE TV [1g XoU 03. Ot exTiunoelC TV avTIoTOlY WV EX TWV TEOTEQWY
AATAVOUWY Efvon = ij/2. Awapeptlovtac xdlde ocuviotwoa dnuoupyoluye 6M clvoha
7 7 ’ . 2 Z L Z 7
amd urodfiga dtaviopata 0y = {ay, g, 04}, étol mpénel va emhéZouue To o xaTdAANAO
CUUPWVA UE XUTOLO XQLTHRLO.
XenOHOTOWNUE TO XEITHEI0 TOU EWOAYUUE GTO TEONYOUUEVO XEQAAAO, OTOTE LUTOAOYI-

Coupe v addayr oty Aoyapriund) miavopdvela Aﬁ,gq) ¢ xatnyoplag k Yetd tnv meo-

oxn tne ¢
1 .
AL = 5 (ogp(elk) —logp(ah))
1 q() }
= — 1 1-— + . 7.17
) ou {1 e vanily (0

Awatneolye autd ta 0 mou auidvouv Ty Aoyapruixy Tlavogdvela 5U0 TOUALYLOTOV Xo-

TNYORUOY, X amoppeintouue Ta utohoima. [ xdde O, mou xpathicoue, TpocUéToue TouC

124



Yyfua 7.1: H mpoc¥ixn twv 600 mp@twy cuMcTwony. Ot GUVIOT®OOES Tou 0ixTI0U GYEDLS-
OTNXAY UE CUVEYEIC YOUUUES, XaL oL UTOYRPIEC CUVICTWOES UE Btaxexouuéves. Ot xouxideg

aVaTOEtG TOOV Tal TaEtvouNnTol TEOTUTA GE éva TeOBANUA 000 XATNYOOLOV.
e M1 e POPATIU YOp

Yetxolg bpoug AEZ Yl vor utohoyicouue Ty cuvolixy| adinon tne Aoyoprdixrc mavo-
gaveloag AL, To unodrglo ¢* mou éyer v péyotn T ALy xadopilel 1ic napapétpoug
I VEUS OLUVIO TWGAS Tou Vo TEocVEcouUE 6T BixTUO, av aUTH 1 BEYtoTr TiuY ebvar ueyoki-
TEQN A6 EVA TEOXAVOPIGUEVO XATWPHAL (o€ Oha Tt TELRAUATS LIS Y PNOWOTO|CUUE TNV TIY)
0.01). Awgopetixd Yewpolye 6Tt 1 ntpootdieio TeooUixNg Kag VEIS CUVIO TWOAS ATETUYE.

Metd and v meTuyNUEVY TEoo XN WAC CUVIOTWOS, EQUEUOLOUUE TOV aAYOELIUO
exnaidevong ue nu-eniBAedn, Tov omolo meprypddaue mponyouuévewe. Auth 1 dladacia
umopel va emavakn@iet uéyet va tpoc¥Ecouue Tov anutoOUevo aptdud GUVIGTWOKY GTo Of-
xto. Y10 Yyfuo 7.1 anewoviletar 1 tpocdixrn Tov 800 TEOTOY GUVIG TWOGMY EVOS BLXTUOU.
To apyd dixtuo Ue Ui Lovadixr cUVIG TGO amexovI(eETor 610 Ny hua 7.1(a). O €&t uno-
DhgiEc oUVIGTWOES xat 1) EMAEYUEVY) GUVIOTWOA amexovilovtal 6To Ny hua 7.1(b) xou 6710
Yyfuo 7.1(c) avtiotoryo. Yto Yyruo 7.1(d) aneixovileton 1o Sixtuo Uetd TNV @apuoy
tou EM vy pdidinon ue nui-eniBredn.
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7.2.2 Aidonoor XUVICTOOoOY

Metd 1o 6Tdo0 TNE TEOoVXNC CUVICTWOKY, UTOEEL VoL UTEEYOUY GUVIC TWOES TOTOVETTUE-
VEC OE TEPLOYEC OToU oL xatnyopieg emtxaibntovat. Tpoxewévou va auHCOUUE TNV YEVIXEU-
T LCVOTNTA TOU OIXTOOU DLIGTIGUE TETOLEC OUVIGTWOES. Y€ AUTO TO GTABI0 TNG EXTALDEL-
OTC YETOWOTOVUE Xat Tor Tadvounuévo xo ta atadvounta teotuna. o xdlde cuvicthoa
unohoyiloupe Tic and xowol £x TwV VO TEPWY TAVOTNTES p(J, k|z), xou OLOUTILO TWVOUUE AV
1 GUVLG TGO elvan UTEGDUVY Yio TEdTUTE TOARGY XaTnyopdy. Av Y o p(j, klz) > 0, téte
TNV AQaLEolPE and To BixTUO xot TEOCVETOUUE Wia CEYWPLOTH GUVIOTWOA Yid TNV k-00TH
xatnyoplo. 'Etol tehxd xdle cuvictooa elvon uteduvn yia TpdTuTa HOVO Wag XaTTyoglog.
AwondvTog Ty ouvie oo p(z|j), 1 ouwioThoo Tou TpoxURTEL Y TNV xatnyopio k eivor
wo Gaussian p(x]j, k) pe x€vtpo fug;, Staxdpavor of; xot ouVTeheo T otddmong mi. Autég

Ol TUPYUETEOL EXTIUWVTAUL GUUGWYI UE TIC:

Wi = : 7.18
SRS SR (1%)
ol = lzxeﬂp(ja klz) (x — ps) " (@ — pg) (7.19)
J d ngﬂp(j7 ]{7‘:1}')
’ Ni +Zj ZQEEX@ p(j, k|z)
LUVETOC 1) XATAVOUT] xoTnYoplag eXTUATOL 0S:
plalk) = mup(alj, k). (7.21)
J

YNy mepintwon evog cuvOhou exTaldEUCC 6ToU Ol Tar TEOTUTAL elvon Tavounuéva, T
mdavogdvela xdde xatnyopioc auEdveTton HETE TNV BIdOTACT), 6TWS EYEL AmODdEYVEl O TNY [78].
Q61600 otny udidnon ye nui-eniBhedn dev unopolue va eyyuniolue 6t 1 dldotacn audvet

™V and xowvol TavopdveLd.

7.3 AAlyoplupog Evepyntixnie Mdadnong

Y1 mponyoluevn evotnTa REpLypddaue uior audntixy) uédodo yio tny extaideuct Tou PRBEF

YETOWOTOLOVTIC TAEWVOUNUEVA Xt ATOEVOUNTA TEOTUTO, TNV CUVEYELL EVOWUATOVOUUE
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auty| Ty u€dodo ot évav ahyopriuo evepynTixhic UdNeTg, 6Tou ERAVUANTTIXG ETAEYOUUE
éva atadivounto medtuno xar {ntdue va puddouue tny xatnyopio Tou. Agol yac dolel 7
amdvTNOY), TEOCUVETOUNE TO TAEWVOUNUEVO Tid TPOTUTO GTO GUVOAO EXTIAUOEUOTC XL EXTAL-
oevouue mdAL o dixtuo. To xplowo onueio civar 1 emAoyr evog mpotimou Tou wyelel 6G0O
T0 duvatd TEpecHTERD Tov Tadvounth woc. Ilpotelvouye tny emhoyr evdg mpotinou mou
Beloxetar xovtd 610 6plo andgacns. Me autd ToV TPOTO BLEUXOAOVOUUE TNV ETAVOANTTLXY
TEOGUHXT CUVIGTWOWY TAVW GTO HRI0 ATOPACNC, OTWS TEPLYPADAUUE TEOTYOUUEVKC.

Q¢ xptthiplo Y TV ETAOYT TOU XATIAANAOU TEOTUTOU TEOTEVOUUE TOV AGYO TWV EX
TV UoTEPWY TWAVOTATWY TwV xatnyoplwy. o xdlde atalvéunto npdtuno z € Xy uno-
AoyiCouue Tic e TV UG TEPWY TWAVOTNTES p(k|x) yio xdde xXaTNYOopla, XU OTNY GUVEYELX

Beloxouue Tig Buo xaTNYORlEC UE TIC UEYAAVTEQES TUES:

Kgx) = arg mkaxp(k‘kv), /{éx) = arg max p(k|z). (7.22)

ki)
Emhéyouue vo pwTAGOUUE TNV xaTnyopiot ToU & Tou €yel ToV UiXpOTERO AOYO UETULY TWY

0LO UEYAAITEPWY EX TWV UOTEQWY TAVOTATWY TWV XUTNYORLOV:

(7.23)

Z = arg min log ————=.
w<Xo T p(ny” )

Me autéd tov tpdTO emAéyouue éva atalvounto mpdTuno mou Beloxetar xovid 61O Gplo
V4 7 /7 14 7 7. 4
andgaonc tou teéyoviog tadvounth. Iapatnernote ot clugwva ye tny (7.1) tavopolye
TOL TEOTUTIOL OTNY XATNYORIA UE TNV UEYIO TN €X TwV UoTEQWY Tavotnta. OToTte Yo xdmolo

7 7 7 7 (ZB) o (fE) E 7, 7 7 ’
x 670 Opto andgacnc woyVel 6T p(ky  |x) = p(ky ' |z). Luvende av éva tpdtuno npoceyyilet
7 7 4 7. 7 / 7’ /7 /7
T0 Oplo AT6PAoTG UETAEY 000 XATNYORIWY, TOTE 0 avtioTolyog Aoyapriuixds AdYog TV ex
TwV UG TEPWY THAVOTATWY TEIVEL GTO UNOEV.
Yuvolilovtag Ty u€dodo Tou TaEoUGIICAUE, TEOTEVOUUE ToV axolovdo alyobpriuo yia

evepynTit, wdnon Boactopévn oe wa “Oeauevy teotimwy”:

1. Eiocodoc: To oUvoAo X TV ToELVOUNUEVHY TPOTUT®Y, TO 0UVOAo Xj
TOV oTaELVOUNTOY TPOTUTOY, Kol €va eK@UALONEvVo Siktvo PRBF;_

ME ML OUVLOTOOO.

2. Tva s=0,...,9—-1
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(a”) MpooBeTovpe pLa ouviotdoa oto diktvo PRBE; . yYia va oxnuatioov-

ME
1o PRBFj s:1.

(B") EgopuodCoupe tov EM yia pabnormn pe nui-eniPAedn tov PRBE) 4.
3. Twa s=0,...,5

(a”) Aroomdpe Tig ovviotdoeg Tov PRBFE ¢ YLa va OYNUATIOOUME TO PRBF;’J’:?.

4. EmuLAéyouvue To BikTUO PRBijlit € {PRBFjp”t,...,PRBij:g} TOU MEYLOTO-

moLel TNV and kolLvoUu TLOuvopdveL Q.
5. OpiCouue to tpéxov diktvo: PRBF; = PRBFj-..
6. Av 1o Xy elvalr kevéd mnyalvouue oto PAua 7, oAALOC

(a’) EmiAéyoupe €va ataglvounto mpoéTtumo Z oOpgeva pe tnv (7.23), kol
POTAPE TNV Katnyopla Tou 7.

(B") Avavegvoupe ta oovora: X =X U{(Z,9)} kv Xp= Xy \ {2}.

(y") Inyaivouue oto Prua 2.

7. 'EEodoc: Ailaomépe Tic ovviothéoeg touv PRBFE; yia va oxnuatiooude TO

TEALKO BikTULO PRBFjp”t.

Ye Oha yag ta metpduarta yenouonoolue S = 1, étot npootadolye va tpocécouue UL

HOVO OUVIGTWON GE xdVe ETavdAndn Tng evepynTixhc pdinone.

7.4 Ileipapota

[ Ty mewpapotiny alloAdynon e uedddou yag yernotonotooue toio odvola, dadéoiua
arnd to UCI repository [11]. To npdto olvolo eivar to segmentation, tou anoteheiton and
2310 mpdTuma pe 19 yapaxtnelotixd mou avixouy e 7 xatnyopieg. To dedtego chvolo elvor

7 4 4 7 4
t0 waveform, mou anotekeiton and 5000 tpdTuna e 21 yopuxTNELOTIXG TOU AV XOUV OE 3
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xatnyopiec. To teheutaio olvolo eivar To optical digits, mou arnotedelton and 5620 npdTuna
ue 62 yapaxtneilotxd mou avAxouv oe 10 xatnyopiec. ‘Ola tar ohvora xavovixorouidn-
xov, €TOL WOTE TA YAPAXTNEIO TIXE TOUC VO €Y0UV UECT) TWH UNOEV XU TUTIXY| ATOXALCT
Hovada. X OAoL TO TELPAUATO EQPAPUOCAUE TOV TPOTEWOUEVO olydorduo Lexwvavtag pe 50
Tuyada emheypéva Tadvounuéva tpotura, xat emthéCaue evepyruixd dAha 400. Kde mei-
couo ETAVIARQUNXE TEVTE QPOPES, XAl UTOAOYICUUE TO AVOUEVOUEVO GPIAUL YEVIXEUGTS OE
éva e wploTé GUVOAO EMEYYOU TOU TEPLELYE TO 10% <ou apy X0l cuVOhou. Mto Lyruo 7.2
epQavi{ETon TO AVAUEVOUEVO QAU YEVIXEUGNE XAt GTO Ly uo 7.3 0 AVaUEVOUEVOS dptddg
CUVIOTWOWY TOU BixTO0U, UETE amd TNV andxtnor xdde véou talvounuévou tpotimou. Ta
aroTeAEopaTa Efvar TOAD cavomonTxd, xaeg To oQIAUN YEVIXEUOTS OYEDGY UTOOTAAGLY-
OTNXE OE OAEC TIC MEQLTTWOELS UETA amd TNy mpocUxn 50 tadvounuévey tpotinwy. Metd
and v teocVxn 300 mpotinwy To o@dhua elye oyeddV ouyxhiver, xou 1 TeocV XN ETL-
TAéov TpOTUTWY TpbopepE aueAnTé Behtiwon. Metd and tnv npoc¥rixr 400 tadivounuévey
TEOTUTWY TO AVUPEVOUEVO GPIAUL Yiao To oUvolo segmentation Atav 0.156, yia 0 clvo-
Ao waveform 0.091 xot yio 1o oOvolo optical digits 0.089. O opriudc TV GUVIGTWOHOY
CUVEXAIVE apYOTEQPU aTtO TO OQAAUa, ahAd Ttehixd xau autog otadegorofinxe. O yéoog
aprdUOC CUVIGTWOWY UETA and TNV Tpocirixn 400 tavounuévwy meotinwy Yo 10 6OVoho
segmentation Ytav 285.2, Y 10 oOvoho waveform 294.6 xou yia to olvolo optical digits

509.

7.5 Xuunepdopota

ITpotetvaue évav akyderduo i tny evepyntixs udinon tou tawvounty) PRBF. E&nydyoue
éva EM ahyderduo yio pdinon ue nui-emiBredn, xou wor augnuixt, mapahhayr Tou mou meo-
oVéTel GUVIGTOOEC 0TO dixTuo oelplaxd. Xpnoomoliouue auTrh Ty WEV0BO Yo Vo EXTL-
UAGOUUE TIC XATAVOUES TV TEOTUTWY 00VEVIWY TV XUTNYORLMY Yl EVERYNTIXY Udnon
Baociouévn o wa “delopevi tpotinwy”. Ta newpayoatind anoteréouata eivon evioppuvtixd,
xou Wxpég TpomoTotRoElc NS UeVOdoL unopel va BedTiovouy emmAéoy Tny enidoot| tng. [

Toedoetyuo Yo UnopolcaE Vo pWTAGOLUE TNV xatnyopio yia ptar oudda and atadvounta
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0.7

= = = wavef

generalization error

0 50 100 150 200 250 300 350 400
number of added labels

Yyfua 7.2: To avauevouevo a@diua yevixeuong Tou dixtiou yia evepyntxt| udidnorn Baoct-

ouévn oe wa “deauev) TpoTUTWY”.

600 [

500 |
0
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8 400}
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o 300 E
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S o [

- J
€ 200 sl
- - N
- = = = wavef
100 S e segm | A
> optic
0 s s s s s s s
0 50 100 150 200 250 300 350 400

number of added labels

Yyfua 7.3: O avauevopevog aptdudc cuVIGTWoGMY Tou OTUOU Yo EVERYNTIXY| udinon Bo-

owouévn oe wa “deayevr TpoTiTwWY”.
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TEOTUTA, TIEWY ETLYELPRGOLUE Vo Tpoc¥Ecouue ua vEao ouviotwoa. ‘Eva dAlo evoagépov 1é-
wo ebvon 1) ToAuThoXOTNTA TOU TEAXOD BixTOou. Autd ogelleton 610 OTL GE xdVe emavdindn
n weYodog entyelpel va tpociéaet pa véa ouviotwoa. Tehixd ol TepilocdTERES EYOUY TOAD
Wxed GUVTEAESTY O TAVUIOTG, WGTOGO Vo UTOPOUGAUUE VA YENCUOTOLAGOUUE Eva GOVORO
emxlpwong Yo xahltepn emAoY T woviélou.

H uehlovtixry épeuva umopel va ectiaotel oe wa mo dielodr) yehétn tne pedodou,
xou oty e€€Tacn TOMGY {NTNUATY, UE To onuavTxd TNy olyxpelon Ue dAAEC UeVddouC
emhoyng v TNV evepynTir udidnon twv xatnyopiwyv. Enlong unopel va peketniel o
TEOBANUA TN aviyveEuong TowToTuTiag (novelty detection), xad¢ oyetileTon dUeCH YUE TNV
evepynTr uddnon. Xe autd 1o TEdPAnua o Tavounthc €yel TV wavoTnTa va evionilet
xow vou pardadvel xavouptleg xatnyopleg ywelc va yvwpilet Ty Onapdr toug amd mpwv. Paiveton

7 e 7’ 7’ ’ 7, 4 z 7,
oTL 1) Tapandve pedodohoyia unopel vo enextadel Mo te vo xahOEL oL TETOIEG TEQITTWOOELS.
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KE®AAAIO &

Y YTMIIEPAYMATA

Yny nopoloa dtate3r) uehetThooue teofiiuata Tou eugaviCovtor xatd Ty Tadvounen xat
NV ouadorolnon, ota onola dwoaue AICES avdyovtde to o€ TeoBAAuaTa exTiUNONS XoTa-
VOUWY. Suyxexpléva 61o TpofBinua Talvouncne vioVeTHooUe TN generative tpocéyyior,
OTOTE EXTWWAGUUE TNV XATAVOUT TwV TeoTinwy doleious Tng xatnyoplag xaL yenolonoLs-
oaue Tov xavova Tou Bayes yia va tdgoupe anogdoelg. To povtéha mou UEAETHAGUUE HTAV TO
TavoTIXO BIXTUO AXTIVIXWY CUVAPTAOEWY BAoTC (PRBF) yi o TeoPBhAuata Tagvounong,
XL 1) WIEN XOVOVIX@Y XxoTavou®y Yia o Tpoffuata ogadornoinone. o tnyv exmaldevoy
Toug Bactothxaue otov akyoprdpo EM xou oty variational Bayesian uédodo mou axo-
Aovlel Ty Dt grhocopia. Ye 6l o TPoBAuaTo DWOoUUE WLATERT) EUPACT] GTNV ETLAOYT
wovtélou (oprdude ouvioTwowy), agol elvon To UeYaAUTERO TEOBANUA ToU €youv Oha T
nopopeTetxd woviéha. O Aoeig mou mpoteivaue axolouvdolcay gl auénTixy TeocEYYLoT,
0nAa0Y) TNV o TadLox Teoc N CUVIGTOOWY Lextv@vTag and uwo apytxy. Emmiéov v tny
OUAdOTOINCT UEAETHOUUE XAk TNV ETLAOY Y| YUAQUXTNPIO TIXWY, EVA 0UGXONO TEOBANUA TOU EYEL
avadery Vel tpdogata.

Avaxegorowvovtag, oo Kegdhoo 3 npotelvape wa audntixy| uédodo yia Ty emthoym
wovtélou xou TNV exmaideuon wac WwiEne, mou Baciletar ot variational Bayesian yédo-
00. Y10 Kegdhawo 4 mpotelvaue wa variational Bayesian uébodo yia v exnaldeuoT) piag
wEng mou avtipetwniler TauTéypova To TEOBANUA TNS ETAOYNAC YUPAXTNRIOTIXWY XAl TNS

emhoyrg uovtéhou. Xto Kegdhowo 5 mpoteivaue ua uédodo yioo tnv oTadtaxt| xatdtunon
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EOVOY UE WET XAVOVIXGDY XATAVOUMY, TOU ETLAEYEL UE EVEQYO TPOTO VEW ELXOVOO TOLYEld
Yl va BekTiwoel Ty xatdtunor. Xto Kegdhaio 6 mpotelvaye wio auntixr uédodo yia tny
exnaldeuon tou duxtiou PRBF, 1 onola mpoc¥étel emavaAnmtixd VEEC GUVIGTOOES XOVTd
o7o g0 andgaons. Télog oto Kegdhowo 7 mpotelvaye pa yédodo evepyntiniic udidnong
yioo Ty audnuixy) exmaideuorn tou PRBF. H pédodoc Baoiletar otov alydpduo EM ue
nu-eniBAedn, xou emAéyel evepyd TEOTUTA XOVTA GTO OPLO ATOYACTC.

‘Oc0o agopd Yéyata yio TEPUTERK EQELVA TG TEVOLUE OTL Ol TEOGEYYIoEL xou ot ueYodo-
Aoyieg mou dEmouy T Véuata mou eCetdlet 1) SotelSr amodely Tnxay TOAD ATOTEAEOUATIXEG,
xou var o&ilel aromomndolv nepiocdtepo. Avagépouue TpdTa xdmoto Yéuata mou Teoéxuday
ota mpofafuata udinone ywelc eniBiedn. ‘Oco agopd tnv auintixr variational Bayesian
uédodo 6w Ny mpotetvaue 6o Kegdhouo 3 yio TNy uin xovovix@y xatavoumy, 1 Egeu-
vo Yo umopoloe va e0TdGEL G TNV oval\TNon SLUPORETIXWY TEOTMY YLl TOV OQIGUO TNG €X
TV TeoTépwy mavotnTag Tou mivaxa axplBeiag, xou EVOEYOUEVY) YENOT EVOC LECUOYLXOU
wovtélou (hierarchical prior) yiw Tic ex Twv mpotépwv mavéTnTee, dNhady eloaywyr ex
WV TEOTEPOY THAVOTNTAS OTIC TUPAUUETEOUC TNG €X TwV Tpotépny mavotntag. Ilagd-
HOLO LERORYIXO UOVTEAD EX TV TEoTépwY mavoTHTtwy Yo mpénel va eEETac Tl xou yior TNy
variational Bayesian yédodo emhoyhc yapaxtnpotixwy tou Kegahafou 4, eidwd yernot-
HOTOLWVTOG ULl €X TWV TEOTEPWY THAVOTNTA YLl T1) GNUAVTLXOTNTA TWV Y ALAXTNPLG TIXOV.
Yy B pédodo avouxtd elvon xat t0 TEGBANUA TNS YeRong EVOS TANEOUS TVOXO GUVOLO-
®€0OUAYOTNG YOl TIC OUVIOTWOES, WOTE VA ARAAAXYOUUE antd TNV TEQOPLO T UTOVEST) TwV
aveldotniwy yapaxtnelo Tixay. Eletdloviac tny uédodo yia xotdtunon exoveny Yewpol-
UE OTL 1) EVOWUATOOY NS OF EQARUOYES opadoTolneng cuvdlou Edvwy xat avalAtnong
exovwy ot Bdoeig Yo unopoloe Vo TEOCHEREL TAEOVEXTAUNTA GTOV TOUE TN TayOTNTIC
xou Tne povtelornoinone. Idwitepo evdlagépov mapouctdlel xou To TEOBANUL TN EMAOYHC
YAQUXTNPIC TIXGY YL TNV XATATUNOT EXOVRY UE Bdon yopaxtnootixd younhol emmédou,
OTWE TO YEWUL XoL 1) UQN.

EvSwgéoovta {ntApata meoxintouy dumwe xou 6ta tpofhiuata udinong ue emifiedn.
‘Oco agopd tnv auintixy) udinorn tou PRBF Ya elye evoiagépov n egapuoyr tne o dixtua
UE DLUPOPETIXES GUVIO TWOES, LOIUTERA UE DLUXPITES XATAVOUES ) UE GUVOUAGUO BLAXPLITWY Xl

CUVEY MV XOTOVOU®Y, anol TOAD cUYVE o1y Tedln avTLeT®TILOUUE TEOBAALATY UE CUVEYT
X M@V, ag X Ny TpacT U ME TEOPATU U XN
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xou dtaxpitd yopaxtnelo tixd tautoyeova. [opauévovtag duwe ota ouveyr, Yo fray evola-
@épouca 1 UEAETH DixTOWY Ue cuvictwoec and Factor Analyzers yur va avtigetwniotoly
ToL TPOPAAUATA TTOU €YOUV Ol XAVOVIXEC CGUVIGTWOES, 6TAV OEV TEOXUTTEL YETIXA OPIOUEVOS
ivacag cuvotaxouavng. Eniong n egapuoyt tng variational Bayesian yedodou yio tnv ex-
naldevon evog duxtou PRBFE Ya aroteholoe uia euxapla yio ouyxploeig e tny audnrixy
uéVodo mou TpoTElVAUE, Yiat XAAITERT) XATAVONOT) TNG YENOLOTNTAS TOU 0plou andPACTS WS
xputnelou yio TNV TOTOVETNOTN VEWY CUVICTWOWY, o (owg Y BeATiwuéva xptthpta. Emi-
TAéov 1 pédodog evepyntinrhc pdinong tou PRBF Yo urnopoloe va drapopgwiel xatdhinha
yioo mpofBAfuata aviyveuong outlier 7 vEwv dyvwoTwy xatnyopiwyv ota npdtuna.  Télog
Oheg oL mpotewouevol uEYodol utopoly va yenoytononioly xo va SoxUac ToOV OF TEAYUI-
T TpoPAAuaTa amd BLdpopa ETIG THUOVIXE TEdiA Yo Tar omolo uTdpyouy dtoléctua oOVOla

exnaldeuonc.
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