
Clustering Methods based on Deep Learning
and Unimodality Testing

A Dissertation

submitted to the designated

by the Assembly

of the Department of Computer Science and Engineering

Examination Committee

by

Georgios Vardakas

in partial fulfillment of the requirements for the degree of

DOCTOR OF PHILOSOPHY

University of Ioannina

School of Engineering

Ioannina 2025





Advisory Committee:

• Aristidis Likas, Professor, Department of Computer Science and Engineering,
University of Ioannina (Advisor)

• Konstantinos Blekas, Professor, Department of Computer Science and Engi-
neering, University of Ioannina

• Christophoros Nikou, Professor, Department of Computer Science and Engi-
neering, University of Ioannina

Examining Committee:

• Aristidis Likas, Professor, Department of Computer Science and Engineering,
University of Ioannina

• Konstantinos Blekas, Professor, Department of Computer Science and Engi-
neering, University of Ioannina

• Christophoros Nikou, Professor, Department of Computer Science and Engi-
neering, University of Ioannina

• Anastasios Tefas, Professor, Department of Informatics, Aristotle University of
Thessaloniki

• George Vouros, Professor, Department of Digital Systems, University of Piraeus

• Konstantinos Skianis, Assistant Professor, Department of Computer Science
and Engineering, University of Ioannina

• Athanasios Voulodimos, Assistant Professor, School of Electrical and Computer
Engineering, National Technical University of Athens





DEDICATION

«Αυτά τα δέντρα δε βολεύονται με λιγότερο ουρανό,
αυτές οι πέτρες δε βολεύονται κάτου απ’ τα ξένα βήματα,

αυτά τα πρόσωπα δε βολεύονται παρά μόνο στον ήλιο,
αυτές οι καρδιές δε βολεύονται παρά μόνο στο δίκιο.»

— Γιάννης Ρίτσος, Ρωμιοσύνη

I dedicate this thesis to those who stand for justice, for free and public education and
health care, for the right to dream without fear, for a society just, free and humane,
where knowledge and opportunity belong to everyone.

I also dedicate this thesis to my family for their continuous support, and to my
beloved partner, Εvgenia, for her trust, love, and unwavering belief in me throughout
all these years.





ACKNOWLEDGEMENTS

This thesis represents the outcome of an effort that has been as academic as per-
sonal. Its pages reflect not only research and ideas, but also the support, trust, and
encouragement that I have received from many remarkable people along the way.
Their presence made this path lighter, richer, and more meaningful. Before diving
into the work itself, I want to express my heartfelt gratitude to those who supported
me throughout this journey.

First, I would like to sincerely thank my advisor, Professor Aristidis Likas, for his
invaluable guidance, trust, and encouragement throughout our collaboration, which
began when I was still an undergraduate student. From the first day of our col-
laboration, back in 2019, until now, he has been consistently available and always
eager to engage in fruitful scientific discussions. Beyond academic matters, he has
also been a trusted mentor who offered me personal advice during difficult times.
Our collaboration has played a crucial role in shaping the research skills and critical
thinking that I possess today.

I am grateful to my advisory committee members, Prof. Konstantinos Blekas and
Prof. Christophoros Nikou, for their guidance and support, and to the evaluation
committee members for generously contributing their time and expertise to this thesis.

I would like to thank Senior Research Scientist Argyris Kalogeratos for insightful
discussions and for his valuable assistance in presenting the UniForCE algorithm.
I would also like to thank Assistant Professor John Pavlopoulos for our valuable
collaborations over the years. I am also grateful to Dr. Prodromos Kolyvakis for
kindly providing the implementation of Hartigan’s dip test.

I would like to thank my friends and fellow colleagues Dr. Paraskevi Chasani,
Ioannis Papakostas and Ioannis Georvasilis for accompanying me on this journey
and for making our workplace a joyful and welcoming environment. Their friendship,
discussions, collaboration, and daily interaction made working with such remarkable



individuals a truly valuable experience, one that helped me grow both as a researcher
and as a person. I would like to especially thank Ioannis Papakostas for his valuable
assistance in conducting experiments with the global kernel k-means++ algorithm and
the soft silhouette criterion.

I would like to thank my childhood friend Grigorios Papigiotis for his uncon-
ditional support, enthusiasm, and genuine engagement in both scientific and non-
scientific discussions. Our fruitful collaboration in Computational Astrophysics re-
mains one of the most enjoyable research experiences I have been part of.

Moreover, I would like to express my heartfelt gratitude to my close friends for
making everyday life more enjoyable and meaningful. I truly appreciate the time we
spent together. In particular, I wish to thank Ilias Kleftakis, Giannis Zisis, Giannis
Divas, Olga Skarlatou, Sokratis Gkrouidis, Theodore Tsoumanis, Sotiris and Dimitris
Stratos, Christodoulos Giannakos, Konstantinos Kadoglou, Miltiadis Vasiliades, and
Konstantina Kyriakoudi for their unwavering support and understanding.

I am deeply indebted to my beloved family. Their unconditional support, love,
and care throughout my life is something I will always cherish. My mother, Athena,
has been by my side through everything, offering strength and comfort in times of
distress. My younger siblings, my brother Konstantinos and my sister Eleni-Anastasia,
have shown me deep love and affection. Although they often looked up to me, they
may not realize that they are far greater human beings than I will ever be. And
finally, to my father and my personal hero, whose example taught me to demand
more of myself, to not be afraid to face even the most difficult challenges life presents,
to always offer a helping hand and to remain humble.

Last but not least, I owe a special thanks to my partner, Εvgenia. Her unwavering
love, care, support, and patience have accompanied me through every stage of my
academic journey over the past ten years, from undergraduate studies to postgraduate
and finally to PhD. Without her, this thesis would not have been possible.



TABLE OF CONTENTS

List of Figures v

List of Tables x

List of Algorithms xii

Glossary xiii

Abstract xv

Εκτεταμένη Περίληψη xvii

1 Introduction 1
1.1 Partitional Clustering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.1.1 k-means for clustering in Euclidean space . . . . . . . . . . . . . 4
1.1.2 Kernel k-means for clustering in feature space . . . . . . . . . . 10

1.2 Unimodality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
1.2.1 Unimodality Definition . . . . . . . . . . . . . . . . . . . . . . . . 15
1.2.2 Unimodality Testing . . . . . . . . . . . . . . . . . . . . . . . . . 17
1.2.3 Unimodality-based clustering . . . . . . . . . . . . . . . . . . . . 20

1.3 Deep Learning-based Clustering . . . . . . . . . . . . . . . . . . . . . . 26
1.3.1 Deep Clustering . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
1.3.2 Autoencoder-based Clustering . . . . . . . . . . . . . . . . . . . 33
1.3.3 GANs-based Clustering . . . . . . . . . . . . . . . . . . . . . . . 36

1.4 Thesis Contribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
1.5 Thesis Layout . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

2 The Global k‐means++ Algorithm 48
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

i



2.2 Global k-means++ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
2.3 Empirical Evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

2.3.1 Datasets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
2.3.2 Evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
2.3.3 Experimental Setup . . . . . . . . . . . . . . . . . . . . . . . . . 57
2.3.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

2.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
2.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

3 The Global Kernel k‐means++ Algorithm for Efficient Clustering in the
Feature Space 64
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
3.2 Global kernel k-means++ . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
3.3 Complexity Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
3.4 Empirical Evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

3.4.1 Synthetic Data Demonstration . . . . . . . . . . . . . . . . . . . . 72
3.4.2 Graph Partitioning . . . . . . . . . . . . . . . . . . . . . . . . . . 73
3.4.3 Real Datasets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

3.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

4 The UniForCE Algorithm for Clustering and Number of Clusters Estima‐
tion 93
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
4.2 Locally unimodal clusters . . . . . . . . . . . . . . . . . . . . . . . . . . 98
4.3 Clustering based on local unimodality and the UniForCE algorithm . . 99

4.3.1 Overclustering . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
4.3.2 Unimodal pair testing . . . . . . . . . . . . . . . . . . . . . . . . 101
4.3.3 Finding connected components . . . . . . . . . . . . . . . . . . . 103
4.3.4 Complexity analysis . . . . . . . . . . . . . . . . . . . . . . . . . 105

4.4 Experimental evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
4.4.1 Experimental setup . . . . . . . . . . . . . . . . . . . . . . . . . . 106
4.4.2 Experimental results on real data . . . . . . . . . . . . . . . . . . 110
4.4.3 Sensitivity study using real data . . . . . . . . . . . . . . . . . . 113
4.4.4 Experimental results on synthetic data . . . . . . . . . . . . . . . 114

4.5 Discussion and limitations . . . . . . . . . . . . . . . . . . . . . . . . . . 116

ii



4.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

5 Deep Clustering Using the Soft Silhouette Score 120
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
5.2 The Soft Silhouette Score . . . . . . . . . . . . . . . . . . . . . . . . . . 122

5.2.1 Silhouette . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
5.2.2 Soft Silhouette . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

5.3 The DCSS method: Deep Clustering using Soft Silhouette . . . . . . . . 124
5.4 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

5.4.1 Synthetic Data Demonstration . . . . . . . . . . . . . . . . . . . . 128
5.4.2 Datasets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
5.4.3 Neural Network Architectures . . . . . . . . . . . . . . . . . . . . 131
5.4.4 Evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
5.4.5 Experimental Setup and Results . . . . . . . . . . . . . . . . . . 133

5.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

6 Deep Clustering Based on Implicit Maximum Likelihood 137
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137
6.2 Neural Implicit Maximum Likelihood Clustering . . . . . . . . . . . . . 138

6.2.1 Implicit Maximum Likelihood Estimation . . . . . . . . . . . . . 138
6.2.2 Cluster friendly input distribution . . . . . . . . . . . . . . . . . 140
6.2.3 The IMLE loss from a clustering perspective . . . . . . . . . . . 141
6.2.4 The NIMLC architecture . . . . . . . . . . . . . . . . . . . . . . . 141
6.2.5 The NIMLC objective function . . . . . . . . . . . . . . . . . . . 142
6.2.6 Slow paced learning . . . . . . . . . . . . . . . . . . . . . . . . . 143
6.2.7 The NIMLC algorithm . . . . . . . . . . . . . . . . . . . . . . . . 144

6.3 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
6.3.1 Synthetic datasets . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
6.3.2 Real datasets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
6.3.3 Evaluation measures . . . . . . . . . . . . . . . . . . . . . . . . . 149
6.3.4 Implementation Details . . . . . . . . . . . . . . . . . . . . . . . 150
6.3.5 Results on synthetic datasets . . . . . . . . . . . . . . . . . . . . 151
6.3.6 Results on real datasets . . . . . . . . . . . . . . . . . . . . . . . 154

6.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

iii



7 Conclusions and Future Work 156
7.1 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
7.2 Directions for Future Work . . . . . . . . . . . . . . . . . . . . . . . . . 158

Bibliography 162

iv



LIST OF FIGURES

1.1 Histogram plots of a unimodal and a bimodal distribution (top row)
and the corresponding CDF plots (bottom row). (a) The dataset corre-
sponding to the left histogram has a dip value of 0.00 with a p-value
of 1.00. (b) The dataset corresponding to the right histogram has a dip
value of 0.02 with a p-value of 0.00. . . . . . . . . . . . . . . . . . . . . 16

1.2 Application of the dip-dist criterion on 2D synthetic datasets with two
structures of 200 datapoints each. Split viewers are shown in red. (a)
One uniform spherical and one elliptic Gaussian structure. (b), (c) His-
tograms of pairwise distances for the strongest and weakest split view-
ers for Dataset (far). (d) As the two structures move closer, the num-
ber of split viewers and the dip value decrease. (e), (f) Histograms
of pairwise distances for the strongest and weakest split viewers for
Dataset (close). (g) The structures are no longer distinguishable from
each other. (h), (i) Histograms of pairwise distances for the strongest
and weakest split viewers for Dataset (merged). . . . . . . . . . . . . . 20

1.3 General autoencoder architecture. The encoder (shown in red, left)
maps the input data to a lower-dimensional embedding space, while
the decoder (shown in blue, right) reconstructs the input data from the
embeddings. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

1.4 Basic GAN architecture and operation. . . . . . . . . . . . . . . . . . . . 37
1.5 ClusterGan Architecture [1]. . . . . . . . . . . . . . . . . . . . . . . . . . 41

2.1 Illustration of a running instance of the algorithm applied to the “R15”
dataset [2]. Circles denote the data points, the cluster centers are repre-
sented by red stars, while the center candidates are marked with green
crosses. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

v



2.2 Relative Percentage Error for the Breast, for different L values. . . . . . 56
2.3 Relative Percentage Error for the Pendigits, for different L values. . . . 57
2.4 Relative Percentage Error for the Wine, for different L values. . . . . . 58
2.5 Clustering Error Differences for the MNIST, for different L values. . . . 59
2.6 Average number of k-means iterations. . . . . . . . . . . . . . . . . . . 60

3.1 Illustrative example of GKkM++ execution. Data instances are denoted
with circles, red crosses indicate cluster centers and red star denotes
the winner candidate corresponding to the best initialization. . . . . . . 70

3.2 Illustratve example of GKkM++ execution. Circles denote the data in-
stances. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

3.3 Clustering results for the eighteen rings dataset. . . . . . . . . . . . . . 74
3.4 Clustering results for the three rings with six Gaussians dataset. . . . . 74
3.5 Relative Percentage Error in the ratio association objective across dif-

ferent graphs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
3.6 Relative Percentage Error in the normalized cut objective across differ-

ent graphs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
3.7 CPU time comparison across different datasets and problems. . . . . . . 78
3.8 Comparison of the relative percentage error for each algorithm (rela-

tive to the GKkMmethod) across various datasets and kernel functions.
Lower values indicate better clustering performance, with global opti-
mization variants achieving the lowest error in most cases. . . . . . . . 82

3.9 Distribution of relative percentage error for different clustering methods
compared to GKkM. (a) Shows the performance of GKkM++ (using both
batch and sequential sampling), which closely aligns with the GKkM
method. (b) Compares KkM++ and RKkM, highlighting their higher
error values. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

3.10 Comparison of CPU execution time required to compute all cluster-
ing solutions for different datasets and kernels. GKkM++ demonstrates
significantly reduced computational cost compared to other methods. . 84

3.11 Comparison of the average number of iterations required for kernel
k-means to converge across different datasets and kernel functions.
GKkM++ requires fewer iterations as k increases. . . . . . . . . . . . . . 86

vi



3.12 Effect of the number of candidates L on clustering performance of the
proposed method for several datasets. For each dataset the clustering
error statistics (over 30 runs) is presented for different values of L and
number of clusters K = 10, 25, 50 using both the sequential and the
batch sampling strategy. . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

3.13 Effect of the number of candidate initializations L on computational ef-
ficiency for several datasets. For each dataset the execution time statis-
tics (over 30 runs) is presented for different values of L and number of
clusters K = 10, 25, 50 using both the sequential and the batch sampling
strategy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

4.1 The UniForCE pipeline for locally unimodal clustering. The steps
followed by the proposed UniForCE clustering methodology are demon-
strated on a synthetic dataset (Complex 2D, see Tab. 5.1 in Sec. 4.4).
The input dataset is first overclustered into a large number of homo-
geneous subclusters lying in convex regions of the original dataspace.
Then, based on pairs of subclusters that are jointly unimodal (unimodal
pairs), a minimum spanning forest is computed, which provides a lo-
cally unimodal clustering with clusters as disconnected components. . . 97

4.2 Examples of locally unimodal clusters. a) Spherical Gaussian density.
b) Arc-shaped uniform density. c) Star-shaped density composed by 3

co-centric Gaussian ellipses. In each case, the data are overclustered in
subclusters, and the computed unimodality graph includes edges (in
green or gray color) between subclusters that are unimodal pairs. Any
sequence of distinct subclusters corresponds to a path along which local
unimodality is statistically confirmed. A spanning tree (green edges) is
a subgraph of the unimodality graph that connects all the subclusters
with the minimal number of edges. . . . . . . . . . . . . . . . . . . . . 98

vii



4.3 Unimodal pair testing. Two subclusters, ci and cj , appear in orange
and blue, respectively, and their centers are shown as stars. The dotted
line connects the two centers, while the rigged line is its perpendicular
bisecting hyperplane Hij. On the top, histograms present the density of
the univariate set Pij , containing the point-to-hyperplane signed dis-
tances, which we test for unimodality using the dip-test. a) Unimodal
case: No density gap is observed between the subclusters, hence Pij is
decided as unimodal. b) Multimodal case: A considerable density gap
is observed between the subclusters, hence Pij is decided as multimodal.101

4.4 The imbalanced modes problem and our subsampling solution. In
this example, the subcluster pair has originally a size ratio of 75/25.
a) The unimodal pair test fails to reject unimodality when all the data
are considered. b) The problem is tackled when testing for unimodality
the balanced subsample (data points shown in gray are discarded). . . 102

4.5 t‐SNE visualization of UniForCE clustering results on real datasets. The
embeddings are colored by the cluster labels decided by UniForCE for
6 of the real datasets. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

4.6 Comparison of clustering results. The gray part of each curve corre-
sponds to clustering solutions where K < k∗ for a dataset. . . . . . . . 114

4.7 Clustering results using the UniForCE algorithm on a variety of 20

synthetic datasets. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

5.1 The proposed model architecture. The AE comprises the encoder fw

and the decoder gθ. The data space is denoted as X , while the embed-
ded space is represented by Z. The clustering network hr consists of
an RBF layer followed by a softmax layer. . . . . . . . . . . . . . . . . . 125

5.2 Synthetic demonstration of the representation learning capabilities of
several methods. The generated 2-d dataset (top left) is hidden from
the methods. Each method receives as input a 100-d dataset generated
by non-linear transformations applied to the original 2-d data and
provides a 2-d latent representation of the 100-d dataset, which is
presented in the plots. Color indicates the true cluster labels. . . . . . . 128

viii



5.3 Image clustering results on various datasets using the proposed DCSS
method. In each sub-figure, rows correspond to different clusters. In
each row the images are presented from left to right with decreasing
cluster membership probability. . . . . . . . . . . . . . . . . . . . . . . . 135

6.1 The data points are represented by squares and the samples by circles.
(a) For each data point the nearest sample is found. (b) The generator
is updated at each iteration so that the generated samples minimize the
IMLE objective. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

6.2 (a) IMLE general architecture. (b) NIMLC architecture. . . . . . . . . . 142

ix



LIST OF TABLES

2.1 Descriptions of datasets. . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
2.2 CPU Time. Values marked by † and ‡ denote that the method could not

be executed due to memory/time and method constraints, respectively.1 61

3.1 Kernels used in our experimental evaluation. . . . . . . . . . . . . . . . 72
3.2 Clustering error comparison of the evaluated methods on 2D synthetic

datasets. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
3.3 Descriptions of utilized graphs. . . . . . . . . . . . . . . . . . . . . . . . 75
3.4 Descriptions of utilized datasets. . . . . . . . . . . . . . . . . . . . . . . 79

4.1 The real datasets used in the experiments. N is the number of data
instances, d is the dimensionality, and k is the number of labeled classes
(i.e. the ground-truth k∗). With ‘*’, we mark an embeddings dataset
obtained by training an autoencoder on the original dataset. Several of
the used real datasets come from the UCI machine learning repository. 106

4.2 Summary of the experimental results. The best values per dataset
are shown in bold. Cases marked by † and ‡ indicate experiments that
failed due to memory/time and method constraints, respectively. . . . . 108

4.3 Sensitivity analysis of hyperparameters α, L, and M . Results are
reported for 30 experiments per setting, showing how variations in the
significance level α, the number of Monte Carlo simulations L, and the
minimum subcluster size M affect the clustering performance across
six datasets. Performance is evaluated based on the number of clusters
k, AMI, and ARI. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

5.1 The datasets used in our experiments. N is the number of data in-
stances, d is the dimensionality, and k denotes the number of clusters. . 130

x



5.2 Performance results of the compared clustering methods. . . . . . . . . 132

6.1 Description of synthetic datasets. . . . . . . . . . . . . . . . . . . . . . . 147
6.2 Descriptions of real datasets. . . . . . . . . . . . . . . . . . . . . . . . . 149
6.3 Generator architecture for each dataset. . . . . . . . . . . . . . . . . . . 150
6.4 Encoder architecture for each dataset. . . . . . . . . . . . . . . . . . . . 151
6.5 Experimental results on synthetic datasets. Bold numbers indicate the

best average performance on each dataset. . . . . . . . . . . . . . . . . . 152
6.6 Experimental results on real datasets. Bold numbers indicate the best

average performance for each dataset. Results marked by “*” are ex-
cerpted from the paper proposing the method. . . . . . . . . . . . . . . 153

6.7 Experimental results on real datasets. Bold numbers indicate the best
average performance for each dataset. Results marked by “-” denotes
the method was not able to learn the dataset. . . . . . . . . . . . . . . . 154

xi



LIST OF ALGORITHMS

1.1 The global k-means [3] . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.2 The fast global k-means [3] . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.3 Kernel k-Means . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
1.4 Kernel k-Means++ Initialization . . . . . . . . . . . . . . . . . . . . . . 12
1.5 Global Kernel k-Means . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.6 Dip-means . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
1.7 Pdip-means . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
1.8 Minibatch stochastic gradient descent training of GANs [4]. . . . . . . . . . . . . 38
1.9 Minibatch stochastic gradient descent training of ClusterGan [1]. . . . . . . . . . . 40
2.1 Global k-means++ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
2.2 Batch Sampling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
2.3 Sequential Sampling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
3.1 Global Kernel k-Means++ . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
3.2 Candidate Selection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
4.1 The general UniForCE framework for locally unimodal clustering . . . 100
4.2 Unimodality pair test for two subclusters . . . . . . . . . . . . . . . . . 103
4.3 The UniForCE algorithm for clustering and estimation of the number

of clusters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
5.1 Deep Clustering using Soft Silhouette algorithm (DCSS) . . . . . . . . . 127
6.1 Neural Implicit Maximum Likelihood Clustering . . . . . . . . . . . . . . . . . . 145

xii



GLOSSARY

AE Autoencoder
AEC Autoencoder-based Clustering
AMI Adjusted Mutual Information
ARI Adjusted Rand Index
ClusterGAN GAN-based clustering method with latent space partitioning
CVIs Cluster Validation Indices
DCN Deep Clustering Network
DCSS Deep Clustering using the Soft Silhouette Score
DEC Deep Embedding Clustering
DipEncoder Autoencoder model using the Dip-test for clustering loss
Dip‐test Statistical test for unimodality
DNN Deep Neural Network
GAN Generative Adversarial Network
GKkM Global kernel k-means
GKkM++ Global kernel k-Means++
GkM Global k-means
GkM++ Global k-means++
IDEC Improved Deep Embedding Clustering
IMLE Implicit Maximum Likelihood Estimation
KkM++ Kernel k-means++
KL divergence Kullback-Leibler divergence
Latent Space Representation space learned by neural networks
LLM Large Language Model
ML Machine Learning
NIMLC Neural Implicit Maximum Likelihood Clustering
Overclustering Data partition with more clusters than expected

xiii



Pdip‐means Probabilistic Dip-means clustering
RBF Radial Basis Function
RCC Robust Continuous Clustering
RKkM Kernel k-means with random uniform initialization
SMMP Scalable Multi-modal Partitioning
t‐SNE t-distributed Stochastic Neighbor Embedding
UniForCE Unimodality Forest for Clustering and Estimation

xiv



ABSTRACT

Georgios Vardakas, Ph.D., Department of Computer Science and Engineering, School
of Engineering, University of Ioannina, Greece, 2025.
Clustering Methods based on Deep Learning and Unimodality Testing.
Advisor: Aristidis Likas, Professor.

Data clustering is the process of partitioning a dataset into a finite set of groups, or
clusters, such that data points within each cluster exhibit intra-cluster similarity, while
those belonging to different clusters are characterized by inter-cluster dissimilarity.
Clustering remains a challenging task due to the inherent complexity of uncover-
ing meaningful structures within data. Revealing these hidden structures provides
valuable insights and facilitates a deeper understanding of the underlying patterns.

This thesis concerns the development, implementation and evaluation of novel
clustering methodologies mainly focused on three important problems: i) partitional
clustering in both Euclidean and kernel spaces, ii) unimodality-based clustering,
which incorporates the concept of unimodality into the clustering process, and iii)
deep clustering, which leverages the representational power of deep learning methods.

We first introduce global k-means++, a method developed to address the initializa-
tion challenges inherent in the standard k-means algorithm. The approach integrates
the incremental strategy of global k-means with the probabilistic center selection
mechanism of k-means++, effectively combining the strengths of both techniques.
The resulting synergy delivers high-quality clustering solutions while significantly
reducing the computational cost typically associated with global k-means. Further-
more, we extend this concept from Euclidean to kernel space by proposing global
kernel k-means++, an algorithm specifically designed to overcome the initialization
problem in kernel k-means. The optimization effectiveness of both global k-means
variants is thoroughly validated through extensive experimental evaluation.
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Afterward, we present UniForCE, a clustering method that simultaneously parti-
tions data and estimates the number of clusters k. UniForCE introduces a novel notion
of locally unimodal clusters, focusing on unimodality at local regions of the data den-
sity rather than in the entire cluster. By identifying unimodal pairs of neighboring
subclusters, the method aggregates them into larger, statistically coherent structures
via a unimodality graph. This flexible formulation enables the discovery of arbitrar-
ily shaped clusters. A statistical test determines unimodal pairs, and clustering is
achieved with automatic estimation k by detecting the number of connected compo-
nents in the unimodality graph. Extensive experiments on synthetic and real datasets
validate both the conceptual soundness of the method and its practical effectiveness.

Furthermore, we introduce the soft silhouette score, a generalization of the widely
used silhouette measure that accommodates probabilistic cluster assignments. Build-
ing on this differentiable measure, we develop an autoencoder-based deep clustering
method utilizing the soft silhouette score. Our method guides the learned latent repre-
sentations to form clusters that are both compact and well-separated. This property is
crucial in real-world applications, as simultaneously ensuring compactness and sep-
arability guarantees that clusters are not only densely packed but also clearly distinct
from each other. We evaluate our method on a variety of benchmark datasets and
against state-of-the-art methods to demonstrate that it outperforms established deep
clustering approaches, highlighting the effectiveness of the soft silhouette score as a
principled objective for improving the quality of learned latent representations.

Finally, we present the neural implicit maximum likelihood clustering, which is a
neural-network-based approach that frames clustering as a generative task within the
Implicit Maximum Likelihood Estimation framework. By adapting ideas from Clus-
terGAN, our method avoids several well-known shortcomings of GAN-based cluster-
ing while maintaining a simple and stable training objective. The method performs
particularly well on small datasets, with experimental comparisons against both deep
and conventional clustering algorithms underscoring its competitive potential. A no-
table strength of our method is its ability to capture diverse cluster geometries without
requiring hyperparameter tuning. Experiments on synthetic datasets show that the
method can successfully cluster both cloud-shaped and ring-shaped data.
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ΕΚΤΈΤΆμΈΝΉ ΠΈΡΊΛΉΨΉ

Γεώργιος Βαρδάκας, Δ.Δ., Τμήμα Μηχανικών Η/Υ και Πληροφορικής, Πολυτεχνική
Σχολή, Πανεπιστήμιο Ιωαννίνων, 2025.
Μέθοδοι Ομαδοποίησης βασισμένες στη Βαθιά Μάθηση και σε Έλεγχο Μονοτροπι-
κότητας.
Επιβλέπων: Αριστείδης Λύκας, Καθηγητής.

Ομαδοποίηση ονομάζεται η διαδικασία διαμέρισης ενός συνόλου δεδομένων σε ένα
πεπερασμένο σύνολο ομάδων, ή συστάδων, έτσι ώστε τα δεδομένα που εμπεριέχο-
νται σε κάθε ομάδα να εμφανίζουν εσωτερική ομοιότητα, ενώ δεδομένα που ανήκουν
σε διαφορετικές ομάδες να χαρακτηρίζονται από μεταξύ τους ανoμοιότητα. Η ομα-
δοποίηση παραμένει μια απαιτητική διαδικασία λόγω της εγγενούς πολυπλοκότητας
που παρουσιάζει η εύρεση ουσιαστικών δομών μέσα στα δεδομένα. Η ανάδειξη αυ-
τών των κρυμμένων δομών παρέχει πολύτιμες πληροφορίες και διευκολύνει την πιο
βαθιά κατανόηση των κρυμμένων προτύπων.

Η παρούσα διατριβή αφορά την ανάπτυξη, υλοποίηση και αξιολόγηση καινοτό-
μων μεθοδολογιών ομαδοποίησης, με κύρια εστίαση σε τρία σημαντικά ζητήματα:
i) τη διαμεριστική ομαδοποίηση που βασίζεται στον αλγόριθμο k-means τόσο σε
Ευκλείδειους όσο και σε χώρους που ορίζονται από συναρτήσεις πυρήνα (kernel
functions), ii) την ομαδοποίηση βασισμένη στη μονοτροπικότητα, η οποία ενσω-
ματώνει την έννοια της μονοτροπικότητας στη διαδικασία της ομαδοποίησης iii)
τη βαθιά ομαδοποίηση, η οποία αξιοποιεί την ικανότητα δημιουργίας αποδοτικών
αναπαραστάσεων.

Αρχικά παρουσιάζουμε τον global k-means++, μια μέθοδο που αναπτύχθηκε για
να αντιμετωπίσει τις προκλήσεις αρχικοποίησης που είναι εγγενείς στον κλασικό
αλγόριθμο k-means. Η προσέγγιση αυτή ενσωματώνει την επαναληπτική στρατη-
γική επίλυσης του αλγορίθμου global k-means με τον πιθανοκρατικό μηχανισμό
επιλογής κέντρων του αλγορίθμου k-means++, συνδυάζοντας αποτελεσματικά τα
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πλεονεκτήματα και των δύο τεχνικών. Η προκύπτουσα συνέργεια παρέχει λύσεις
ομαδοποίησης υψηλής ποιότητας, μειώνοντας ταυτόχρονα σημαντικά το υπολογι-
στικό κόστος που συνήθως συνδέεται με τον αλγόριθμο global k-means. Επιπλέον,
επεκτείνουμε την ιδέα αυτή από τον Ευκλείδειο χώρο σε χώρους χαρακτηριστικών
που ορίζονται από συναρτήσεις πυρήνα, προτείνοντας τον global kernel k-means++,
έναν αλγόριθμο σχεδιασμένο για να αντιμετωπίσει το πρόβλημα της αρχικοποίη-
σης του κλασικού αλγορίθμου kernel k-means. Η ικανότητα ελαχιστοποίησης και
των δύο προτεινόμενων παραλλαγών του global k-means επιβεβαιώνεται διεξοδικά
μέσα από εκτεταμένη πειραματική αξιολόγηση.

Στη συνέχεια παρουσιάζουμε τον αλγόριθμο UniForCE, μια μέθοδο ομαδοποί-
ησης που ταυτόχρονα διαμερίζει τα δεδομένα και παρέχει μία εκτίμηση για τον
αριθμό των ομάδων. Ο UniForCE εισάγει την έννοια των τοπικά μονοτροπικών
ομάδων, εστιάζοντας στη μονοτροπικότητα σε τοπικές περιοχές των δεδομένων
αντί σε ολόκληρη την ομάδα. Με την αναγνώριση μονοτροπικών ζευγών γειτονι-
κών υποομάδων, η μέθοδος τις συνενώνει σε μεγαλύτερες, στατιστικά συνεκτικές
δομές μέσω ενός γράφου μονοτροπικότητας. Αυτή η ευέλικτη διατύπωση καθιστά
δυνατή την ανακάλυψη ομάδων αυθαίρετου σχήματος. Επιπρόσθετα, προτείνεται
ένα στατιστικό τεστ για τον καθορίσμο των μονοτροπικών ζευγών και η ομαδο-
ποίηση επιτυγχάνεται μέσω του εντοπισμού των συνδεδεμένων συνιστωσών στον
γράφο μονοτροπικότητας. Με τον τρόπο αυτό καθιρίζεται αυτόματα και ο αριθ-
μός των ομάδων. Εκτεταμένα πειράματα σε συνθετικά και πραγματικά σύνολα
δεδομένων επικυρώνουν τόσο την ορθότητα της μεθόδου όσο και την πρακτική της
αποτελεσματικότητα.

Κατόπιν, εισάγουμε το soft silhouette, μια γενίκευση του ευρέως χρησιμοποιού-
μενου δείκτη silhouette, το οποίο υποστηρίζει πιθανοκρατικές αναθέσεις ομάδων
στα δεδομένα. Βασιζόμενοι σε αυτό το διαφορίσιμο κριτήριο, προτείνουμε μια μέ-
θοδο βαθιάς ομαδοποίησης με χρήση autoencoder, η οποία δημιουργεί αναπαρα-
στάσεις που σχηματίζουν ομάδες που είναι ταυτόχρονα συμπαγείς αλλά και σαφώς
διαχωρισμένες. Η μέθοδος αξιολογείται σε διάφορα σύνολα δεδομένων και συγκρί-
νεται με τις πλέον σύγχρονες μεθόδους. Φαίνεται να υπερτερεί έναντι καθιερωμένων
προσεγγίσεων βαθιάς ομαδοποίησης, αναδεικνύοντας έτσι την αποτελεσματικότητα
του κριτηρίου soft silhouette ως συνάρτηση στόχο για τη βελτίωση της ποιότητας
των κρυμμένων αναπαραστάσεων.

Τέλος παρουσιάζουμε τη μέθοδο neural implicit maximum likelihood clustering,
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μια προσέγγιση βασισμένη σε νευρωνικά δίκτυα, η οποία αντιμετωπίζει την ομαδο-
ποίηση ως παραγωγική (generative) διαδικασία στο πλαίσιο της μεθόδου έμμεσης
μεγιστοποίησης της πιθανοφάνειας (Implicit Maximum Likelihood Estimation). Προ-
σαρμόζοντας ιδέες από τον αλγόριθμο ClusterGAN, η προτεινόμενη μέθοδος απο-
φεύγει αρκετές γνωστές αδυναμίες της ομαδοποίησης που βασίζεται στα Generative
Adversarial Networks, διατηρώντας παράλληλα έναν απλό και ευσταθή κριτήριο εκ-
παίδευσης. Η μέθοδος επιτυγχάνει ιδιαίτερα καλά αποτελέσματα σε μικρά σύνολα
δεδομένων, με πειραματικές συγκρίσεις τόσο έναντι μεθόδων βαθιάς όσο και συμβα-
τικής ομαδοποίησης. Ένα αξιοσημείωτο πλεονέκτημα της μεθόδου είναι η ικανότητά
της να επιλύει ποικίλες γεωμετρίες ομάδων χωρίς να απαιτείται ρύθμιση υπερπαρα-
μέτρων. Πειράματα σε συνθετικά σύνολα δεδομένων δείχνουν ότι η μέθοδος μπορεί
να ομαδοποιήσει επιτυχώς τόσο δεδομένα σε μορφή «νέφους» όσο και δεδομένα σε
μορφή «δακτυλίου».
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CHAPTER 1

INTRODUCTION

1.1 Partitional Clustering

1.2 Unimodality

1.3 Deep Learning‐based Clustering

1.4 Thesis Contribution

1.5 Thesis Layout

An enormous volume of new data is generated on a daily basis, leading researchers
to develop methods to organize it, extract meaningful knowledge, and interpret the
information. As the volume of data continues to grow rapidly, the task of uncov-
ering valuable information becomes increasingly complex. An effective approach to
managing data is to group them into sensible groups that are typically called clus-
ters. This process creates a condensed representation of the information, revealing
underlying similarities and differences, as well as hidden structures and patterns that
might otherwise remain undetected.

Machine learning (ML) is the area of artificial intelligence that equips algorithms
with the ability to learn from examples [5, 6]. It has emerged as a powerful tool, fun-
damentally changing how vast amounts of data are analyzed and interpreted by en-
abling algorithms to discover complex, non-obvious patterns within high-dimensional
datasets [7, 8]. ML is typically divided into two main paradigms: supervised learning
and unsupervised learning, with classification and clustering being their most repre-
sentative problems, respectively. In classification, the goal is to assign a data point
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x to one of a finite set of discrete class labels, that is, to appropriately categorize it.
This is achieved by constructing a classifier, a parametric function that maps inputs
to predicted class labels. To determine the parameters of this function, an inductive
learning algorithm is employed, which minimizes an empirical risk objective over a
finite labeled dataset X = {(xi, yi)}Ni=1, where each xi is a data instance and yi is
its corresponding class label. The goal of classification is to train a classifier on the
labeled dataset X , enabling it to accurately predict the labels of previously unseen
instances.

The acquisition of labeled data is often expensive and in many cases, impractical
or even an impossible requirement. This thesis focuses on the clustering problem,
a core and fundamental task in machine learning, where the dataset contains no
labeled information and is defined as X = {xi}Ni=1, consisting solely of unlabeled
instances. Data clustering is the process of partitioning a dataset into a finite number
of groups, known as clusters, such that data points within each cluster share common
characteristics and are different from those in other clusters [9]. Although its definition
is intuitively simple, clustering remains a challenging problem due to the complexity
of identifying meaningful structures in high-dimensional or noisy data. Discovering
these hidden structures can provide valuable insight and enable deeper understanding
of the underlying patterns. As a result, clustering has become a widely used technique
across various domains in computer science such as data mining, pattern recognition,
image segmentation and spatial database analysis, as well as in numerous scientific
disciplines, including life sciences, medical research, and economics [10, 11].

Clustering typically relies on a similarity or dissimilarity measure, such as Eu-
clidean distance, to describe the relationships between data points [9]. Clusters are
then formed by applying a suitable clustering algorithm based on this measure. The
choice of both the proximity measure and the clustering algorithm has a significant
impact on the resulting partitioning; different choices can lead to drastically differ-
ent outcomes in terms of cluster shapes, quality of solution, and even number of
clusters. Unlike classification, where each training data point xi is associated with
a known class label, clustering is inherently unsupervised and subjective. There is
no ground truth to indicate how the data should be grouped, making the clustering
process highly dependent on the context and assumptions made. In most cases, even
the number of clusters is not known a priori, further complicating the task. Con-
sequently, evaluating the quality of a clustering solution is not straightforward and
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often depends on the specific application and the goals of the analysis.
It is well known that most conventional clustering methods perform effectively on

low-dimensional and relatively simple data, but often struggle with high-dimensional
or complex modalities, such as images. To address these inherent limitations, recent
research has turned to deep neural networks (DNNs) for clustering tasks within the
broader framework of deep learning. DNNs are capable of learning rich and informa-
tive representations directly from raw data, minimizing the need for manual feature
engineering [12]. Their exceptional nonlinear modeling capacity and architectural
flexibility have been shown to enhance both supervised and unsupervised learning
tasks [13, 14].

Although clustering was not the original focus of Deep Learning (DL) research, a
growing body of work has adapted DNNs specifically for clustering purposes, giving
rise to the deep clustering category of methods. These methods aim to leverage the
representational power of neural networks to transform the input data into a latent
space where the structure is more appropriate for clustering. In particular, they strive
to produce cluster-friendly embeddings, where data points form compact and, ideally,
well-separated clusters [15, 16, 17, 18, 19].

This thesis concerns the development, implementation and evaluation of novel
(unsupervised) clustering methodologies mainly focused on three important and very
active machine learning problems, namely: i) partitional clustering in both Euclidean
and kernel spaces, ii) unimodality-based clustering and iii) deep clustering, which
leverages the representational power of deep learning methods. In this Chapter, we
describe these problems, along with a review of the related work. Afterward, we
present the main contributions and the layout of the thesis.

1.1 Partitional Clustering

The typical form of clustering is the partitioning of a given dataset X = {x1, . . . , xN},
xi ∈ Rd into K disjoint clusters C = {C1, . . . , CK} so that a specific criterion is op-
timized. The most widely used optimization criterion is the clustering error. It is
defined as the within-cluster sum of squared distances between each data xi ∈ Ck to
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its cluster center µk as defined in

E(C) =
N∑
i=1

K∑
k=1

1Ck
(xi)||xi − µk||2, (1.1)

where 1Ck
is the indicator function of the set Ck, while M = {µ1, . . . , µK} is the set

of K centers computed as the mean of the data points of each cluster. The number
of ways in which a set of N objects can be partitioned into K non-empty groups is
given by Stirling numbers of the second kind:

S(N,K) =
1

K!

K∑
k=0

(−1)k(K − k)N
(
K

k

)
, (1.2)

which can be approximated byKN/K! as N → +∞ [20]. It is evident from eq. 1.2 that
a complete enumeration of all possible clusterings to determine the global minimum
of eq. 1.1 is computationally prohibitive. It is worth mentioning that this non-convex
optimization problem is NP-hard [21, 22] not only for two clusters (K = 2) [23], but
also for two-dimensional datasets (D = 2) [24].

The k-means algorithm [25, 26] is a widely used method for minimizing clustering
error. It is an iterative algorithm that has been extensively utilized in many clustering
applications due to its simplicity and speed [27]. However, the k-means algorithm
suffers from two main limitations:

1. Sensitivity to Initial Centers: The solution relies critically on the initial place-
ments of the cluster centers. It is possible that, due to poor initialization, the
k-means may converge to poor local minima of the clustering error.

2. Linear Separability: The resulting clusters are restricted to being linearly sepa-
rable, limiting the algorithm’s effectiveness in identifying complex cluster shapes.

In the remainder of this section, we present the standard k-means algorithm
along with several variants that have been proposed in the literature to overcome
these limitations.

1.1.1 k‐means for clustering in Euclidean space

k‐means

The k-means algorithm is computationally efficient, conceptually simple, and arguably
the most widely used clustering method in the literature. However, its performance
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is highly sensitive to the initialization of cluster centers. As a result, the k-means
algorithm often converges to a locally optimal solution with respect to the clustering
error (eq. 1.1). It is an iterative center-based clustering algorithm that starts with
K cluster centers. In its purest form (Lloyd’s algorithm [26]), the K centers are
typically selected uniformly at random from the set of data points X. Then the two-
step algorithmic procedure follows iteratively until convergence, which includes the
data assignment and the center optimization steps. At the assignment step, every data
point xi is assigned to the cluster Cj with the nearest center µj:

j = argmin
k
||xi − µk||2. (1.3)

In the optimization step, each center is updated to the mean of all data points assigned
to its cluster:

µj =
1

|Cj|
∑
xi∈Cj

xi. (1.4)

This simple optimization methodology has been proven to be computationally fast
and effective. The main disadvantage of the standard k-means algorithm is that it is a
local optimization method with high sensitivity to the original starting positions of the
cluster centers. Poor center selection usually leads to local minima of the clustering
error. Therefore, to obtain near-optimal solutions using the k-means algorithm, sev-
eral runs must be scheduled differing in the starting positions of the cluster centers.
Among these runs, the solution with the lowest clustering error is naturally chosen
and retained. However, it has been shown that this procedure generally does not
produce satisfactory results [27].

It should be noted that various stochastic global optimization methods have been
proposed, such as simulated annealing and genetic algorithms, to overcome the above
problem, but have not gained wide acceptance. These types of methods involve sev-
eral hyperparameters that are difficult to tune, for example, starting temperature,
cooling, schedule, population size, and crossover/mutation probability and usually re-
quire a large number of iterations, which renders them prohibitive for large datasets.
Consequently, stochastic global optimization methods are usually not preferred, but
instead, methods with multiple random restarts are commonly used [9]. However,
there are some promising genetic approaches in the literature, such as Recombinator-
k-means [28].
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k‐means++

The k-means++ [29] is probably the most widely used center initialization algorithm.
It selects the cluster centers by sampling data points from a multinomial probability
distribution that strives to effectively spread them away from each other. Specifically,
the algorithm comprises two key steps: i) computing a probability distribution for
center selection and ii) sampling a data point from this distribution as the initial
cluster center position. The method iteratively recalculates the distribution in order
to select subsequent cluster centers. This iterative process terminates when all K
centers have been initialized.

Specifically, the method begins by choosing the first center position through uni-
form random selection from the dataset X. Then it computes the distances

di = min
j
||xi − µj||2, (1.5)

of each data point xi (i = 1, . . . , N) from its nearest center and forms the probability
vector P = (p1, . . . , pN), where each component pi is given by

pi = Pr(µ = xi) = di

/ N∑
j=1

dj. (1.6)

Then, it samples the next center position µ from the data using the multinomial
distribution with probability vector P . This two-step procedure is repeated until the
number of centers is equal to K. After the k-means++ center initialization procedure,
the standard k-means algorithm proceeds with the assignment and optimization steps,
described in eq. 1.3 and eq. 1.4 respectively. It is important to note that the k-means++
initialization is computationally efficient and guarantees that the expected clustering
cost is at most a factor of O(log k) larger than the optimal cost [29].

Global k‐means

The global k-means [3] algorithm has also been proposed to effectively solve the k-
means initialization problem and is considered one of the most widely used k-means
initialization variants. It constitutes a deterministic global optimization method that
employs the k-means algorithm as local search procedure and does not depend on the
initialization of the centers or empirically adjustable parameters. In particular, several
empirical studies have shown that both global k-means and k-means++ consistently
outperform the standard k-means algorithm in terms of clustering quality [30, 31].
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Algorithm 1.1 The global k-means [3]
Require: X = {x1, . . . , xN}: Dataset
Require: K: Number of clusters
1: µ1 ← 1

|X|
∑

xn∈X
xn; M1 ← {µ1}

2: for k = 2, . . . ,K do
3: for all xn ∈ X do
4: {(C(n)

k ,M
(n)
k , E(C

(n)
k ))} ← Run k-means with initial k centers positions Mk−1 ∪ {xn}

5: end for
6: (Ck,Mk)← Solution with the minimum error E(C

⋆(n)
k ) among the N solutions {(C(n)

k ,M
(n)
k , E(C

(n)
k ))}, n = 1, . . . , N

7: end for
8: return solutions (Ck,Mk) for every k ∈ {1, . . . ,K}

The global k-means algorithm is outlined in Alg. 1.1. Importantly, instead of
randomly selecting initial values for the cluster centers, the global k-means algorithm
incrementally adds one new cluster center at each stage in an attempt to be optimally
placed. To accomplish that, the global k-means algorithm solves a clustering problem
withK clusters by sequentially solving every intermediate sub-problem with k clusters
(k ∈ {1, . . . , K}). In order to solve the problem with k clusters, the obtained solution
with k − 1 cluster centers is exploited.

Note that the set of k centers is denoted asMk, the k clustering partition is denoted
as Ck, and E(C) denotes the clustering error, see eq. 1.1. The algorithm starts by
solving the 1-means problem where the optimal position corresponds to the center of
the dataset X (step 1 in Alg. 1.1). Then, it solves the 2-means problem by performing
N executions of the k-means algorithm (steps 3-5 in Alg. 1.1). In each execution n,
the first cluster center is always initialized at the optimal solution of the 1-means sub-
problem, while the second center is initially set at the data point xn (n ∈ {1, . . . , N}).
The best solution, with the lowest error (eq. 1.1), is obtained after the N executions
of the k-means algorithm is considered the solution for the 2-means clustering sub-
problem (step 6 in Alg. 1.1). Following the same incremental procedure, the solution
for kth clusters is obtained (steps 2-7 in Alg. 1.1). In general, for solving the kth

cluster sub-problem the procedure begins with the initialization of the k − 1 centers
at the center positions provided by the solution of the (k− 1) problem; then, the new
kth center is initialized at each data point xn. The k-means algorithm is executed N

times while retaining the best clustering solution. The global k-means algorithm is
very successful in obtaining near-optimal solutions, but computationally expensive
for large N as it involves O(NK) executions of k-means on the entire dataset.

It is important to note that the performance of random initialization methods, such
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as k-means++, tends to deteriorate as the number of clusters K increases, especially
compared to more robust strategies such as the global k-means algorithm. High values
of K are often used in overclustering scenarios, where the goal is to uncover finer-
grained substructures within the dataset. In general, a clustering of X is considered an
overclustering when K > k⋆, where k⋆ denotes the true number of underlying clusters
in X. In various fields such as speech recognition [32] and computational biology [33],
overclustering is not only widely applied but often necessary to capture fine-grained
data structure. For example, in computational biology, overclustering ensures that
relevant cell types can be discovered even if an expected population is split into
sub-populations. Moreover, overclustering is vital in more sophisticated clustering
algorithms as an algorithmic step, particularly when dealing with non-convex data
structures [34, 35]. In overclustering methods, obtaining solutions from the global k-
means clustering algorithm is desirable. However, due to the computational burden
associated with large values of N and K , computationally cheaper alternatives are
practically utilized.

Although global k-means is widely acknowledged for its optimization capabilities,
its prominent drawback lies in its high computational complexity. Specifically, each
k clustering sub-problem necessitates O(N) k-means executions. Consequently, the
practical application of the algorithm is predominantly confined to small datasets. This
limitation has prompted researchers to explore heuristic techniques for selecting initial
center candidates, with the dual objective of reducing computational complexity while
maintaining clustering results of comparable quality to those obtained with global k-
means. Nonetheless, it is essential to acknowledge that reducing the computational
complexity of the global k-means algorithm results in the loss of its deterministic
nature.

Fast global k‐means and variants

The fast global k-means algorithm (FGKM) [3] constitutes an effort to accelerate the
global k-means. Unlike global k-means, which necessitates O(N) k-means executions
for each k sub-problem, the FGKM algorithm performs only a single k-means exe-
cution. Alg. 1.2 describes the FGKM clustering method.

In particular, for each value of k, the FGKM algorithm computes an upper bound
(denoted as En) on the clustering error that would arise if the new center was ini-
tialized at the specific point xn and k-means were executed until convergence. The
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Algorithm 1.2 The fast global k-means [3]
Require: X = {x1, . . . , xN}: Dataset
Require: K: Number of clusters
1: µ1 ← 1

|X|
∑

xn∈X
xn; M1 ← {µ1}

2: for k = 2, . . . ,K do
3: xi⋆ ← compute initial position of new ceneter (eq. 1.8)
4: (Ck,Mk)← Run k-means with initial k centers positions {Mk−1} ∪ {xi⋆}
5: end for
6: return solutions (Ck,Mk) for every k ∈ {1, . . . ,K}

upper bound is defined as En ≤ E − bn, where E is the error already found for the
k − 1 clustering sub-problem, while the value bn is given by equation

bn =
N∑
j=1

max(djk−1 − ||xn − xj||2, 0). (1.7)

In eq. 1.7, the djk−1 is defined as the squared euclidean distance between xj and its
closest cluster center among the k − 1 centers obtained so far. The initial position of
the k-th cluster center is set to the data point x⋆

i with minimum En or, equivalently,
with maximum bn:

i⋆ = argmax
n

bn. (1.8)

Several methods have been proposed that modify the global k-means or the fast
global k-means to make it more efficient [30]. The efficient global k-means clustering
algorithm (EGKM) [36] defines a normalized density function criterion for selecting
the top candidate for the new cluster center. However, EGKM similarly to FGKM
demands all pairwise distances d(xi, xj), thus it needs O(N2) distance computations
and extra memory space. The fast modified global k-means algorithm (FMGKM) [37]
defines a more sophisticated auxiliary function criterion for selecting the candidates
compared to FGKM. Its main drawback is computational complexity because, at each
iteration, it requires the entire or part of the affinity matrix computation, which also
generally requires O(N2). In addition, the FMGKM algorithm exhibits a secondary
limitation due to the utilization of an auxiliary function criterion, which introduces a
non-convex optimization problem. The fast global k-means clustering based on local
geometric information [38] is an attempt to reduce the computational complexity of
FGKM [3] and FMGKM [37] by leveraging local geometric structure information to
decrease the distance computations required in each iteration. The method is claimed
to require O(n1n2) distance computations to select the new center candidate, where
empirically n1 ≪ N and n2 ≪ N . Fast global k-means clustering using cluster mem-
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bership and inequality [39] is also an attempt to reduce the distance computations of
the FGKM. It is claimed that the method requires O(Nn1) distance computations to
select the new center candidate, where empirically n1 ≪ N . It is crucial to emphasize
that all related methods exhibit comparable clustering performance to FGKM and
inferior to global k-means.

1.1.2 Kernel k‐means for clustering in feature space

Kernel k‐means

The kernel k-means algorithm [40] extends the typical k-means algorithm to another
space of higher dimension, called feature space F . This is achieved by mapping
original data instances using a non-linear function ϕ : X → F . In the transformed
space, the algorithm minimizes the clustering error as presented in the following
equation (weighted version):

E(C) =
N∑
i=1

K∑
k=1

1Ck
(xi)wi||ϕ(xi)−mk||2, (1.9)

where mk =

N∑
i=1

1Ck
(xi)wiϕ(xi)

N∑
i=1

1Ck
(xi)wi

. (1.10)

In the above equation, the weights wi are nonnegative scalars assigned to each data
point xi. The mapping ϕ(xi) provides a representation of the data in the feature space.
In the general case ϕ(xi) is never computed explicitly. Instead, computations rely on
the kernel matrix, denoted by K ∈ RN×N , where each element Kij = ϕ(xi)

Tϕ(xj)

represents the inner product similarity in the feature space between instance i and j.
For the kernel matrix to be valid, it should be positive semidefinite [10, 41].

By utilizing the kernel trick [40, 41], the squared distances in eq. 1.9 can be
computed without explicitly knowing the transformation ϕ, as shown in the following
equation:

||ϕ(xi)−mk||2 = Kii −
2

N∑
j=1

1Ck
(xj)wjKij

N∑
j=1

1Ck
(xj)wj

+

N∑
j=1

N∑
l=1

1Ck
(xj)1Ck

(xl)wjwlKjl

N∑
j=1

N∑
l=1

1Ck
(xj)1Ck

(xl)wjwl

. (1.11)

The kernel k-means does not explicitly use the transformation ϕ(x); therefore, the
centers mk of the clusters in the feature space cannot be computed directly. How-
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ever, the values of the kernel matrix provide the information required to compute
the feature space distance between instances and cluster centers. Kernel k-means can
achieve non-linear cluster separation, thereby addressing the second k-means limita-
tion. Unless specified otherwise, we assume the unweighted version of the algorithm,
i.e. wi = 1, i = 1, . . . , N .

Algorithm 1.3 Kernel k-Means

Require: K: Kernel matrix
Require: K: Number of clusters
Require: {C1, C2, . . . , CK}: Cluster Initialization
1: Initialize converged← False
2: while not converged do
3: for k = 1, . . . ,K do
4: for all xi ∈ X do
5: Compute ∥ϕ(xi)−mk∥2 using eq. 1.11
6: end for
7: end for
8: for all xi ∈ X do
9: Assign xi to the cluster with the nearest center c⋆(xi)← argmin

k
||ϕ(xi)−mk||2

10: end for
11: for k = 1, . . . ,K do
12: Update cluster Ck ← {xi|c⋆(xi) = k}
13: end for
14: if no change in cluster labels then
15: converged← True
16: end if
17: end while
18: return final partition C⋆ = {C1, C2, . . . , CK} and clustering error E(C⋆) using eq. 1.9

It is known that given a positive semidefinite kernel matrix, the kernel k-means
monotonically converges to a local minimum of clustering error in the feature space.
In this case, the computational complexity of the algorithm is O(N2τ), where τ denotes
the number of iterations to convergence [42]. It is important to point out that applying
kernel k-means does not require the data vectors themselves, but only the values of
the kernel matrix K. The detailed kernel k-means algorithm is described in Alg. 1.3.
It should be emphasized that the kernel k-means requires an initial partition to be
specified. At each iteration, the partition is updated in order to reduce the clustering
error in feature space. It should be noted that in most software packages, the standard
method for initializing kernel k-means is either random initialization [26] or random
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instance labeling, also known as Forgy’s method [43]. The former assigns cluster
centers by selecting random positions in the feature space, while the latter initializes
clusters by directly assigning each data point to a randomly chosen cluster. It is
widely known that both strategies very often converge to poor suboptimal solutions.

Kernel k‐means++

As previously mentioned, k-means++ [29] is a successful algorithm for selecting ini-
tial center positions in Euclidean space, offering provable guarantees. The intuition
behind the k-means++ initialization algorithm is to select a set of well-dispersed ini-
tial centers throughout the dataset. This makes the algorithm less likely to converge
to poor local minima, leading to improved clustering performance. Thus, we aimed
to evaluate its performance in feature space clustering when used as an initializa-
tion method for kernel k-means. Therefore, we formulate the kernel k-means++ [44]
(KkM++) algorithm that can be derived from k-means++ using the feature space dis-
tance formulation described in Alg. 1.4.

Algorithm 1.4 Kernel k-Means++ Initialization

Require: K: Kernel matrix
Require: K: Number of clusters
1: Initialize the set of cluster centers M ← {}
2: Initialize the clusters C = {C1, C2, . . . , CK} where Ci ← {}, ∀i = 1, 2, . . . ,K

3: Choose a data instance µ1 ∼ U(X)

4: M ←M ∪ {µ1}
5: for k = 2, . . . ,K do
6: for all xi ∈ X do
7: Compute distance di ← min

j
d (ϕ(xi), ϕ(µj)) using eq. 1.12

8: end for
9: Choose a data instance µk ← xi at random from X with probability pi ← di

n∑
j=1

dj

10: M ←M ∪ {µk}
11: end for
12: for all xi ∈ X do
13: Assign xi to the cluster with the nearest center c⋆(xi)← argmin

k
d (ϕ(xi), ϕ(µk)) using eq. 1.12

14: end for
15: for k = 1, . . . ,K do
16: Compute initial cluster Ck ← {xi|c⋆(xi) = k}
17: end for
18: return clustering initialization C⋆ = {C1, C2, . . . , CK}
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In the following formulation, µ and m represent a cluster center in Euclidean and
feature spaces, respectively. Specifically, KkM++ requires the number of clusters K

and a kernel matrix K as input. The algorithm begins by initializing the first cluster
center µ1 by randomly selecting a data instance xi from X (Step 3 in Alg. 1.4). For
each data instance xi, it computes the distance di = min

k
||ϕ(xi) − mk||2, where mk

represents the closest cluster center in feature space, defined as mk = ϕ(µk) (Steps
6-8 in Alg. 1.4). The probability vector P = (p1, . . . , pN) is then defined, where each

component pi is given by pi = Pr(m = ϕ(xi)) = di

/
N∑
j=1

dj (Step 9 in Alg. 1.4). Since

each cluster center mk = ϕ(µk) = ϕ(xj) is initialized by a sampled data instance xj

from the dataset X , the distance is computed using kernel matrix values:

d (ϕ(xi),mk) = d (ϕ(xi), ϕ(µk)) = ||ϕ(xi)− ϕ(xj)||2 = Kii − 2Kij +Kjj . (1.12)

Subsequently, the next center m is sampled from the dataset based on the multinomial
distribution defined by the probability vector P , and the process is repeated until all
K centers are initialized (Steps 5-11 in Alg. 1.4). Note that even though we do not
have direct access to data instances ϕ(x) or cluster centers m in the feature space, the
described process allows us to compute the distribution of distances between each
data instance and center in the feature space, thus enabling us to sample the next
cluster center directly from X.

Global kernel k‐means

The global kernel k-means (GKkM) [45] is an extension of the global k-means algo-
rithm for feature space clustering error minimization (eq. 1.9). GKkM employs kernel
k-means as a local minimization procedure and operates incrementally, solving all
subproblems for k = 1, . . . , K successively. The underlying idea is that a near-optimal
solution for k clusters can be attained by first obtaining a near-optimal solution for
k−1 clusters and then initializing the kth cluster N times, with each initialization start-
ing from a different data instance. Among the N solutions, the one with the smallest
clustering error is selected for the k-clustering problem. GKkM presents very satisfac-
tory optimization capabilities, provides all solutions for all k ∈ {1, . . . K}, and is also
deterministic since it does not depend on initialization. However, its primary limita-
tion is the high computational complexity inherited from GkM. If the final number of
clusters is K , then KN kernel k-means executions are required, resulting in an overall
complexity of O(N3Kτ), assuming the kernel matrix has been precomputed [45].
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Algorithm 1.5 Global Kernel k-Means

Require: K: Kernel matrix
Require: K: Number of clusters
1: Initialize C⋆1 ← X

2: for k = 2, . . . ,K do
3: for all xn ∈ X do
4: C ′

k ← {xn}
5: C′k−1 ← C⋆k−1/{xn}
6: C′k ← C′k−1 ∪ C ′

k

7: (Cnk , E(Cnk )) ← Run kernel k-means(K, k, C′k) (Alg. 1.3)
8: end for
9: (C⋆k , E(C⋆k))← Solution with the minimum error E(C⋆k) among the N partitions Cnk
10: end for
11: return solutions (C⋆k , E(C⋆k)) for every k ∈ {1, . . . ,K}

The details of GKkM are outlined in Alg. 1.5. Specifically, the algorithm requires
the number of clusters K and a kernel matrix K as input. It should be noted that Ck

refers to the kth cluster in the partition, while Ck denotes the entire clustering solution
for k clusters. At first, the method addresses the kernel 1-means subproblem by setting
the clustering solution C1 to represent the entire dataset X (Step 1 in Alg. 1.5). Next,
to tackle the kernel 2-means subproblem, kernel k-means is executed N times. In
each of these N executions, the second cluster, C ′2, is initialized using a data instance
xn, which is removed from the previously obtained clustering solution C ′1 (Steps 4
and 5 in Alg. 1.5). The initialization for two clusters is constructed by combining
the solution C ′1 with the single-point cluster C ′2 (Step 6 in Alg. 1.5). The Kernel k-
means then further optimizes the clustering objective using this initialization (Step 7
in Alg. 1.5). After all data instances have been considered as possible initializations
for the second cluster (i.e., kernel k-means has been executed N times), the lowest
error solution is selected as the final solution for the kernel 2-means problem (Step 9
in Alg. 1.5). This process is repeated incrementally for every k = 2, . . . , K , each time
exploiting the solution with (k− 1) clusters. Finally, the algorithm provides solutions
for all k = 1, . . . , K.
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1.2 Unimodality

In most real-world scenarios, we often work with data samples that are assumed to
be generated from some unknown underlying distribution. From these samples, the
goal is to infer various characteristics of the underlying distribution, which in turn
provide insights into the internal structure of the system under investigation. One key
statistical property of interest is whether the underlying distribution is unimodal or
multimodal, that is, whether it has a single peak or multiple peaks [46]. These peaks,
known as modes, often appear in the sampled data as cluster regions where a large
number of data points are densely concentrated. This grouping behavior becomes
apparent when examining a histogram of the data, where a high concentration of data
points forms a “hill” around the mode. A unimodal underlying distribution suggests
that the data originate from a single group or type of observation. In contrast, a
multimodal distribution may indicate the presence of two or more distinct groups
within the data, each exhibiting different behaviors or characteristics. For example,
suppose that one measures the brightness of stars in a small region of a galaxy. If the
histogram of star brightness shows two clear modes, this might mean there are two
different groups of stars, i.e. one group that is older and dimmer and another that is
younger and brighter. This kind of pattern can possibly tell us that the stars in that
area did not all form at the same time. On the other hand, if the histogram has just one
peak, it could mean that the stars are more similar to each other, possibly formed in
the same star-forming event. In either case, observing unimodality or multimodality
can raise new research questions and ultimately lead to a deeper understanding of
the data under study. An illustrative example of univariate unimodal and bimodal
distributions is presented in Fig. 1.1a and Fig. 1.1b, respectively.

1.2.1 Unimodality Definition

The notion of unimodality [47] is a statistical property characterizing a probability
density function. A univariate probability density f is unimodal if there exists a point
m ∈ R, called mode, such that f is non-decreasing in (−∞,m) and is non-increasing
in (m,∞). Qualitatively, this means that f admits its maximum value at the mode
m, and as we move away from m, it can only remain constant or decrease, with no
other local maxima present. The unimodality property can also be characterized in
terms of the Cumulative Distribution Function (CDF). Specifically, a CDF is unimodal
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(a) Unimodal case. (b) Bimodal case.

Figure 1.1: Histogram plots of a unimodal and a bimodal distribution (top row)
and the corresponding CDF plots (bottom row). (a) The dataset corresponding to
the left histogram has a dip value of 0.00 with a p-value of 1.00. (b) The dataset
corresponding to the right histogram has a dip value of 0.02 with a p-value of 0.00.

if there exist two points xl and xu such that the function can be partitioned into three
regions: (a) a convex part in (−∞, xl), (b) a constant part on [xl, xu], and (c) a concave
part on (xu,∞). Note that the unimodality condition still holds if either the first two
regions, i.e. (a) and (b) or the last two regions, i.e. (b) and (c), are absent.

Contrary, two modes would emerge if there is a density gap, i.e. a considerable
drop of the density level among two regions of higher density. Specifically, a proba-
bility density function that does not exhibit unimodality is referred to as multimodal,
indicating the presence of two or more modes. A typical example is a distribution
with exactly two modes, which show up as separate peaks (local maxima) in the
density plot and is called bimodal. Bimodal distributions frequently occur as com-
binations of two unimodal distributions, each having a single mode. For instance,
combining two Gaussian distributions with identical variances but separated means
typically produces a bimodal distribution.

Unimodality is a broad property of probability distributions that simply requires
the distribution to have a single “peak” or mode. Because this requirement is very
general, unimodal distributions can still take on a wide variety of shapes and den-
sities. For example, distributions of many prominent families, such as the Uniform,
Gaussian, Gamma and Beta, have this property. For the multivariate case, several
definitions of unimodality have been proposed in the literature which are, however,
not equivalent [48, 47].
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1.2.2 Unimodality Testing

A reliable approach to assessing the unimodality of the data is through statistical
procedures known as unimodality tests, which are designed to detect the presence of
more than one mode in a distribution. In other words, these tests evaluate whether
a dataset is likely to have been generated by a probability distribution with a single
mode (peak). The concept of unimodality is closely linked to the grouping behavior
of data points, that is, whether the observations tend to cluster around a single central
region or are dispersed across multiple distinct regions.

Several statistical tests have been proposed to assess unimodality [49, 50]. In
this thesis, we focus on one of the most prominent methods: Hartigan’s dip-test of
unimodality [50]. A comprehensive treatment of unimodality testing can be found
in [51, 52, 53].

Hartigan’s dip test [50] is a widely used statistical procedure for assessing the
unimodality of a univariate dataset. Given a univariate sample X = {x1, . . . , xn}, the
test examines the underlying Empirical Cumulative Distribution Function (ECDF),
defined as

F(x) =
1

n

n∑
i=1

1{xi ≤ x}, (1.13)

and determines whether the distribution exhibits a single or multiple modes. The
dip statistic is computed as the maximum deviation between the ECDF and the
closest unimodal distribution function, where “closest” is defined as the distribution
that minimizes this maximum difference. Asymptotically, the uniform distribution
serves as the least favorable unimodal case, and the distribution of the dip statistic
is determined both theoretically (asymptotically) and empirically through sampling
from the uniform distribution.

Given a set of real numbers X = {x1, . . . , xn}, the dip test computes the dip value,
denoted as dip(X), which measures the departure of the empirical cumulative distri-
bution function (ECDF) from unimodality. For two bounded distribution functions
F and G, we define their distance as

ρ(F,G) = max
x
|F (x)−G(x)|. (1.14)

Let U be the class of all unimodal distribution functions. Then, the dip statistic of a
distribution function F is given by

dip(F ) = min
G∈U

ρ(F,G). (1.15)
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In other words, the dip statistic is defined as the smallest among the largest
deviations between all CDF F and the CDFs belonging to the class of unimodal
distributions. An appealing property of the dip statistic is its consistency: if X is a
sample of n observations from F , then lim

n→∞
dip(Fn) = dip(F ). For the null hypothesis,

the class of uniform distributions U is typically employed, since their dip values
are stochastically larger than those of other unimodal distributions, such as those
with exponentially decreasing tails. A further advantage of the dip test is that it is
parameter-free.

To provide the method that the dip statistic is computed, we must introduce two
key definitions. The greatest convex minorant (gcm) of a function F in (−∞, α] is
supG(x) for x ≤ α, where the sup is taken over all functions G that are convex in
(−∞, α] and nowhere greater than F . Similarly, the least concave majorant (lcm) of
a function F in [α,∞) is defined as infL(x) for x ≥ α, where the inf is taken over all
functions L that are concave in [α,∞) and nowhere less than F .

Given a dataset X = {x1, . . . , xn}, where xi ∈ R, the dip statistic is computed as
follows:

(i) Begin with xL = x1, xU = xn, D = 0.

(ii) Compute gcm G and lcm L for F in [xL, xU ]; suppose the points of contact with
F are respectively g1, . . . , gk and l1, . . . , lm.

(iii) Suppose d = sup |G(gi) − L(gi)| > sup |G(li) − L(li)| and that the sup occurs at
lj ≤ gi ≤ lj+1. Define x0

L = gi, x
0
U = lj+1.

(iv) Suppose d = sup |G(li) − L(li)| > sup |G(gi) − L(gi)| and that the sup occurs at
gi ≤ lj ≤ gi+1. Define x0

L = gi, x
0
U = lj.

(v) If d ≤ D, stop and set D(F ) = D.

(vi) If d > D, set D = sup{D, sup
xL≤x≤x0

L

|G(x)− F (x)|, sup
x0
U≤x≤xU

|L(x)− F (x)|}

(vii) Set xU = x0
U , xL = x0

L and return to (ii).

The dip test conceptually considers all n(n−1)
2

possible modal intervals [xL, xU ] de-
fined by the n sorted observations. For each candidate interval, it constructs in O(n)
time the corresponding gcm over (minX, xL) and lcm over (xU ,maxX). Fortunately,
for a given sample X , the overall computation of the dip statistic requires only O(n)
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time. Beyond the dip value itself, the test also reports a measure of statistical signifi-
cance in the form of a p-value. This p-value is estimated from b bootstrap replicates,
each consisting of n independent observations sampled from the Uniform[0, 1] distri-
bution. Denoting the empirical distribution of the r-th replicate as U r

n, the p-value is
given by

P =
1

b

b∑
r=1

1{dip(X) ≤ dip(U r
n) } , (1.16)

which represents the proportion of bootstrap replicates for which the dip statistic
computed for datasets sampled from the uniform null model is greater than or equal
to the dip of the dataset X. In other words, it measures how often a unimodal
distribution generated under the null hypothesis appears at least as “multimodal” as
the data. A small p-value therefore indicates that it is unlikely for the observed dip(X)

to be explained by a unimodal distribution, providing evidence against unimodality.
It should be noted that for each sample size n, the bootstrap distributions U r

n are
generated independently of the observed dataset X. Consequently, they need to be
computed only once, together with their corresponding dip statistics dip(U r

n). The
hypotheses tested by the dip test are:

H0 : X is unimodal, Ha : X is multimodal. (1.17)

At a chosen significance level α, the null hypothesis H0 is accepted if the computed
p-value exceeds α. Otherwise, H0 is rejected in favor of the alternative hypothesis Ha,
indicating evidence of multimodality. An illustrative example of the dip value and
the p-value for unimodal and bimodal datasets is shown in Fig. 1.1.

In the multivariate setting, the notion of unimodality is far less settled. Some defi-
nitions have been proposed in the literature, including star-unimodality and generalized
Anderson-unimodality [47]. However, despite the existence of these mathematical for-
mulations, assessing unimodality in higher dimensions remains challenging, and only
a limited number of practical testing procedures have been developed. Given these
open questions, we do not pursue the multivariate case further in this thesis.

19



(a) Dataset (far) (b) Top split viewer (c) Top no split viewer

(d) Dataset (close) (e) Top split viewer (f) Top no split viewer

(g) Dataset (merged) (h) Top dip value viewer (i) Bottom dip value viewer

Figure 1.2: Application of the dip-dist criterion on 2D synthetic datasets with two
structures of 200 datapoints each. Split viewers are shown in red. (a) One uniform
spherical and one elliptic Gaussian structure. (b), (c) Histograms of pairwise dis-
tances for the strongest and weakest split viewers for Dataset (far). (d) As the two
structures move closer, the number of split viewers and the dip value decrease. (e),
(f) Histograms of pairwise distances for the strongest and weakest split viewers for
Dataset (close). (g) The structures are no longer distinguishable from each other. (h),
(i) Histograms of pairwise distances for the strongest and weakest split viewers for
Dataset (merged).

1.2.3 Unimodality‐based clustering

The concept of unimodality and the use of unimodality testing play an important role
in several machine learning domains, including clustering, density estimation, and
feature selection. In data analysis, uncovering structural information in the data is
crucial. For example, clustering is meaningful when a genuine cluster structure exists.

20



In this context, unimodality tests are particularly relevant [54]. A key notion here is
clusterability [54], which refers to the extent to which a dataset exhibits inherent cluster
structure. Assessment of clusterability should precede the application of clustering
algorithms, as their success relies on the presence of such a structure. If clusterability
is confirmed, the appropriate clustering algorithm can be selected. Conversely, when
no clear structure is present, the clustering results are largely arbitrary and may be
misleading, in which case clustering should not be applied.

For illustration, consider a dataset randomly generated from a single Gaussian
distribution. Since the data contains only one coherent cluster, further division is
meaningless. Nevertheless, most clustering algorithms (e.g. k-means with k ≥ 2)
would still partition the data into multiple clusters, even though no genuine multi-
cluster structure exists. A unimodality test applied beforehand could reveal that the
dataset forms a single homogeneous cluster, indicating that clustering would not be
appropriate. Conversely, suppose that the data come from two Gaussian distributions
with widely separated means. The resulting histogram would exhibit two distinct
peaks, reflecting the presence of two clusters, and a unimodality test would correctly
detect multimodality. Thus, running a unimodality test prior to clustering provides
evidence of whether a meaningful cluster structure is present in the dataset. However,
in the case of multidimensional data, unimodality testing faces significant challenges.
Their performance becomes less predictable in high-dimensional real-world applica-
tions, and they often require reducing the data to a single dimension before the test
can be applied.

Building on these ideas, top-down (divisive) clustering methods have been de-
veloped that explicitly rely on unimodality testing to guide the partitioning process.
Such methods begin with the entire dataset treated as a single cluster and iteratively
test each existing cluster for unimodality. If the test fails for a cluster, it is split into
two subclusters, and the procedure continues until all clusters are decided as uni-
modal. Notable examples of this approach include the dip-means algorithm [55] and
its extension, the projected dip-means algorithm [56], both of which simultaneously
perform clustering and estimate the number of clusters. These methods illustrate how
unimodality-based criteria can be incorporated directly into clustering frameworks.
However, they also face important limitations: (i) testing unimodality for complex,
high-dimensional data distributions can be computationally demanding and sensitive
to noise, and (ii) clusters with arbitrary or non-convex shapes often cannot be identi-
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fied, as they may not conform to unimodality assumptions. Despite these challenges,
they remain important methods in the literature, and we present them in detail next.

Dip‐means

The dip-means algorithm [55] combines Hartigan’s dip test with the k-means frame-
work to assess cluster homogeneity through the so-called dip-dist criterion. This cri-
terion evaluates unimodality in a set of data points using only pairwise distances
(or similarities). The idea is as follows: for a given data point (called a “viewer”),
form a vector whose components are the distances from that viewer to all other data
points. The distribution of the values in this distance vector can then reveal infor-
mation about the underlying cluster structure. If the data points belong to a single
cluster, the distribution of distances is expected to be unimodal. In contrast, if two
well-separated clusters are present, the distribution will typically exhibit two distinct
modes, each corresponding to distances to points in one of the clusters. Applying a
unimodality test to the distance vector of a viewer therefore provides evidence about
the unimodality of the cluster. Figure 1.2 illustrates the application of the dip-dist
criterion on synthetic 2d datasets.

A key challenge arises from the dependence of the result on the choice of viewer.
Intuitively, viewers located near cluster boundaries are more likely to produce dis-
tance vectors with clearly separated modes when multiple clusters exist. To address
this issue, dip-means treats each data point as a viewer, applies the unimodality test
to every corresponding distance vector, and classifies data points that reject unimodal-
ity as “split viewers”. If the majority of viewers are identified as split viewers, the
algorithm concludes that the cluster contains multiple substructures; otherwise, it is
considered unimodal.

Dip-means operates as an incremental clustering algorithm built from three main
components. The first is a local search procedure that, given a model with k clusters,
optimizes the cluster parameters; this is implemented using k-means, where the clus-
ter centers serve as model representatives. The second and central component applies
the dip-dist criterion to determine whether a given subset of data contains evidence
of multiple cluster structures. Finally, the third component is a divisive (bisecting)
step that when a cluster is deemed multimodal, it splits into two subclusters.

The dip-means method is presented in Algorithm 1.6. Specifically, it requires
as input the dataset X along with two parameters for the dip-dist criterion: the
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Algorithm 1.6 Dip-means
Require: X (dataset)
Require: kinit (initial number of clusters)
Require: α (significance level)
Require: υthd (percentage of split viewers required for cluster to be considered as a split candidate)
Ensure: score = unimodalityTest(c, α, υthd) returns a score value for the cluster c
Ensure: (C,M) = k-means(X, k) the k-means clustering
Ensure: (C,M) = k-means(X,M) the k-means clustering initialized with model M
Ensure: (µL, µR) =splitCluster(c) that splits ta cluster c and returns two centers µL, µR

1: k ← kinit

2: (C,M)← k-means(X, k)

3: while changes in cluster number occur do
4: for j = 1, . . . , k do
5: scorej ← unimodalityTest(cj , α, υthd) // compute the score for unimodality test
6: end for
7: if maxj(scorej) > 0 then
8: target ← argmaxj(scorej) // index of cluster to be split
9: (µL, µR)← splitCluster(ctarget)
10: M ← (M − µtarget, µL, µR) // replace the old centers with the two new ones
11: (C,M)← k-means(X,M) // refine solution
12: end if
13: end while
14: return solution (C,M)

significance level α and a percentage threshold υthd, which specifies the minimum
fraction of cluster members that must be split viewers to trigger a division. The
algorithm begins from an initial partition with kinit ≥ 1 clusters. At each iteration, all
current k clusters are tested for unimodality. For each cluster cj , the set of split viewers
υj is identified, and the cluster is marked as a split candidate if the proportion of split
viewers is greater than the threshold υthd. Multimodal clusters are assigned a non-
zero score, while unimodal clusters receive a score of zero. Several scoring strategies
are possible, for example, based on the fraction of split viewers or the cluster size. In
the standard formulation, the score of a split candidate cj is defined as the average
dip statistic of its split viewers:

scorej =


1
|υj |

∑
xi∈υj

dip(F (xi)) if |υj ||cj | ≥ υthd,

0 otherwise.
(1.18)

To avoid overestimating the true number of clusters, only the candidate with the
highest score is split in each iteration. Each split divides a cluster into two subclusters
using a 2-means local search, initialized with a pair of sufficiently diverse centers µL

and µR chosen from within the cluster, considering only its data points. The initial
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centers are set as (µL, µR) ← (x;µ − (x − µ)), where x is a randomly selected cluster
member and µ is the cluster center. In this way, µL and µR are placed symmetrically
on opposite sides of µ at equal distances. The 2-means procedure can be repeated
with different initializations of µL and µR to increase the chance of finding a good
split. After each iteration, the solution is refined using k-means, which fine-tunes
the partition into k + 1 clusters. The procedure terminates when no further split
candidates are identified among the existing clusters.

Projected dip‐means

The projected dip-means algorithm [56] (pdip-means) is an alternative to the dip-means
algorithm that replaces the dip-dist criterion with a different one, called the projected
dip, to assess cluster homogeneity. Like dip-dist, the projected dip relies on the dip
test of unimodality, but it applies the test to different one-dimensional datasets. As
previously noted, the dip-dist criterion operates on the pairwise distance matrix of
the data. This makes it broadly applicable, even in cases where the original data
objects are unavailable and only their distance matrix is provided. The pdip-means
algorithm considers one-dimensional projections of the data along several axes and
applies the dip test for unimodality on the projections.

Specifically, the projected dip (pdip) criterion to assess the homogeneity of a set
of data vectors operates as follows: A set of L one-dimensional projections is first
specified. For each projection j (j = 1, . . . , L), the corresponding projected values of
the data vectors are computed, forming the one-dimensional set Pj. The dip test is
then applied to Pj , yielding dipj and p-valuej. In analogy to the dip-dist criterion,
each projection can be viewed as a “point of view”. If multimodality is observed
for several projections, the dataset is considered multimodal; otherwise, it is consid-
ered unimodal. The pdip-means algorithm supports three types of one-dimensional
projections:

1. Projections on each of the d original axes, i.e., applying the dip test to each
column of the dataset.

2. PCA-based projections, where Principal Component Analysis is used to extract
projections along each principal axis.

3. Random projections applied to randomly selected axes.
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Algorithm 1.7 Pdip-means
Require: X (dataset)
Require: kinit (initial number of clusters)
Require: α (significance level)
Ensure: projections = data_projection(c) return several data projections of cluster c
Ensure: dip_score = unimodalityTest(d, α) returns a dip score value for the dataset d
Ensure: (C,M) = k-means(X, k) the k-means clustering
Ensure: (C,M) = k-means(X,M) the k-means clustering initialized with model M
Ensure: (µL, µR) =splitCluster(c) that splits a cluster c and returns two centers µL, µR

1: k ← kinit

2: (C,M)← k-means(X, k)

3: while changes in cluster number occur do
4: for j = 1, . . . , k do
5: projectionsj,prj ← data_projection(cj)
6: dip_scorej,prj ← unimodalityTest(projectionsj,prj , α) // compute the score for unimodality test
7: pdip_scorej ← maxprj(dip_scorej,prj)
8: end for
9: if maxj(pdip_scorej) > 0 then
10: target ← argmaxj(pdip_scorej) // index of cluster to be split
11: (µL, µR)← splitCluster(ctarget)
12: M ← (M − µtarget, µL, µR) // replace the old centers with the two new ones
13: (C,M)← k-means(X,M) // refine solution
14: end if
15: end while
16: return solution (C,M)

In summary, to assess the homogeneity of a set of real-valued data vectors using
the pdip criterion, the dip test is applied 2d+ r times: once for each of the d columns
of the data matrix, once for each of the d PCA projections, and r times for random
projections. If at least one dip test indicates multimodality, the dataset is consid-
ered multimodal; otherwise, it is considered unimodal. In cases of multimodality, the
largest dip value among the projections is taken as the dataset’s multimodality score.

The detailed algorithm is presented in Alg. 1.7. Given a set of real-valued data
vectors, the projected dip-means (pdip-means) algorithm can be derived from the
original dip-means by replacing the dip-dist criterion with the projected dip (pdip)
criterion. Thus, pdip-means is an incremental clustering algorithm that begins with
a single cluster and iteratively adds new clusters through splitting based on the pdip
criterion. More specifically, the pdip criterion is applied to each cluster in the current
solution, classifying each cluster as either multimodal or unimodal. For clusters iden-
tified as multimodal, the maximum dip value (maxdip) from the dip tests is retained
as the cluster’s multimodality score. If one or more multimodal clusters exist, the
cluster with the highest multimodality score is selected and split into two subclusters.
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The number of clusters then increases to k + 1, and k-means with k + 1 clusters is
applied to refine the partition. These steps are repeated until all clusters are found to
be unimodal, at which point the algorithm terminates, since no further splits are war-
ranted. It is important to note that the number of clusters is automatically determined,
as also happens with the dip-means algorithm.

1.3 Deep Learning‐based Clustering

Deep Learning (DL) has emerged as a powerful approach for extracting rich and
meaningful representations from large-scale data without extensive reliance on man-
ually engineered features [13, 57]. A deep neural network (DNN) is a computational
model composed of multiple layers of interconnected processing units, or neurons,
that learn hierarchical representations of data. Each layer applies a linear transforma-
tion followed by a non-linear activation function (e.g., sigmoid, tanh, ReLU), which
enables the network to capture complex and highly non-linear relationships in the
input. By stacking many such layers, DNNs progressively build more abstract and dis-
criminative feature representations, allowing them to approximate intricate functions
and achieve state-of-the-art performance in tasks such as computer vision, natural
language processing, and speech recognition. Many DNN architectures incorporate an
unsupervised learning stage, commonly referred to as unsupervised pretraining (e.g.,
autoencoders), which enables the model to capture more expressive and informa-
tive data representations. This strategy has been shown to significantly enhance the
performance of subsequent supervised or unsupervised learning tasks.

Clustering is a well-studied problem with numerous proposed approaches, which
can be generally classified as hierarchical (divisive or agglomerative), model-based
(e.g. k-means [25], mixture models [5]) and density-based (e.g. DBSCAN [58], Den-
sityPeaks [59]). However, most of those methods are effective when the data space is low
dimensional and not complex, i.e. image data. Various feature extraction and feature
transformation methods have been proposed to map the original complex data to a
simpler feature space as a prepossessing step to address those limitations. Some of
the methods include Principal Component Analysis [60], Non-negative Matrix Fac-
torization [61], Spectral methods [62], and Minimum Density Hyperplanes [63].

More recently, deep neural networks (DNNs) have been employed for cluster-
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ing in the context of deep learning. DNNs are used to learn rich and useful data
representations from data collections without heavily relying on human-engineered
features [12]. Notably, DNNs can improve the performance of both supervised and
unsupervised learning tasks because of their excellent nonlinear mapping capability
and flexibility [13, 14]. Although clustering has not initially been the primary goal
of deep learning, several clustering methods have been proposed that exploit the
representational power of deep neural networks; thus, the deep clustering category of
methods has emerged. Such methods aim to improve the quality of clustering results
by appropriately training neural networks to transform the input data and generate
cluster-friendly representations, meaning that in the latent space the data will form
compact, and hopefully, well-separated clusters [15, 16, 17, 18, 19].

1.3.1 Deep Clustering

In this thesis, we focus on models for unsupervised learning, with particular attention
to those employed in deep clustering. Most deep clustering approaches share a com-
mon foundation: they first employ deep neural networks (DNNs) to learn meaningful
data representations, which are then used as input for the clustering process [15]. A
general deep clustering framework can be described through several key components:
(1) the neural network architecture, (2) the deep features extracted for clustering, (3)
the non-clustering loss, (4) the clustering loss, (5) the strategy for combining these
losses, and (6) the mechanism for updating cluster assignments during network train-
ing. In the following subsections, we discuss these core concepts.

Neural Network Architectures

In most deep clustering methods, a DNN is employed to transform the input data into
a latent representation that serves as the basis for clustering. Various DNN models
have been utilized in the deep clustering framework [19]. Notable examples include
Generative Adversarial Networks [4], Autoencoders [64], Graph Neural Networks [65]
and regular DNNs have been utilized by methods such as ClusterGan [1], VaDE [66]
and JULE [67]. A brief overview of these representative DNN models is provided
below.

• Multilayer Perceptron (MLP): This type of feedforward network consists of one
or more hidden layers of neurons employing non-linear activation functions. In
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this architecture, the output of each layer is passed as input to the subsequent
layer, establishing a sequential flow of information through the network [68].

• Autoencoder (AE): represent a specialized class of ANNs designed for unsu-
pervised learning. They aim to extract efficient data representations without the
need for labeled data. Their primary objective is to compress input data into a
compact form while maintaining the ability to accurately reconstruct it. The core
architecture of an AE consists of three components: the encoder, the bottleneck
layer, and the decoder. The encoder progressively transforms raw input data
into a lower-dimensional, informative representation through a series of hid-
den layers that capture key patterns and features. In the middle the bottleneck
layer lies, also referred to as the latent space, which provides a condensed low-
dimensional encoding of the input, preserving its essential characteristics. This
encoding is then passed to the decoder, which incrementally expands it back to
the original dimensionality. The decoder’s hidden layers refine this reconstruc-
tion step by step, ensuring that the compressed representation is translated into
a faithful approximation of the original input. Through this encoding–decoding
process, AEs learn meaningful patterns within the data, enabling the discovery
of essential features and structures [64]. Several types of AE exist, such as de-
noising, sparse, and variational AE. In this thesis, we focus on the typical AE
model.

• Convolutional Neural Network (CNN): Inspired by biological processes in
which the connectivity patterns between neurons resemble the organization of
the visual cortex, CNNs are a specialized form of multilayer perceptrons (MLPs)
designed to process data with a regular grid structure, such as images. They
are particularly effective in achieving invariance to translation, scaling, skewing,
and other distortions [69, 13]. GANs are discussed in Section 1.3.3.

• Generative Adversarial Network (GAN): A GAN consists of two competing
neural networks, the generator (G) and the discriminator (D) that engage in a
zero-sum game. The main goal of GANs is the generation of synthetic samples.
Specifically, the objective of the generator is to produce synthetic samples that
are indistinguishable from real data, while the discriminator attempts to cor-
rectly distinguish between real and generated samples. Through this adversarial
process, both networks iteratively improve, ultimately leading the generator to
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produce samples that are nearly indistinguishable from real data [4]. GAN’s are
discussed in detail in Section 1.3.3.

Deep Features

Leveraging the architecture of a DNN, the features used for clustering of the input
data can be extracted from either a single layer or multiple layers of the network:

• Single layer: Features are obtained from a specific layer of the DNN. This
approach is often advantageous due to its lower dimensionality, which simplifies
computation and reduces complexity.

• Multiple layers: Features are derived from a combination of outputs across
several layers. This strategy produces a richer representation, enabling the em-
bedded space to capture more complex semantic information. As a result, it
may lead to improved performance in similarity computations [70].

Non‐Clustering Loss

The non-clustering loss comes purely from learning a deep representation of the data
using DL methods, and it is independent of the clustering part of the procedure.
Some possible options for non-clustering losses are [15]:

• Absence of non‐clustering loss: in this case, the network model is only con-
strained by the clustering loss. The absence of a non-clustering loss can result
in worse representations or even collapsing clusters [71].

• Reconstruction loss: if an autoencoder is used as DNN architecture, then the
non-clustering loss is the reconstruction loss. Usually, the reconstruction loss
is a distance measure d(xi, x̂i) between the input xi to the autoencoder and
the corresponding reconstruction x̂i. The most commonly used distance is the
Euclidean:

LAE(xi, x̂i) =
n∑
i

||xi − x̂i||2 (1.19)

where n is the number of data, xi is the input and x̂i is the autoencoder output
(reconstruction).
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• The min‐max loss: if the DNN model is a GAN architecture [4] then the non-
clustering loss function is the following:

L(D,G) = min
G
max
D

V (D,G) = Ex∼pdata(x)[logD(x)] + Ez∼pz(z)[log(1−D(G(z)))]
(1.20)

• Additional data information can be incorporated to formulate non-clustering
losses that promote the extraction of domain-specific and application-relevant
features.

Clustering Loss

Clustering loss functions guide neural networks to learn representations that are well-
suited for clustering tasks [17, 16, 15]. These functions can generally be divided into
two categories: explicit clustering losses, which directly produce cluster assignments
after training, and implicit clustering losses, which improve the quality of learned
representations but require an additional clustering step to generate the final clusters.

• Explicit Clustering Loss: Training with this type of loss enables cluster assign-
ments to be derived directly, as the loss incorporates both the cluster centers
and the clustering objective. Examples include k-means loss [72], cluster assign-
ment hardening loss [73], agglomerative clustering loss [74], cluster classification
loss [1, 75] and nonparametric maximum margin clustering [76].

• Implicit Clustering Loss: This type of loss encourages the network to learn
representations suitable for clustering, but it does not itself provide cluster as-
signments. Thus, an additional clustering stage is required after training. Ex-
amples include locality-preserving loss [77], which enforces the preservation of
local structures in the embedding space, and group sparsity loss [77], which
exploits block-diagonal similarity matrices for representation learning.

The following are representative examples of explicit clustering loss functions [16]:

• No clustering loss: Even when a DNN is trained solely with non-clustering
losses, the learned deep features can still be utilized for clustering after train-
ing. For instance, the network may transform the input data into a lower-
dimensional representation, effectively performing dimensionality reduction.
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Such representations can sometimes facilitate clustering; however, incorporating
a clustering loss generally leads to superior results [73, 71].

• k‐means loss: Also referred to as the clustering error, this loss encourages the
learned representations to be cluster-friendly [71]. By minimizing the clustering
error with respect to the DNN parameters, the distance between each data point
and its assigned cluster centers is reduced in the latent space, thereby improving
the quality of clustering when k-means is applied.

• Agglomerative clustering loss: Based on hierarchical clustering principles, this
loss iteratively merges the two clusters with the highest similarity (or affinity)
in the latent space until a predefined stopping criterion is reached [67].

• Pseudo‐label loss: Cluster assignments generated during the update process can
be treated as pseudo-labels and used as a classification loss within an additional
network branch. This approach promotes the extraction of discriminative and
meaningful features across network layers [1, 75].

Additionally, several types of implicit clustering loss functions have been proposed,
some of them follow [16]:

• Locality‐preserving loss: this loss target is to ensure the locality of the clusters
by pushing nearby data points together [77]. The mathematical formulation is
the following:

Llp =
∑
i

∑
j∈Nk(i)

s(xi, xj)||f(xi)− f(xj)||2 (1.21)

where Nk(i) is the set of k nearest neighbors of the data point xi in the input
space, s(xi, xj) is a similarity measure between the points xi and xj , and f(·)
is the nonlinear transformation from the input to the latent space implemented
by a DNN.

• Group sparsity loss: it is inspired by spectral clustering. In this methodol-
ogy, the block diagonal similarity matrix is exploited for representation learn-
ing [62]. Group sparsity is itself an effective feature selection method. As an
example, in [77] the hidden units were divided into G groups, where G is the
assumed number of clusters. Given a xi, the obtained representation has the
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form {f g(xi)}Gg=1. Thus the loss can be defined as follows:

Lgs =
N∑
i=1

G∑
g=1

λg||f g(xi)|| (1.22)

where {λg}Gg=1 are the weights of sparsity groups, defined as

λg = λ
√
ng (1.23)

where ng is the group size and λ is a constant.

Combining The Non‐Clustering and Clustering Losses

Consider a deep clustering procedure where both a clustering loss and a non-clustering
loss are employed. An effective strategy for combining these two objectives is essential.
The most common approach adopts the following formulation:

L(θ) = Ln(θ) + λLc(θ), (1.24)

where Lc(θ) denotes the clustering loss, Ln(θ) denotes the non-clustering loss, and
λ is a non-negative weighting parameter that balances the contribution of the two
losses. The parameter λ thus serves as a hyperparameter in DNN training and may
either remain fixed or vary according to a predefined schedule. Common strategies
for setting or adjusting λ during training include [16]:

• Joint training: λ is assigned to a constant value so that both losses contribute
simultaneously to the training process.

• Variable schedule: λ is dynamically adjusted according to a schedule. For ex-
ample, training may begin with a low value of λ, which is gradually increased
over successive epochs to emphasize the clustering objective more strongly as
training progresses.

• Pre‐training and fine‐tuning: Training is carried out in two stages. In the first
stage, λ is set to 0, and the model is trained exclusively with the non-clustering
loss. In the second stage, λ increases to a positive value, and the model is fine-
tuned using only the clustering loss. This approach leverages pre-training to
learn general representations, though relying solely on the clustering loss in the
second stage may degrade clustering performance.
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Figure 1.3: General autoencoder architecture. The encoder (shown in red, left) maps
the input data to a lower-dimensional embedding space, while the decoder (shown
in blue, right) reconstructs the input data from the embeddings.

1.3.2 Autoencoder‐based Clustering

The majority of deep clustering methods rely on AE training [19]. AE-based deep
clustering methodologies attempt to exploit the non-linear capabilities of the encoder
and decoder models in order to assist in latent space [71]. To achieve this goal, novel
objective functions have been proposed that integrate the typical AE reconstruction
error with a clustering loss in order to train the AE network so that in the learned
embedded space, the data will form more compact clusters (achieved through mini-
mization of a clustering objective), while at the same time retaining the information
of the original data (achieved by minimizing the AE reconstruction error).

An AE model consists of an encoder network z = fθ(x) which given an input x
provides embedding z, and the decoder network x̂ = gw(z) that provides the recon-
struction x̂ given the embedding z, as shown in Fig. 1.3. In the typical AE case, given
a dataset X = {x1, . . . , xN}, the parameters θ and w are adjusted by minimizing the
reconstruction loss:

Lrec =
1

N

N∑
i=1

||xi − gθ(fw(xi))||2. (1.25)

A straightforward approach for AE-based clustering is to first train the AE using the
reconstruction loss and then cluster the embeddings zi = fw(xi) using any clustering
method. Thus, data projection and clustering are performed independently. However,
it has been found that the better results are obtained if the embeddings are formed
taking into account both reconstruction and clustering.
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Therefore, AE clustering framework has emerged, where the goal is to create cluster-
friendly embeddings zi. To achieve this goal, the reconstruction loss is enhanced with
an appropriately defined clustering loss Lcl resulting in a total loss of the form:

LAE = Lrec + λLcl, (1.26)

where the hyperparameter λ balances the relative importance of the two objectives.
It should be noted that the minimization of the clustering loss enforces the forma-

tion of embeddings zi with small cluster variance. An easily obtained trivial solution
exists, where all data points xi are mapped to embeddings zi that are all very close
to each other (ie. the encoder is actual a constant function). To avoid this trivial
solution, the reconstruction loss is added that forces the embeddings zi to retain the
information of the original dataset. In essence, AE clustering methods strive to create
embeddings that form compact clusters while keeping the characteristics of the orig-
inal dataset. The most widely used AE-based clustering methods are summarized
next.

Deep Embedding Clustering

Inspired by the t-SNE [78] algorithm, the Deep Embedding Clustering (DEC) [73]
method has been proposed that optimizes both the reconstruction objective and a
clustering objective. DEC transforms the data in the embedded space using an AE
and then optimizes a clustering loss defined by the KL divergence between two dis-
tributions pij and qij: qij are soft clustering assignments of the data based on the
distances in the embedded space between data points and cluster centers, and pij is
an adjusted target distribution aiming to enhance the clustering quality by leveraging
the soft cluster assignments. More specifically, qij is defined as

qij =
(1 + ||zi −mj||2/α)−

a+1
2∑

j′(1 + ||zi −mj′ ||2/α)−
a+1
2

, (1.27)

where zi = fw(xi), mj is a cluster center in the embedded space and α are the degrees
of freedom. Furthermore, pij =

q2ij/fij∑
j′ q

2
ij/fij

(with fij =
∑

i qij) is the target probability
distribution that aims to sharpen the cluster probability assignments. Finally, DEC
performs pretraining to minimize the reconstruction loss and subsequently excludes
the decoder part of the network, focusing solely on the clustering loss during the
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training phase. The objective function of DEC is the following:

LAE = Lrec + λ
n∑

i=1

k∑
j=1

pij log
pij
qij

. (1.28)

Improved Deep Embedding Clustering

A modification of the DEC method is the Improved Deep Clustering with local struc-
ture preservation (IDEC) [79]. Both DEC and IDEC optimize the same objective func-
tion 1.28, but differ in the training strategy of the autoencoder. Specifically, IDEC
jointly minimizes the reconstruction and clustering losses during training, whereas
DEC discards the decoder and focuses solely on the clustering loss. From eq. 1.27
and eq. 1.28 it is clear that the above approaches aim to minimize only an inner
cluster distance loss.

Deep Clustering Network

Similar to DEC, the Deep Clustering Network (DCN) [71] jointly learns the embeddings
and the cluster assignments by directly optimizing the k-means clustering loss in the
embedded space. The optimized objective function is:

LAE = Lrec + λ
n∑

i=1

||zi −Msi||2, (1.29)

where zi = fw(xi), M is a matrix containing the k cluster centers in the embedded
space, and si is the cluster assignment vector for data point xi with only one non-
zero element. An analogous early work is AE-based data clustering (AEC) [80] which
also aims to minimize the distance between embedded data and their nearest cluster
centers.

DipEncoder

DipEncoder [81] uses a powerful statistical test in its definition of the clustering loss
function, the dip-test of unimodality [82], which introduced in Section 1.2. Note that
DipEncoder considers all cluster pairs to define the loss function and defines two
terms. Specifically, the first term aims to enforce the unimodal nature of each cluster
in the embedded space and is defined as:

Luni(a, b) =
1

2

(
dip(Zα,�β

) + dip(Z
�α,β

)
)
, (1.30)
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where α, β are two distinct clusters, Zα,�β
is the projected latent data values of cluster

α onto the line passing through the cluster centers (similarly for Z
�α,β
), and dip(·)

is the dip-value of the corresponding set. The second term of the clustering loss
is responsible for enforcing multimodality of the union of two clusters α, β and is
defined as:

Lmulti(a, b) = −dip(Zα,β). (1.31)

The complete form of the DipEncoder loss function is the following:

Ldip =
2

k(k − 1)

k−1∑
α=1

k∑
β=a+1

Luni(a, b) + Lmulti(a, b), (1.32)

where k is the number of clusters.

1.3.3 GANs‐based Clustering

As mentioned previously, GANs [4] are based on a min–max optimization framework
in which two networks compete in a zero-sum game. The generator (G) aims to pro-
duce synthetic data, while the discriminator (D) seeks to distinguish between real and
generated samples. GANs have achieved remarkable success in a wide range of unsu-
pervised learning tasks, and clustering, as a central unsupervised problem, naturally
benefits from their capabilities. In particular, the latent space learned by GANs not
only facilitates dimensionality reduction but also enables several novel applications.
For example, perturbations in the latent space can be used to generate adversarial
examples, which contribute to building more robust classifiers [83]. Similarly, com-
pressed sensing approaches [84] leverage GANs by identifying latent vectors that
minimize reconstruction error, while generative compression techniques [85] utilize
the latent space for efficient data compression. These properties make GANs partic-
ularly well suited as a backbone for deep clustering methods. In the following, we
first provide an overview of the general framework of GANs and then describe Clus-
terGAN [1], a methodology that extends the GAN architecture by incorporating an
additional encoder network (E).

GANs

GANs [4] aim to approximate the real data distribution by implicit sampling while
simultaneously learning a mapping from a latent space Z to the input space X . To
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achieve this, the generator produces synthetic samples defined as x = G(z; θg), where
z is typically drawn from a prior distribution z ∼ N (0, σ2I). The discriminator D,
acting as an adversary, attempts to distinguish real samples from those generated by
G, providing D(x; θd), which represents the probability that x is real. Specifically, the
generator’s objective is to maximize the error of the discriminator, while the discrim-
inator strives to minimize it. Training proceeds iteratively until the discriminator can
no longer reliably differentiate between real and generated samples. Formally, the
objective of GANs is expressed as:

min
G
max
D

V (D,G) = Ex∼pdata(x)[logD(x)] + Ez∼pz(z)[log(1−D(G(z)))] (1.33)

where pdata represents the distribution of real data, and pz is the prior probability
distribution of noise (usually a Gaussian distribution). Here, x and z are samples from
X and Z , respectively. The discriminator D outputs a real number in [0, 1] indicating
whether a sample is real (D(x) → 1) or fake (D(x) → 0) while the generator G
produces synthetic samples intended to resemble real data as closely as possible.

Figure 1.4: Basic GAN architecture and operation.

Figure 1.4 shows the architecture and operation of a typical GAN. Initially, the
generator network receives a random noise vector as input and produces a synthetic
sample as output. Both real samples from the dataset and generated samples are
then fed into the discriminator network, which evaluates their authenticity. Finally,
the discriminator outputs a value in the range [0, 1], representing the probability that
the input sample is real (D(x)→ 1) or fake (D(x)→ 0).
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The complete training procedure for GANs is outlined in Alg. 1.8. For the gradient-
based updates, any standard optimization method may be employed, with the Adam
optimizer [86] being the most widely used choice.

Algorithm 1.8 Minibatch stochastic gradient descent training of GANs [4].
Require: X (dataset)
Require: T, ITERATIONS (number of discriminator updates, number of iterations)
Require: G,D (generator, discriminator)
1: iteration← 1

2: while iteration ≤ ITERATIONS do
3: t← 1

4: while t < T do
5: Sample minibatch of m noise samples {z1, . . . , zm} from noise prior pz(z).
6: Sample minibatch of m examples {x1, . . . , xm} from data generating distribution pdata(x).
7: Update the discriminator by ascending its stochastic gradient:

∇θd

1

m

m∑
i=1

[logD(xi) + log(1−D(G(zi)))] . (1.34)

8: t← t+ 1

9: end while
10: Sample minibatch of m noise samples {z1, . . . , zm} from noise prior pz(z).
11: Update the generator by descending its stochastic gradient:

∇θg

1

m

m∑
i=1

log(1−D(G(zi))). (1.35)

12: iteration← iteration+ 1

13: end while
14: return The learned parameters θg, θd.

ClusterGan

ClusterGAN [1] presents an adaptation of the GAN framework [4] to address the task
of data clustering. Its design integrates several key algorithmic ideas which can be
summarized as follows:

• Sampling prior: ClusterGAN employs a latent prior that combines discrete and
continuous variables, enabling the formation of clusters more naturally within
the latent space.
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• Architecture: In addition to the generator and discriminator networks, Clus-
terGAN introduces an encoder network dedicated to clustering. The encoder
provides an inverse mapping from the data space X to the latent space Z , i.e.,
E : X → Z.

• Loss function: Training jointly involves both the GAN and the encoder, guided
by a clustering-specific loss. This ensures that the geometry of the projected
latent space reflects the distance relationships among the latent variables z.

The first step in adapting the vanilla GAN [4] to enhance clustering performance
in the latent space involves designing a more effective sampling prior distribution for
the generator. ClusterGAN [1] achieves this by employing a latent prior composed of
both discrete and continuous variables. This choice ensures that the resulting clusters
remain well separated. Specifically, the latent variable is defined as z = (zn, zc), where
zn is drawn from a multivariate Gaussian distribution (zn ∼ N (0, σ2I)) and zc is sam-
pled from a one-hot distribution with K elements, corresponding to the number of
clusters. To ensure that each mode generates samples exclusively from its correspond-
ing class in the original data, the standard deviation σ must be chosen carefully. A
small value, such as σ = 0.10, is typically used so that, with high probability, each
dimension of the normal component satisfies zn,j ∈ (−0.6, 0.6)≪ 1.0 for all j. Setting
σ to such a small value is crucial, as it prevents overlap among the clusters in the
latent space Z of the generator, thereby maintaining their separation.
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Algorithm 1.9 Minibatch stochastic gradient descent training of ClusterGan [1].
Require: X (dataset)
Require: T, ITERATIONS (number of discriminator updates, number of iterations)
Require: G,D, E (generator, discriminator, encoder)
1: iteration← 1

2: while iteration < ITERATIONS do
3: t← 1

4: while t < T do
5: Sample minibatch of m noise samples {z(1), . . . , z(m)} from noise prior Pz , where z(i) =

(z
(i)
n , z

(i)
c ).

6: Sample minibatch of m examples {x(1), . . . , x(m)} from data generating distribution Px.
7: Update the discriminator by ascending its stochastic gradient:

∇θD

1

m

m∑
i=1

[
q(D(x(i))) + q(1−D(G(z(i))))

]
. (1.36)

8: t← t+ 1

9: end while
10: Sample minibatch of m noise samples {z(1), . . . , z(m)} from noise prior Pz , where z(i) =

(z
(i)
n , z

(i)
c ).

11: Update the generator by descending its stochastic gradient:

∇θG

1

m

(
−

m∑
i=1

q(D(G(z(i)))) + βn

m∑
i=1

||z(i)n − E(G(z(i)n ))||22 + βc

m∑
i=1

H(z(i)c , E(G(z(i)c )))

)
. (1.37)

12: Update the encoder by descending its stochastic gradient:

∇θE

1

m

(
βn

m∑
i=1

||z(i)n − E(G(z(i)n ))||22 + βc

m∑
i=1

H(z(i)c , E(G(z(i)c )))

)
. (1.38)

13: iteration← iteration+ 1

14: end while

ClusterGAN extends the standard GAN architecture by incorporating an addi-
tional network called Encoder. Unlike the generator and discriminator, which are part
of the vanilla GAN, the encoder is introduced specifically to enable clustering. Its
primary role is to explicitly perform an inverse mapping from the data space of the
generated samples back to the latent space, i.e., E : Xg → ẑ, where ẑ represents the
estimated latent variables corresponding to a given data sample. This task is inher-
ently challenging because the inverse mapping problem involves navigating a highly
non-convex search space, since the generator is a neural network whose mappings
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in the latent space Z can vary depending on initialization. By explicitly learning this
inverse mapping, the encoder addresses this challenge efficiently, enabling the model
to recover latent variables in a consistent manner. As a result, the encoder facilitates
the clustering of samples in an unsupervised classification framework.

Figure 1.5 illustrates the architecture and basic operation of ClusterGAN. The
generator takes as input the latent variable z = (zn, zc), where zc encodes the clustering
information, and produces synthetic samples xg. The discriminator receives both real
samples (xr) and generated samples (xg), outputting the probability that each sample
is real. At the same time, the encoder processes the generated samples and projects
them back into the latent space, thereby recovering the latent representation.

Figure 1.5: ClusterGan Architecture [1].

The ClusterGan’s loss function is a combination of losses that contains the GANs’
loss that targets the data generation and the clustering loss that aims at the data
clustering:

min
θG ,θE

max
θD

E
x∼Pr

x

q(D(x)) + E
z∼Pz

q(1−D(G(z)))+

βn E
z∼Pz

||zn − E(G(zn))||22 + βc E
z∼Pz

H(zc, E(G(zc)))
(1.39)

where H(., .) is the cross-entropy loss, which is defined as H(X) = −
∑
x

p(x) log(p(x)).
The relative magnitudes of the regularization coefficients βn and βc enable a flexible
choice to vary the importance of preserving the discrete and continuous portions of
the latent code, where q(.) is the quality function, given as q(x) = log(x) for vanilla
GAN [4], and q(x) = x for Wasserstein GAN (WGAN) [87].
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Specifically, the first two terms of the loss function (eq. 1.39) constitute the standard
GAN objective, while the last two terms introduce the clustering loss. In particular,
βn E

z∼Pz

||zn − E(G(zn))||22, acts as a regularization of the continuous portion zn of the
latent space, which ensures the reversibility of the continuous portion of the latent
space, i.e., E : G(zn) → zn. Additionally, the term βc E

z∼Pz

H(zc, E(G(zc))), penalizes the
discrete portion of the latent code in order to guide the mappings of points belonging
to the same class in X space to correspond to the same one-hot encoding when
embedded in Z space. This regularization is the most important part to succeed in
data clustering in the latent space. The complete training algorithm of ClusterGan is
presented in Alg. 1.9.

1.4 Thesis Contribution

In this thesis, we investigate the clustering problem with emphasis on three main
axes: (i) partitional clustering in both Euclidean and kernel spaces, (ii) unimodality-
based clustering, and (iii) deep clustering, which leverages the representational power
of deep learning methods. These research directions are not entirely independent, as
they share certain conceptual overlaps. For instance, kernel-based clustering primar-
ily aims to identify non-linearly separable clusters, a goal that deep clustering also
pursues through the learning of richer, non-linear low-dimensional representations.
The key distinction lies in the methodology; specifically in kernel-based clustering,
the kernel function is predefined, whereas in deep clustering, the data representation
is jointly learned during the training process. In the following, we summarize the
main contributions of this thesis.

In Chapter 2, we introduce global k-means++ [88], designed to address the clus-
ter initialization problem inherent in the standard k-means algorithm. The proposed
method integrates the incremental strategy of global k-means with the probabilistic
center selection mechanism of k-means++, thereby combining the strengths of both
approaches. This synergy enables high-quality clustering results while substantially
reducing the computational overhead typically associated with global k-means. Unlike
previous efforts that focused on enhancing the fast global k-means algorithm, which
provides a computationally cheaper approximation, our method directly improves the
original global k-means formulation. We demonstrate that global k-means++ consti-
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tutes a compelling alternative to both global k-means and k-means++, offering clus-
tering solutions for all k ∈ 1, . . . , K. This feature makes it particularly well-suited for
model selection tasks where the number of clusters is unknown. In such scenarios,
our approach exhibits notable efficiency, surpassing even non-incremental methods
such as standard k-means and k-means++.

In a nutshell, we make the following contributions:

• We propose global k-means++, a novel clustering algorithm that combines the
incremental strategy of global k-means with the probabilistic center selection
mechanism of k-means++.

• We incorporate a hyperparameter that balances exploration and exploitation,
ensuring more effective solutions to each clustering subproblem.

• We directly enhance the original global k-means formulation, in contrast to prior
work that focused on approximations such as fast global k-means.

• We provide complete clustering solutions for all k ∈ {1, . . . , K}, making our
method particularly suitable for model selection tasks where the number of
clusters is unknown.

• We demonstrate through extensive experiments that global k-means++ achieves
clustering quality comparable to global k-means while substantially reducing
computational cost.

In Chapter 3, we extend the concept of global k-means++ from Euclidean to kernel
space. Specifically, we introduce global kernel k-means++ [44], an algorithm designed
to address the initialization problem inherent in kernel k-means. Similarly to the
global variants of k-means, our method incrementally solves all intermediate cluster-
ing subproblems for k = 1, . . . , K − 1, ultimately yielding the solution for K clusters.
The algorithm achieves an effective trade-off between the strengths of global kernel
k-means and kernel k-means++, delivering high-quality clustering at a much lower
computational cost.

In a nutshell, we make the following contributions:

• We propose global kernel k-means++, an incremental clustering algorithm that
conveys the concept of global k-means++ into the kernel space.
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• We address the initialization sensitivity of kernel k-means by combining an
incremental strategy with probabilistic center initialization.

• We demonstrate through experiments that the global kernel k-means++ achieves
high clustering accuracy while maintaining low computational cost.

In Chapter 4, we present the Unimodality Forest method for Clustering and num-
ber of clusters Estimation (UniForCE) [89], which simultaneously performs clustering
and estimates the number of clusters k. Our approach is grounded in a novel def-
inition of locally unimodal cluster. Instead of requiring unimodality to hold over the
entire cluster density, we study unimodality at a local level, within subregions of the
cluster density. The method is motivated by the observation that unimodality often
emerges when examining the union of neighboring subclusters. These unimodal pairs
serve as the basis for aggregating smaller subclusters into larger, statistically coherent
cluster structures in a bottom-up manner. A locally unimodal cluster, therefore, spans
connected subregions of the data density that are linked through unimodal pairs in a
single connected component of a unimodality graph. This formulation is flexible, al-
lowing the discovery of arbitrarily shaped clusters, including both classical unimodal
and convex structures. We also introduce a statistical test to determine unimodal
pairs of subclusters and construct the unimodality graph, in which both clustering and
estimation of k are performed by the computation of the unimodality spanning for-
est. We validate both the conceptual and algorithmic strengths of UniForCE through
extensive experiments on synthetic and real-world datasets.

In a nutshell, we make the following contributions:

• We propose UniForCE, a clustering method that simultaneously clusters data
and estimates the number of clusters k.

• We introduce a novel and flexible definition of a locally unimodal cluster, based
on local unimodality in subregions of the data density.

• We design and implement a statistical procedure to test unimodality between
high-dimentional subcluster pairs, ensuring that cluster formation is principled
and data driven.

• We develop an online variant of Kruskal’s algorithm to minimize the number
of statistical tests required, improving efficiency without sacrificing clustering
accuracy.
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• We formalize the concept of a unimodality graph and show how clustering and
number of clusters estimation can be performed by computing a unimodality
spanning forest.

• We demonstrate that UniForCE can identify complex, non-convex, and arbitrary-
shaped clusters without the need for hard-to-tune hyperparameters, offering a
practical and robust solution.

• We empirically validate the effectiveness of UniForCE in both synthetic and real
datasets, confirming its ability to deliver accurate and scalable clustering results.

In Chapter 5, we introduce the soft silhouette score [90], a generalization of the
widely used silhouette measure that accommodates probabilistic cluster assignments.
Building on this differentiable measure, we develop Deep Clustering with the Soft
Silhouette Score (DCSS), an autoencoder-based framework specifically designed to
optimize this objective [90]. Our method guides the learned latent representations
to form clusters that are both compact and well-separated. This property is crucial
in real-world applications, as simultaneously ensuring compactness and separability
guarantees that clusters are not only densely packed but also clearly distinct from
each other. We evaluate DCSS on a variety of benchmark datasets and against state-
of-the-art methods to demonstrate that it outperforms established deep clustering
approaches, highlighting the effectiveness of the soft silhouette score as a principled
objective for improving the quality of learned latent representations.

In a nutshell, we make the following contributions:

• We propose the soft silhouette score, a probabilistic and differentiable general-
ization of the traditional silhouette measure.

• We develop DCSS, an autoencoder-based deep clustering framework that di-
rectly optimizes the soft silhouette score.

• We demonstrate that our method encourages latent representations to form both
compact and well-separated clusters, a key property for reliable clustering.

• We showcase through extensive experiments on benchmark datasets that DCSS
outperforms established deep clustering approaches, underscoring the practical
value of the soft silhouette score as a natural clustering objective.
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In Chapter 6, we present the Neural Implicit Maximum Likelihood Clustering
(NIMLC) [91], a neural-network-based approach that frames clustering as a gener-
ative task within the Implicit Maximum Likelihood Estimation (IMLE) framework.
By adapting ideas from ClusterGAN, NIMLC avoids several well-known shortcom-
ings of GAN-based clustering while maintaining a simple and stable training ob-
jective. The method performs particularly well on small datasets, with experimental
comparisons against both deep and conventional clustering algorithms underscoring
its competitive potential. A notable strength of NIMLC is its ability to capture di-
verse cluster geometries without requiring hyperparameter tuning. Experiments on
synthetic datasets show that under the same settings, NIMLC can successfully clus-
ter both cloud-shaped and ring-shaped data. Taken together, these results highlight
that incorporating generative modeling into IMLE provides a robust and versatile
foundation for neural network–based clustering.

In a nutshell, we make the following contributions:

• We propose NIMLC, a novel clustering method that frames clustering as a
generative modeling task within the Implicit Maximum Likelihood Estimation
(IMLE) framework.

• We adapt ideas from ClusterGAN to design a training procedure that avoids the
known instabilities and deficiencies of GAN-based clustering while retaining a
simple and stable objective.

• We show that NIMLC performs particularly well on small datasets, where many
deep clustering methods often struggle.

• We demonstrate that NIMLC can discover diverse cluster structures without the
need for hyperparameter tuning, ensuring robustness and ease of use.

• We validate NIMLC through experiments on both synthetic and real datasets,
showing its ability to effectively cluster cloud-shaped, ring-shaped, and other
complex data structures.
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1.5 Thesis Layout

The rest of this thesis is organized as follows. In Chapter 2, we propose global k-
means++ [88], an effective relaxation of the global k-means algorithm that alleviates
the initialization sensitivity of classical k-means while producing solutions comparable
to global k-means, yet without its prohibitive computational demands. In Chapter 3,
we extend this idea to kernel space and introduce global kernel k-means++ [44], an
efficient error minimization method that leverages kernel functions to capture com-
plex nonlinear cluster structures. In Chapter 4, we present UniForCE [89], a novel
unimodality-based clustering framework that introduces the new concept of locally
unimodal clusters. UniForCE not only detects complex cluster structures, but also
automatically estimates the number of clusters, requires no difficult hyperparameter
tuning, and achieves these results while maintaining statistical rigor and scalabil-
ity. In Chapter 5, we introduce the soft silhouette score [90], a probabilistic and
differentiable generalization of the traditional silhouette measure. Building on this
formulation, we develop an autoencoder-based deep clustering optimization proce-
dure that maximizes the soft silhouette score, thereby guiding the learning of latent
representations that produce compact and well-separated clusters. In Chapter 6, we
introduce NIMLC [91], a neural network–based clustering framework that utilizes
implicit maximum likelihood estimation and delivers promising clustering results.
Finally, Chapter 7 provides concluding remarks, summarizing the main contributions
of this work and outlining directions for future research.
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CHAPTER 2

THE GLOBAL k-MEANS++ ALGORITHM

2.1 Introduction

2.2 Global k‐means++

2.3 Empirical Evaluation

2.4 Discussion

2.5 Summary

2.1 Introduction

The k-means algorithm is highly sensitive to the initialization of cluster centers. As
discussed in Chapter 1, Section 1.1, several variants of k-means have been proposed to
address this issue. Among them, global k-means stands out for its strong optimiza-
tion capabilities. However, as previously noted, its main limitation lies in its high
computational cost.

In this Chapter [88], we propose the global k-means++ clustering algorithm, which
is an effective way of acquiring clustering solutions of comparable clustering errors
to those that global k-means produces without its high computational cost. This is
achieved by employing the effective center selection probability distribution of the
k-means++ method. The global k-means++ algorithm is an attempt to retain the effec-
tiveness of the incremental clustering strategy of the global k-means while reducing
its computational demand using the efficient stochastic center initialization of the
k-means++ algorithm.
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The proposed algorithm proceeds incrementally by solving all intermediate sub-
problems with k ∈ {1, 2, . . . , K − 1} to provide the clustering solution for K clusters.
The underlying idea of the proposed method is that an optimal solution for a cluster-
ing problem with K clusters can be obtained using a series of local k-means searches
that are appropriately initialized. More specifically, at each local search, the k − 1

cluster centers are always initially placed at their optimal positions corresponding to
the clustering problem with k − 1 clusters. However, the remaining kth cluster center
is placed at several starting positions within the data space that are randomly selected
by sampling from the k-means++ probability distribution.

To evaluate the effectiveness of the proposed approach, an extensive series of ex-
periments was conducted on a variety of benchmark datasets. The objective was to
assess the clustering quality, robustness, and scalability of the method in comparison
to well-established algorithms. Specifically, we benchmarked our approach against
classical clustering techniques such as the standard k-means algorithm, k-means++,
fast global k-means, and global k-means. These comparisons allowed us to highlight
the strengths and limitations of each algorithm under different conditions, such as
varying numbers of clusters, dataset complexity, number of data points, and dimen-
sions. Quantitative evaluations were complemented with visualizations to provide
further insight into the structure of the resulting clusters.

The rest of this Chapter is organized as follows. In Section 2.2, we present the
proposed global k-means++ clustering algorithm. In Section 2.3, we provide extensive
comparative experimental results. In Section 2.4 we discuss some key findings derived
from the experimental results. Finally, in Section 2.5 summarizes the Chapter.

2.2 Global k‐means++

Global k-means is a deterministic algorithm proposed to tackle the random initializa-
tion problem but it is computationally expensive. It partitions the data to K clusters
by solving all k cluster sub-problems sequentially k ∈ {1, . . . , K}. In order to solve
the k clustering sub-problem, the method employs a strategy wherein the k-means
algorithm is executed N times. Each algorithmic cycle considers all N data points as
potential candidate positions for the new cluster center. This comprehensive explo-
ration of candidate positions aims to identify the optimal center placement for the
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new cluster center and drastically improves the clustering performance.
An approach to reduce the complexity of the global k-means algorithm is to

consider a set of L data points as candidate positions for the new cluster center,
where L ≪ N . However, an effective candidate center selection strategy is required.
Employing a random uniform selection method for the L candidates is not expected
to be a viable choice. An ideal candidate selection method should meet the following
requirements:

Efficiency requirements

i. Low computational complexity.

ii. Low space complexity.

Effectiveness requirement

i. Selection of a set of high-quality center candidates.

We consider as “high-quality” a set of centers assigned to separate data regions.
In order to select such center candidates, prioritizing sampling from regions without
cluster centers is crucial. Such strategy enhances the likelihood of choosing candidates
that belong to different clusters while minimizing the risk of selecting redundant
or sub-optimal center positions. For this reason, we have employed the k-means++
probability distribution as the candidate selection method. The effectiveness of this
distribution in the initial placement of cluster centers makes it an excellent choice for
addressing the aforementioned requirements.

In this Chapter, we propose the global k-means++ algorithm, an effective relaxation
of the global k-means method. Its main difference with the global k-means is that
the proposed method requires only L executions of k-means for each k cluster sub-
problem, where L ≪ N . The primary goal of our proposed clustering method is
to provide high-quality results that are comparable to those of the global k-means
algorithm, while retaining low computational and space complexity. The complete
global k-means++ method is presented in Alg. 2.1. As with any other global k-means
variant, in order to reduce the computational requirements, we sacrifice determinism
by using an effective stochastic initial center selection procedure.

The algorithm requires as input the dataset X , the number of clusters K , the
number of candidates L to consider, as well as the sampling method S. Two possible
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Algorithm 2.1 Global k-means++

Require: X = {x1, . . . , xN}: Dataset
Require: K: Number of clusters
Require: L: Number of candidates
Require: S ∈ {Batch, Sequential}: Sampling method
1: µ1 ← 1

|X|
∑

xi∈X
xi; M1 ← {µ1} // Optimal initialization for k = 1

2: D ←
(
||x1 − µ1||2, . . . , ||xN − µ1||2

)
// Distance vector

3: for k = 2, . . . ,K do
4: if S = Batch then
5: {c1, . . . , cL} ← Batch Sampling(X,Mk−1, L,D)

6: else
7: {c1, . . . , cL} ← Sequential Sampling(X,Mk−1, L,D)

8: end if
9: for all cℓ ∈ {c1, . . . , cL} do
10: {(C(ℓ)

k ,M
(ℓ)
k , E(C

(ℓ)
k ))} ← Run k-means with initial k centers positions Mk−1 ∪ {cℓ}

11: end for
12: (Ck,Mk)← Solution with the minimum error E(C

⋆(ℓ)
k ) among the L solutions {(C(ℓ)

k ,M
(ℓ)
k , E(C

(ℓ)
k ))}, ℓ = 1, . . . , L

13: for all xi ∈ X do
14: D[i]← min

µj∈Mk

||xi − µj ||2 // Pre-computed distances in step 12

15: end for
16: end for
17: return solutions (Ck,Mk) for every k ∈ {1, . . . ,K}

Algorithm 2.2 Batch Sampling

Require: X = {x1, . . . , xN}: Dataset
Require: M : Set of cluster centers
Require: L: Number of candidates
Require: D: Distance vector

1: Compute the probability vector P = (p1, . . . , pN ), where pi = Pr(mk = xi) = di

/ N∑
j=1

dj

2: {c1, . . . , cL} ← Sample without replacement L center candidates from dataset X by k-means++ probability vector P
3: return Set of initial center candidates {c1, . . . , cL}

sampling strategies are considered, namely, batch sampling and sequential sampling. It
should be noted that D = (d1, . . . , dN) represents the distance vector, where di is the
distance of xi to its closest center mj (eq. 1.5).

Specifically, to solve a clustering problem with K clusters, the method proceeds
as follows. Initially, it addresses the 1-means sub-problem by setting the center µ1 as
the mean of the entire dataset X and it initializes the distance vector D (steps 1-2 in
Alg. 2.1). Then, to solve the 2-means sub-problem, it utilizes the 1-means solution as
the first initial center position (obtained in step 1). To initialize the second center, a set
of L candidate positions {c1, . . . , cL} is sampled using batch or sequential sampling
(steps 4-8 in Alg. 2.1). The k-means algorithm is executed L times until convergence,
one for each candidate position cℓ (steps 9-11 in Alg. 2.1), and the solution with
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Algorithm 2.3 Sequential Sampling

Require: X = {x1, . . . , xN}: Dataset
Require: M : Set of cluster centers
Require: L: Number of candidates
Require: D: Distance vector
1: for ℓ = 1, . . . , L do

2: Compute the probability vector P = (p1, . . . , pN ), where pi = Pr (rk = xi) = di

/ N∑
j=1

dj

3: {c1, . . . , cℓ−1} ∪ {cℓ} ← Sample without replacement one cℓ center candidate from dataset X by k-means++ probability
vector P

4: for all xi ∈ X do
5: di ← min

rj∈M∪{c1,...,cℓ}
||xi − rj ||2

6: end for
7: end for
8:
9: return Set of initial center candidates {c1, . . . , cL}

the minimum error is retained (step 12 in Alg. 2.1). Finally, the distance vector D

is updated (steps 13-15 in Alg. 2.1), using the pre-computed center-to-data point
distances of the best clustering solution. Following the same reasoning, for each
k = 2, . . . , K , it incrementally tackles the k cluster sub-problem by leveraging the
solution of the previous (k− 1) cluster sub-problem. To solve for k clusters, it utilizes
the center positions obtained from the (k−1) sub-problem as initialization for the k−1
centers. It then uses batch or sequential sampling strategies, which we discuss next,
to initialize the new kth center. Finally, the algorithm returns the clustering solution
for every k ∈ {1, . . . , K}. Importantly, it should be noted that steps 9-11 of Alg. 2.1
can be executed concurrently or in parallel. This parallel execution allows for efficient
computation and optimization.

We can sample candidates from the probability distribution P through either
batch or sequential sampling, presented in Alg. 2.2 and Alg. 2.3, respectively. On
the one hand, batch sampling does not require any additional computations as it
utilizes only the pre-computed center-to-data point distances D = (d1, . . . , dN). First,
it computes the probability vector P = (p1, . . . , pN), where pi represents the selection
probability of the data point xi (step 1 in Alg. 2.2). The distribution P is formulated
so that high selection probabilities are assigned to data points far from cluster centers,
and small to near zero are assigned to data points near cluster centers. Then, a set
of L candidates {c1, . . . , cL} are sampled without replacement by the constructed k-
means++ probability vector P (step 2 in Alg. 2.2).

On the other hand, sequential sampling strategy selects one candidate cℓ at a time
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using the distribution P (step 3 in Alg. 2.3). This procedure aims to select candidates
that are far from: i) the setM consisting of the converged solutions of the k−1 centers,
and ii) the ℓ−1 candidates that already sampled. After each sampling the distance di
of each data point xi is updated accordingly (steps 4-6 in Alg. 2.3). This procedure
is repeated the L times in total to create the set of candidates {c1, . . . , cL} (steps 1-7 in
Alg. 2.3). Although the sequential sampling method incurs the cost of recalculating
the minimum distance values, it provides a better spread of the L samples in the
dataspace.

(a) 1-means sub-problem. (b) 6-means sub-problem.

(c) 12-means sub-problem. (d) 15-means sub-problem.

Figure 2.1: Illustration of a running instance of the algorithm applied to the “R15”
dataset [2]. Circles denote the data points, the cluster centers are represented by red
stars, while the center candidates are marked with green crosses.

In Figure 2.1, we present an illustration of a running example of the algorithm
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using the 2-dimensional “R15” dataset [2].1 The circles denote the data points, while
their color indicates the cluster category that they belong to, asserted by the global
k-means++ algorithm. With the red star, we represent the converged cluster centers
for each clustering sub-problem k, while with the green cross-symbols, we show the
initial candidate position of the next cluster center. In each sub-figure 2.1a-2.1d, the
algorithm solves the current k-means sub-problem. Based on the current solution,
the algorithm samples the next center candidates from the k-means++ distribution.
The figure demonstrates that the method samples high-quality center candidates.

While the global k-means requires O(NK) k-means executions, the global k-
means++ only requires O(LK), where generally L ≪ N . Additionally, we have em-
pirically observed that k-means converges very fast as k grows. The speed up in
convergence is reasonable, since in order to solve each k cluster sub-problem, the
method exploits the centers of k − 1 cluster sub-problem that are already positioned
sufficiently well. Therefore, the k-means does not require many iterations to converge.

It should be noted that the proposed method is a relaxation of the global k-means
algorithm rather than an optimization of the FGKM similar to the methods discussed
in the Chapter 1 in Section 1.1. Its simplicity and speed stem from the fact that the
sampling strategies require none to minimal computations to select the L candidates,
demonstrating superior computational complexity compared to other global k-means
variants. In particular, the batch sampling strategy requires no additional distance
computations since the center-to-data point distances necessary to define the proba-
bility vector P have already been computed by the k-means procedure. Meanwhile,
the sequential sampling strategy requires only O(NL) distance computations for the
selection process, which is the same as k-means++. Note also that solving the k-means
problem with an incremental procedure has many advantages because, due to the un-
supervised nature of the clustering problem, it is usually desirable to obtain solutions
for different k that are evaluated using appropriate quality criteria (e.g. silhouette
coefficient [92]) for selecting the appropriate number of clusters [93].

1The synthetic dataset is available in the following GitHub repository:
https://github.com/deric/clustering-benchmark.git.
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2.3 Empirical Evaluation

In this Section, we present our experimental study to evaluate the effectiveness of the
proposed global k-means++ clustering method, both in batch (gl++ (b)) and sequential
sampling (gl++ (s)) settings. Our study involved comparisons against other clustering
methods, including global k-means (gl) [3], FGKM (fgl) [3], k-means++ (k-ms++) [29],
scalable k-means++ (k-ms||) [94] and standard k-means with random uniform initial-
ization (rnd) [26].2 Our implementation of the global k-means++ clustering algorithm
is available in the following GitHub repository: https://github.com/gvardakas/global-
kmeans-pp.git.

Table 2.1: Descriptions of datasets.

Dataset Type Description N D Source

Breast Tabular Characteristics of breast cancer tumors 569 30 [95]
MNIST Image Handwritten digits 60000 784 [96]
Pendigits Tabular Handwritten digits 7494 16 [95]
Wine Tabular Chemical analysis of wines 178 13 [95]

2.3.1 Datasets

In order to evaluate the proposed algorithm, a series of experiments have been con-
ducted on various benchmark and publicly available datasets. Moreover, we delib-
erately selected datasets that exhibited a broad spectrum of data characteristics, en-
compassing factors such as the number of samples N and the data dimensionality D,
the complexity, and the domain of origin. The description each dataset is presented
in table 2.1. As a pre-processing step, we used min-max normalization to map the
attributes of each real dataset to the [0, 1] interval to prevent attributes with large
ranges from dominating the distance calculations and avoid numerical instabilities in
the computations [97].

2Experiments were carried on a machine with an Intel® Core™ i7-8700 CPU at 3.20GHz and 16GB
of RAM.

2The time constraint is set to 7 days of execution while the available memory is 16GB of RAM.
3The time constraint is set to 7 days of execution while the available memory is 16GB of RAM.
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(a) L = 10. (b) L = 25.

(c) L = 50. (d) L = 100.

Figure 2.2: Relative Percentage Error for the Breast, for different L values.

2.3.2 Evaluation

The evaluation of clustering methods encompasses various approaches, including
internal and external metrics when the ground truth cluster labels are available.
However, our investigation focuses solely on treating it as an optimization problem,
with the primary objective being the minimization of clustering error. Consequently,
we intentionally disregard any class labels in the data, as our emphasis lies not on
assessing external clustering metrics or determining the number of clusters. Instead,
we focus on clustering error E(Ck) (eq. 1.1) as the performance measure for the
different methods, enabling direct assessment of their error minimization capabilities.

Specifically, in order to evaluate the performance of the different methods, we have
computed the relative Percentage Error, defined as

PE =
E(Ck)− E(C⋆

k)

E(C⋆
k)

× 100%, (2.1)

where E(C⋆
k) is the clustering error of the baseline method (global k-means), while

E(Ck) is the error provided by each of the compared methods (refer to Fig. 2.2,
2.3 and 2.4). Considering the MNIST dataset, the global k-means did not terminate
in reasonable time due to its high computational complexity. In that case, we have
used the difference in clustering errors, relative to the best-performing algorithm
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(a) L = 10. (b) L = 25.

(c) L = 50. (d) L = 100.

Figure 2.3: Relative Percentage Error for the Pendigits, for different L values.

to facilitate a transparent comparison (see Fig. 2.5). Additionally, we studied the
convergence speed of each method for each k by presenting the CPU time required by
each algorithm (Table 2.2) and the average number of iterations needed for k-means
to converge (Fig. 2.6). In this way, we provide comprehensive information regarding
each method’s ability to minimize clustering error as well as its computational speed
and efficiency.

2.3.3 Experimental Setup

In our experimental study, we executed the compared methods for a maximum num-
ber of clusters, denoted as K and evaluated all clustering solutions for k ∈ {1, . . . , K}
in terms of clustering error. We chose the maximum number of clusters K based on
the dataset size, with K = 30 for smaller datasets (Breast and Wine) and K = 50 for
medium (Pendigits) and larger datasets (MNIST). For each dataset, we run the com-
pared algorithms with L values of 10, 25, 50, and 100. This range of values allowed
us to evaluate the impact of L on the performance of the clustering methods.

In the case of the randomly initialized methods, namely k-means++, scalable k-
means++ and standard k-means, we have defined the parameter L to represent the
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(a) L = 10. (b) L = 25.

(c) L = 50. (d) L = 100.

Figure 2.4: Relative Percentage Error for the Wine, for different L values.

number of restarts within each sub-problem k. However, the scalable k-means++
method has an additional hyperparameter l, which denotes the number of data points
sampled in each iteration that we set equal to L. In contrast, for the incremental op-
timization methods of global k-means++ and FGKM, only a single execution was
performed, considering L candidates. We implemented this approach to ensure a
fair comparison with the randomly initialized methods, which do not utilize prior
sub-problem solutions in their optimization procedure. It is worth noting that the
FGKM [3], as presented in Chapter 1 and Section 1.1, originally considers only one
candidate (eq. 1.8). However, in our study, we relaxed this limitation by allowing the
method to select the top L candidates in each iteration that maximize eq. 1.7. In the
following experiments, we evaluate the optimization capabilities of each method, the
average number of iterations required, as well as the time needed for convergence
to the clustering solution. In summary for each dataset, we conducted the following
experiments:

• We selected K = 30 or K = 50 as the maximum number of clusters depending
on the size of the dataset.

• We executed one run of global k-means, global k-means++, and FGKM. For the
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(a) L = 10. (b) L = 25.

(c) L = 50. (d) L = 100.

Figure 2.5: Clustering Error Differences for the MNIST, for different L values.

two latter methods, we considered L equal to 10, 25, 50 and 100 candidates in
each k cluster sub-problem.

• The k-means++, scalable k-means++ and standard k-means methods were ini-
tialized L times for each k = 1, . . . , K.

2.3.4 Results

Figures 2.2, 2.3, and 2.4 depict the relative percentage error between each method and
the baseline algorithm, for the respective datasets: Breast, Pendigits, and Wine. How-
ever, in the case of the MNIST dataset, Figure 2.5 displays the difference in clustering
error between each method and the best-performing algorithm. In the subfigures a,
b, c, and d, we present the results of experiments considering different indicative
values of L (i.e., 10, 25, 50, and 100) for the global k-means variants, k-means++,
scalable k-means++, and the standard k-means algorithm. Moreover, Figure 2.6 pro-
vides the average number of iterations required by each algorithm to converge, while
Table 2.2 presents the CPU time necessary to compute all K clustering solutions for
each algorithm.

The results across all datasets demonstrate that both the batch and sequential

59



(a) Breast. (b) MNIST.

(c) Pendigits. (d) Wine.

Figure 2.6: Average number of k-means iterations.

versions of global k-means++ exhibit similar performance to global k-means, while
clearly outperforming the FGKM, k-means++, scalable k-means++ and the standard
k-means algorithm. The optimization capabilities of global k-means++ are particularly
noteworthy, especially as k increases, where minimizing the clustering error becomes
more challenging. As expected, the performance of global k-means++ improves with
an increasing number of candidates, better approximating the performance of global
k-means. Surprisingly, in the Wine dataset, global k-means++ outperformed global
k-means in several k sub-problems (Fig. 2.4b-2.4d). The relative percentage error of
global k-means++ was less than 1% when considering more than L = 25 candidates.
In the Pendigits dataset 2.3, the baseline model and our algorithm coincide with high
accuracy for L = 25, 50, 100. Notably, global k-means required four days of execution,
while global k-means++ completed the task in significantly less time, ranging from 17
second up to almost 2 minutes, depending on the value of L. This indicates that we
achieved comparable results in a fraction of the time. Last but not least, in the case
of the MNIST dataset 2.5, when we consider L = 25 candidates or more, the global
k-means++ consistently outperforms the other methods.

It should be noted that in the Wine dataset (2.4d), the FGKM algorithm with
L = 100 candidates demonstrated promising results. However, its performance across
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Table 2.2: CPU Time. Values marked by † and ‡ denote that the method could not
be executed due to memory/time and method constraints, respectively.3

Dataset L gl gl++ (b) gl++ (s) fgl k-ms++ k-ms|| rnd

Breast

10

32.67s

0.48s 0.64s 0.88s 1.57s 5.03s 1.18s
25 1.30s 1.52s 1.80s 4.10s 19.30s 3.04s
50 2.55s 3.12s 3.40s 8.06s 1.10m 6.40s
100 5.46s 5.86s 6.21s 15.03s 3.91m 12.31s

MNIST

10

†

8.35m 9.4m

†

29.81m

†

15.5m
25 25.58m 30.23m 1.77h 39.73m
50 49.5m 57.25m 3.68h 1.39h
100 1.58h 1.81h 6.7h 2.70h

Pendigits

10

4d

17.50s 24.70s 45.73s 1.00m 41.18s 7.30s
25 27.60s 41.57s 53.06s 2.51m 3.63m 19.15s
50 43.18s 1.04m 1.13m 4.98m 13.88m 38.17s
100 1.15m 1.78m 1.88m 10.00m 57.73m 1.23m

Wine

10

5.40s

0.32s 0.40s 0.36s 1.10s 3.09s 0.49s
25 0.76s 0.95s 0.84s 2.77s 8.72s 1.21s
50 1.51s 1.90s 1.66s 5.47s 22.13s 2.46s
100 3.06s 3.81s 3.24s 10.77s ‡ 5.10s

all datasets was inconsistent. It is evident that the FGKM algorithm cannot reliably
approximate the clustering solution achieved by the global k-means algorithm. Even
with an increasing number of candidates, the clustering solution provided by the
FGKM significantly deviates from the quality attained by the global k-means++.

As expected, the k-means++ algorithm was successful for small values of k across
all datasets. However, it becomes apparent that as k increases, the performance of the
k-means++ algorithm deteriorates compared to global k-means and global k-means++.
This is because the k-means problem becomes more challenging when it comes to
selecting the initial center positions as k raises. Additionally, scalable k-means++ had
inferior performance compare to k-means++ in most cases and especially when k is
large. As expected, the standard k-means with the random uniform selection yielded
the worst results.

Figure 2.6 presents the average number of k-means iterations performed by each
method in all datasets and k sub-problems. It becomes evident that as k increases,
the incremental methods require fewer iterations in each run of k-means due to
improved initialization of the cluster centers. This advantage arises from the fact that
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the previous k− 1 centers have already been positioned in near-optimal solutions. It
should be reminded that for each cluster number k, the number of executed k-means
runs is O(Lk) for all compared methods, except for global k-means which executes
k-means O(Nk) times. This means that even if global k-means tends to execute a
smaller average number of k-means iterations compared to k-means++, this does not
translate to faster execution times. Table 2.2 presents the CPU time required by each
algorithm to compute all K clustering solutions. It turns out that if we want to find
all k cluster solutions from k = 2 until a cluster number K , global k-means++ is the
faster approach.

2.4 Discussion

From the above experimental results, the following empirical conclusions can be
drawn.

The Global k-means incremental method exhibits powerful optimization capabili-
ties. However, due to its big computational requirements, it is often applied to smaller
datasets. As shown in the experimental results, even for a medium size dataset like
Pendigits global k-means required very large execution time. Nevertheless, it is a
very powerful extension of k-means and has been widely used in the clustering lit-
erature [98]. It should be noted that the algorithm provides high quality solutions,
however, it does not guarantee the discovery of the global optimum. As we have
analyzed in the introduction, minimization of clustering is known to be a NP-hard
problem. We have observed such a case in the Wine dataset where the global k-mean
did not yield the best results.

FGKM constitutes a natural fast variant of the global k-means method which, in
order to initialize the new cluster center, it selects the data point xi⋆ that minimizes an
upper bound of the final k-means clustering error. We should recall that we allowed
the FGKM method to select the top L candidates that maximize the eq. 1.8 instead of
just one as originally proposed. However, this candidate selection heuristic performs
poorly even compared to the random initialization method. This suggests, that while
FGKM is intuitively justified, it does not constitute a very effective strategy.

The k-means++ algorithm is considered as the state-of-the-art random initializa-
tion algorithm for solving the k-means clustering problem due to strong empirical per-
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formance, theoretical guarantees of the solution quality, and simplicity [99, 100]. As
expected, it demonstrated good performance and generally surpassed most methods,
including the FGKM, the scalable k-means++, and of course k-means with random
initialization. However, global k-means and global k-means++ had better performance
overall, and this becomes more apparent as k gets larger.

The proposed Global k-means++ produced very satisfactory results. It demon-
strates similar performance to the global k-means with a large reduction in compu-
tational complexity. Its candidate selection method chooses excellent candidates, as
it is inspired by the successful k-means++ seeding strategy. Moreover, it provides the
clustering solution for all intermediate values of k. Therefore, if we wish to obtain
clustering solutions for different k, its time performance is even more impressive com-
pared to the rest of the random initialization methods, which have to be executed
separately for each k.

2.5 Summary

In this Chapter, we introduced the global k-means++ clustering algorithm, which is an
effective relaxation of the global k-means algorithm that provides an ideal compromise
between clustering error and execution speed. The basic idea of the proposed method
is to take advantage of the superior clustering solutions that the global k-means
algorithm can provide while avoiding its substantial computational requirements.
The global k-means++ is an incremental clustering approach that dynamically adds
one cluster center at each k cluster sub-problem. For each k cluster sub-problem, the
method selects L data points as candidates for the initial position of the new center
using the effective k-means++ selection probability distribution. The selection method
is fast and requires no extra computational effort for distance computations.

Global k-means++ has been tested on various benchmark publicly available datasets
and has been compared to the global k-means, the FGKM with multiple candidates,
the k-means++, the scalable k-means++, and the standard k-means with random uni-
form initialization. The experimental results reveal its superiority against all method
except global k-means. In this case, its performance is comparable but with a signif-
icant decrease in computational cost, thus establishing it as an effective relaxation.
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CHAPTER 3

THE GLOBAL KERNEL k-MEANS++
ALGORITHM FOR EFFICIENT CLUSTERING IN

THE FEATURE SPACE

3.1 Introduction

3.2 Global kernel k‐means++

3.3 Complexity Analysis

3.4 Empirical Evaluation

3.5 Summary

3.1 Introduction

As noted in Chapter 1 and Section 1.1, the k-means algorithm is widely used but
suffers from several limitations. To address its second major limitation, which is the
assumption of linear cluster separability, the kernel k-means algorithm was intro-
duced [40, 101, 10, 45, 102]. The kernel k-means idea is that the data instances are
first mapped from the input space to a higher-dimensional feature space using a
nonlinear transformation. In this richer representation, the transformed data are ex-
pected to become linearly separable, making the use of the k-means algorithm more
effective. Therefore, the k-means clustering error is minimized in this feature space,
allowing for the identification of non-linearly separable clusters in the input space,
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thus overcoming the second limitation. Spectral clustering constitutes an additional
nonlinear approach to clustering, exploiting the eigenvectors of an affinity matrix con-
structed from the data [103, 104]. Notably, a direct relationship between kernel-based
methods and spectral clustering has been established in [101].

However, introducing kernel-trick into the k-means procedure reintroduces the
first limitation: how to properly initialize the centers in feature space? In this Chap-
ter [44], inspired by the capabilities of the GkM++ method [88], we present the global
kernel k-means++ (GKkM++) algorithm, a novel approach to obtain superior kernel-
based clustering solutions similar to those of GKkM at a lower computational cost.
This improvement is achieved by integrating the effective center selection probability
distribution of kernel k-means++ with the global kernel optimization strategy, al-
lowing GKkM++ to efficiently explore the solution space while maintaining excellent
optimization capabilities.

The optimization of the kernel k-means error is a long-standing obstacle and to
the best of our knowledge, no recent methods have been proposed that specifically
aim to optimize the kernel k-means objective. Instead, some researchers have focused
on developing computationally cheaper kernels to accelerate the process and sim-
plify the overall procedure [105]. Others have attempted to reformulate the kernel
k-means optimization problem into a potentially simpler alternative [106, 102]. In
any case, the global kernel k-means method is considered state of the art approach
for optimizing the kernel k-means error. Additionally, the proposed Global Kernel k-
Means++ method can also benefit from these advancements, such as leveraging more
computationally efficient kernels.

To assess the effectiveness of the proposed approach, we conducted a comprehen-
sive set of experiments on a diverse collection of benchmark datasets. The evaluation
includes both synthetic and publicly available real-world datasets, and the proposed
algorithm is compared against several established methods, including global kernel
k-means, kernel k-means++, and kernel k-means with random uniform initialization
(RKkM). Additionally, we examined its performance on the graph partitioning prob-
lem. The goal was to evaluate the clustering quality, robustness, and scalability of
the method relative to these baseline algorithms. Our analysis considered a range of
conditions, including varying numbers of clusters, dataset complexity, sample size,
and dimensionality. Quantitative results were further supported by visualizations,
providing deeper insight into the structure and coherence of the resulting clusters.
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The rest of the Chapter is structured as follows. Specifically, in Section 3.2, we
present the global kernel k-means++ algorithm, which offers enhanced optimization
capabilities and reduced computational requirements compared to its predecessor,
the GKkM method. In Section 3.3, we provide results on computational complex-
ity. In Section 3.4, we present the results of an extensive comparative experimental
study using both synthetic and real datasets. Additionally, we evaluate the proposed
method in the context of the graph partitioning task (community detection). Finally,
Section 3.5 summarizes the Chapter.

3.2 Global kernel k‐means++

GKkM (Alg. 1.5) constitutes a deterministic method that aims to tackle the initializa-
tion issue of kernel k-means but at a high computational cost. It operates incremen-
tally and provides feature space partitions into K clusters by sequentially addressing
every k-cluster subproblem k = 1, . . . , K. To address the problem with k clusters,
N kernel k-means executions are implemented, where each of the N data instances
is considered as the initial position for the new cluster center in the feature space.
This exhaustive consideration of initial positions for the new cluster center results
in an effective placement; thus, superior clustering solutions are obtained. However,
exhaustive search limits the algorithm’s applicability to relatively small datasets.

To preserve the optimization capabilities of the greedy sequential strategy of
GKkM, and inspired by the GkM++ method, we introduce the global kernel k-means++
(GKkM++) method for feature space clustering. The key difference is that, instead of
evaluating every data instance xn ∈ X as a potential candidate for the new center,
the proposed method considers only L appropriately selected candidates. Therefore,
only L kernel k-means runs are required for each k-cluster subproblem, with L≪ N .
GKkM++ achieves this by using an efficient candidate selection strategy that prioritizes
sampling from regions without existing cluster centers in the feature space. Specif-
ically, the method employs the KkM++ instance selection probability distribution to
guide the selection process. The main objective of this approach is to obtain enhanced
optimization capabilities at low computational complexity. The GKkM++ algorithm is
presented in detail in Alg. 3.1.

The algorithm requires as input the kernel matrix K, the final cluster number K ,
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Algorithm 3.1 Global Kernel k-Means++

Require: K: Kernel matrix
Require: K: Number of clusters
Require: L: Number of candidates
Require: S ∈ {`Batch', `Sequential'}: Sampling Method
1: Initialize C⋆1 ← X

2: D ← (||ϕ(x1)−m1||2, . . . , ||ϕ(xN )−m1||2) using eq. 1.11 // Distance vector

3: for k = 2, . . . ,K do
4: {c1, . . . , cL} ← Candidate Selection(S,K, L,D)

5: for all cℓ ∈ {c1, . . . , cL} do
6: C ′

k ← {cℓ} // Initialization of the new cluster C′
k using data instance cℓ

7: C′k−1 ← C⋆k−1/{cℓ} // Exclude cℓ from the k − 1 solution

8: C′k ← C′k−1 ∪ C ′
k // Initialization of clustering C′k

9: (Cℓk, E(Cℓk)) ← Run kernel k-means(K, k, C′k) (Alg. 1.3)
10: end for
11: (C⋆k , E(C⋆k))← Solution with the minimum error E(C⋆k) among the L partitions Cℓk
12: for all xi ∈ X do
13: D[i]← min

j
(||ϕ(xi)−mj ||2) using eq. 1.11 // Pre-computed distances in step 9

14: end for
15: end for
16: return solutions (C⋆k , E(C⋆k)) for every k ∈ {1, . . . ,K}

the number of candidates L, and the strategy S used to sample candidates: either
batch or sequential. Note that D = (d1, . . . , dN) denotes the vector of distances di, with
di being the distance of ϕ(xi) from its nearest center mj in the feature space. The
method follows the steps outlined below. First, it computes the solution to the kernel
1-means subproblem by setting the first cluster to contain all data instances. It also
initializes the distances di (steps 1-2 in Alg. 3.1). Then, in order to solve the 2-cluster
subproblem, the kernel 1-means solution (obtained in step 1) is utilized as the first
initial cluster. Then the set of L candidate instances {c1, . . . , cL} is formed through
sampling using the batch or sequential strategy (steps 4 in Alg. 3.1) in order to
determine candidate initialization for the second cluster. Since we do not assume
direct access to ϕ(cℓ), the GKkM++ method, similar to GKkM, initializes the candidate
cℓ as a new cluster containing a single element, bypassing this problem (steps 6-8
in Alg. 3.1). Next, L executions of kernel k-means until convergence take place, one
for each initial cluster {cℓ} (steps 5-10 in Alg. 3.1). From the L solutions found,
we select the one with the minimum clustering error value (step 11 in Alg. 3.1).
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Finally, we update the distances di (steps 12-14 in Alg. 3.1). In the same spirit,
for each k = 2, . . . , K , the method progressively solves the k-cluster subproblem by
exploiting the solution of the (k − 1)-cluster subproblem. To compute the solution
with k clusters, the k − 1 clusters are initialized using the already found partition of
the (k − 1)-cluster subproblem. Then, the L candidate instances are sampled (using
either the batch or sequential strategy discussed next) to select the element that will
be used to initialize the kth cluster. The final output of the algorithm is a clustering
solution for all k = 1, . . . , K. It is important to note that steps 5-10 of Alg. 3.1 could be
executed in parallel, providing significant speedup (up to L times faster). For further
speed up kernel k-means execution, MapReduce schemes [107], and coreset [108]
could also be applied.

The initial center candidates are sampled using the probability distribution P ,
which expresses the feature space distance of the instances from the closest cluster
center. As presented in Alg. 3.2, two sampling strategies have been considered. Batch
sampling (steps 2-3 in Alg. 3.2) is simpler since it exploits only the pre-computed
distances di, i = 1, . . . , N . Using these distances, the selection probability pi for data
instance xi (step 2 in Alg. 3.2) is computed and the probability vector P = (p1, . . . , pN)

is formed. Probability pi is inversely proportional to distance di, so data instances far
(in feature space) from the current cluster centers are more likely to be selected. Then,
using the computed kernel k-means++ probability vector P , a set of L candidates
{c1, . . . , cL} are selected by sampling without replacement (step 3 in Alg. 3.2).

Alternatively, a sequential sampling approach can be used in which each candidate
instance is sequentially sampled. In this case, the distribution P is updated so that
instances are selected to be distant not only from the current cluster centers but
also from the already selected instances (step 7 in Alg. 3.2). Therefore, after each
sampling, the distance di of each data instance ϕ(xi) is updated accordingly (steps
9-11 in Alg. 3.2) to take into account the newly selected instance. After L sampling
steps, the set {c1, . . . , cL} of candidates has been determined (steps 5-12 in Alg. 3.2).
While the sequential sampling method requires recomputing the minimum distance
values, it results in a more effective distribution of the L candidates within the feature
space. It is important to note that at the beginning of the sequential sampling strategy,
the relation di = min

rj∈M
||ϕ(xi) − rj|| holds. Consequently, the computation in step 10

only needs to consider the set Φ(ℓ)
c , which reduces the distance computation to di =

min
ℓ
{di, |ϕ(xi)− ϕ(cℓ)|2}.
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Algorithm 3.2 Candidate Selection

Require: K: Kernel matrix
Require: L: Number of candidates
Require: D = (d1, . . . , dN ): Vector of minimum instance to cluster center distances in feature space
1: if S = `Batch' then
2: Compute the probability vector P ← (p1, . . . pN ), where pi = di/

N∑
j=1

dj

3: {c1, . . . , cL} ← Sample without replacement L candidates
4: else
5: for ℓ = 1, . . . , L do

6: Compute the probability vector P = (p1, . . . pN ), where pi = di/
N∑
j=1

dj

7: cℓ ← Sample without replacement one candidate instance cℓ from X using P

8: Φ
(ℓ)
c ← {c1, . . . , cℓ−1} ∪ {cℓ}

9: for all xi ∈ X do
10: di ← min

rj∈M∪Φ
(ℓ)
c

||ϕ(xi)− rj || using eq. 1.11

11: end for
12: end for
13: end if
14: return Set of initial center candidates {c1, · · · , cL}

Figure 3.1 demonstrates a practical example of the proposed GKkM++ algorithm
using a synthetic two-dimensional dataset with ten clusters arranged in five pairs of
concentric rings. The dots represent the data instances, while the color indicates the
respective cluster assignments determined by the algorithm. Green crosses mark the
candidate positions for initializing the next cluster. Additionally, the red star denotes
the winner candidate corresponding to the best initialization. In subfigures 3.1a-3.1d,
the method addresses a kernel k-means subproblem with different number of clusters
k. Based on each subproblem solution, the next center candidates are sampled from
the KkM++ distribution. Specifically, in Figure 3.1a, the kernel 1-means subproblem
is initially solved by considering the entire dataset as a single cluster (denoted in
blue), and the method successfully samples the next candidate initial center positions
across multiple distinct clusters in the dataset. This effective behavior is consistently
observed in Figure 3.1b and Figure 3.1c until the final clustering with k = 10 clusters
is achieved in Figure 3.1d.

In Fig. 3.2 (left), we present the solution when the method is halted at k = 8. We
observe that 6 of the 10 clusters have been correctly identified, while the remaining 4
require further refinement. At this stage, we expect data instances located farther from
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(a) Solution with k = 1 cluster. (b) Solution with k = 5 clusters.

(c) Solution with k = 8 clusters. (d) Final solution with k = 10

clusters.

Figure 3.1: Illustrative example of GKkM++ execution. Data instances are denoted
with circles, red crosses indicate cluster centers and red star denotes the winner
candidate corresponding to the best initialization.

any cluster center to be more likely to be selected than those closer to the centers. On
the right side of Fig. 3.2, a heatmap illustrates the selection probability of each data
instance as a candidate for initializing the next cluster in the k = 9 subproblem. In
the heatmap, dark blue indicates low selection probability, while red indicates high
selection probability. As observed, data instances in the two outer rings, which do
not form a cluster independently, exhibit a significantly higher selection probability.
Conversely, data instances in the inner rings have a low selection probability, as their
proximity to a cluster center in the feature space reduces the likelihood of their selec-
tion. Lastly, the data instances in outer rings that already form distinct clusters have
a lower selection probability than those in outer rings that have not been partitioned.
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(a) Solution for k = 8 clusters. (b) Heatmap with candidate selection prob-

abilities.

Figure 3.2: Illustratve example of GKkM++ execution. Circles denote the data in-
stances.

3.3 Complexity Analysis

Since GKkM++ is closely related to GkM++ and kernel k-means, it inherits their compu-
tational complexity. Specifically, the complexity of kernel k-means is O(N2τ), where
τ represents the number of iterations until convergence. Assuming K clusters, GkM++

requires O(KL) executions of kernel k-means. Consequently, the computational com-
plexity of GKkM++ is O(N2KLτ), assuming access to the kernel matrix K , where
L ≪ N . This is a significant speedup compared to GKkM, which has a O(N3Kτ)

complexity. It should be noted that we have empirically observed that kernel k-means
tends to converge faster (in fewer iterations) as k increases in this sequential clus-
tering framework. This speedup is reasonable because, when solving each k-cluster
subproblem, the method utilizes the solution from the (k − 1)-cluster subproblem,
which is already well-positioned. As a result, the number of iterations τ required
for convergence typically decreases as k increases, thereby improving the algorithm’s
overall efficiency.

As mentioned previously, the batch sampling strategy does not require extra dis-
tance computations. Sequential sampling adds O(NL) distance computations, similar
to KkM++ for sampling the K cluster centers. It should be noted that an additional
advantage emerges from the incremental solution of the kernel k-means problem: in
many cases, the number of clusters is not given. Therefore, it is necessary to obtain
solutions for a range of k values. Those solutions will be subsequently evaluated
using clustering quality criteria (e.g. silhouette score [92], modularity [109], inclu-
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sion [110, 111] etc.) for cluster number estimation [93].

3.4 Empirical Evaluation

We have conducted an extensive series of experiments to assess the performance of the
proposed KkM++ and GKkM++ methods, the latter both with batch (b) and sequential
(s) sampling strategy. The methods were compared against GKkM and RKkM.

The experimental evaluation is divided into three subsections. In subsection 3.4.1,
we demonstrate the clustering performance of each algorithm on synthetic two-
dimensional datasets that are not linearly separable. Subsection 3.4.2 focuses on
evaluating the algorithms on graph partitioning tasks, while in subsection 3.4.3, real-
world datasets are considered.

Table 3.1: Kernels used in our experimental evaluation.

Kernel Type Kernel Function

Cosine Kernel K(xi, xj) =
xi·xj
∥xi∥∥xj∥

Polynomial Kernel K(xi, xj) =
(
γ
(
xi · xj

)
+ c0

)deg
RBF Kernel K(xi, xj) = exp

(
−γ∥xi − xj∥22

)

3.4.1 Synthetic Data Demonstration

At first, we considered two challenging synthetic datasets that are not linearly sepa-
rable, as shown in Fig. 3.3 and Fig. 3.4, respectively. Specifically, the first synthetic
dataset (Fig. 3.3) consists of nine pairs of concentric rings, each containing 50 data
instances, resulting in a total of 900 points evenly distributed across eighteen clusters.
The second dataset (Fig. 3.4) comprises three rings and six Gaussian distributions,
with each cluster containing 50 data instances. This results in a total of 450 points
uniformly distributed across all nine clusters. In both cases, the RBF kernel was
employed. Algorithms such as k-means, which rely on identifying linearly separable
clusters in the data space, are therefore unsuitable for these datasets.

In our synthetic data demonstration, the GKkM is executed once since it produces
deterministic clustering results. In contrast, RKkM and KkM++ were employed 100
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Table 3.2: Clustering error comparison of the evaluated methods on 2D synthetic
datasets.

Dataset RKkM KkM++ GKkM GKkM++ (b) GKkM++ (s)

18 Rings 362.56 361.66 345.10 345.10 345.10

3 Rings & 6 Gaussians 128.02 127.21 121.75 121.75 121.75

times, from which we report the minimum clustering error, similar to the experi-
mental setup of survey [93]. Furthermore, for the variants of GKkM++, we set the
number of cluster candidates to L = 100 (equal to the number of restarts used for
the rest of kernel k-means variants). We conducted the experiment a single time, as
practiced in [88]. Finally, the quality of the solutions produced by the algorithms is
assessed through clustering error (eq. 1.9) and through visual inspection as shown
in Figures 3.3 and 3.4.

In these challenging clustering tasks, GKkM accurately identifies all clusters. Sim-
ilarly, GKkM++ with sequential and batch sampling also successfully partitions both
datasets, demonstrating the effectiveness of both sampling procedures. The solutions
produced by GKkM and GKkM++ variants achieve the lowest clustering errors, as
shown in Table 3.2. On the other hand, RKkM and KkM++ fail to identify all clus-
ters in both datasets correctly. However, as shown in Table 3.2, KkM++ outperforms
RKkM in both synthetic datasets in terms of clustering error.

3.4.2 Graph Partitioning

Graph partitioning represents a different approach to data clustering. In this context,
we are provided with a graph G = (V , E), where V and E are the sets of vertices and
edges, respectively. Our goal is to partition the graph into disjoint clusters that sat-
isfy specific conditions. Several objectives for graph partitioning have been proposed,
including ratio association, ratio cut, normalized cut, and others. Spectral methods
are commonly used to address these problems by computing the eigenvectors of the
affinity matrix [62]. However, eigenvector computation is computationally intensive,
requiring O(N3) operations, and may become impractical for extensive graphs.

It is known that the kernel k-means objective is equivalent to graph cut objective
once the kernel matrix is appropriately defined [101, 42, 112]. This proof is established
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(a) GKkM++(b&s)/GKkM (b) RKkM (c) KkM++

Figure 3.3: Clustering results for the eighteen rings dataset.

(a) GKkM++(b&s)/GKkM (b) RKkM (c) KkM++

Figure 3.4: Clustering results for the three rings with six Gaussians dataset.

by formulating the problem as trace maximization, following a similar methodology
to that in [113], where the k-means objective is also framed as trace maximization.
Kernel k-means bypasses the requirement to compute eigenvectors; however, it cannot
ensure an optimal solution due to its dependence on cluster initialization. Even when
eigenvector computations are feasible, experiments in [42] indicate that kernel k-
means can further enhance the clustering results obtained from spectral methods.

GKkM can be effectively utilized for relatively small graph partitioning tasks [45].
Naturally, KkM++ and GKkM++ can also address the graph partitioning problem, as
they are built upon the foundations of kernel k-means and GKkM, respectively. In the
following experiments, we demonstrate the performance of each clustering method
on the graph partitioning task using three graphs of increasing difficulty (Table 3.3).
We evaluate the performance of the compared methods for a maximum number
of clusters (or communities), denoted by K , and consider each solution for k =

1, . . . , K. In all experiments, we fix K = 50. To ensure consistency in the comparison,
each subproblem with k clusters is solved using L = 100, where L represents either
the number of restarts or the number of candidate solutions explored. Specifically,
for KkM++ and RKkM, L defines the number of restarts. For GKkM++, L specifies
the number of candidates selected. Finally, due to its deterministic nature, GKkM is
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Table 3.3: Descriptions of utilized graphs.

Graph Description # nodes # edges Source

email-Eu-TD1 Email communication among first department members 309 1938 [114]
email-Eu Email exchanges among all institution members 1005 16706 [114]
GRQC Co-authorship in General Relativity and Quantum Cosmology 5242 14496 [114]

executed once.

Graph Datasets

To evaluate the effectiveness of the proposed algorithms, we conducted a series of ex-
periments using freely accessible graphs. We intentionally selected graphs that exhibit
diverse characteristics, including the number of nodes and edges (see Table 3.3).

The email-Eu-TD1 graph captures email communication exclusively among mem-
bers of the first department within a European research institution, with edges in-
dicating the sender-receiver relationships in both directions. In addition, email-Eu
graph is constructed from anonymized email data collected from the same institu-
tion, reflecting all incoming and outgoing communications among its members. An
edge (u, v) exists in this graph if person u has sent at least one email to person v,
thus representing communication solely within the institution, while excluding in-
teractions with external entities. Finally, the GRQC collaboration graph illustrates
scientific collaborations among authors with papers in the General Relativity and
Quantum Cosmology category. An undirected edge exists between authors i and j if
they co-authored a paper together; if a paper has k co-authors, it generates a fully
connected subgraph of k nodes.

Graph Partitioning Evaluation

Let us define links(A,B) as the cumulative weight of the edges between the nodes
in sets A and B as links(A,B) =

∑
i∈A
∑

j∈BAij , where A is the affinity matrix
that captures the pairwise similarities among the vertices. Similarly, let degree(A)
represent the sum of the edge weights between the nodes in A and all vertices,
expressed as degree(A) = links(A,V), where V is the set of all vertices. Let D be the
diagonal |V| × |V| degree matrix, where Dii =

∑|V|
j=1 Aij. Next, we define the graph

partitioning objectives optimized in the experimental section: the ratio association and
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the normalized cut.
1. Ratio Association problem aims to maximize the internal connectivity of clusters

in proportion to their size, and its objective function is presented in the following
equation:

RA(G) = max
V1,...,VM

M∑
i=1

links(Vi,Vi)
|Vi|

. (3.1)

To align the objective function of the weighted kernel k-means algorithm with the
ratio association problem, we set wi = 1, wj = 1, wl = 1 and K = A of the eq. 1.9
and eq. 1.11. This makes the problem equivalent to the unweighted kernel k-means,
where the affinity matrix is treated as the kernel matrix [42, 112].

2. Normalized Cut problem seeks to minimize the cut between clusters and the
rest of the graph relative to the cluster’s degree [115, 116]. This objective is widely
used in graph partitioning, and its formulation is the following:

NC(G) = min
V1,...,VM

M∑
i=1

links(Vi,V/Vi)
degree(Vi)

. (3.2)

To transform the objective function of weighted kernel k-means to correspond to
that of the normalized cut, we need to set wi = Dii, wj = Djj , wl = Dll, and K =

D−1AD−1 [42, 112].
The previously discussed definitions of the kernel matrix do not guarantee that

it will be positive semidefinite, which is essential for its validity in our algorithms.
Although being positive semidefinite is a sufficient condition, it is not necessary for
the convergence of the examined algorithms. A solution to this problem is proposed
in [42], which involves applying a diagonal shift to the kernel matrix. To address the
ratio association problem, we define K = λI+A, where I represents the identity matrix
and λ is a sufficiently large constant to guarantee that K is positive semidefinite. Addi-
tionally, to tackle the normalized cut problem, we formulate K = λD−1+D−1AD−1. A
notable point is that this adjustment to the kernel matrix does not alter the goal of the
problem. However, as demonstrated in [42], it may adversely affect the performance
of the algorithms if the shift λ is excessive [45].

In our study, clustering is framed as an optimization problem. Our aim is to
obtain solutions of minimum error in the feature space. Therefore, we evaluate the
performance of each method using the clustering error. Minimizing clustering error is
equivalent to maximizing the ratio association (eq. 3.1) in the first case and minimizing the
normalized cut (eq. 3.2) in the second case. For performance comparison we calculate
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the relative Percentage Error:

PE =
E(Ck)− E(C⋆k)

E(C⋆k)
× 100%, (3.3)

where E(C⋆k) represents the clustering error of the baseline method, which we defined
as GKkM, and E(Ck) denotes the error produced by each of the compared methods
(Figs. 3.5, 3.6). However, in the case of GRQC where GKkM did not provide solutions
in reasonable time due to its high computational burden, we utilized the GKkM++

with sequential sampling strategy as a baseline method.

Graph Partitioning Experimental Results

(a) email-Eu-TD1 (b) email-Eu (c) GRQC

Figure 3.5: Relative Percentage Error in the ratio association objective across different
graphs.

(a) email-Eu-TD1 (b) email-Eu (c) GRQC

Figure 3.6: Relative Percentage Error in the normalized cut objective across different
graphs.

As it can be observed from the experimental results (Figs. 3.5, 3.6), GKkM++

produces results comparable to GKkM (with a Percentage Error smaller than 0.05

in most cases) which consistently achieves the best performance in both the ratio
association and normalized cut objectives. Note that the ratio association objective is
meant to be maximized (higher values are better), while the normalized cut objective
should be minimized (lower values are better). GKkM failed to complete within a
reasonable time on the GRQC graph due to its high computational demands, while
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(a) email-Eu-TD1 (b) email-Eu (c) GRQC

Figure 3.7: CPU time comparison across different datasets and problems.

in such cases, GKkM++ produced the best outcomes. Additionally, the two GKkM++

variants consistently outperform KkM++ and RKkM. Notably, as the value of k in-
creases, GKkM++ demonstrates progressively superior performance compared to the
other two algorithms across both types of problems. This is particularly significant
because higher values of k increase the complexity of optimizing the ratio association
and normalized cut objectives.

In an attempt to compare KkM++ with RKkM on the ratio association objective,
we observe that both algorithms exhibit similar behavior (Fig. 3.5). When addressing
the normalized cut objective (Fig. 3.6), we notice that RKkM outperforms KkM++ on
the email-Eu-TD1 graph. In the other two graphs, which contain a larger number of
nodes and thus increase the complexity of the problem, KkM++ consistently delivers
better graph partitioning results. Notably, in the email-Eu graph, as the value of k
increases, the quality of KkM++ solutions becomes increasingly superior to that of
RKkM.

Additionally, Figure 3.7 illustrates the CPU time of each algorithm to compute
all K clustering solutions across the three graphs. Each subfigure shows the time
required for each objective on the compared graphs to solve all clustering problems
for k = 1, . . . , 50. Specifically, we observe that regarding the ratio association objective,
the GKkM++ variations require the least time in all graphs. For the normalized cut
objective, GKkM++ outperforms all other algorithms on the email-Eu-TD1 and email-
Eu graphs, while achieving comparable runtime performance to RKkM on the GRQC
graph.

3.4.3 Real Datasets

We also conducted a series of experiments on several publicly available real-world
datasets. We intentionally chosen datasets encompassing various characteristics, in-
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cluding the number of samples (N), data dimensionality (d), complexity, and domain
of origin. Table 3.4 provides a detailed description of each dataset.

Table 3.4: Descriptions of utilized datasets.

Dataset Description N d Source

Avila Images of an XII century copy of the Bible 20867 10 [95]

Breast cancer Characteristics of breast cancer tumors 569 30 [95]

Dermatology Type of Erythematosquamous disease 366 34 [95]

Ecoli Expression levels of proteins 336 7 [95]

Iris Characteristics of Iris flower species 150 4 [95]

Olivetti faces Face image dataset 400 4096 [117]

Pendigits Handwritten digits 10992 16 [95]

Waveform-v1 Waveforms with multiple attributes 5000 21 [95]

Wine Chemical analysis of wines 178 13 [95]

Min-max normalization in the [0, 1] range has been applied to each dataset to
avoid numerical instabilities in the computations [118]. Additionally, for a more thor-
ough investigation, we considered for each real dataset three different kernel func-
tions, as presented in Table 3.1, which resulted in a total of 27 clustering problems.

Experimental Setup

In our experimental study on real-world datasets, we evaluate the compared methods
both for the maximum number of clusters K and for all intermediate clustering
solutions k = 1, . . . , K. We set the maximum number of clusters K = 50 in all cases.
To ensure a fair comparison, in each k subproblem, we executed the algorithms
with L = 100, where L specifies the number of restarts or the number of candidates
examined. In particular, for KkM++ and RKkM, we used L to control the number of
restarts. In the case of GKkM++, L defines the number of candidates selected. On the
other hand, GKkM is executed once, which is equivalent to running GKkM++ with
the number of candidates L = N , where N is the total number of data instances.

Additionally, we evaluated the clustering performance using three kernel func-
tions: Cosine, Polynomial, and RBF (Radial Basis Function), as shown in Table 3.1.
For simplicity, in the Polynomial and RBF kernels, we set the γ hyperparameter for
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each dataset using the following formula:

γ =
1

σ2d
, (3.4)

where σ2 is the variance and d the dimensionality. This equation accounts for both
the variance of the data and the number of input features, ensuring an adaptive
initialization of γ. This approach aligns with the standard γ initialization strategy
of well-known software libraries such as scikit-learn [119]. However, more advanced
techniques can also be applied [120]. Finally, for the Polynomial kernel, we set the
degree deg and the coefficient c0 to typical values, such as deg = 3 and c0 = 1.

Evaluation

In this study, we propose kernel-based clustering methods that effectively minimize
the feature space clustering error. Therefore, we use this error E(Ck) (eq. 1.9) for
method comparison that provides a direct evaluation of the optimization capability
of each method. More specifically, we calculate the relative Percentage Error (eq. 3.3),
where E(C⋆k) denotes the error corresponding to the baseline method which is GKkM
(Fig. 3.8). However, due to high computational complexity, in some cases, GKkM did
not provide solutions in a reasonable time. In such cases, we utilized the GKkM++

with sequential sampling strategy as the baseline method. Furthermore, for each
method and k, we report the CPU execution time (Fig. 3.10) and the average number
of kernel k-means iterations (Fig. 3.11). Such an evaluation approach illustrates both
the error minimization capability of each method as well as its computational speed
and efficiency.

Experimental Results

GKkM++ exhibits performance comparable to that of GKkM with both batch and
sequential sampling strategies across all datasets (Fig. 3.8). Notably, it clearly outper-
forms the GKkM method in several cases, which is more evident for large k values.
It should be noted that GKkM did not terminate within a reasonable time frame in
Avila, Pendigits and Waveform-v1 datasets due to its high computational complexity,
where in these cases, the GKkM++ exhibited the best results. As the number of clusters
k increases, the clustering problem becomes more challenging, and the performance
difference between GKkM variants and the rest of the compared methods becomes
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more profound. Solving the clustering problem with a larger number of clusters is
crucial, as datasets inherently contain many clusters, such as Olivetti faces. Addi-
tionally, in most real-world scenarios, the number of clusters is unknown a priori.
Therefore, the clustering problem should be addressed across a range of values for k,
allowing us to determine the most suitable solution. In such cases, the minimization
algorithm must produce good results for even larger k values.

(a) Cosine (b) Polynomial (c) RBF

Avila

(a) Cosine (b) Polynomial (c) RBF

Breast cancer

(a) Cosine (b) Polynomial (c) RBF

Dermatology

(a) Cosine (b) Polynomial (c) RBF

Ecoli
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(a) Cosine (b) Polynomial (c) RBF

Iris

(a) Cosine (b) Polynomial (c) RBF

Olivetti faces

(a) Cosine (b) Polynomial (c) RBF

Pendigits

(a) Cosine (b) Polynomial (c) RBF

Waveform-v1

(a) Cosine (b) Polynomial (c) RBF

Wine

Figure 3.8: Comparison of the relative percentage error for each algorithm (relative
to the GKkM method) across various datasets and kernel functions. Lower values
indicate better clustering performance, with global optimization variants achieving
the lowest error in most cases.
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(a) Relative PE distribution of GKkM++,

compared to GKkM, using both batch and

sequential sampling strategies.

(b) Relative PE distribution of KkM++ and

RKkM, compared to GKkM. The red and

the blue dash lines indicate the maximum

PE of the GKkM++ and KkM++ algorithms,

respectively.

Figure 3.9: Distribution of relative percentage error for different clustering methods
compared to GKkM. (a) Shows the performance of GKkM++ (using both batch and
sequential sampling), which closely aligns with the GKkM method. (b) Compares
KkM++ and RKkM, highlighting their higher error values.

Fig. 3.9 presents the relative PE of each method compared to GKkM accumulated
across all k = 2, . . . , K subproblems and the 18 (out of 27) datasets where GKkM
successfully converged within a reasonable time frame. Note that positive values in-
dicate that the GKkM had superior performance, while negative values mean that the
compared algorithm performed better.

In Fig. 3.9a, it is evident that GKkM++ demonstrates highly effective optimization
capabilities. In most cases, GKkM++, using both batch and sequential strategies, con-
verged to solutions with a PE of 0.5% or less. Even in the worst case, the maximum
PE did not exceed 1.4% in our experiments. The plot emphasizes how closely GKkM++

approximates the performance of GKkM across various clustering subproblems. In-
terestingly, there are several instances where GKkM++ outperforms the solution of
GKkM, and this improvement is more pronounced for the sequential sampling strat-
egy (orange histogram) where there are cases in which the solution of GKkM++ had
-1.5 PE compared to GKkM.

Moreover, it is clear that the GKkM variants consistently outperform both KkM++

and RKkM as shown in Fig. 3.9b. In the case of RKkM, the Percentage Error (PE)
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reached as high as 100% (not included in the figure), whereas KkM++ exhibited
a maximum PE of 22%. It should be noted that the dashed red line denotes the
Maximum PE of GKkM++ algorithm. As anticipated, KkM++ significantly outperforms
RKkM. However, it cannot match the optimization capabilities of the GKkM variants.

Figure 3.10 illustrates the time the CPU needs for each algorithm to compute each
one of K clustering solutions for the datasets. Specifically, each subfigure presents the
time required for each dataset and kernel to provide solutions for all k = 1, . . . , 50.
Overall, the GKkM++ variants demonstrate the highest efficiency, requiring the least
execution time, often just a fraction of the time needed by the other methods. Some
notable cases are the Avila, Waveform-v1 and Pendigits datasets in which the differ-
ence of GKkM++ is several days of execution compared to the second fastest algorithm.
In these datasets, the GKkM failed to converge after weeks of execution due to the
large number of data instances N .

Avila Breast cancer Dermatology

Ecoli Iris Olivetti faces

Pendigits Waveform-v1 Wine

Figure 3.10: Comparison of CPU execution time required to compute all clustering
solutions for different datasets and kernels. GKkM++ demonstrates significantly re-
duced computational cost compared to other methods.

This speedup in execution is also highlighted in Fig. 3.11, which shows the aver-
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age number of kernel k-means iterations required for convergence by each method.
As observed, the GKkM variants tend to require fewer iterations as k increases. This is
mainly because, in each k subproblem, the k− 1 clusters are already well partitioned.
However, GKkM requires more iterations at lower values of k due to its exhaus-
tive search nature, although its behavior is close to that of the GKkM++ variants. In
contrast, KkM++ and RKkM generally require more iterations as k grows, or their
iteration plateau is significantly higher than that of the global variants. This trend is
particularly evident in the Avila, Breast cancer, Olivetti faces, Dermatology, Pendig-
its and Waveform-v1 datasets. Generally, it can be noticed that GKkM++ requires
considerably fewer kernel k-means iterations in all cases.

(a) Cosine (b) Polynomial (c) RBF

Avila

(a) Cosine (b) Polynomial (c) RBF

Breast cancer

(a) Cosine (b) Polynomial (c) RBF

Dermatology

(a) Cosine (b) Polynomial (c) RBF

Ecoli
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(a) Cosine (b) Polynomial (c) RBF

Iris

(a) Cosine (b) Polynomial (c) RBF

Olivetti faces

(a) Cosine (b) Polynomial (c) RBF

Pendigits

(a) Cosine (b) Polynomial (c) RBF

Waveform-v1

(a) Cosine (b) Polynomial (c) RBF

Wine

Figure 3.11: Comparison of the average number of iterations required for kernel k-
means to converge across different datasets and kernel functions. GKkM++ requires
fewer iterations as k increases.
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Sensitivity Analysis

In this section, we investigate the effect of the number of candidates L on the per-
formance of the proposed method. Since L determines the number of candidates
evaluated at each k-cluster subproblem, it directly influences clustering performance
and computational efficiency. Specifically, a higher L value allows for a more extensive
exploration of alternative solutions, increasing the possibility of selecting high-quality
cluster initialization. Naturally, this comes at the cost of additional computational
overhead.

To analyze this trade-off, we conducted using various datasets and examining four
values of L (10, 25, 50, 100). For each dataset and L value, 30 runs were conducted
and, for each run, the clustering error attained for three different values of K (10,
25, 50) was used for our analysis. Note that both the sequential and batch sampling
strategy were considered.

Figure 3.12 displays the influence of L on clustering performance, as measured
by the clustering error. As expected, the increase of L leads to decrease in clustering
error, since the exploration of more candidate centers improves the possibility of
finding an optimal cluster placement. Additionally, as L grows, the variance of the
clustering error decreases, indicating greater stability and robustness of the obtained
solutions. Notably, there is no significant difference in clustering performance between
the sequential and batch sampling strategies, suggesting that both selection methods
are equally effective in the selected datasets.

Figure 3.13 examines the impact of L on computational efficiency, measured by
execution time. As expected, increasing L results in a higher computational cost due
to the greater number of kernel k-means runs. It can also be observed that there is
no significant difference in the execution time of the two sampling strategies.
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K = 10 K = 25 K = 50
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K = 10 K = 25 K = 50
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K = 10 K = 25 K = 50

Olivetti faces

K = 10 K = 25 K = 50

Wine

Figure 3.12: Effect of the number of candidates L on clustering performance of the
proposed method for several datasets. For each dataset the clustering error statistics
(over 30 runs) is presented for different values of L and number of clusters K =

10, 25, 50 using both the sequential and the batch sampling strategy.

K = 10 K = 25 K = 50

Breast cancer
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K = 10 K = 25 K = 50

Dermatology

K = 10 K = 25 K = 50

Ecoli

K = 10 K = 25 K = 50

Iris

K = 10 K = 25 K = 50

Olivetti faces
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K = 10 K = 25 K = 50

Wine

Figure 3.13: Effect of the number of candidate initializations L on computational
efficiency for several datasets. For each dataset the execution time statistics (over 30
runs) is presented for different values of L and number of clusters K = 10, 25, 50

using both the sequential and the batch sampling strategy.

3.5 Summary

In this Chapter, we introduced global kernel k-means++ (GKkM++), a novel clustering
algorithm inspired by global k-means++, a method that combines the sequential clus-
tering strategy of global k-means with the probabilistic initialization of k-means++ in
Euclidean space. Our proposed GKkM++ extends this idea to a feature space using
kernel methods, effectively achieving high-quality clustering results while significantly
reducing computational cost.

Specifically, GKkM++ is an incremental clustering algorithm that extends the well-
established global kernel k-means algorithm by incorporating the stochastic initial-
ization strategy of kernel k-means++ to select L initial cluster candidates. To produce
the solution with K clusters, it sequentially solves all intermediate subproblems for
k = 1, . . . , K , by sampling L initial cluster candidates at each k subproblem, where
L≪ N . We presented two strategies for the sampling selection procedure: batch and
sequential sampling. Specifically, the batch selection strategy samples L candidates at
once without replacement. At the same time, sequential sampling selects L candidates
one by one, also without replacement, updating the probability distribution accord-
ingly at each sampling step. GKkM++ significantly reduces computational complexity
while preserving superior minimization capabilities akin to those of traditional global
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kernel k-means (GKkM), making it practical for addressing clustering problems in
larger datasets, where global kernel k-means may not terminate within a reasonable
time frame. Nonetheless, it is important to recognize that reducing the computational
complexity of the GKkM algorithm by sampling initial cluster candidates comes at
the cost of losing its deterministic nature.

We evaluated the proposed algorithm on synthetic and on several publicly avail-
able benchmark datasets and compared it to various methods, including global ker-
nel k-means, kernel k-means++ and kernel k-means with random uniform initial-
ization (RKkM). In all cases, GKkM++ has demonstrated its superior clustering per-
formance and reduced computational cost. In addition, we evaluate its performance
on the graph partitioning problem. Overall, the experimental results demonstrate
that GKkM++ consistently achieves significantly better clustering optimization capa-
bilities than KkM++ and RKkM. Furthermore, its performance is comparable to that
of the GKkM method, with a maximum percentage error of less than 1.4% in the
real datasets while achieving a maximum percentage error of less than 0.25% on the
graph partitioning task. Surprisingly, in many cases, it even exceeds the performance
of the GKkM. Overall, the GKkM++ variants demonstrate the highest efficiency, re-
quiring the least execution time, often just a fraction of the time needed by the other
methods.
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CHAPTER 4

THE UNIFORCE ALGORITHM FOR
CLUSTERING AND NUMBER OF CLUSTERS

ESTIMATION

4.1 Introduction

4.2 Locally unimodal clusters

4.3 Clustering based on local unimodality and the UniForCE algorithm

4.4 Experimental evaluation

4.5 Discussion and limitations

4.6 Summary

4.1 Introduction

An essential question to think about before clustering a dataset is the following: what
is a meaningful cluster and how can it be represented? The first part of the question
concerns the cluster assumption, that is, the characteristics that a subset of data should
exhibit in order to be considered a cluster. The second part, which is intertwined
with the former, is how to represent mathematically a cluster of the assumed nature.
Model-based assumptions consider a probabilistic model for each cluster, e.g. Gaus-
sian or linear models. Prototype-based assumptions partition data around objects that
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can be centroids [121], medoids [122], synthetic prototypes [123], or various other
exemplars [124]. There are also several density-based assumptions, the most typical of
which is the density-level-based that relies on several thresholds expressing the min-
imum local density level that a continuous region should have in order qualify as
a cluster [125]. Mode-seeking approaches, on the other hand, use parametric density
estimation to locate the area in a region where the density is maximized [126].

This Chapter [89] relates to a different type of density-based cluster assumption
that focuses on the density shape. In most of the previous approaches, there are density
shape assumptions that are either implicit (e.g. prototype-based assumptions lead to
convex-shaped clusters) or consequential, but not preconditions (e.g. Gaussian mix-
ture modeling would always fit with Gaussian components regardless of the validity
of this assumption). The previously proposed explicit density shape cluster assump-
tions mainly concern Gaussianity [127, 128, 129]. Furthermore, the work in [55] was
one of the first to introduce unimodality, described in Chapter 1 and Section 1.2, as
an explicit assumption for clustering multivariate data. Unimodality was assessed by
the proposed dip-dist criterion, a statistical methodology for unimodality testing of
multivariate data that relies on multiple univariate unimodality tests (dip-tests) [50]
performed on the distribution of pairwise distances between data points.

Once a clustering model has been selected, a clustering solution of the assumed
properties is usually produced by an algorithm that optimizes an appropriate objec-
tive function. Algorithmic approaches include: k-means or expectation-maximization,
agglomerative methods, incremental (divisive) algorithms that add clusters one by
one, region growing or merging procedures, as well as hybrid approaches [11].
Among them, the incremental density-shape-based approaches have three notable ad-
vantages: i) they are robust as they employ well-founded statistical tests, ii) they
offer a straightforward way to estimate automatically the number of the clusters
k [127, 128, 129, 55, 56], and iii) also examine the clusterability of the data, since the
absence of a multi-cluster structure is formally defined as the null hypothesis and
can be statistically assessed [54].

Determining the number of clusters k during the optimization procedure is one
of the most challenging problems in the field, especially in high-dimensions [54].
Most methods require k as input. Others claim to estimate k, but they essentially
translate the problem into another, hopefully easier, problem, i.e. the tuning of their
hyperparameters (e.g. [124, 126, 130, 131]). For estimating the number of clusters,
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several internal cluster validation indices (CVIs) have been proposed, such as the sil-
houette, Davies–Bouldin, Dunn, and Calinski–Harabasz indices, among others [132].
Such CVIs value clusters that are compact and separate to each other. They define
compactness in terms of intra-cluster variance, or distance of the data points to clus-
ter centers, either of which favoring spherical or convex cluster structures. Moreover,
measuring cluster separation requires at least two clusters, i.e. they are undefined
for k = 1, and hence they cannot decide the clusterability of the input. For these
reasons, they are not well-suited for guiding or evaluating clustering methods that
aim to detect an unknown number of arbitrary-shaped clusters, as is the case in our
work and the related literature [54].

It is important to note that an inadequate clustering assumption for a dataset
makes it more likely that k will also be wrongly estimated, rendering the cluster-
ing result less informative. The existence of irregular cluster shapes is what makes
most cluster assumptions fail. Typical approaches for dealing with this issue depart
for the original dataspace. Spectral embeddings [133], deep data embeddings [134],
hierarchical local embeddings [135, 136], or data-dependent distance metrics such as
diffusion maps [137] or path-based metrics [138], they all aim at finding a new vector
space to represent the data, where -hopefully- the clusters would be nicely-shaped
and/or far from each other, hence typical methods will be able to recover them. It
should be stressed that those lines of work overlook the discussion of cluster assump-
tions, while the estimation of k is usually beyond their scope. However, the divisive
hierarchical method in [135] projects a data subset onto its principal direction and
introduces a notion of clusterability based on contiguous clusters, i.e., sets that can-
not be extended with additional data points without increasing their maximum in-set
nearest-neighbor distance. It relies on criteria aiming to capture local density gaps
rather than the overall shape of cluster density. Moreover, it does not offer a statisti-
cal test to assess the significance of the identified cluster structure. Finally, assuming
that single clustering objectives are not sufficient, multi-objective approaches have
been proposed combining objectives associated to different assumptions [139, 140].

In this Chapter, we study clustering in the original dataspace, aiming at developing
a clustering methodology that is flexible enough to identify irregular cluster shapes.
One of the approaches that has been followed is to consider multi-prototypes as cluster
representatives, and define variations of multiple-means clustering [141, 131]. Another
recipe is to first employ overclustering to find small highly homogeneous subclusters,
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and then try to combine them into larger and more complex cluster shapes, for in-
stance via schemes that are density-based [142, 143, 144], a combination of the latter
with graph-based approaches [145, 146], or other visualization-based schemes [147].
Agglomerating subclusters is a long-known approach, and one of the initial proposi-
tions was to use it for reducing the sensitivity and complexity of hierarchical cluster-
ing [148], but it can also be useful for discovering irregular-shaped clusters through
a proper cluster linkage criterion. To some limited extent, this has also been explored
using the unimodality criterion [149, 150], in application-oriented studies, and with
simple merging criteria that would prevent the identification of irregular-shaped clus-
ters.

We focus on the concept of unimodality and propose a flexible cluster definition
called locally unimodal cluster. Such a cluster can be obtained by aggregating subclus-
ters provided by an initial overclustering partition through a merging procedure that
extends for as long as unimodality is locally preserved across pairs of subclusters.
In order to examine this local property, we propose an effective statistical approach
called unimodal pair testing that relies on the univariate dip-test for unimodality [50].
We exploit these elements to propose a cluster aggregation approach, the Unimodal-
ity Forest for Clustering and Estimation method (UniForCE), that boils down to: first,
overclustering the dataset into small homogeneous subclusters lying in convex sub-
regions, and then computing a spanning forest over the unimodality graph formed by
the unimodal pairs of subclusters. Each spanning tree of the forest connects sub-
clusters of the dataset that are aggregated in the same final cluster, and the number
of trees is an estimate for the number of clusters. Therefore, a maximal locally uni-
modal cluster extends for as long as unimodality is locally preserved. This feature
makes our definition flexible enough to identify typical unimodal as well as irregular-
shaped clusters that are statistically significant. Fig. 4.1 illustrates the main steps of
our method on a synthetic dataset. Our experimental study provides clear evidence
that locally unimodal clusters can model sufficiently real and synthetic datasets, and
that our algorithmic design allows the robust estimation of the number of clusters
while effectively partitioning the data.

The rest of the Chapter is organized as follows. First, in Sec. 4.2, we define the
locally unimodal cluster. In Sec. 4.3 we present the UniForCE clustering method and
provide its computational complexity. In Sec. 4.4, we provide extensive experimental
results and comparisons to real and synthetic datasets. Finally, in Sec. 4.5 we present
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a discussion of the method’s properties and limitations, while Sec. 4.6 summarizes
the Chapter.

(a) Synthetic dataset (b) Convex overclustering

(c) Spanning forest (d) UniForCE clustering

Figure 4.1: The UniForCE pipeline for locally unimodal clustering. The steps
followed by the proposed UniForCE clustering methodology are demonstrated on
a synthetic dataset (Complex 2D, see Tab. 5.1 in Sec. 4.4). The input dataset is first
overclustered into a large number of homogeneous subclusters lying in convex regions
of the original dataspace. Then, based on pairs of subclusters that are jointly unimodal
(unimodal pairs), a minimum spanning forest is computed, which provides a locally
unimodal clustering with clusters as disconnected components.
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(a) (b) (c)

Figure 4.2: Examples of locally unimodal clusters. a) Spherical Gaussian density.
b) Arc-shaped uniform density. c) Star-shaped density composed by 3 co-centric
Gaussian ellipses. In each case, the data are overclustered in subclusters, and the
computed unimodality graph includes edges (in green or gray color) between sub-
clusters that are unimodal pairs. Any sequence of distinct subclusters corresponds
to a path along which local unimodality is statistically confirmed. A spanning tree
(green edges) is a subgraph of the unimodality graph that connects all the subclusters
with the minimal number of edges.

4.2 Locally unimodal clusters

Our aim is to develop a clustering methodology that i) is able to capture complicated
cluster structures, ii) can automatically discover the number of clusters, while at the
same time iii) does not include any hard to tune hyperparameters. To this end, we
introduce the concept of a locally unimodal cluster by formulating how unimodality
extends across neighboring subregions that are part of the same larger structure. We
define the locally unimodal cluster as follows:

Definition 4.1. Locally unimodal cluster. A data subset C ⊆ X is a locally unimodal
cluster, if there is a partition C+ = {c1, . . . , cK} of C into subclusters lying in convex
subregions, such that for every pair (ci, cj) there exists a sequence Sij of distinct
subclusters, Sij = {s1 = ci, s1, . . . , sn−1, sn = cj}, where the union of any two successive
subclusters si ∪ si+1 is unimodal.

A clustering partition C of X is a locally unimodal clustering if every cluster of
C is locally unimodal. The locally unimodal cluster definition is flexible enough to
encompass not only typical unimodal clusters, but also arbitrary-shaped clusters.
Fig. 4.2 presents examples of locally unimodal clusters, where each ci is a subcluster

98



and an edge between subclusters indicates that their union is unimodal. Examining
the Gaussian data density in Fig. 4.2a, we observe that there is a sequence Sij between
any subcluster ci, cj , represented as a path connecting them on the highlighted graph,
e.g. S1,9 = {c1, c2, c3, c10, c9}.

This cluster definition can be exploited in a bottom-up clustering framework that
would start from an overclustering into a sufficient number of homogeneous subclus-
ters ci lying in convex subregions, which can be computed by a typical partitional
algorithm such as the k-means. Then, a way to identify unimodal pairs, i.e. subclus-
ter pairs whose union is unimodal, need to be defined. Two subclusters forming a
unimodal pair are expected to lie close to each other, since the union of distant sub-
clusters typically demonstrates a density gap that objects unimodality. The existence
of unimodal pairs enables the union of small homogeneous subclusters to larger lo-
cally unimodal clusters, and this can be accomplished in a statistically sound manner.
Our technique for deciding if two subclusters form a unimodal pair is presented in
Sec. 4.3.

Once the initial overclustering partition is computed, we can define the corre-
sponding unimodality graph having the subclusters as vertices and an edge between
each unimodal pair of subclusters (see Fig. 4.2). Note that a path in the unimodal-
ity graph defines a sequence of subclusters such that successive subclusters in the
sequence form unimodal pairs. We call such a path as unimodal path. Based on the
above description, it is evident that the union of subclusters corresponding to any
connected subgraph of the unimodality graph provides a locally unimodal cluster
of arbitrary shape. This is due to the fact that the subgraph is connected, there ex-
ists such a unimodal path between any two subclusters. The connected components
of the unimodality graph correspond to maximal locally unimodal clusters and define
the clustering solution that provided by our method. The details of our method are
described next.

4.3 Clustering based on local unimodality and the UniForCE al‐

gorithm

In this section, we present the proposed clustering methodology and an algorithm
implementing it, called Unimodality Forest for Clustering and Estimation (UniForCE).
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The methodology determines the maximal locally unimodal clusters by finding the
connected components of the unimodality graph, as explained in the section Sec. 4.2.
The general methodological framework is given in Alg. 4.1, and it comprises three
main modules: Overclustering, Unimodal pair testing, and finally Clustering by subcluster
aggregation. In the following subsections, we detail how UniForCE implements each
of these steps.

Algorithm 4.1 The general UniForCE framework for locally unimodal clustering
Require: X (dataset)
Require: K ′ (number of subclusters, K ′ ≫ k∗)
Require: M (minimum subcluster size)
Require: α (significance level)
1: Overclustering: Compute an initial overclustering of X into K ′ homogeneous subclusters lying in
convex subregions. Eliminate small subclusters with less than M data points, and determine the
final overclustering partition C+ into K ≤ K ′ subclusters.

2: Unimodal pair testing: Apply a statistical test to determine whether the union of two subclusters
admits unimodality (with significance level α). This induces the unimodality graph G among the
subclusters.

3: Clustering by subcluster aggregation: Compute the final clustering partition C by determining
the connected components of the unimodality graph G of the overclustering C+.

4: return the locally unimodal clustering partition C.

4.3.1 Overclustering

The overclustering is an essential initial step for our bottom-up strategy, since we
intent examine unimodality in local data regions and then to infer the larger scale
cluster structure. More specifically, the overclustering step oversegments the unknown
optimal partition C∗, which we seek to discover, in K ′ ≫ k∗ homogeneous subclusters
lying in convex subregions (Fig. 4.1b). Since k∗ is unknown, the hyperparameter K of
the method should be set to a sufficiently large value. The overclustering partition C+

will allow us to infer through a bottom-up aggregation the locally unimodal clusters
(Fig. 4.1d).

An algorithm of the k-means family can be employed to obtain a suitable over-
clustering partition containing homogeneous clusters lying in convex subregions. It
should be noted that for a large number of clusters, the performance of the stan-
dard k-means algorithm deteriorates, as it is merely improbable to draw a good
random initialization for many centers simultaneously. To mitigate this problem, we
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(a) Unimodal case: Two clusters forming a

unimodal pair.

(b) Multimodal case: Two clusters forming

a multimodal pair.

Figure 4.3: Unimodal pair testing. Two subclusters, ci and cj , appear in orange
and blue, respectively, and their centers are shown as stars. The dotted line connects
the two centers, while the rigged line is its perpendicular bisecting hyperplane Hij.
On the top, histograms present the density of the univariate set Pij , containing the
point-to-hyperplane signed distances, which we test for unimodality using the dip-
test. a) Unimodal case: No density gap is observed between the subclusters, hence Pij

is decided as unimodal. b) Multimodal case: A considerable density gap is observed
between the subclusters, hence Pij is decided as multimodal.

use instead the global k-means++ algorithm [88], which is an incremental variant that
exhibits robust clustering performance for large numbers of clusters.

Finally, in an additional preprocessing step (implemented by the function preprocess()
in Alg. 5.1), subclusters containing very few data points get eliminated, and their data
points get redistributed to the rest of the subclusters according to the k-means cluster
assignment rule. As the subclusters increase in number, they become naturally more
homogeneous, but their cardinality reduces. Since statistical testing lies at the heart
of our methodology, namely the dip-test of unimodality [50], we need to enforce a
minimum allowed subcluster size, let that be M , to ensure the validity of the test.
Empirical evidence from prior work suggests that a threshold to keep the dip-test
more reliable is the sample size to be greater that 50 data points [151]. As we de-
scribe in detail next, our method tests pairs or subclusters whether they are jointly
unimodal, which justifies setting the minimum subcluster size to M = 25 data points.

4.3.2 Unimodal pair testing

A major step in our algorithm is the unimodal pair testing procedure that decides
whether the union of two subclusters cij = ci ∪ cj , ci, cj ∈ C+, results in a unimodal
cluster. We exploit the fact that we know the centers µi and µj of the subclusters
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(a) Imbalanced clusters: 75/25 size ratio

(p-value ≈ 0.28).

(b) Balanced clusters: 25/25 size ratio

(p-value ≈ 0.02).

Figure 4.4: The imbalanced modes problem and our subsampling solution. In this
example, the subcluster pair has originally a size ratio of 75/25. a) The unimodal pair
test fails to reject unimodality when all the data are considered. b) The problem is
tackled when testing for unimodality the balanced subsample (data points shown in
gray are discarded).

tested for merging. We first define the vector rij = µj − µi connecting these centers,
and the perpendicular bisecting hyperplane Hij to rij passing through its midpoint.
Formally, Hij : w

⊤
ijx+ bij = 0, where x ∈ Rd is an input data point, wij is the vector of

coefficients of the hyperplane, and bij is the intercept. More specifically, the equation
of Hij is:

(µj − µi)
⊤x− 1

2
(µj − µi)

⊤(µi + µj) = 0, (4.1)

and the signed distance of a data point x to Hij is given by:

d(x,Hij) =
(µj − µi)

⊤x− 1
2
(µj − µi)

⊤(µi + µj)

||µj − µi||
. (4.2)

Let Pij the set that contains the values d(x,Hij) for every x ∈ cij. We apply
the Hartigans’ dip-test [50] for unimodality to Pij to decide whether it is unimodal
with regards to a statistical significance level α. Illustrations of a successful and an
unsuccessful unimodal pair test (when it decides for unimodality, and multimodality,
respectively) are provided in Fig. 4.3. It is clear that if there is a density gap between
the two subclusters, then the signed distances in Pij will be multimodal, and therefore
the dip-test is expected to reject unimodality.

The identification of imbalanced modes is a challenging aspect [151]. In our con-
text, the dip-test employed in the unimodal pair test may fail to reject unimodality
when one of the two subclusters is significantly smaller, even when the two associ-
ated modes are quite well-separated. To address this issue, our approach is to use a
balanced subsample from the two tested subclusters. Specifically, all the data points
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Algorithm 4.2 Unimodality pair test for two subclusters
Require: ci, cj (two subclusters)
Require: L ← 11 (odd number of Monte Carlo simulations)
Require: α← 0.001 (significance level)
1: if |ci| > |cj | then
2: Swap the indices i↔ j

3: end if
4: Compute the centers of µi, µj of the two subclusters
5: Find the perpendicular bisecting hyperplane Hij to the vector rij = µj − µi connecting the two centers // Eq. 4.1
6: Compute the set Pi with the signed distances from Hij for all samples in the smaller cluster ci // Eq. 4.2
7: Initialize v as a zero vector with L elements // Votes for unimodality
8: for all l ∈ [L] do
9: Create c′j by sampling |ci| elements uniformly at random without replacement from the larger cluster cj
10: Compute the set Pj with the signed distances from Hij for all samples in c′j // Eq. 4.2
11: Pij ← Pi ∪ Pj // The set of all signed distances of ci ∪ c′j from Hij

12: p← dip-test(Pij) // The p-value of the Hartigans’ dip-test for unimodality
13: v[l]← 1{p ≥ α} // Store the vote against or for unimodality, 0 or 1 respectively
14: end for
15: m← 1

{∑L
l=1 v[l] >

L
2

}
// Compute the majority vote, either 0 or 1

16: return m

are used from the smaller subcluster, let that be ci, and a uniform random subsample
c′j ⊂ cj of equal size is drawn from the larger subcluster to produce the balanced set
c′ij = ci ∪ c′j , |c′ij| = 2|ci|. Thus, the set Pij will contain the signed distances to that
hyperplane Hij of only the data points of c′ij , and this will be tested as before with
the dip-test for unimodality. Note that the hyperplane Hij is computed once using
all the data and does not depend on subsampling. Fig. 4.4 illustrates this problem of
wrongly accepting unimodality due to the imbalance of the subclusters in our specific
context, and our workaround.

To account for imbalanced subcluster sizes, this procedure is repeated (Monte
Carlo experiment) for an odd number of times L, and decide the success or failure of
the unimodal pair test based on the majority of the results. The detailed algorithm
for the unimodal pair test is presented in Alg. 4.2.

4.3.3 Finding connected components

The application of the unimodal pair testing procedure on subcluster pairs provides
the unimodality graph of the initial overclustering partition. Finding the connected
components of the unimodality graph is the next step in our methodology. We choose
to represent each connected component by a spanning tree, which is the minimum
structure required. Each spanning tree of the unimodality graph, called unimodal span-
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ning tree, represents a maximal locally unimodal cluster, and the unimodality spanning
forest provides the overall clustering partition. The UniForCE algorithm computes
the unimodality spanning forest and uses an online graph construction procedure to
minimize the number of the required unimodality tests. Specifically, we make two
relaxations that make the computation much more efficient without affecting the clus-
tering result. First, we remark that any spanning tree (not necessarily the minimum
one) connecting the same set of subclusters of a given overclustering would produce
the same clustering partition. Second, since unimodality extends locally across neigh-
boring subclusters, we can use the proximity of between pairs of subclusters as a
preference for the order in which pairs shall get tested for unimodality.

The exhaustive computation of the unimodality graph for K subclusters would
require K(K−1)

2
unimodality tests. In order to reduce the computational cost, we use

a simpler strategy by exploiting the above-mentioned preference order for testing
pairs of (closely) neighboring subclusters. We start with a complete distance graph G,
whose vertices are the subclusters and the edge weights W are the K(K−1)

2
pairwise

Euclidean distances (using other alternatives adapted to the data is possible) between
the centers of the subclusters. Then, we consider the proximity of two subclusters
as an indicator for the possibility that unimodality extends across those subclusters,
hence we test pairs of subclusters in pairwise proximity order.

The unimodal spanning forest approximation F is computed over G by also testing
for spanning unimodality between pairs of vertices. Algorithmically, we compute F

using a modification of the classical Kruskal’s algorithm [152]. Initially, F consists
of K trees, each with only one vertex. The edges of G, sorted in ascending weight
order, indicate the order in which unimodality between pairs of vertices should be
tested. When a test for a pair of vertices is successful, we add an edge in F connecting
those vertices, and the number of trees (also clusters of the partition) is reduced by 1.
While traversing this list of edge weights, we skip pairs of vertices that are already in
the same spanning tree of F . Operating in the described way minimizes the number
of unimodality tests that need to be performed without affecting the final clustering
result.
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Algorithm 4.3 The UniForCE algorithm for clustering and estimation of the number
of clusters
Require: X (dataset)
Require: K′ ← 50 (number of subclusters)
Require: M ← 25 (minimum subcluster size)
Require: L← 11 (odd number of Monte Carlo Simulations)
Require: α← 0.001 (significance level)
1: {C+ = {ci}i∈[K], µ = {µi}i∈[K]} ← preprocess(global k-means++(X,K′),M) // Overclustering into K subclusters, with

more than M data points each
2: Consider the subclusters’ centers {µi} as graph vertices {Vi}, i ∈ [K]

3: Compute the distance graph G with edge weights Wij = dist(µi, µj), i, j ∈ [K] // dist(·, ·)← Euclidean distance
4: Initialize the unimodality spanning forest F with K singleton trees, one for each Vi ∈ G, i ∈ [K]

5: for each edge (Vi, Vj) ∈ G in ascending order of distance Wij do
6: if belongInDifferentTrees(F, Vi, Vj) and isUnimodalPair(ci, cj , L, α) then
7: Add the edge (Vi, Vj) in the unimodality spanning forest F
8: end if
9: end for
10: for each unimodal spanning tree Tj ∈ F do
11: Create the cluster Cj with the vertices Vi ∈ Tj // Gather all data points of those subclusters
12: end for
13: return the locally unimodal cluster partition C = {C1, . . . , C|F |}, and the estimated k = |F |

4.3.4 Complexity analysis

UniForCE, as all methods that rely on the dip-test, can benefit from a dramatic
acceleration of the statistical tests. Instead of computing the dip statistics, we can make
use of a lookup table with precomputed bootstrap dip statistics of Uniform samples1,
over a grid of sample sizes and significance levels. The grid needs to be sufficiently
dense for the scale of the treated problem. Other approaches to accelerate the dip-test
have appeared in the literature [153], offering directions for further refinements.

For the overclustering step, a computationally cheap choice is to use k-means++ [29].
However, in Sec. 4.3.1, we justified the use of the global k-means++ algorithm [88] by
the fact that it takes O(QKNd) time, where Q is the number of candidates examined
per incremental iteration to initialize the new cluster, K is the desired number of
subclusters, N is the size of the dataset, and d is the dimensionality of the data. The
number of candidates Q should be O(1), e.g. between 10 and 20. Thus, the overclus-
tering step takes O(KNd) time. Postprocessing by removing very small subclusters
from the overclustering partition and reassigning their elements takes O(KN) time.

In the subsequent analysis, we delve into the overall time complexity associated
with the invocations of the isUnimodalPair function. The cost to compute the dip

1In our implementation we used the repository that is available at: https://pypi.org/project/diptest/.
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Table 4.1: The real datasets used in the experiments. N is the number of data
instances, d is the dimensionality, and k is the number of labeled classes (i.e. the
ground-truth k∗). With ‘*’, we mark an embeddings dataset obtained by training an
autoencoder on the original dataset. Several of the used real datasets come from the
UCI machine learning repository.

Dataset Type Description N d k Source

EMNIST Balanced Digits * Vector Handwritten digits 28000 10 10 [154]
EMNIST Balanced Letters * Vector Handwritten letters (A-J) 28000 10 10 [154]
EMNIST MNIST * Vector Handwritten digits 70000 10 10 [154]
HAR * Vector Sensor data from smartphones 10299 10 6 [95]
Isolet Spectral Speech recordings pronouncing letters 7797 617 26 [95]
Mice Protein Expression Tabular Expression levels of proteins 1080 77 8 [95]
Optdigits Image Handwritten digits 5620 8× 8 10 [95]
Pendigits Timeseries Handwritten digits 10992 16 10 [95]
TCGA Tabular Cancer gene expression profiles 801 20531 5 [95]
Waveform-v1 Vector Waveforms with multiple attributes 5000 21 3 [95]
YTF * Vector Face images from videos 2000 10 40 [155]
Complex 2D (synthetic) Vector Multiple structures inside a ring (Fig. 4.1) 5000 2 6 ours

statistic of a dataset of size n using Hartigans’ dip-test is O(n) [50], provided that the
values are sorted. However, since sorting is necessary, the time complexity for calling
once the isUnimodalPair() function is O(n logn). We can show that the total time
complexity of computing the dip statistic for all unimodal pairs is of O(N logN):∑

i,j∈[K]
i<j

(|Vi|+ |Vj|) log(|Vi|+ |Vj|) ≤
(∑
i,j∈[K]

(|Vi|+ |Vj|)
)
logN

≤ 2N logN.

Note that the number of tests L is supposed to be O(1), e.g. between 1 and 11. The
computation of the spanning forest F takes O(K2 logK) time. Constructing the final
clustering takes O(N) time. Thus, the total time complexity of UniForCE algorithm is
O(KNd+KN +N logN +K2 logK).

4.4 Experimental evaluation

4.4.1 Experimental setup

Datasets. Tab. 5.1 summarizes the datasets that we used for experimental evaluation,
which vary in size N , dimensions d, number of clusters k (this is the number of
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labeled classes that we consider as the ground-truth value k∗), data type, and domain
of origin.2

The datasets Optigits, Pendigits, EMNIST MNIST (EMNIST-M), and EMNIST Bal-
anced Digits (EMNIST-BD) comprise handwritten digits, with 10 classes correspond-
ing to the digits from 0 to 9. Optigits consist of images with a resolution of 8×8, while
EMNIST-M and EMNIST-BD contain images with a higher resolution of 28× 28. In
contrast, Pendigits’ data instances are represented by 16-dimensional vectors contain-
ing pixel coordinates. EMNIST-BL is a dataset with handwritten letters, with capital
and non-capital characters, from which we selected the 10 classes corresponding to
the letters A to J, that account for 28000 data points. The Isolet dataset is a collection
of speech recordings containing the sound samples of spoken letters, represented by
vectors of 617 spectral coefficients extracted from the speech signal. The TCGA is a
collection of gene expression profiles obtained from RNA sequencing of various can-
cer samples. It includes 801 data instances, clinical information, normalized counts,
gene annotations, and 6 cancer types’ pathways. The Mice Protein Expression dataset
consists of the expression levels of 77 proteins/protein modifications that produced
detectable signals in the nuclear fraction of the cortex. It includes 1080 data points
and 8 eight classes of mice based on genotype, behavior, and treatment features. The
Waveform-v1 consists of 3 classes of generated waves with 5000 data points. Each
class is generated from a combination of 2 of 3 ‘base’ waves. The Human Activity
Recognition (HAR) dataset consists of data recorded from smartphone accelerometers
and gyroscopes as participants performed various activities such as walking, sitting,
and standing. Each instance consists of a 560-dimensional feature vector. The dataset
contains 10299 instances categorized into 6 activity classes. The YouTube Faces (YTF)
dataset consists of face images extracted from videos of a wide range of individu-
als. For our subset, we randomly selected 40 individuals and sampled 50 images per
person, yielding a total of 2000 face images.

EMNIST is an extended and more challenging MNIST dataset. Due to the high
complexity of the three EMNIST versions and the YTF dataset, we used these datasets
after creating a high-quality data embedding via an Autoencoder (AE). The architec-
ture of the convolutional AE is highly used in literature for clustering purposes [156].
Specifically, the encoder part consists of 3 convolutional layers with channel numbers
32, 64, and 128, and kernel sizes of 5×5, 5×5, and 3×3, respectively. This is followed

2The UCI datasets are available at: https://archive.ics.uci.edu/datasets.
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Table 4.2: Summary of the experimental results. The best values per dataset are
shown in bold. Cases marked by † and ‡ indicate experiments that failed due to
memory/time and method constraints, respectively.

EMNIST‐BD EMNIST‐BL EMNIST‐M YTF

Methods k AMI ARI k AMI ARI k AMI ARI k AMI ARI

X-means 357±10 0.37 0.06 286± 9 0.37 0.07 576±15 0.35 0.04 † † †
G-means 120± 5 0.44 0.15 139±11 0.41 0.12 265± 8 0.39 0.07 † † †
PG-means 42± 4 0.58 0.38 44± 4 0.56 0.34 48± 5 0.58 0.37 8±6 0.20 0.20
dip-means 7 or 8 0.60 0.53 5± 0 0.60 0.48 9± 0 0.75 0.72 8±0 0.43 0.15
pdip-means 7± 0 0.55 0.45 3± 0 0.45 0.23 5± 0 0.61 0.44 6±0 0.39 0.14
Mean Shift † † † † † † † † † 49±0 0.92 0.76
HDBSCAN 12± 0 0.40 0.11 3± 0 0.02 0.01 10± 0 0.45 0.19 50±0 0.91 0.83

SMMP † † † † † † † † † 28±0 0.88 0.77
RCC 82± 0 0.74 0.63 82± 0 0.52 0.35 † † † 221±0 0.65 0.50

UniForCE 10± 1 0.87 0.87 12± 1 0.74 0.69 13± 1 0.84 0.85 39±1 0.94 0.89

Ground-truth 10 – – 10 – – 10 – – 40 – –

Optdigits Pendigits Isolet Waveform‐v1

Methods k AMI ARI k AMI ARI k AMI ARI k AMI ARI

X-means 422± 9 0.34 0.05 1472±19 0.25 0.02 233± 4 0.49 0.16 10±0 0.32 0.22
G-means 57± 5 0.53 0.29 184±11 0.44 0.15 101± 6 0.57 0.33 12±0 0.31 0.21
PG-means ‡ ‡ ‡ 25± 3 0.58 0.45 ‡ ‡ ‡ 4±1 0.45 0.50
dip-means 4± 0 0.38 0.27 9± 1 0.62 0.35 4± 0 0.30 0.14 4±0 0.42 0.29
pdip-means 12± 1 0.69 0.56 12± 1 0.69 0.43 16± 1 0.52 0.34 1±0 0.00 0.00
Mean Shift 73± 0 0.63 0.66 17± 0 0.65 0.51 † † † 11±0 0.81 0.91
HDBSCAN 9± 0 0.48 0.26 28± 0 0.69 0.54 3± 0 0.02 0.01 4±0 0.86 0.94

SMMP 13± 0 0.71 0.69 34± 0 0.25 0.13 6± 0 0.13 0.02 56±0 0.34 0.25
RCC 19± 0 0.87 0.89 46± 0 0.75 0.75 12± 0 0.53 0.20 3±0 1.00 1.00

UniForCE 11± 1 0.85 0.80 17± 1 0.78 0.76 27± 2 0.71 0.41 3±0 1.00 1.00

Ground-truth 10 – – 10 – – 26 – – 3 – –

HAR TCGA Mice Protein Complex 2D

Methods k AMI ARI k AMI ARI k AMI ARI k AMI ARI

X-means 1536±20 0.15 0.01 20± 1 0.51 0.32 244± 2 0.27 0.05 1±0 0.00 0.00
G-means 99± 5 0.32 0.09 ‡ ‡ ‡ 32± 1 0.71 0.75 96±1 0.28 0.04
PG-means 2± 1 0.40 0.16 † † † ‡ ‡ ‡ 23±2 0.42 0.23
dip-means † † † 2± 0 0.36 0.24 5± 0 0.67 0.05 26±1 0.32 0.16
pdip-means † † † ‡ ‡ ‡ 9 or 10 0.96 0.96 6±0 0.37 0.23
Mean Shift 13± 0 0.60 0.49 † † † 6± 0 0.73 0.66 16±0 0.33 0.19
HDBSCAN 9± 0 0.52 0.39 5± 0 0.55 0.35 11± 0 0.93 0.95 7±0 0.90 0.95

SMMP 22± 0 0.16 0.08 4± 0 0.72 0.65 11± 0 0.43 0.21 10±0 0.07 0.06
RCC 118± 0 0.56 0.43 8± 0 0.84 0.85 54± 0 0.52 0.32 498±0 0.09 0.01

UniForCE 6± 1 0.62 0.53 5 or 6 0.93 0.94 8± 0 0.93 0.91 6±0 0.98 0.99

Ground-truth 6 – – 5 – – 8 – – 6 – –
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by a two-layer MLP with 384 and 10 neurons, respectively. The decoder part of the
AE is symmetrical with the encoder. LeakyReLU activates all intermediate layers of
the AE with a slope equal to 0.1. We trained the AE for 100 epochs using the Adam
optimizer with a constant learning rate of 0.001, batch size of 256 and with the default
setting of β1 = 0.9 and β2 = 0.999.

Additionally, for the HAR dataset, we employed a widely used autoencoder ar-
chitecture for feature extraction, following designs commonly adopted in the litera-
ture [73]. Specifically, the encoder consists of three fully connected layers with 500,
500, and 2000 neurons, respectively, followed by a latent space of 10 neurons. The
decoder mirrors the encoder architecture symmetrically. All intermediate layers use
LeakyReLU activation with a negative slope of 0.1. The autoencoder was trained using
the same procedure described previously.

For the Mice Protein Expression dataset, we applied one-hot encoding to manage
categorical values and to address the few missing data; we imputed the missing values
by utilizing the mean values for each column. As a preprocessing step, we used min-
max normalization to map the attributes of each dataset to the [0, 1] interval to prevent
attributes with large value ranges from dominating the distance calculations, and to
also avoid numerical instabilities in the computations.

The 2-dimensional Complex 2D is the only synthetic dataset that we use in the
first experimental part. It contains multiple clusters inside a ring (see Fig. 4.1), some
of which are non-convex and pairwise non-linearly separable. More additional ex-
periments on synthetic datasets are presented in Sec. 4.4.4.

Compared clustering methods. The performance of the UniForCE algorithm is
compared with several methods that perform clustering and automatic estimation
of the number of clusters.3 The most related category of methods are those us-
ing statistical tests: X-means [127], G-means [128], PG-means [129], dip-means [55],
and projected dip-means [56] (pdip-means). Additionally, we considered approaches
that do not rely on statistical tests in their optimization procedure, such as HDB-
SCAN [130], RCC [157], SMMP [143], and Mean Shift [158]. HDBSCAN is a method
that performs DBSCAN over varying epsilon values and integrates the results to find
a clustering partition that gives the best stability over epsilon. Since, by design, we
stay in the original data space, we do not consider approaches that integrate embed-
ding and clustering, such as deep clustering methods. In all experiments, we fixed

3Machine specifications: Intel® Core™ i7-8700 CPU at 3.20GHz and 16GB of RAM.
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our hyperparameters to K = 50 (number of initial subclusters), α = 0.001 (statistical
significance level), M = 25 (minimum subcluster size), and L = 11 (number of Monte
Carlo simulations).

Evaluation measures. For evaluating how well a clustering partition matches
the ground-truth label information, we compute the Adjusted Mutual Information
(AMI) [159] measure defined as:

AMI(Y,C) =
I(Y,C)− E[I(Y,C)]

max{H(Y ), H(C)} − E[I(Y,C)]
,

where Y denotes the vector of ground-truth labels, C denotes the vector of cluster
labels produced by a clustering algorithm, I is the Mutual Information measure, H
the entropy of a partition (either the ground-truth or the produced one), and E[·] is
the expected value. We also compute the Adjusted Rand Index (ARI) [160] measure as
follows:

ARI(Y,C) =
RI(Y,C)− E[RI(Y,C)]

max(RI)− E[RI(Y,C)]
,

where RI is the Rand Index measuring the fraction of agreement between Y and C.
Higher AMI and ARI values indicate that a clustering partition matches better with
the ground-truth labels. We report the average values for k, AMI and ARI obtained
from 30 executions of each method on each dataset. Care is needed when interpreting
results concerning the estimation of the number of clusters k, since a correct estimation
does not necessarily imply a correct clustering solution. Safer conclusions can be
drawn by considering together the AMI measure and the estimated k.

4.4.2 Experimental results on real data

The experimental results are summarized in Tab. 4.2. First, we empirically confirm
results known in the literature, that top-down methods such as X-means and G-
means fail to capture the structure a dataset unless their assumptions are rather
true. X-means exploits the BIC criterion, while G-means relies on statistical tests for
Gaussianity. Their estimations of the number of clusters is one or even two orders
of magnitude higher than the actual number of clusters in the data. Dip-means and
pdip-means are also top-down approaches but they rely on unimodality tests and
consistently outperform X-means and G-means providing better estimations for the
number of clusters. Therefore, it is evident that the unimodality-based methods per-
form better compared to methods that make ‘stricter’ assumptions, such as Gaussian-
ity. However, on datasets containing many clusters, both dip-means and pdip-means
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terminate too early and fail to reasonably estimate the number of clusters. There are
two distinct sources for this shortcoming: first, their approach for testing dataset uni-
modality (such as the dip-dist, which is a ‘meta-test’, and variations of it) is not very
effective in the multivariate setting and, since the methods operate in a top-down
fashion, there is high chance for false positive identification of unimodality; second,
the structure of the true clusters may be complex, thus the classical unimodality as-
sumption may not be valid. This is what we aim to capture with the proposed locally
unimodal cluster definition. In addition, Mean Shift performed well only in the YTF
dataset. HDBSCAN gave promising results in YTF, Waveform-v1 and Mice Protein,
while its performance was poor in the remaining datasets due to low AMI and ARI
values or false k detection. The SMMP method produce promising results only in
YTF, Optidigits and TCGA datasets. The RCC method produced satisfactory results
on the Optdigits, Waveform-v1 and TCGA datasets, yet it failed on the rest of the
benchmark datasets because the k estimation is far from the ground truth labeling.

The UniForCE algorithm performed satisfactorily on all benchmark datasets. It
produced high-quality estimates of the number of clusters and high-quality cluster-
ings with a high AMI on all datasets. More specifically, on the EMNIST-BD, EMNIST-
BL, YTF, Waveform-v1, Isolet, HAR, TCGA, and Complex 2D datasets, UniForCE out-
performed the other methods in both estimating k and providing clustering solutions
with high AMI and ARI. In addition, the UniForCE method had the best solutions
for k in the Optdigits and Mice Protein datasets, while it was highly competitive in
AMI and ARI. Finally, in the Pendigits and EMNIST-M datasets, the method had
very high AMI and ARI scores with good performance on k, where it overestimated
the ground truth labeling by a small margin. However, it should be noted that the
detectable cluster structure is not always aligned with the number of classes labeled
in the dataset.

Finally, Fig. 4.5 provides visualizations of UniForCE clustering results on 6 of the
real datasets reported in Tab. 4.2. The visualizations are produced in an unsupervised
manner by 2D t-SNE embeddings, which are then colored by the cluster labels decided
by UniForCE. In addition, the associated AMI scores are shown in each case. The
results provide clear evidence that the local unimodality clustering performed by
UniForCE is meaningful as it identifies well the cluster structure of high-dimensional
real data.
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Table 4.3: Sensitivity analysis of hyperparameters α, L, and M . Results are reported
for 30 experiments per setting, showing how variations in the significance level α, the
number of Monte Carlo simulations L, and the minimum subcluster size M affect
the clustering performance across six datasets. Performance is evaluated based on the
number of clusters k, AMI, and ARI.

EMNIST‐BD EMNIST‐BL Pendigits

α k AMI ARI k AMI ARI k AMI ARI

0.01 10±1 0.87 0.87 16± 1 0.70 0.67 19±1 0.77 0.75
0.001 10±1 0.87 0.87 12± 1 0.74 0.69 17±1 0.78 0.76
0.0001 10±0 0.87 0.87 11± 1 0.74 0.67 16±1 0.79 0.76

L k AMI ARI k AMI ARI k AMI ARI

1 10±1 0.87 0.87 13± 1 0.73 0.66 17±1 0.78 0.75
5 10±0 0.87 0.88 13± 1 0.74 0.67 17±1 0.78 0.75
11 10±1 0.87 0.87 12± 1 0.74 0.69 17±1 0.78 0.76

M k AMI ARI k AMI ARI k AMI ARI

10 10±1 0.87 0.87 12± 1 0.75 0.67 17±1 0.78 0.75
15 10±1 0.87 0.87 13± 1 0.74 0.67 17±1 0.78 0.75
25 10±1 0.87 0.87 12± 1 0.74 0.69 17±1 0.78 0.76

Ground-truth 10 – – 10 – – 10 – –

Waveform‐v1 TCGA Complex 2D

α k AMI ARI k AMI ARI k AMI ARI

0.01 4±1 0.89 0.92 6± 0 0.88 0.88 6±1 0.94 0.96
0.001 3±0 1.00 1.00 5 or 6 0.93 0.94 6±0 0.98 0.99
0.0001 3±0 1.00 1.00 5± 0 0.96 0.98 6±0 0.98 0.99

L k AMI ARI k AMI ARI k AMI ARI

1 3±0 1.00 1.00 6± 1 0.91 0.92 6±0 0.98 0.99
5 3±1 1.00 1.00 5 or 6 0.91 0.92 6±0 0.97 0.98
11 3±0 1.00 1.00 5 or 6 0.93 0.94 6±0 0.98 0.99

M k AMI ARI k AMI ARI k AMI ARI

10 3±0 1.00 1.00 5± 0 0.96 0.97 6±0 0.98 0.99
15 3±0 1.00 1.00 5 or 6 0.93 0.94 6±0 0.98 0.99
25 3±0 1.00 1.00 5 or 6 0.93 0.94 6±0 0.98 0.99

Ground-truth 3 – – 5 – – 6 – –
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(a) EMNIST-BD (AMI:

.87) (b) YTF (AMI: .94) (c) Optdigits (AMI: .85)

(d) HAR (AMI: .63) (e) TCGA (AMI: .93)

(f) Mice Protein (AMI:

.93)

Figure 4.5: t‐SNE visualization of UniForCE clustering results on real
datasets. The embeddings are colored by the cluster labels decided by UniForCE
for 6 of the real datasets.

4.4.3 Sensitivity study using real data

To complement our experimental analysis, we conducted a sensitivity study on the
main hyperparameters of UniForCE. First, we study the influence of the overcluster-
ing resolution (K) in the performance of our method (which was fixed to K = 50

earlier) by experimenting within a range K = 1, . . . , 100. The plots in Fig. 4.6a,
showcase that the UniForCE method is quite robust with respect to the parameter K ,
except for the EMNIST-BL dataset, where the final number of clusters k increases as
the initial number of clusters K increases. This may be an indication of the existence
of a large number of substructures (much higher than the number of ground truth
classes k∗). Finally, Fig. 4.6b provides a detailed view over the effect that the value
of K has on the AMI measure. For completeness, we included for each curve a first
part appearing in gray, which corresponds to when K < k∗, and therefore the cases
where the initialization is not an overclustering, but rather an underclustering.
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(a) k vs K: Estimation of the number of

clusters (k) by the UniForCE method as a

function of the number of starting subclus-

ters (K).

(b) AMI vs K: Clustering performance (AMI

score) by the UniForCE method as a function

of the number of starting subclusters (K).

Figure 4.6: Comparison of clustering results. The gray part of each curve corre-
sponds to clustering solutions where K < k∗ for a dataset.

In our sensitivity study we also analysed the influence of the significance level
α, the number of Monte Carlo simulations L, and the minimum subcluster size M .
To isolate the effect of each parameter, in each experiment we varied a single hy-
perparameter while keeping the others fixed to default values (K = 50, α = 0.001,
L = 11, M = 25). For each configuration, we performed 30 independent executions
and evaluated the results using the estimated number of clusters k, AMI, and ARI.
As shown in Tab. 4.3, lower values of α make UniForCE more conservative, often
discovering fewer clusters, e.g. see the Pendigits and EMNIST-BL datasets. Regarding
the parameter M , which sets the minimum subcluster size for applying the dip-test,
our experiments show that the algorithm remains effective even for M < 25, where
M = 25 is a value suggested by the literature [151]. In addition, the performance
of the UniForCE method remains remarkably stable across different values of L.
Overall, the algorithm performed consistently well across all the settings tested, fur-
ther demonstrating its robustness and reliability under a wide range of parameter
configurations.

4.4.4 Experimental results on synthetic data

To provide further insight into the UniForCE’s clustering performance, we conducted
additional experiments with synthetic 2D and 3D datasets that have been used in
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Figure 4.7: Clustering results using the UniForCE algorithm on a variety of 20 syn-
thetic datasets.

the related literature4. Fig. 4.7 presents a panorama of 20 cases containing several
typical and irregular shapes: Gaussian clusters, Uniform shapes, rings, rectangles,
very elongated forms such as lines or ‘moons’, irregular shapes, and nested clusters.
In some cases, the clusters are not linearly separable and/or they are imbalanced in
terms of number of data points and spread size. The obtained results are impressive:
the locally unimodal cluster definition seems versatile enough to capture the variety
of data densities and shapes, and also the algorithm manages to find meaningful
clustering solutions. In only few cases, e.g. those in subfigures (1, 3) and (3, 1), the
postprocessing of the overclustering decided to eliminate very small initial subclusters.
The centers of those subclusters appear as red stars. Such small initial subclusters
occurs quite rarely in practice, and therefore the postprocessing of the overclustering

4They are available at: https://github.com/deric/clustering-benchmark.
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is of minor importance.

4.5 Discussion and limitations

Our main contribution is the introduction of the local unimodality concept and the
design of a tailored statistical unimodality test for pairs of subclusters. This in turn
allows the definition of the unimodality graph that summarizes the density of the data
with respect to local unimodality. The edge weights of this graph are the p-values
of the associated local unimodality tests, while the given significance level α defines
a threshold that eliminates edges with p-value < α, and reveals the data clusters as
connected components. In that sense, the clustering problem is already solved and
what remains for an algorithmic scheme is to identify those connected components.
The choice of how to achieve this latter does not affect the clustering result.

From an algorithmic point of view, UniForCE’s scheme can be understood as find-
ing any spanning forest in the thresholded unimodality graph. Note the resemblance
to single-link agglomerative clustering, which would find the same top-level clusters
(knowing the stopping k), however this can be understood as finding the minimum
(or maximum) spanning forest in a distance (respectively similarity) graph. The ad-
vantage of the bottom-up algorithmic scheme we propose is that it computes only a
sufficient subset of local unimodality tests instead of the whole unimodality graph.
This is achieved by testing pairs of subclusters in ascending order with regards to the
distance between their centers (taken as a rough indication for homogeneity), and,
as clusters get aggregated, pairs of subclusters already belonging to the same cluster
are not tested.

From a general standpoint, the identification of arbitrary-shaped clusters can be
enabled mainly through data aggregation using a local cluster-merging criterion,
which is the most crucial element of each method. Such a criterion allows a cluster
to extend over a region for as long as a chosen property holds, without commit-
ting to any global cluster shape. This general strategy has been used extensively in
the literature, either formalized as a single-link agglomerative, or as a density-based
approach (DBSCAN and variants). The latter grows a cluster region toward a neigh-
boring area using a local data density criterion. An advantage of this cluster-growing
criterion is that it can also decide the termination of the process, hence estimates the
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number of clusters. This is not the case for agglomerative clustering that needs an ex-
ternal termination criterion, typically not associated to the employed cluster-merging
criterion.

Despite the numerous clustering algorithms proposed in this vein, the main lim-
itation is that they use heuristic cluster-merging/-growing criteria whose parameters
are particularly difficult to tune; e.g. they may rely on distances between clusters, sim-
ple features of local geometry, cluster variance, local density level, etc. UniForCE’s
novelty lies in that it uses the local unimodality to control the cluster aggregation,
which is done in a statistically sound way and without involving external stopping
criteria.
Deploying UniForCE in practice and limitations. In practice, finding a quality
overclustering needs attention (Sec. 4.3.1), mainly because each subcluster is assumed
to be a homogeneous segment of the data density that, without any further revision,
will be eventually associated to one of the final clusters. The number of subclusters K
obtained is determined by the user guess K ′, where K ′ > K ≫ k, and the minimum
size of admissible subcluster M . K ′ and M set together the resolution of the final
clustering as clusters that are smaller than the inititial K ′ subclusters or have less
than M data points cannot be identified. Since our methodology relies on statistical
testing on pairs of subclusters, their union needs to have sufficient data density. The
proposed default value of M = 25 data points is so that 2M ≥ 50, which is the
minimal sample size for reliable local unimodality testing using the dip-test [151].
In practice, this value not only is it sufficient for all the datasets we experiment with
later, but our sensitivity analysis shows that the method is robust even for lower M
values (see Sec. 4.4.2 and 4.4.3).

Although it is possible to drop the hyperparameter K ′ and ask for a maximal
overclustering constrained only by a chosen small M value, that strategy would be
computationally expensive for large datasets, and would also challenge the local uni-
modality testing by always testing very small samples. The role of K ′ is, to mitigate
those risks, at the cost of a not so sensitive tuning. Provided M = 25, we provided
evidence suggesting that setting K ′ hyperparameter requires way little sophistication:
i) for different K ′ values UniForCE finds similar final data partitions; ii) UniForCE
seems able to produce high quality results with a fixed K ′ value in several different
datasets, for instance we used K ′ = 50. The sensitivity analysis for this choice is
provided in Fig. 4.6.
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An inherent limitation of identifying clusters based on the property of local uni-
modality is that it focuses on the local shape of the data density and hence neglects
the level of density, as well as the abruptness of the density variation. Moreover,
regarding the specifics of the UniForCE algorithm and the local statistical tests in-
volved, intensive noise between two clusters could affect the overclustering by placing
there subclusters that could eventually lead to a false merging of two clusters. In that
sense, in such cases, our current implementation may underestimate the number of
clusters. Issues related to noise and data density variation could be addressed at three
levels: i) by a generic denoising preprocessing step before applying UniForCE; ii) by
a method-specific postprocessing step over the overclustering to identify subclusters
that are located at low density or remote areas; iii) by postprocessing the unimodality
forest through inspection of certain links between subclusters.

4.6 Summary

In this Chapter, we presented the UniForCE clustering method that clusters and
estimates the number of clusters k. Determining the number of clusters k during the
optimization procedure is one of the most challenging problems in the field, especially
in high-dimensions. Most methods require k as input, while others claim to estimate
k, but they essentially translate the problem into another, hopefully easier, problem,
i.e. hyperparameter-tuning.

The proposed approach is based on the novel definition of locally unimodal cluster.
The main idea is that, instead of perceiving unimodality as a property that needs
to hold for the whole cluster density, we proposed to study it at a local level, at
subregions of the cluster density. We based our approach on the observation that
unimodality may extend across pairs of neighboring subclusters when tested as a
union. Such unimodal pairs enable the aggregation of small subclusters and the bottom-
up formation of larger cluster structures in a statistically sound manner. Specifically,
a locally unimodal cluster extends across subregions of the data density as long as
there are unimodal pairs connecting them in a single connected component of the
unimodality graph. The proposed locally unimodal cluster definition is flexible as it
identifies arbitrary-shaped clusters, including typical unimodal or convex shapes.

As part of the proposed methodology, we have developed a statistical procedure
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to identify unimodal pairs of subclusters by extending the functionality of the dip
test to multidimensional data. Using the proposed statistical procedure, we built the
unimodality graph in which both clustering and estimation of k can be addressed
through the computation of a unimodality spanning forest. Each spanning tree of the
forest connects subclusters of the dataset that are aggregated in the same final cluster.
The number of trees is an estimate for the number of clusters that the UniForCE
method provides. The strengths of the contribution’s conceptual and algorithmic
side have been validated with extensive numerical experiments on various real and
synthetic datasets. Additionally, the sensitivity analysis highlights the robustness of
the method with respect to the choice of the relatively few hyperparameters.
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CHAPTER 5

DEEP CLUSTERING USING THE SOFT
SILHOUETTE SCORE

5.1 Introduction

5.2 The Soft Silhouette Score

5.3 The DCSS method: Deep Clustering using Soft Silhouette

5.4 Experiments

5.5 Summary

5.1 Introduction

As presented in Chapter 1 and Section 1.3, the vast majority of AE-based methods
learn a representation in which individual clusters have small inner cluster variability.
Most common approaches are the minimization of the k-means error, or the KL

divergence between the soft clustering assignments and a target distribution. Such a
representation has been shown to improve the clustering results in several scenarios.
However, minimizing only the inner cluster distance is a suboptimal strategy. Our
motivation is to formulate a deep clustering objective that simultaneously considers
both the inner cluster distance and the outer cluster separation. This is achieved by
optimizing the soft silhouette objective introduced in this Chapter [90].

Assessing the quality of a clustering solution is typically a challenging task. In this
direction, several quality measures have been proposed which can be categorized as
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external and internal measures [161]. External quality measures, as the name suggests,
use additional information about the data as the ground truth labels. Well-known
external evaluation measures include Normalized Mutual Information (NMI) [162],
Adjusted Mutual Information (AMI) [159], Adjusted Rand Index and (ARI) [160,
163]. However, such measures are not applicable in real-world applications where
the ground truth labels are absent. Internal quality measures, on the other hand, can
be applied to the clustering problem since they are based solely on the information
intrinsic to the data. Some typical internal clustering measures that take into account
both cluster compactness and separation are the Dunn index [164], the Calinski-
Harabasz index [165], the Davies-Bouldin index [166], and the silhouette [92]. In
particular, the silhouette coefficient is the most widely used and successful internal
validation measure [93].

The typical silhouette is considered as an effective clustering quality measure
that combines both inter and intra cluster information. Specifically, silhouette re-
wards clustering solutions that exhibit both compactness within individual clusters
and clear separation between clusters. However, it assumes a hard clustering solution,
thus it cannot be used to evaluate probabilistic clustering solutions, unless they are
transformed to discrete ones based on maximum cluster membership probability. In
addition, the silhouette score cannot be efficiently used as a clustering objective for
neural network training since it is not differentiable.

In this Chapter, in order to overcome the above limitations, we propose an ex-
tension of the silhouette score, called soft silhouette score, that evaluates the quality
of probabilistic clustering solutions without requiring their transformation to discrete
ones. Besides this obvious advantage, a notable property of soft silhouette is that it
is differentiable with respect to cluster assignment probabilities. Assuming that such
probabilities are provided by a parametric machine learning model, the soft silhou-
ette score is used as a clustering objective function to train parametric probabilistic
models using typical gradient-based approaches.

To this end, we propose a novel AE-based deep clustering methodology that
directly provides cluster assignment probabilities as network outputs and exploits
the soft silhouette score as a clustering objective. In this way, by training the network
using soft silhouette, we achieve minimization of the inter-cluster variance, while at
the same time maximizing the margin between clusters in the embedded space.

The rest of the Chapter is organized as follows. In Section 5.2 the soft silhou-
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ette score introduced. Then in Section 5.3 we describe the proposed deep clustering
methodology by presenting the model architecture, the corresponding objective func-
tion as well as the training method. Finally, in Section 5.4, we provide extensive
experimental results and comparisons, while in Section 5.5, summarizes this Chapter.

5.2 The Soft Silhouette Score

5.2.1 Silhouette

The silhouette score [92, 167] is a measure utilized to assess the quality of a clustering
solution. It assumes that a good clustering solution encompasses compact and well-
separated clusters. Assume that we are given a partition C = {C1, ..., CK} of a dataset
X = {x1, . . . , xN} into K clusters. Let also d(xi, xj) denote the distance between xi

and xj.
The silhouette score computation proceeds by evaluating the individual silhouette

score s(xi) of each data point xi as follows. We first compute its average distance a(xi)

to all other data points within its cluster CI :

a(xi) =
1

|CI | − 1

∑
xj∈CI ,i ̸=j

d(xi, xj), (5.1)

where |CI | represents the cardinality of cluster CI , where |CI | > 1. The value of a(xi)

value quantifies how well the data point xi fits within its cluster. A low value of
a(xi) indicates that xi is similar to its cluster members, suggesting that xi is probably
grouped correctly. Conversely, a higher value of a(xi) indicates that xi is far from its
cluster members.

The silhouette score also requires the calculation of the minimum average outer-
cluster distance b(xi) for each data point xi ∈ CI defined as

b(xi) = min
J ̸=I

1

|CJ |
∑

xj∈CJ

d(xi, xj). (5.2)

A large b(xi) value indicates that the data point xi significantly differs from data points
in other clusters which is desirable.

The silhouette score of a data point xi takes into account the requirements for
small a(xi) and large b(xi) and is defined as:

s(xi) =
b(xi)− a(xi)

max {a(xi), b(xi)}
. (5.3)
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It should be noted that −1 ≤ s(xi) ≤ 1. A value close to 1 is achieved when a(xi)

is small and b(xi) is high. This indicates that xi has been assigned to a compact,
well-separated cluster. In contrast, a value close to −1 suggests that xi is more similar
to points in other clusters than to points in its cluster, thus it has probably been
assigned a wrong cluster label.

The total silhouette score for the whole partition C of the dataset X is obtained
by aggregating the individual silhouette values through typical averaging:

S(X) =
1

N

N∑
i=1

s(xi). (5.4)

The silhouette score [92] is not only suitable for (internal) clustering evaluation but
also defines an intuitive clustering objective that rewards compact and well-separated
clusters. As presented in Chapter 1 and Section 1.3, while several deep clustering
objectives aim to provide compact clustering solutions, they do not optimize explicitly
for cluster separability. Next, we introduce a probabilistic silhouette score, termed soft
silhouette, which allows us to optimize for both compact and well-separated clusters.

5.2.2 Soft Silhouette

The soft silhouette score introduced below constitutes an extension of the typical
silhouette score that assumes probabilistic cluster assignments instead of hard cluster
assignments. More specifically, assume a dataset X = {x1, . . . , xN} partitioned into K

clusters C = {C1, . . . , CK} and let d(xi, xj) the distance between data points xi and
xj. Let also PCI

(xi) denote the probability that xi belongs to cluster CI . Obviously∑K
I=1 PCI

(xi) = 1.
Assuming that xi belongs to cluster CI we define as:

• aCI
(xi) the value of the distance of xi to cluster CI . This is actually a weighted

average (expected value) of the distances of xi to all other points xj ∈ X with
weight the probability PCI

(xj) (ie. that xj belongs to the cluster of interest CI)

aCI
(xi) =

N∑
j=1

PCI
(xj)d(xi, xj)

N∑
j=1,j ̸=i

PCI
(xj)

. (5.5)

• bCI
(xi) the minimum value of the (expected) distance of xi from the other
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clusters CJ different from CI

bCI
(xi) = min

J ̸=I

N∑
j=1

PCJ
(xj)d(xi, xj)

N∑
j=1,j ̸=i

PCJ
(xj)

= min
J ̸=I

aCJ
(xi). (5.6)

• sCI
(xi) the conditional silhouette value for xi given that it belongs to cluster CI :

sCI
(xi) =

bCI
(xi)− aCI

(xi)

max {aCI
(xi), bCI

(xi)}
. (5.7)

Then the soft silhouette value sf(xi) of data point xi is computed as the expected
value of sCI

(xi) with respect to its cluster assignment probabilities PCI
(xi):

sf(xi) =
K∑
I=1

PCI
(xi)sCI

(xi), (5.8)

and the total soft silhouette score Sf(X) of the partition is computed by aggregating
(averaging) the individual scores sf(xi):

Sf(X) =
1

N

N∑
i=1

sf(xi), (5.9)

It should be noted that, in the case of hard clustering, the cluster assignment proba-
bility vectors become one-hot vectors and the soft silhouette equations become similar
to the typical silhouette equations.

It is obvious from the above equations that soft silhouette is differentiable with
respect to the cluster assignment probabilities. Therefore, it can can be employed as
a clustering objective function to be optimized in a deep learning framework. The
major advantage of this objective is that it optimizes simultaneously both cluster
compactness and separation. Such a deep clustering approach is presented next.

5.3 The DCSS method: Deep Clustering using Soft Silhouette

In this section we propose the Deep Clustering using Soft Silhouette (DCSS) algorithm,
which belongs to the category of AE-based deep clustering methods that employ the
soft silhouette as a clustering loss.

As described in Chapter 1 and Section 1.3 a typical AE-based deep clustering
method employs an encoder network

z = fw(x), fw(·) : Rd → Rm,
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that provides the latent representations (embeddings) z and a decoder network

x̂ = gθ(x), gθ(·) : Rm → Rd,

that reconstructs the outputs given the embeddings. The networks are trained to
optimize a total loss that is the sum of the reconstruction loss and the clustering loss:
LAE = Lrec + λLcl.

X fw Z gθ X̂

RBF
So
ftm

ax

Cl
us
te
ri
ng

Autoencoder

Clustering Network (hr)

Figure 5.1: The proposed model architecture. The AE comprises the encoder fw

and the decoder gθ. The data space is denoted as X , while the embedded space is
represented by Z. The clustering network hr consists of an RBF layer followed by a
softmax layer.

In the proposed approach, the clustering loss will be based on the soft silhouette
score, which requires the cluster assignment probabilities p(x) = (p1(x), . . . , pK(x)) for
an input x. For this reason, we enrich the AE-model with an additional network hr(z),
called clustering network, that takes as input the embedding z = fw(x) of a data point
x and outputs the cluster assignment probabilities pj(x) = hrj(x) for j = 1, . . . , K.
Therefore, given the data set X = {x1, . . . , xN}, the embedding zi = fw(xi) is first
computed. Then the pairwise distances d(zi, zj) and the cluster assignment probability
vectors p(xi) = hr(zi) are specified, required for the soft silhouette computation.

The proposed three network architecture is illustrated in Fig. 5.1. It can be ob-
served that the clustering network operates in parallel with the decoder network. For
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an input vector x, the model provides the embedding vector z, the reconstruction
vector x̂, and the probability vector p(x).

Based on experimentation with several alternatives, we have selected as a cluster-
ing network hr an a Radial Basis Function (RBF) [168] model with a softmax output
unit that provides the probability vector of the cluster assignments. The number of
RBF units is set equal to the number of clusters K.

Soft silhouette is a criterion that should maximized in order to obtain solutions
of good quality. Since a clustering loss is a quantity to be minimized, we take into
account that Sf ≤ 1 and define the clustering loss as follows:

Lcl = 1− Sf. (5.10)

Note that Lcl is always positive and attains each minimum value when Sf is maximum
(Sf = 1). Thus, the total loss for model training is specialized as follows:

LAE =
1

N

N∑
i=1

||xi − gθ(fw(xi))||2 + λ(1− Sf(hr(X))), (5.11)

where hr(X) = {hr(x1), . . . , hr(xN)} are the cluster assignment probability vectors. It
should be noted that the pairwise distances d(fw(xi), fw(xj)) between the embeddings
are also involved in the Sf computation. In this Chapter, the Euclidean distance has
been used. Since LAE is differentiable with respect to the model parameters w, θ, r it
can be minimized using typical gradient-based procedures.

A technical issue that has emerged when training the model is that in many cases
a trivial solution is attained where the output probabilities tend to be uniform (ie.
equal to 1/K) for many data points. To overcome this difficulty, we have included
an additional term to the objective function that penalizes uniform solutions by mini-
mizing the entropy of the output probability vectors. Thus, the entropy regularization
term Lreg is defined as follows:

H(hr(X)) = −
N∑
i=1

K∑
j=1

hrj(xi) loghrj(xi), (5.12)

The final total loss that is minimized to train our model is:

LAE = Lrec + λ1Lcl + λ2Lreg, (5.13)
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Algorithm 5.1 Deep Clustering using Soft Silhouette algorithm (DCSS)
Require: X (dataset)

Require: K (number of clusters)

Require: λ1, λ2 (regularization hyperparameters)
1: Randomly initialize the w and θ AE parameters.

Stage 1: Pretraining

2: Pretrain the encoder fw and decoder gθ by minimizing the reconstruction error Lrec
(eq. 1.25) through gradient based optimization for Tpr epochs. // We employed batch training using

the Adam optimizer.

3: Apply k-means with K clusters to the learned representations z = fw(X).

4: Initialize the parameters of the clustering network hr using the k-means result.

Stage 2: Training

5: Update the parameters θ, w and r by minimizing the total loss (eq. 5.13) until convergence

through gradient based optimization to obtain θ⋆, w⋆ and r⋆.

Stage 3: Inference

6: Compute the clustering solution C = argmax softmax(hr⋆(fw⋆(X))). // Data clustering.

7: return the clustering solution C and the learned parameters w⋆, θ⋆, r⋆.

and in more detail

LAE =
1

N

N∑
i=1

||xi − gθ(fw(xi))||2 + λ1(1− Sf(hr(X)))

− λ2
1

N

N∑
i=1

K∑
j=1

hrj(xi) loghrj(xi). (5.14)

The details of the approach, called Deep Clustering using Soft Silhouette (DCSS),
are summarized in Algorithm 5.1.

5.4 Experiments

In this section we present our experimental results on both real datasets and a syn-
thetic dataset. In the first part, we demonstrate the representation learning capabili-
ties of several methods compared to DCSS on a synthetic dataset. In the second part,
we demonstrate the deep clustering capabilities of the DCSS method on several real
datasets compared to the most widely used (AE-based) deep clustering methods that
have been discussed in Chapter 1 and Section 1.3.
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5.4.1 Synthetic Data Demonstration

Generated PCA SVD NMF

LLE Isomap t-SNE DipEncoder

DEC IDEC DCN DCSS

Figure 5.2: Synthetic demonstration of the representation learning capabilities of sev-
eral methods. The generated 2-d dataset (top left) is hidden from the methods. Each
method receives as input a 100-d dataset generated by non-linear transformations
applied to the original 2-d data and provides a 2-d latent representation of the 100-d
dataset, which is presented in the plots. Color indicates the true cluster labels.

We have relied on the synthetic dataset considered in [71] (for testing the DCN
method) generated as follows. Let’s suppose the observed high dimensional data
points xi exhibit a clear cluster structure in a two-dimensional latent space Z , ie. the
latent vectors zi ∈ R2 form compact and well-separated clusters. Given a latent vector
zi, the corresponding observation xi is generated using the following transformation:

xi = σ(Uσ(Wzi)), (5.15)

where W ∈ R10×2 and U ∈ R100×10 are matrices whose entries are sampled from
the Normal distribution N (0, 1), and σ(x) is the logistic function that introduces non-
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linearity into the generation process. Given the observations xi, recovering the original
clustering-friendly domain in which zi resides appears to be challenging.

We generated a set of latent vectors zi belonging to four planar clusters, each
with 2,500 samples (as shown in the first subfigure of Fig. 5.2) and we computed
the corresponding observations xi. The rest subfigures Fig. 5.2 demonstrate the two-
dimensional projections provided using several dimensionality reduction methods
given the observations xi as input. More specifically, we present the solutions pro-
vided by Principal Component Analysis (PCA) [60], Singular Value Decomposition
(SVD), Non-negative Matrix Factorization (NMF) [61], Local Linear Embeddings
(LLE) [169], Isomap [170], and t-SNE [78]. We also considered the deep clustering
methods DEC [73], IDEC [79], DCN [71], DipEncoder [81], as well as our proposed
DCSS method.

It is evident that the projection methods that do not optimize a clustering loss
(first and second rows excluding DipEncoder) have failed to reveal the hidden two-
dimensional latent structure. On the contrary, deep clustering methods (bottom row
plus DipEncoder) demonstrated better performance. Specifically, DEC was able to
recover three out of four latent clusters, however the fourth was scattered. DCN was
able to reconstruct all of them, but the blue and red clusters are not sufficiently sepa-
rated. IDEC was able to learn a very informative projection revealing the four cluster
structure. DipEncoder was also able to reveal the four cluster structure, although
some data points remain scattered. Superior are the results of the DCSS method,
which was not only able to reveal the four clusters, but also sufficiently maximized
their separation.

5.4.2 Datasets

Table 5.1 summarizes the benchmark datasets that we used for experimental eval-
uation, which vary in size n, dimensions d, number of clusters k, complexity, data
type, and domain of origin. The subsequent paragraphs offer a more comprehensive
overview of the datasets we employed and outline the preprocessing procedures we
implemented for each of these datasets.

The datasets used in this study include the Pendigits (PEN), EMNIST MNIST (E-
MNIST), and EMNIST Balanced Digits (BD). These datasets consist of handwritten
digits categorized into ten classes, each representing digits from 0 to 9. It is worth
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Table 5.1: The datasets used in our experiments. N is the number of data instances,
d is the dimensionality, and k denotes the number of clusters.

Dataset Type N d k Source

EMNIST Balanced Digits Image 28000 28× 28 10 [154]
EMNIST MNIST Image 70000 28× 28 10 [154]
EMNIST Balanced Letters (A-J) Image 28000 28× 28 10 [154]
EMNIST Balanced Letters (K-T) Image 28000 28× 28 10 [154]
EMNIST Balanced Letters (U-Z) Image 16800 28× 28 6 [154]
Fashion MNIST Image 70000 28× 28 10 [171]
Kuzushiji MNIST Image 70000 28× 28 10 [172]
HAR Tabular 10299 560 6 [173]
Pendigits Tabular 10992 16 10 [95]
Waveform-v1 Tabular 5000 21 3 [95]
Synthetic Tabular 10000 2 4 [71]

noting that the EMNIST dataset constitutes an extended and more challenging version
of the MNIST dataset [96]. Both the E-MNIST and BD datasets comprise images with
a resolution of 28× 28 pixels. In contrast, Pendigits data instances are represented by
16-dimensional vectors containing pixel coordinates.

In addition, the EMNIST Balanced Letters (BL) dataset is included, featuring
handwritten letters in both uppercase and lowercase forms, with a resolution of 28×28
pixels. The BL dataset has been divided into three mutually exclusive subsets. The
first subset contains the letters A to J, the second includes the letters K to T, and
the last subset contains the remaining letters U to Z. The first two subsets comprise
28000 data points each, distributed across 10 clusters, while the last subset consists
of 16800 data points and 6 clusters. Furthermore, we used the Kuzushiji MNIST (K-
MNIST) and the Fashion MNIST (F-MNIST) as additional datasets, offering a more
challenging set of variations of the classic MNIST. Both include 70000 data points with
a resolution of 28 × 28 pixel images. More specifically, K-MNIST features ten types
of Japanese (Kuzushiji) symbols, while F-MNIST provides a diverse set of clothing
items with ten types of objects.

The Human Activity Recognition with Smartphones (HAR) dataset was also con-
sidered. This dataset consists of data collected from the accelerometer and gyroscope
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sensors of smartphones, sampled during a human activity. Specifically, each record
in the dataset is a 560 feature vector with time and frequency domain variables. In
addition, HAR consists of 6 classes of human activities which are the following: walk-
ing, walking upstairs, walking downstairs, sitting, standing, laying. Furthermore, the
Waveform-v1 (WVF-v1) dataset was included, which consists of 3 classes of gener-
ated waves with 5000 data points. Each class is generated from a combination of 2
of 3 ‘base’ waves. Finally, we also report results for the synthetic dataset described
in the previous subsection.

In all datasets, we used min-max normalization as a prepossessing step, to map
the attributes of each data point to the [0, 1] interval to prevent attributes with large
ranges from dominating the distance calculations and avoid numerical instabilities in
the computations [27].

5.4.3 Neural Network Architectures

Determining optimal architectures and hyperparameters through cross-validation is
not feasible in unsupervised learning problems. Therefore, we opt for commonly used
architectures for the employed neural network models while avoiding dataset-specific
tuning. Regarding tabular data, our approach involves adopting a well-established
architecture, which consists of fully connected layers [174, 73]. The specific AE archi-
tecture that we used is the following:

xd → Fc500 → Fc500 → Fc2000 → Fcm → Fc2000 → Fc500 → Fc500 → x̂d,

where Fcm stands for fully connected layer with m neurons and xd represents a
d-dimensional data vector.

In terms of image datasets, convolutional Neural Networks (CNNs) have demon-
strated superior effectiveness in capturing semantic visual features. Consequently,
we exploit a convolutional-deconvolutional AE to learn the embeddings for the im-
age datasets. The AE architecture consists of three convolutional layers (encoder),
one fully connected layer (emdedding layer), and three deconvolutional layers (de-
coder) [175, 176, 156]. More specifically, the architecture is the following:

x28×28 → Conv532 → Conv564 → Conv3128 → Fcm → Deconv3128 → Deconv564 →
Deconv532 → x̂28×28,

131



where Convab (Deconvab ) denotes a convolutional (deconvolutional) layer with a a× a

kernel and b filters, while the stride is always set to 2.
In the above encoder-decoder networks, the ReLU activation function is used [177],

except for the embedded layer of the AE, where the Hyperbolic Tangent (tanh)
function is used. The weights and biases are initialized using the He initialization
method [178].

As already mentioned, in what concerns the clustering network, a Radial Basis
Function (RBF) model with the number of hidden units equal to the number of
clusters has been selected. The output of the RBF units is fed into a K output
softmax activation function that provides the cluster assignment probabilities. After
the AE pre-training, we initialize the centers of the RBF layer by using the k-means
algorithm in the embedded space, while we initialize σ to a small positive value. The
temperature parameter T of the softmax was set equal to T = 20.

Table 5.2: Performance results of the compared clustering methods.

Method
Dataset Measure k-mns AE + k-mns DCN DEC IDEC DipEnc DCSS

BD
NMI 0.48 0.72±0.01 0.75±0.02 0.80±0.03 0.82±0.01 0.77±0.06 0.86±0.04
ARI 0.36 0.65±0.02 0.63±0.05 0.75±0.06 0.77±0.01 0.69±0.08 0.80±0.07

BL (A-J)
NMI 0.35 0.65±0.02 0.68±0.03 0.77±0.03 0.77±0.03 0.69±0.07 0.80±0.02
ARI 0.25 0.55±0.02 0.56±0.05 0.69±0.06 0.69±0.05 0.58±0.09 0.72±0.04

BL (K-T)
NMI 0.51 0.73±0.02 0.77±0.03 0.84±0.01 0.84±0.02 0.81±0.05 0.90±0.02
ARI 0.43 0.67±0.04 0.69±0.06 0.81±0.02 0.81±0.04 0.75±0.08 0.87±0.03

BL (U-Z)
NMI 0.47 0.64±0.01 0.64±0.02 0.68±0.02 0.67±0.02 0.64±0.04 0.71±0.04
ARI 0.41 0.60±0.02 0.56±0.04 0.65±0.03 0.63±0.02 0.60±0.05 0.68±0.06

E-MNIST
NMI 0.48 0.75±0.01 0.83±0.03 0.84±0.03 0.85±0.02 0.84±0.04 0.88±0.04
ARI 0.36 0.69±0.01 0.78±0.04 0.80±0.04 0.81±0.03 0.78±0.06 0.83±0.06

F-MNIST
NMI 0.51 0.61±0.02 0.62±0.01 0.57±0.01 0.59±0.01 0.61±0.02 0.63±0.02
ARI 0.35 0.45±0.02 0.42±0.02 0.41±0.01 0.43±0.01 0.44±0.03 0.45±0.03

K-MNIST
NMI 0.44 0.54±0.00 0.53±0.01 0.56±0.02 0.57±0.01 0.59±0.02 0.64±0.01
ARI 0.31 0.41±0.01 0.38±0.02 0.43±0.02 0.45±0.01 0.47±0.02 0.49±0.02

HAR
NMI 0.59 0.67±0.06 0.77±0.01 0.74±0.06 0.74±0.10 0.78±0.04 0.81±0.06
ARI 0.46 0.60±0.09 0.70±0.02 0.66±0.08 0.65±0.12 0.67±0.05 0.74±0.09

PEN
NMI 0.69 0.68±0.02 0.73±0.03 0.73±0.03 0.75±0.03 0.75±0.01 0.78±0.02
ARI 0.56 0.59±0.04 0.62±0.05 0.62±0.05 0.65±0.04 0.66±0.01 0.68±0.04

WVF-v1
NMI 0.74 0.84±0.13 0.95±0.08 0.93±0.12 0.89±0.09 1.00±0.00 1.00±0.00
ARI 0.70 0.87±0.13 0.95±0.09 0.93±0.14 0.91±0.08 1.00±0.00 1.00±0.00

Synthetic
NMI 0.82 0.72±0.14 0.79±0.09 0.91±0.08 0.90±0.10 0.94±0.01 0.94±0.06
ARI 0.83 0.70±0.19 0.75±0.14 0.92±0.12 0.91±0.11 0.95±0.01 0.95±0.05

132



5.4.4 Evaluation

It is important to mention that since clustering is an unsupervised problem, we en-
sured that all algorithms were unaware of the true clustering of the data. In order to
evaluate the results of the clustering methods, we use standard external evaluation
measures, which assume that ground truth clustering is available [161]. For all algo-
rithms, the number of clusters is set to the number of ground-truth categories and
assumes ground truth that cluster labels coincide with class labels. The first evaluation
measure is the Normalized Mutual Information (NMI) [162] defined as:

NMI(Y,C) =
2× I(Y,C)

H(Y ) +H(C)
, (5.16)

where Y denotes the ground-truth labels, C denotes the clusters labels, I(·) is the
mutual information measure and H(·) the entropy. The second metric used is the
Adjusted Rand Index (ARI) [160, 163], which is a corrected for chance version of the
Rand Index [179] that measures the degree of overlap between two partitions defined
as:

ARI(Y,C) =
RI(Y,C)− E[RI(Y,C)]

max{RI(Y,C)} − E[RI(Y,C)]
, (5.17)

where RI(·) denotes the Rand Index and E[·] is the expected value.

5.4.5 Experimental Setup and Results

We have conducted a comprehensive performance analysis of the proposed DCSS
method in comparison to well-studied deep clustering methods such as DCN [71],
DEC [73], IDEC [79], and DipEncoder [81]. These methods are designed to facilitate
the learning of a cluster-friendly embedded space, as also happens with our approach.
Furthermore, we have evaluated the performance of k-means [26] both in the origi-
nal space and in the embedded space (AE+k-means). The comparison with the latter
approach quantifies the performance improvements achieved through the utilization
of AE in the clustering procedure. At this point, it should be noted that for a fair
comparison between the deep clustering methods, we used the same model architec-
tures for all the methods, since we observed improved clustering results compared to
those proposed in the original papers.

In experiments involving k-means, we initialized the algorithm 100 times and
retained the clustering solution with the lowest mean sum of squares error. For the
remaining methods, which integrate an AE model in the clustering procedure, we
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conducted each experiment 10 times. In the context of deep clustering methods, an
AE pre-training phase (ignoring the clustering loss) took place. For image datasets,
we pretrained the AE for 100 epochs with a learning rate of 1 × 10−3, while for
tabular datasets, we extended the pre-training to 1000 epochs with a learning rate
of 5× 10−4. During the pre-training phase, a small L2 regularization of 1× 10−5 was
applied. In the training phase, the deep clustering models were trained for 100 epochs
with a learning rate of 5 × 10−4 and without a regularization penalty. A fixed batch
size of 256 was considered and the Adam optimizer [86] with the default settings
of β1 = 0.9 and β2 = 0.999 was used in both the pretraining and training phases.
Additionally, there are several methodologies to tune the non-clustering (eq. 5.11)
with the clustering loss (eq. 5.10) [15] during training. We choose the most simplistic
and typical approach by setting our hyper-parameters to small values that balances
the two losses. Specifically, we used λ1 = 0.01 and λ2 = 0.01. Finally, to initialize the
centers of the RBF layer, we apply k-means in the embeddings of the pretrained AE,
while σ was initialized to a small positive value.

In Table 5.2, we present the average performance in terms of NMI and ARI along
with the standard deviation for each method and dataset. As anticipated, the cluster-
ing performance of k-means improves when projecting the data to a low-dimensional
embedded space, as shown in the AE+k-means compared to k-means results. In gen-
eral, the performance of DEC is better than that of DCN in all datasets except HAR and
WVF-v1. At the same time, we can observe that IDEC slightly outperforms the DEC
method in most cases, indicating that some improvement might be obtained by using
the decoder part in the clustering optimization procedure. DipEncoder provides sat-
isfactory results in general, outperforming DCN, DEC, and IDEC on tabular datasets.
The proposed DCSS method demonstrates superior performance across all datasets.
Concerning the NMI measure, there is a significant improvement ranging from 0.03
to 0.07 compared to the second best method for each dataset. In addition, the ARI
measure also shows a similar improvement, ranging from 0.03 to 0.06. These results
strongly indicate that soft silhouette constitutes an effective deep clustering objective
function capable of providing compact and well-separated clusters.

Finally, in Figure 5.3, we provide image clustering examples using the DCSS
method on datasets BL (A-J), BL (K-T), BL (U-Z), E-MNIST, K-MNIST, and F-
MNIST. Images in the same row are assigned to the same cluster and are placed
with decreasing cluster assignment probability, progressing from the leftmost (high
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probability) to the rightmost (low probability) columns. It is obvious that more rep-
resentative images are assigned higher probability values. The presented results are
very satisfactory, taking into account that they have been obtained using an unsu-
pervised learning method. Occasional assignment errors correspond to cases that are
difficult to be discriminated even by visual inspection. For example, in the 5th row of
the E-MNIST images, it is not clear whether the rightmost image displays the 4 or
the 8 digit.

BL (A-J) BL (K-T) BL (U-Z)

E-MNIST K-MNIST F-MNIST

Figure 5.3: Image clustering results on various datasets using the proposed DCSS
method. In each sub-figure, rows correspond to different clusters. In each row the
images are presented from left to right with decreasing cluster membership proba-
bility.

5.5 Summary

In this Chapter, we have proposed soft silhouette, an extension of the widely used
silhouette score that accounts for probabilistic clustering assignments. Next, we have
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considered soft silhouette as a differentiable clustering objective function and propose
the DCSS deep clustering methodology that constitutes an AE-based approach suitable
for optimizing the soft silhouette score. The proposed method has been tested and
compared with well-known deep clustering methods on various benchmark datasets,
yielding very satisfactory results. The experimental study indicates that soft silhouette
constitutes as a more suitable deep clustering objective function capable of enhancing
the learned representations of the embedded space for clustering purposes.
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CHAPTER 6

DEEP CLUSTERING BASED ON IMPLICIT
MAXIMUM LIKELIHOOD

6.1 Introduction

6.2 Neural Implicit Maximum Likelihood Clustering

6.3 Experiments

6.4 Summary

6.1 Introduction

In this Chapter [91], we propose a neural clustering method called Neural Implicit
Maximum Likelihood Clustering (NIMLC). It is a generative clustering method that
relies on the recently proposed method of Implicit Maximum Likelihood Estimation
(IMLE) [180]. This is an alternative approach to GANs [4], which is introduced in
Chapter 1 and Section 1.3. In particular, given a set of data objects, the IMLE method
uses a generator network that takes random input vectors and learns to produce
synthetic samples. By minimizing an appropriate objective, the network is trained so
that the distribution of samples resembles the data distribution. It has been shown
that this training procedure maximizes the likelihood of the dataset without explicitly
computing the likelihood.

In analogy to the ClusterGan [1] method, which exploits the GAN methodology
to perform clustering, we have developed the NIMLC method, which relies on the
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IMLE methodology to perform clustering. NIMLC utilizes two neural networks, the
generator and the encoder. In contrast to ClusterGAN, the discriminator network is
not needed. The generator network is fed by appropriately selected random samples
(latent vectors) z belonging to K clusters and is trained to produce synthetic samples
that resemble the objects of dataset X. The encoder network provides the partition
of the dataset X into K clusters by learning the inverse map from the data space
X to the latent space Z. Training of both networks is achieved by minimizing an
appropriately defined objective function that involves the IMLE loss (data generation)
and the reconstruction loss for the latent vectors z.

Note that the IMLE method does not suffer from mode collapse, vanishing gradi-
ents, or training instability that are frequently encountered in GAN training. Moreover,
it does not require large datasets for training. Our aim is to exploit those nice IMLE
properties for solving clustering problems through the development of the proposed
NIMLC method.

The organization of the Chapter is the following. In Section 6.2 the IMLE method
is first described and then the proposed NIMLC clustering method is presented and
explained. Finally, Section 6.3 presents comparative experimental results on various
datasets, while Section 6.4 summarizes this Chapter.

6.2 Neural Implicit Maximum Likelihood Clustering

The proposed NIMLC method relies on the data generation capabilities of the IMLE
algorithm, which is summarized next.

6.2.1 Implicit Maximum Likelihood Estimation

Given a dataset X = {x1, . . . , xn} of d-dimensional vectors, the IMLE algorithm [180]
trains a generative neural network Gθ with m inputs, d outputs and parameter vector
(weights) θ. This generator takes as input a random vector z ∈ Rm usually sampled
from an m-dimensional Normal distribution and produces a sample sθ ∈ Rd, i.e.,
sθ = Gθ(z) (see Fig. 6.2a). IMLE trains the generator to generate synthetic samples
sθ that resemble the real data xi. It is a simple generative method that, under certain
conditions, implicitly maximizes the likelihood of the dataset, although the IMLE
objective does not explicitly contain any log-likelihood term, and training neural
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networks using maximum likelihood is considered a difficult task [181].
In each IMLE iteration, a sampling procedure takes place where a set of L random

input vectors zi (called latent vectors) are drawn from the Normal distribution zi ∼
N (0, σ2Im) and used for the computation of the corresponding synthetic samples
sθi = Gθ(zi) (i = 1, . . . , L). Then, for each real data example xi (i = 1, . . . , N), its
representative sample rθi ∈ Sθ is determined through nearest neighbor search (NNS)
in Sθ based on Euclidean distance, i.e. rθi = NNS(xi, S

θ). The generator parameters
θ are updated in order to minimize the following IMLE objective function:

θ̂IMLE = argminθ

n∑
i=1

||rθi − xi||2 (6.1)

Figure 6.1 provides an illustration of the IMLE behavior.
The IMLE method exhibits several nice properties: it does not suffer from mode

collapse, vanishing gradients, or training instability, unlike popular deep generative
methods such as, for example, GANs [4]. Mode collapses do not occur, since the
loss ensures that each data example is represented by at least one sample. Gradients
do not vanish because the gradient of the distance between a data example and its
representative sample does not become zero unless they coincide. Training is stable
because the IMLE estimator is the solution to a simple minimization problem. Finally,
it can be used both for small and large datasets.

(a) (b)

Figure 6.1: The data points are represented by squares and the samples by circles.
(a) For each data point the nearest sample is found. (b) The generator is updated at
each iteration so that the generated samples minimize the IMLE objective.
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6.2.2 Cluster friendly input distribution

In the original IMLE method, the random input (latent) vectors z belong to a single
cluster since they are drawn from a multivariate m-dimensional Normal distribu-
tion. This is not convenient for clustering. If we assume that the input vectors z are
drawn from a mixture model, i.e., from K distinct distributions, then a clustering
of the original dataset X could be obtained: each data point xi can be assigned to
the cluster to which its corresponding input vector zi belongs to. Therefore, in the
proposed method, the single Normal distribution is replaced by K non-overlapping
distributions, with the k-th distribution responsible for the generation of the subset
Zk of input vectors assigned to cluster k. The most obvious first choice is a mixture
of K m-dimensional Gaussian distributions. However, this choice requires the spec-
ification of the means and covariances of K Gaussian distributions so that they are
well separated.

A more sophisticated mechanism for generating m-dimensional random vectors
that belong to K disjoint clusters has been proposed in ClusterGan [1], where input
vector z consists of two parts, i.e., z = (zn, zc). The first part zn is random vector (of
dimension dn) drawn from the Gaussian distribution: zn ∼ N (0, σ2Idn). The second
part zc, is deterministic and specifies the cluster k to which z is assigned. Specifically,
zc is the one-hot encoding of the corresponding cluster k. Thus, for K clusters, the
dimension of zc is equal to K and, if z belongs to the k-th cluster, then zc = ek where
ek is the k-th standard unit vector. Note that σ should be set to a small value so that
clusters do not overlap.

In summary, in order to generate an input vector z = (zc, zn) belonging cluster
k, we set the zc part equal to the one-hot encoding of k and draw the zn part from
N (0, σ2Idn). By sampling an equal number of vectors for each cluster k, the set of
random input vectors Z is created at each iteration which is partitioned into disjoint
subsets Zk, each one containing the random input vectors for cluster k (k = 1, . . . , K).

Additionally, since sθ = Gθ(z), the set Sθ of computed samples is partitioned into
K disjoint clusters Sθ

k. Consequently, the original dataset X can be partitioned into K

clusters by assigning each xi to the cluster of its representative rθi , i.e. if rθi ∈ Sθ
k then

xi is assigned to cluster k.
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6.2.3 The IMLE loss from a clustering perspective

If we examine the IMLE objective function, we can observe its similarities with the k-
means clustering loss. Specifically, if we generate exactly K samples Sθ

K = {sθ1, . . . , sθK}
in each training epoch, where K is the number of clusters, we can treat those syn-
thetic samples as cluster representatives (centroids). In this case, the IMLE objective
coincides with the k-means objective (1Ck

is the indicator function):
N∑
i=1

||xi − rθi ||2 =
N∑
i=1

||xi −NNS(xi, S
θ
K)||2 =

N∑
i=1

K∑
k=1

1Ck
(xi)||xi − sθk||2 (6.2)

and IMLE can be considered as a clustering procedure that trains the generator to
produce the cluster centers. The major difference between k-means and IMLE is that
the k-means updates the centroids directly in order to minimize the clustering loss;
on the contrary, the IMLE method updates the parameters θ of the generator.

An issue to be considered is how to specify the k input vectors zk that will be
used to generate the K samples so that each sample represents a different cluster.
Since zk = (znk, zck), a straightforward solution is to set σ = 0, thus znk = 0 for all
k and zck = ek for all k = 1, . . . , K. Then by feeding those zk vectors as inputs to
the generator, the synthetic samples sk are provided as outputs which can be treated
as cluster representatives. Training the generator this way using IMLE, we observed
clustering behavior similar to k-means and that the generated K samples resembled
the average data point of each cluster.

6.2.4 The NIMLC architecture

The proposed NIMLC approach is a modification of the IMLE method in order to
achieve not only synthetic data generation but also clustering of the original dataset
X. NIMLC combines ideas from IMLE and ClusterGAN. More specifically, it exploits
the IMLE generator network that is fed with clustered input vectors z that follow
the (zn, zc) representation proposed in ClusterGAN. Additionally, it employs a second
network called encoder (originally proposed in ClusterGAN) that is trained to provide
the cluster assignment for a data point x. It should be noted that, unlike ClusterGAN,
NIMLC does not make use of a discriminator network since it is based on IMLE for
synthetic data generation. The NIMLC architecture is presented in Figure 6.2b.

The generator G is trained to produce synthetic samples that resemble the real
data xi by minimizing the IMLE objective (eq. 6.1). It provides a mapping from the
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z Gθ sθ

(a)

zn

zc

Gθ sθ Eθ
ẑn

ẑc

(b)

Figure 6.2: (a) IMLE general architecture. (b) NIMLC architecture.

latent space to the data space. The encoder E is trained jointly with the generator to
implement the inverse mapping from the data space to the latent space. Thus, for
an input x, it provides estimates of ẑn and ẑc. The latter (ẑc) is computed using the
softmax activation function (with K outputs) and provides a soft clustering assignment
of the input x into K clusters.

In summary, the NIMLC architecture feeds an input vector z = (zn, zc) to the
generator, which produces a synthetic sample s = G(z). This sample is subsequently
fed to the encoder, which provides the output ẑ = E(s). Note that the NIMLC network
is actually an autoencoder since it takes an input z and provides as output an estimate
ẑ of z. After training, the encoder implements a clustering model providing soft
clustering assignments ẑc for any data point x.

6.2.5 The NIMLC objective function

The objective function used to train the NIMLC architecture consists of two parts. The
first part concerns the generative process and is the IMLE error equal to

n∑
i=1

||rθGi −xi||2

(eq. 6.1). Since NIMLC is an autoencoder, the second part of the objective function is
the reconstruction loss of the autoencoder. This loss can be split into two terms. The
first term is the reconstruction loss for the zn part:

n∑
i=1

||zni− ẑni||2. The second term is
the reconstruction loss for the zc part. Since zc has the form of one-hot vector and ẑc

are probability vectors provided by the softmax function, the cross-entropy H(zc, ẑc)
between zc and ẑc is used as a loss function.

The complete objective function is presented below, where βn and βc are hyper-
parameters adjusting the importance of each term.
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J(θG, θE) =
n∑

i=1

||rθGi − xi||2 + βn

n∑
i=1

||zni − ẑni||2 + βc

n∑
i=1

H(zci, ẑci) (6.3)

It should be noted that the first term depends only on the parameters θG of the
generator, while the rest two terms depend on the parameters of both the generator
θG and the encoder θE .

6.2.6 Slow paced learning

A critical hyperparameter of the NIMLC method is the standard deviation σ of the
noise distribution used to generate the random part zn of the input vectors. As men-
tioned earlier, when training the model with σ = 0, we have a very strict case with
one generated sample per cluster. This sample can be considered as the represen-
tative of the corresponding cluster, and the obtained clustering results are on par
with those of k-means. On the other hand, if σ is relatively large (e.g. σ = 0.15), the
random input vectors per cluster are not very close. Therefore, it is possible for the
generator to map the inputs of the same cluster to different regions in the data space,
which negatively affects clustering performance. Moreover, we have observed that it
is difficult to specify an appropriate value for σ.

In order to tackle this problem, we propose the following procedure:

• Start training with a small value of sigma, preferably σ = 0.

• In each training epoch increase σ by a small amount ∆σ.

• Stop increasing when a max value σmax is reached.

The intuition is that this slow-paced training procedure ([182], [183]) strives to
learn and cluster the “easier” data points first, like those that are close to the cluster
centers and then tries to learn and cluster “more difficult” data points away from the
cluster centers. Thus, we initially start to explore the clustering solution space with
no variability in the input space (σ = 0). In this way, we enforce only K samples
to be generated and used to train the model. Then, at each training epoch, we add
variability to the inputs by slowly increasing σ in order to incrementally capture
complicated structures in the dataset.

Figure 6.3 provides an illustration of the generated samples for the Moons syn-
thetic dataset as training proceeds and σ gradually increases. It is clear that the
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Figure 6.3: The evolution of generated samples for the Moons synthetic dataset as σ pro-

gressively increases.

model progressively succeeds in learning more complex data structures, generating
high-quality samples and providing the correct clustering solution.

6.2.7 The NIMLC algorithm

The NIMLC method is summarized in Algorithm 6.1. At each epoch, a set of input
vectors Z = {z1, . . . , zL} is generated, belonging to K clusters Zk, k = 1, . . . , K of
equal size. Each input vector zi = (zni, zci) of Zk is computed by sampling zni from
N (0, σ2Idn) and setting zci = ek. We then feed the generator with the set of input
vectors Z and the set of synthetic samples SθG = {sθG1 , . . . , s

θG
L } are generated at its

output, i.e. sθGi = G(zi). Then for each data batch Xb, we compute the nearest synthetic
sample ri for each xi ∈ Xb, ie. rθGi = NNS(xi, S

θG). Next, each ri is fed as input to the
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encoder that produces the reconstruction ẑi = E(rθGi ), where ẑi = (ẑni, ẑci). Then we
update the parameters of the generator and the encoder using the gradients of the
objective function (algorithm 6.1 steps 11 and 12). Finally, before proceeding to the
next epoch, the standard deviation σ is updated.

Algorithm 6.1 Neural Implicit Maximum Likelihood Clustering
Require: X (dataset)
Require: K,L, T (number of clusters, number of samples, number of epochs)
Require: G, E (generator, encoder)
Require: dn (dimension of noise vector zn)
Require: βn ← 1, βc ← 1 (regularization parameters)
Require: ∆σ ← 5 ∗ 10−5, σmax ← 0.15 (standard deviation increase, maximum standard deviation)
1: Initialize networks parameters θG and θE .
2: σ ← 0

3: for epoch← 1 to T do
4: Compute a set of L input vectors Z = {z1, . . . , zL} belonging to K equally sized subsets Zk. The

elements of each Zk are computed as zi = (zni, zci) where zni is drawn from N (0, σ2Idn
) and

zci = ek.
5: Compute samples SθG = {sθG1 , . . . , sθGL }, where sθGi = G(zi).
6: for b← 1 to number of batches do
7: For each xi in batch b find its nearest neighbour rθGi ∈ S considering the Euclidean distance

(rθGi = NNS(xi, S
θG )).

8: For each rθGi compute ẑi = E(rθGi ), where ẑi = (ẑni, ẑci).
9: Update the generator parameters by descending their stochastic gradient:

∇θG

{
n∑

i=1

||rθGi − xi||2 +∇θG

(
βn

n∑
i=1

||zni − ẑni||2 + βc

n∑
i=1

H(zci, ẑci)

)}

10: Update the encoder parameters by descending its stochastic gradient:

∇θE

(
βn

n∑
i=1

||zni − ẑni||2 + βc

n∑
i=1

H(zci, ẑci)

)

11: end for
12: σ ← min(σ +∆σ, σmax)

13: end for
14: return the final network parameters θ∗G and θ∗E .

It should be noted that using IMLE for clustering has been introduced in our
previous work [184]. However, that method did not make use of the encoder network.
Instead, a two-stage nearest neighbor search was used to perform cluster assignments.
Specifically, in the first stage, the centroid ck of each subset Sθ

k was computed, and
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then the xi was assigned to the cluster l whose centroid cl is nearest to xi based
on Euclidean distance. Additionally, in the second stage, instead of determining the
representative sample for xi through the nearest neighbor search over the entire set of
samples Sθ, the nearest neighbor search was executed only to the specific subset Sθ

l that
contains the samples of cluster l. The NIMLC method proposed herein includes two
substantial improvements that lead to considerable performance enhancement. The
first is the use of the encoder network that directly provides the cluster assignment for
a given input x, while the second is the gradual increase of the noise variance σ that
allows for slow-paced learning. Additionally, we exploit the generalization capability
of the encoder network to cluster those data points that the generator could not learn
sufficiently.

A computational overhead of our approach compared to deep clustering meth-
ods is related to nearest neighbor search. The training process involves several epochs
where the algorithm must find the closest synthetic sample to each original data point,
resulting in an O(NL) overhead in distance calculations. However, we observed that
recalculating the nearest neighbors in every training epoch is unnecessary; reusing
them for 5 to 10 epochs can significantly reduce the training time without compro-
mising clustering performance.

6.3 Experiments

In order to evaluate the proposed clustering method (NIMLC), we conducted an
experimental study using several synthetic and real datasets. We have compared
NIMLC against ClusterGan [1] and the two most popular deep clustering methods,
namely DCN [71] and DEC [73]. We also provide results using k-means [25, 26] and
the density-based method of i-DivClu-D [185].

6.3.1 Synthetic datasets

We have used three synthetic two-dimensional datasets (Table 6.1) with known
ground truth and different structures in order to assess the clustering capability of
our method. The Gaussians dataset consists of four clusters (Figure 6.4a), while the
Moons (Figure 6.4b) and the Rings (Figure 6.4c) consist of two clusters. The Gaus-
sians dataset is easier to cluster compared to the other two datasets, whose structure
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is more complex. It should be emphasized that it is difficult for a parametric method
to be able to cluster both cloud-shaped (Gaussians) and ring-shaped (Rings) datasets.

Table 6.1: Description of synthetic datasets.

Dataset # Points (N) # Features (D) # Clusters (K)

Gaussians 1000 2 4
Moons 1000 2 2
Rings 1000 2 2

(a) Gaussians (b) Rings (c) Moons

Figure 6.4: The synthetic datasets used in our experiments.

6.3.2 Real datasets

We further evaluated the method by including real datasets in our experimental
study. For all datasets the number of clusters was set equal to the number of classes.
As a pre-processing step, we used min-max normalization to map the attributes of
each dataset to the [0, 1] interval in order to prevent attributes with large ranges
from dominating the distance calculation and avoid numerical instabilities in the
computation [97]. The descriptions of the datasets that we included in our study are
given below. For a summary, refer to Table 6.2.
• 10x_73k [186] dataset consists of 73233 RNA-transcripts belonging to 8 different
cell types. The dataset is sparse since the data matrix has about 40% zero values.
Hence, we selected the 720 genes with the highest variances across the cells to reduce
data dimensionality similar to [1].
• Australian [95] two-class dataset is composed of 690 credit card applications. A
14-dimensional feature vector describes each sample.
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• CMU [95] contains grayscale facial images of twenty individuals captured with
varying poses, expressions, and the presence or absence of glasses. The images are
available in several resolutions, but for the purpose of our study, we have utilized the
128× 120 resolution images.
• Dermatology [95] is a six-class dataset containing 366 patient records that suffer
from six different types of Eryhemato-Squamous disease. Each patient is described
by a 34-dimensional vector containing clinical and histopathological features.
• E.coli [95] includes 336 proteins from the E.coli bacterium, and seven attributes,
calculated from the amino acid sequences, are provided. Proteins belong to eight
classes according to their cellular localization sites.
• Iris [95] dataset contains three classes of 50 instances each, where each class refers to
a type of iris plant. Each sample is described by a 4-dimensional vector, corresponding
to the length and width of the sepals and petals in centimeters.
• Olivetti [187] is a face database of 40 individuals with ten 64×64 grayscale images
per individual. For some individuals, the images were taken at different times, vary-
ing the lighting, facial expressions (open/closed eyes, smiling/not smiling), and facial
details (glasses/no glasses). All the images were taken against a dark homogeneous
background with the subjects in an upright, frontal position (with tolerance for some
side movement).
• Optical Recognition of Handwritten Digits [95] dataset (ORHD) comprises a set
of handwritten digits, with ten classes corresponding to each digit from 0 to 9. The
resolution of each image is 8x8. For our experiment, we utilized the test set of this
dataset, which consists of 1797 images.
• Pendigits [95] dataset consists of 250 writing samples from 44 different writers, a
total of 10992 written samples. Each sample is a 16-dimensional vector containing
pixel coordinates associated with a label from ten classes.
• United States Postal Service [188] dataset (USPS) is a collection of hand-written
digits consisting of 7291 grayscale images. The dataset is organized into ten classes,
each representing a digit from 0 to 9. Each digit is represented by a set of images,
each of size 16× 16 pixels.
• Wine [95] three-class dataset consists of 178 samples of chemical analysis of wines.
A 13-dimensional feature vector describes each sample.
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Table 6.2: Descriptions of real datasets.

Dataset #Points (N ) #Features (D) #Classes (K) Source

10x_73k 73233 720 8 [186]
Australian 690 14 2 [95]
CMU 640 128× 120 20 [95]
Dermatology 366 34 6 [95]
E.coli 336 7 8 [95]
Iris 150 4 3 [95]
Olivetti-Faces 400 64× 64 40 [187]
ORHD 1797 8× 8 10 [95]
Pendigits 7494 16 10 [95]
USPS 7291 16× 16 10 [188]
Wine 178 13 3 [95]

6.3.3 Evaluation measures

It is important to mention that since clustering is an unsupervised problem, we en-
sured that all algorithms were unaware of the true clustering of the data. In order to
evaluate the results of the clustering methods, we use standard external evaluation
measures [161], which assume that ground truth clustering is available. For all algo-
rithms, the number of clusters is set to the number of ground-truth categories [16]
and assumes ground truth that cluster labels coincide with class labels. The first
evaluation measure is clustering accuracy (ACC):

ACC(Y,C) = max
m

n∑
i=1

1(yi = m(ci))

n
(6.4)

where 1(x) is the indicator function, yi is the ground-truth label, ci is the cluster
assignment generated by the clustering algorithm, and m is a mapping function
which ranges over all possible one-to-one mappings between assignments and labels.
This measure finds the best matching between cluster assignments from a clustering
method and the ground truth. It is worth noting that the optimal mapping function
can be efficiently computed by the Hungarian algorithm [189]. The second evaluation
measure is purity (PUR). The same equation formulates purity as clustering accuracy
(eq. 6.4), but their key difference is in the mapping function m. In this case, the
mapping function of m greedily assigns clustering labels to ground truth categories
in each cluster in order to maximize purity. The third evaluation measure is the
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normalized mutual information (NMI) defined as [162]:

NMI(Y,C) =
2× I(Y,C)

H(Y ) +H(C)
(6.5)

where Y denotes the ground-truth labels, C denotes the clusters labels, I is the mutual
information measure and H the entropy. The final evaluation metric is the adjusted
Rand Index (ARI) [160, 163], which computes a similarity measure between two clus-
tering solutions defined as the proportion of object pairs that are either assigned to
the same cluster in both clusterings or to different clusters in both clusterings.

6.3.4 Implementation Details

Both the generator and the encoder were trained using the Adam optimizer [86] with
learning rate n = 3∗10−4 and coefficients b1 = 0.5 and b2 = 0.9. We set bn = bc = 1, and
∆σ = 5∗10−5 in all experiments. Additionally, the number of samples was set equal to
100 and 200 for small and big datasets, respectively. We used the same architectures
for the two networks as the ClusterGan [1]. Specifically, the dimension of zc is the set
equal to the number of clusters. We used Leaky Relu activations (LRelu) with leak
= 0.2 and Batch Normalization (BN). We used the same number of hidden layers
and hidden neurons for all datasets. We present the detailed generator and encoder
architectures in Table 6.3 and Table 6.4, respectively.

Table 6.3: Generator architecture for each dataset.

Dataset Input (zn, zc) Hidden {1, 2} Output (x̂)

10x_73k (10, 8) FC 256 LReLU BN FC 720 Sigmoid
Australian (5, 2) FC 256 LReLU BN FC 14 Sigmoid
CMU (100, 20) FC 256 LReLU BN FC 128× 120 Sigmoid
Dermatology (5, 6) FC 256 LReLU BN FC 34 Sigmoid
E.coli (4, 8) FC 256 LReLU BN FC 7 Sigmoid
Gaussians (1, 4) FC 256 LReLU BN FC 2 Sigmoid
Iris (2, 3) FC 256 LReLU BN FC 4 Sigmoid
Moons (1, 2) FC 256 LReLU BN FC 2 Sigmoid
Olivetti-Faces (10, 40) FC 256 LReLU BN FC 64× 64 Sigmoid
ORHD (100, 10) FC 256 LReLU BN FC 8× 8 Sigmoid
Pendigits (5, 10) FC 256 LReLU BN FC 16 Sigmoid
Rings (1, 2) FC 256 LReLU BN FC 2 Sigmoid
USPS (100, 10) FC 256 LReLU BN FC 16× 16 Sigmoid
Wine (2, 3) FC 256 LReLU BN FC 3 Sigmoid

For ClusterGan, we used the proposed architecture and hyperparameters. In the
case of the DCN and DEC, an extensive search for an autoencoder model was required
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Table 6.4: Encoder architecture for each dataset.

Dataset Input (x) Hidden {1, 2} Output (ẑn, ẑc)

10x_73k 720 FC 256 LReLU BN FC 18 LReLU for ẑ and 8 Softmax for ẑc
Australian 14 FC 256 LReLU BN FC 7 LReLU for ẑ and 2 Softmax for ẑc
CMU 128× 120 FC 256 LReLU BN FC 120 LReLU for ẑ and 20 Softmax for ẑc
Dermatology 34 FC 256 LReLU BN FC 11 LReLU for ẑ and 6 Softmax for ẑc
E.coli 7 FC 256 LReLU BN FC 12 LReLU for ẑ and 8 Softmax for ẑc
Gaussians 2 FC 256 LReLU BN FC 5 LReLU for ẑ and 4 Softmax for ẑc
Iris 4 FC 256 LReLU BN FC 5 LReLU for ẑ and 3 Softmax for ẑc
Moons 2 FC 256 LReLU BN FC 3 LReLU for ẑ and 2 Softmax for ẑc
Olivetti-Faces 64× 64 FC 256 LReLU BN FC 50 LReLU for ẑ and 40 Softmax for ẑc
ORHD 8× 8 FC 256 LReLU BN FC 120 LReLU for ẑ and 10 Softmax for ẑc
Pendigits 16 FC 256 LReLU BN FC 15 LReLU for ẑ and 10 Softmax for ẑc
Rings 2 FC 256 LReLU BN FC 3 LReLU for ẑ and 2 Softmax for ẑc
USPS 16× 16 FC 256 LReLU BN FC 120 LReLU for ẑ and 10 Softmax for ẑc
Wine 3 FC 256 LReLU BN FC 5 LReLU for ẑ and 3 Softmax for ẑc

in order to obtain good results. We chose symmetrical encoder and decoder networks
to simplify the architecture search problem. We resorted to an encoder architecture
with three layers : d− [2d, 3d]− dz , where d is the data space dimension and dz is the
latent space dimension. All layers are fully connected.

NIMLC and ClusterGan methods were executed for 5000 epochs, while DCN and
DEC required 300 to 500 epochs of pretraining and 100 epochs of training with the
clustering objective. Furthermore, for the methods that depend on initialization, we
executed the neural approaches of NIMLC, ClusterGan, DCN, and DEC three times
and the k-means algorithm ten times with k-means++ [29] initialization.Average per-
formance results are provided. The i-DivClu-D method is deterministic and requires
the number of nearest neighbors as a hyperparameter. In our experiments we set its
value at the minimum number that resulted in a connected graph.

6.3.5 Results on synthetic datasets

In Table 6.5, we provide the average clustering performance of the compared methods
for the synthetic datasets. All methods performed well when the dataset consisted of
spherical, well-separated data clusters, as happens in the Gaussians dataset. In the
Moons and Rings datasets, ClusterGan and DEC had a similar clustering performance
as the k-means algorithm, while the DCN method performed better. On the other
hand, the NIMLC method could perfectly solve the Moons dataset and had by a
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Table 6.5: Experimental results on synthetic datasets. Bold numbers indicate the best
average performance on each dataset.

Dataset Algorithm ACC PUR NMI ARI

NIMLC 0.90 0.90 0.62 0.64
ClusterGAN 0.52 0.52 0.00 0.00

Rings DCN 0.62 0.62 0.05 0.06
DEC 0.52 0.52 0.00 0.00
k-means 0.50 0.50 0.00 0.00
i-DivClu-D 1.00 1.00 1.00 1.00
NIMLC 1.00 1.00 1.00 1.00
ClusterGAN 0.86 0.86 0.43 0.53

Moons DCN 0.90 0.90 0.63 0.65
DEC 0.86 0.86 0.44 0.53
k-means 0.86 0.86 0.42 0.52
i-DivClu-D 1.00 1.00 1.00 1.00
NIMLC 1.00 1.00 1.00 1.00
ClusterGAN 1.00 1.00 1.00 1.00

Gaussians DCN 0.91 0.91 0.93 0.89
DEC 0.98 0.98 0.94 0.96
k-means 1.00 1.00 1.00 1.00
i-DivClu-D 1.00 1.00 1.00 1.00

significant margin the best clustering performance on Rings, which is the most difficult
of the three synthetic datasets. It should be stressed that the NIMLC method presents
the unique capability of solving both the Gaussian and the Rings datasets by training
the same neural architecture. It should be noted that the density-based i-DivClu-D
method demonstrated perfect clustering performance in all three synthetic datasets.
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Table 6.6: Experimental results on real datasets. Bold numbers indicate the best
average performance for each dataset. Results marked by “*” are excerpted from the
paper proposing the method.

Dataset Algorithm ACC PUR NMI ARI

NIMLC 0.81 0.84 0.73 0.69
ClusterGAN NA 0.81* 0.73* NA

10x_73k DCN 0.70 0.70 0.74 0.68
DEC 0.67 0.72 0.72 0.57
k-means 0.56 0.61 0.56 0.36
i-DivClu-D 0.55 0.60 0.63 0.36
NIMLC 0.86 0.86 0.43 0.50
ClusterGAN 0.86 0.86 0.43 0.50

Australian DCN 0.86 0.86 0.43 0.50
DEC 0.77 0.77 0.25 0.31
k-means 0.86 0.86 0.43 0.50
i-DivClu-D 0.59 0.59 0.01 0.02
NIMLC 0.81 0.82 0.81 0.70
ClusterGAN 0.72 0.77 0.68 0.56

Dermatology DCN 0.83 0.83 0.88 0.81
DEC 0.77 0.86 0.86 0.74
k-means 0.78 0.87 0.88 0.74
i-DivClu-D 0.68 0.78 0.74 0.58
NIMLC 0.61 0.76 0.54 0.45
ClusterGAN 0.49 0.76 0.50 0.33

E.coli DCN 0.52 0.70 0.46 0.34
DEC 0.55 0.76 0.54 0.42
k-means 0.60 0.83 0.62 0.43
i-DivClu-D 0.53 0.78 0.53 0.33
NIMLC 0.95 0.95 0.83 0.85
ClusterGAN 0.89 0.89 0.73 0.72

Iris DCN 0.93 0.93 0.83 0.80
DEC 0.97 0.97 0.91 0.92
k-means 0.89 0.89 0.74 0.72
i-DivClu-D 0.93 0.93 0.83 0.80
NIMLC 0.84 0.84 0.79 0.71
ClusterGAN NA 0.77* 0.73* NA

Pendigits DCN 0.72 0.72 0.69 0.56
DEC 0.70 0.74 0.73 0.58
k-means 0.68 0.71 0.69 0.54
i-DivClu-D 0.70 0.73 0.71 0.57
NIMLC 0.93 0.93 0.80 0.80
ClusterGAN 0.58 0.58 0.28 0.22

Wine DCN 0.93 0.93 0.80 0.80
DEC 0.94 0.94 0.82 0.83
k-means 0.95 0.95 0.84 0.85
i-DivClu-D 0.92 0.92 0.77 0.77
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6.3.6 Results on real datasets

Table 6.6 shows the clustering performance of the compared methods on tabular
datasets, while Table 6.7 displays performance results on image datasets.

Table 6.7: Experimental results on real datasets. Bold numbers indicate the best
average performance for each dataset. Results marked by “-” denotes the method
was not able to learn the dataset.

Dataset Algorithm ACC PUR NMI ARI

NIMLC 0.82 0.84 0.92 0.80
ClusterGAN - - - -

CMU DCN - - - -
DEC - - - -
k-means 0.82 0.82 0.89 0.77
i-DivClu-D 0.67 0.71 0.82 0.57
NIMLC 0.84 0.84 0.78 0.73
ClusterGAN 0.85 0.85 0.84 0.78

ORHD DCN 0.79 0.79 0.75 0.64
DEC 0.80 0.81 0.80 0.71
k-means 0.80 0.80 0.74 0.67
i-DivClu-D 0.85 0.85 0.80 0.72
NIMLC 0.67 0.69 0.80 0.52
ClusterGAN - - - -

Olivetti-Faces DCN - - - -
DEC - - - -
k-means 0.57 0.63 0.78 0.44
i-DivClu-D 0.47 0.5 0.67 0.29
NIMLC 0.70 0.70 0.58 0.55
ClusterGAN 0.74 0.78 0.71 0.63

USPS DCN 0.69 0.76 0.70 0.60
DEC 0.72 0.77 0.71 0.63
k-means 0.68 0.75 0.64 0.56
i-DivClu-D 0.56 0.65 0.62 0.40

The NIMLC method achieved excellent clustering performance on 10x_73k, Aus-
tralian, CMU, Olivetti-Faces, and Pendigits, outperforming all other methods. More-
over, on Dermatology, E.coli, Iris, ORHD, USPS, and Wine datasets, the NIMLC
method demonstrated comparable results with the best-performing method. It should
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be stressed that the high dimensionality of data and the limited number of train-
ing samples resulted in training failures for ClusterGan, DCN, and DEC on CMU
and Olivetti-Faces datasets. In contrast, the NIMLC method was able to learn these
datasets effectively despite the small number of samples. Compared to k-means and
the density-based clustering method (i-DivClu-D) our method also provides better
or comparative results in all cases with the superiority being more clear on 10x_73k,
Pendigits, Oliveti-Faces and USPS datasets. In summary, experimental results indicate
that the proposed method constitutes a neural-based clustering method that performs
well both for low dimensional and high dimensional data without requiring large
number of samples as happens with typical deep clustering methods. Therefore it
constitutes a viable alternative for both conventional and deep clustering approaches.

6.4 Summary

In this Chapter, we have proposed the NIMLC clustering method that is based on
neural network training. NIMLC is a generative clustering approach that relies on the
IMLE generative methodology to perform clustering. The NIMLC brings ideas from
the ClusterGAN algorithm into the IMLE framework to overcome some of the GAN
deficiencies. The method is based on a simple training objective, does not suffer from
training instabilities, and performs well on small datasets. Experimental comparison
against several deep clustering methods and conventional clustering methods illus-
trates the potential of the approach. A notable characteristic of the method is that, as
shown in the experiments with synthetic data, it is able to cluster both cloud-shaped
and ring-shaped data using the same hyperparameter setting.
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CHAPTER 7

CONCLUSIONS AND FUTURE WORK

7.1 Concluding Remarks

7.2 Directions for Future Work

7.1 Concluding Remarks

The objective of this thesis was the development, implementation and evaluation of
novel (unsupervised) clustering methodologies. During the elaboration of the thesis,
we mainly focused on three different axes: i) partitional clustering in both Euclidean
and kernel spaces, ii) unimodality-based clustering, and iii) deep clustering, which
leverages the representational power of deep learning methods.

Specifically, in Chapter 2, we introduced global k-means++, an approach designed
to address the initialization problem inherent in the standard k-means algorithm.
This method combines the incremental strategy of global k-means with the proba-
bilistic center selection mechanism of k-means++. In doing so, it effectively balances
the strengths of both algorithms, achieving high-quality clustering results while sig-
nificantly reducing computational overhead. We argue that global k-means++ offers
a compelling alternative to both global k-means and k-means++. Moreover, it pro-
vides complete clustering solutions for all k ∈ 1, . . . , K , making it particularly well-
suited for model selection tasks where the optimal number of clusters is unknown.
In such scenarios, our method demonstrates notable efficiency, outperforming even
non-incremental approaches like standard k-means and k-means++.
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In Chapter 3, we introduced global kernel k-means++, which constitutes the ex-
tension of global k-means++ into feature space. The proposed method is designed
to address the initialization problem inherent in the kernel k-means algorithm. Sim-
ilarly to the global k-means++, the proposed algorithm incrementally addresses all
intermediate subproblems for k = 1, . . . K − 1, ultimately yielding the solution for K
clusters. In conclusion, the proposed algorithm strikes an optimal balance between
the strengths of both global kernel k-means and kernel k-means++, delivering high-
quality clustering at a significantly lower computational cost.

In Chapter 4, we presented the UniForCE clustering method that clusters and
estimates the number of clusters k. Our approach is based on the novel definition of
locally unimodal cluster. The main idea is that, instead of perceiving unimodality as
a property that needs to hold for the whole cluster density, we proposed to study it at
a local level, at subregions of the cluster density. We based our approach on the ob-
servation that unimodality may extend across pairs of neighboring subclusters when
tested as a union. Such unimodal pairs enable the aggregation of small subclusters
and the bottom-up formation of larger cluster structures in a statistically sound man-
ner. A locally unimodal cluster extends across subregions of the data density as long
as there are unimodal pairs connecting them in a single connected component of the
unimodality graph. The proposed locally unimodal cluster definition is flexible as it
identifies arbitrary-shaped clusters, including typical unimodal or convex shapes. As
part of the proposed methodology, we have developed a statistical procedure to de-
cide on unimodal pairs of subclusters, and we built the unimodality graph in which
both clustering and estimation of k can be addressed through the computation of
a unimodality spanning forest. The strengths of our contribution’s conceptual and
algorithmic side have been validated with extensive numerical results using several
real and synthetic datasets.

In Chapter 5, we introduced the soft silhouette score, a generalization of the
widely used silhouette measure that accommodates probabilistic cluster assignments.
Leveraging this differentiable measure, we developed the DCSS methodology and an
autoencoder-based framework specifically designed to optimize the soft silhouette ob-
jective. Notably, the DCSS method guides the learned latent representations to form
both compact and well-separated clusters. This property is crucial in real-world ap-
plications, as targeting both compactness and separability ensures that the resulting
clusters are not only densely packed, but also distinct from each other. Experiments
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on a variety of benchmark datasets show that DCSS performs competitively against
established deep clustering approaches, underscoring the effectiveness soft silhouette
as an objective for enhancing the quality of learned latent representations.

In Chapter 6, we presented the NIMLC clustering method, a neural-network-based
approach that frames clustering as a generative task within the implicit maximum
likelihood estimation framework. By adapting ideas from ClusterGAN, NIMLC avoids
some of the known deficiencies of GAN-based clustering while retaining a simple, sta-
ble training objective. The method performs particularly well on small datasets, and
experimental comparisons with both deep and conventional clustering algorithms
underscore its competitive potential. A notable strength of NIMLC is its ability to ac-
commodate diverse cluster geometries without tuning hyperparameters. Experiments
on synthetic datasets demonstrate that the same settings allow NIMLC to effectively
cluster both cloud-shaped and ring-shaped data. Taken together, these results suggest
that the incorporation of generative modeling into IMLE offers a promising avenue
for robust and versatile clustering in neural network-based systems.

7.2 Directions for Future Work

Finally, we outline several potential directions for future work, addressing open issues
related to this thesis that merit further investigation.

For the global k-means++ method presented in Chapter 2 it would be interesting
to investigate a dynamic method for appropriately selecting the number of candidates
L in each k cluster sub-problem. This could potentially lead to a further speed-up
of the algorithm. We could also adapt the global k-means++ algorithm into a semi-
supervised setting by incorporating must-link or cannot-link constraints by utilizing
the exact solver as referred to [190]. Additionally, we aim to test the method in
real applications (such as in biology, speech recognition, face clustering, etc.) initially
requiring a large number of clusters (overclustering solutions). Finally, it would be
interesting to integrate the method into a deep framework for clustering of composite
objects (graphs, images, text, etc.).

For the global kernel k-means++ method presented in Chapter 3 it would be
interesting to investigate a technique for adapting the number of candidates L as k
increases. We observed that fewer candidates are required to be examined for small
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values of k since the problem is simpler. As k increases, the problem becomes more
difficult, necessitating more extensive exploration using more candidates. We believe
that dynamically tuning L in each k-cluster subproblem could further improve both
the attained clustering error and the execution time of the method. In addition,
we plan to investigate the estimation of the number of clusters in this algorithmic
framework using criteria such as silhouette coefficient [92], modularity [109], and
inclusion [110, 111]. Additionally, it can be used for image segmentation [191], where
grouping pixels or regions with similar features is crucial, and bioinformatics [192]
where analyzing gene expression patterns requires accurate non-linear clustering. In
a graph partitioning framework, the method can be applied to social network analysis
to detect communities in large-scale networks and to recommendation systems for
clustering users based on shared preferences. Finally, we aim to extend this method
to other kernel k-means variations such as fuzzy kernel k-means [193, 194] and use
the method in real-world non-linear clustering applications.

A separate line of research addressed by the UniForCE method introduced in
Chapter 4. Future work could explore its application across diverse domains to fur-
ther evaluate its versatility. Additionally, investigating the potential advantages of
integrating UniForCE within existing machine learning pipelines could reveal valu-
able comparative benefits. A promising future direction is the incorporation of the
mudpod [195] into the UniForCE procedure. Specifically, mudpod is a recent crite-
rion that leverages the dip statistic across random projections to assess multimodality.
It will beneficial to be applied during the initial overclustering stage to validate that
each subcluster is unimodal, an assumption on which UniForCE relies. We believe
that the concept of local unimodality, i.e. the fact that unimodality can be tested and
validated locally, could offer a foundation for future advancements in other unsu-
pervised learning tasks, such as density estimation, dimensionality reduction, and
data visualization. Finally, the development of internal cluster validity indices for
the assessment of irregular-shaped clusters would help in understanding further the
behavior of clustering methodologies.

Regarding the DCSS method introduced in Chapter 5, there are several direc-
tions for future work, such as improving the clustering results using data aug-
mentation techniques since it is adopted as an effective strategy for enhancing the
learned representations [175, 196]. In addition, more sophisticated models and train-
ing methodologies can be used, such as ensemble models [197, 198] or adversarial
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learning [199, 200]. It is also possible to modify the learning procedure to incorporate
self-paced learning [183], since learning the “easier” data first is expected to improve
the clustering results [201, 202, 203]. However, our major focus will be on extending
the DCCS algorithm for estimating the number of clusters by exploiting unimodality
tests as happens in the dip-means [204] and DIPDECK [134] algorithms.

Finally, for the NIMLC method introduced in Chapter 6, future research could
focus on a more detailed experimental investigation of its performance and its use
in real-world applications. Additionally, we aim to consider a modification of the
method in which the number of samples could vary at each epoch. In the same
spirit, we could explore the possibility of adopting a self-paced approach similar to
the one proposed in [183] for the online tuning of the parameter ∆σ. Furthermore,
it is interesting to study how the NIMLC approach could be integrated into a general
methodology for estimating the true number of clusters in the dataset.

Building on the method-specific research directions discussed above, we can also
identify broader avenues for future work in data clustering. One key limitation of
current deep clustering methods is their lack of attention to the dimensionality of
the latent space. A high-dimensional latent space can capture richer and more com-
plex information, but it also risks encoding irrelevant details or noise. Conversely, a
low-dimensional latent space produces more compact and manageable embeddings,
but may fail to preserve important information. An interesting direction for future
research is the development of methodologies that can automatically determine and
adapt the appropriate latent dimensionality within deep clustering frameworks.

Relatively little research has addressed the problem of determining the number
of clusters within deep clustering frameworks. As demonstrated in this thesis, this
remains a crucial and challenging issue in data clustering. A promising direction for
future work would be to integrate unimodality testing with deep learning approaches.
One potential path is to build on the methodological foundations of UniForCE and
embed them into a deep clustering framework, enabling automated cluster estimation.
Such an approach could lead to the development of a Deep UniForCE method.

An exciting avenue for future research is the integration of large language models
(LLMs) into text clustering tasks. LLMs provide rich contextual embeddings that
capture deep semantic and syntactic information, far surpassing traditional word or
sentence representations. Incorporating these embeddings into clustering frameworks
could significantly improve the ability to group documents, sentences, or even multi-
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modal content by meaning rather than surface similarity.
Another promising research direction lies in exploring practical applications of the

proposed approaches across diverse domains. For instance, in computer vision, these
methods could be applied to video summarization, enabling the automatic extraction
of representative frames or segments that capture the essence of long video streams.
Such capabilities would be valuable for content indexing, retrieval, and efficient video
browsing. In the health domain, an especially compelling application is the analysis
of genomic data. Applying clustering techniques to genome sequences could help
uncover previously unrecognized genomic patterns or subgroups, potentially leading
to the discovery of novel biomarkers, patient stratification strategies, or even insights
into rare genetic conditions. These findings could support clinicians in identifying
hidden structures in biological data that might otherwise remain unnoticed, thereby
advancing personalized medicine and improving diagnostic procedure. Beyond these
examples, the adaptability of the approaches suggests broader potential in fields such
as social network analysis, natural language processing, and recommendation systems.
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