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ABSTRACT

Dionysios Ketfallinos, Ph.D., Department of Computer Science and Engineering, School
of Engineering, University of Ioannina, Greece, 2024.
Algorithm Design and Engineering for Graph Connectivity Problems.

Advisor: Loukas Georgiadis, Associate Professor.

This dissertation deals with topics related to some notions of graph connectivity
in directed graphs and mixed graphs. The edge and vertex connectivity of a graph
are important measures of its resilience as a network. There is a great variety of
real-life relations that can be modeled by graphs. A few of the most notable examples
include road networks, the World Wide Web, social networks, and other communi-
cation networks. Such a graph may consist of millions of edges and vertices as for
example road or social networks. Therefore, we are interested both in asymptotically
fast algorithms and in algorithms that are efficient in practice. In this dissertation,
we present efficient implementations and empirical studies of important algorithms
for basic connectivity problems in directed graphs. Moreover, we propose efficient
methods of speeding up these algorithms for practical instances, which improved
their execution times by one to two orders of magnitude. Finally, we provide new
linear-time algorithms for related connectivity problems in mixed graphs.

Firstly we provide an experimental study of algorithms for computing the edge
connectivity A of a directed graph efficiently in practice. The edge connectivity A of G
is the minimum number of edges whose deletion leaves GG not strongly connected. A
graph G is strongly connected if there is a directed path from each vertex to any other
vertex. Computing the edge connectivity of a graph is a classical subject in graph
theory, and is an important notion in several application areas, such as transporta-

tion, communication, production, scheduling, and power engineering. We presented



the first efficient implementations of Gabow’s algorithm [1] which runs in O(Amlogn)
time and is based on matroid intersection and packing spanning trees, as well as algo-
rithms based on recent “local search” algorithms for minimum-cut which have been
proposed by Chechik et al. [2] and Forster et al. [3], of complexity O(A\*m polylogn).
Also, we proposed practical methods for speeding up these algorithms. In the exper-
imental study, the efficiency of the various algorithms was compared on real graphs,
taken from various application areas, as well as on synthetic graphs, aiming to high-
light the advantages and disadvantages of each technique.

Then we studied the problem of packing arborescences. An s-arborescence of G
is a directed spanning tree, i.e., an acyclic subgraph of G' where s has in-degree zero
and every other vertex has in-degree one. The problem of packing arborescences is
to compute a maximum cardinality set of edge-disjoint arborescences of a directed
graph. We explored the design space of efficient algorithms for packing arbores-
cences of a directed graph in practice and we conducted a thorough empirical study
to highlight the merits and weaknesses of each technique. In particular, we presented
efficient implementations of Gabow’s arborescence packing algorithm [1] of complex-
ity O(k*n?), Tarjan’s algorithm [4] of complexity O(k*m?), and the algorithm of Tong
and Lowler [5] of complexity O(k?mn). In addition, we proposed a simple but very
efficient method that significantly improves the running time of Gabow’s algorithm
in practice. In our experimental study, the performance of the various algorithms
was compared on real-world taken from a wide range of applications, as well as on
synthetic graphs.

Finally, we considered some orientation problems in mixed graphs related to the
concept of 2-edge strong connectivity. A mixed graph G is a graph that consists
of both undirected and directed edges. An orientation of G is formed by orienting
all the undirected edges of G, i.e., converting each undirected edge {u,v} into a
directed edge that is either (u,v) or (v, u). Many mixed or undirected graph orientation
problems have been studied in the literature, depending on the properties we wish
a particular orientation to have. An orientation R of GG is a strong orientation when
the resulting graph is strongly connected. More generally, an orientation R of G is
a k-strong orientation when the resulting graph is k-edge strongly connected. These
concepts have applications in areas such as the design of road and telecommunications
networks, and the structural stability of buildings. Our main result was to provide a

linear time algorithm for the following problem. Given a mixed graph G, we wish to

Xi



compute its maximal sets of vertices (', (s, . .., C}, with the property that by removing
any edge e from G (directed or undirected) there is an orientation R; of G\ e such that
all vertices of C; are strongly connected in R;. This problem is related to 2-edge strong
connectivity, since if G’ contains only directed edges, then every set C; corresponds to

a 2-edge strong component of G.

xii



EXTETAMENH IIEPIAHWH

Aroviotog Keparinvic, A.A., Tunuo Myyovixady H/Y xor ITAnpogpoptxng, IloAvteyvixn
2yoAn, Havemiotiuio Iwavvivey, 2024.
Xyedioom xot LAOTTOLNOY dAYOPLBUWY YLor TTEOPRANUATO CUVEXTIXOTNTAG YOOPNULETWY.

EmBAénwy: Aovxds M'ewpytadng, Avarninpwtig Kabnynte.

H mopodoa Statpif) aoyoreitor pe dtdpopa TPORAUATA TTOL 0POPOVY T GUYE-
XTXOTNTA YOOPNUATWY. H cUVEXTIXOTNTA XY 1] XOPLPWY EVOS YOOPNLOTOS ELVOL
ONUOVTIXEG UETOLXEG TTOV O TIEPLYPAPOLY TTOGO “XAUAA” CLVIEJEUEVO ElvoL TO €V
AOYw Yoopnuo. Atonodntind 6oo peyoddtepy elvor ) GLYEXTIXOTNTA TOCO TILO TTUXVO
oc ouvdéoelg (axpéc) eival To YORPMLOL, XOTO CLVETELOL E(VOL TTLO SVOXOAO VoL TO SLo-
OTIAOOLUE N Vo TO xoTaoTeEPovpe. To ypapnuoto LovTeEAOTOLOVY 3iXTL, TO OTTOLOL
EVIEYOUEVMG VO OTTOTEAOVVTAL OTtO YLALAOGEG M %O EXATOURVELO XOUPOLG 1 OXUES
OTTWG YL TTOPADELYLOL TOL XOLVWYLXE SixTLN, Tt 00LXE dixTua, Tor PLoAoYLxd dixTuo
x.0.. Emopévmg yoetaldopoote amodotinods aAyopllpovg yia vor eTLAVOOLUE TTPO-
BANuoTar TTOL FEYOVTOL WG ELGOJ0 YPOPNULOTO TETOLOV UeYEDOLG, TOCO ACLUTTTWTLUE
000 xaL ot TEAEN. Xe avt) T SLaTELPN, TOEOLOLALOVILE ATTOSOTIXES VAOTIOLNOELG
XOL EUTIELOLXEG UEAETESG OMUOVTIXWY OAYORLOUWY Yior Booind TEOPANUOTO CLUVEXTL-
x0TTog oe xotevbuvipeva yoopuoto. ETLTAEOY, TPOTEIVOUUE ATTOTEAECUOTIXES
unebidovg emitayLYONG AVTWY TWY OAYOPLOUWY, oL oTtoleg BeATiwony TOLG XPOVOLG
extéAeong xoata pia €wg dvo takelg peyébovg. TéAog, mpotelvovpe véoug ahyopLl-
LOVLG YOOUULXOU XPOVOU YL OYETLXE TTEOPRANUOTO. CUVIECLUOTNTOS O ULXTE YOOPY)-
LOTOL.

"Eva xotevbovopevo yodopnua G ivor Loyvpd cLVEXTIXO oy LeETOED dVO OTtOLWY-
oNmote XOUPwyY x xoL Yy, LTAPYEL XATELOLYOUEVO LOVOTIATL oTtd TOV *OUPOo & TPOG
ToV y Xl xatevhuvopevo pLovoTtatt amd Tov xOpBo y mpog tov z. H ovvextixdtnTta
axpdv A (G) evég xatevbouvépevov ypoapruoatog G opiletal wg To eAdyLaTto TAN00g

OXUWY TTOL TEETEL Vo apotpebody amd to G, €ToL WOTE TO YPAPNUA TTOL TTEOXV-

xiii



TTEL YO UMV elva LayLEd ouvexTxd. To G eivor k-toyvpd cuvexTixd 6tav A (G) > k.
O vrohoytopdg g ovvextixdtnTog oxpwy (edge-connectivity) evog ypoopriuotog ei-
vo évar OepeAtddeg TPOPANUa g ohyopLbuixng Bewplog Yoopnuatwy, pe TAnfwpa
EQOPUOYWY OE TOUELG OTIWG GTNY OVAAVGCT] LETOPOPLXMY, ETILYXOLVOVLAXWY, NAEXTOL-
XY XL XOLVOYLXGY OLXTOWY, OE GUGTNULOTA TTOLEAYWYTG, X0l TN Y POVOSPOULOAGYN oY
epyaotwyv. H gpyaocio pag [6] siye wg oxomd ) HEAETY TWY TEYVLXWY OYEDLOONG oTtO-
J0TLXWY oAYoPLlOUWY YLt TOY DTTOAOYLOUO TNG CLVEXTIXOTNTOG OXUWY O xaTELHLYO-
UEVO YOOPNULOTOL, EOTLELOVTOG TOOO 0TN BewEnTiny 600 xoL GTNY TEAXTLXY] €TTLO00
TWY OYETLXWY oAYoplOuwy. 1o TAaiolo ot peretiinxay xor vAoToLNOnxay oro-
dotxol aAydpLiuol mTov LTOAOYLLOLVY TN CLYVEXTIXOTNTH OXUWY OE xatevbuvdpevo
YOOPNUOTO KOl TOOYULOTOTOLNONUE (Lot EVOEAEYNG TLELQOULOTLXY] AVEAVOY TWVY ETTL-
000EWY TOUG. LUYXEXPLUEVN, OTNY gpyooilo pag [6] mapovaoldotyne N TEWTY amo-
dotxn bAoToinon Tov aAyoplbov Tov Gabow [1], ToAvTTAOXdTNTOIG O(Amlogn) Lo
YOAPNUO. GLVEXTIXOTNTOG A LE n xOuPouvg xol m axpég, o omotlog Baoiletor otn Oe-
wplor untpoetdwy (matroid theory) xot otov LTOAOYLORG OVEEAOTNTWY GLVSETLXWDY
0€vopwyv. Entiong, d60nxav oL mpwteg amodotixég vAoTOLNoELS aAyopifuwy oL PBor-
otlovton og TPGoPUTES TEYVLXES «ToTiLRNg avalltnong» (local search) yio Ty ebpeor
eAGLOTWY TOUWY, oL oToleg €xovy mpotabel amd toug Chechik et al. [2] xow Forster
et al. [7], moAvmAoxdtTog O(A*m polylogn). Emimpoctétwe, mpotdbnxoy mpoxtinéc
©rEbodoL emitéyLYONG AVTWY TV OAYoPLOUWY. XTNY TELPaUOTLXY] LEAETN cLYXELONXKE
N ATOSOTLXOTNTO TWY SLOPOPWY AYOPLOUWY O TEAYUOTIXE YOOPNUOTO, TO. OTTOLO
gyovy Anebel amd moxida media e@oproywy, xabwg xol o ouvbetixd ypapnuota,
OTTOOXOTIWOVTAG OTO YO VOOELYHODY TOL TTASOVEXTNLOTO XOL UELOVEXTNUOTA XAbE Te-
yvxng. To etpopotind dedopéva €detEay 6TL 0 ahydpLbuog Tov Gabow emituyydveL
OLYOALXE TNV ®oAVTEEPT atdd0ooY, oTny TEAEN. EmimAéoy, mapatnoninxe ot pior pé-
Bodog emitdyuvorg mov Tpotdbnxe oty epyacia [6], n omola Baoiletor ot YPYOEN
OLPYLKOTTOINON TWY CUVIETLXWY JEVIPWY TTOL YEMNOLLOTOLEL 0 aAydpLOog Tov Gabow
néow xabodxng drepedvnorg, emtTuYYbveL aEloonuelwty BeAtiwon Tov XPOVoL exTE-
Agomg Tou aiyopibpov tov Gabow. ‘Eva oaxépa onuovtind edpnuor Tng TELPOUATIXNG
UEAETNS NG gpYaoiog [6] Mtav 6t or akydpLbuol tomixng avalntnong amodidovy
XOAG OTYY TPAEN GTOY 1] CUVEXTIXOTTOL A TOV YOOPYUOTOG ELVOL ULXPY], CAAG OEY
LTTOPOVY VO AVTAYWYLGTOVY TOV oAYopLtOpo Tov Gabow yLo peyoAbTEQES TLLES TOL .

Y€ OLVEYELOL TNG TTPONYOVEVNG EQYATLAG, LEAETNOOUE TO TTPOPANULO. DTTOAOYLOLOV

EVOG OLYOAOL OVEEAPTNTWY GLYIETLXWY JEVOPWY UEYLOTOV TANBovg e xoatevhuvo-

Xiv



peve yoopnuoto. ‘Eotw G éva xatevbuvdpevo ypdonuo pe opetnoLoxd xoufo s.
"Evae ouvdetind dévdpo T tov G, pe apetnoio Tov x0uPo s, lvor évar axvuxAo vTo-
Yoapnuo Tov G, pe v €€ng WtdtnTa. o xabe x6pfo v # s, To T mepLéyel uLo
povodxy StadPout] amd Tov s TEOG ToY v. AUTO CLVETTAYETOL OTL O § OEY EXEL XOWLO
ELOEPYOUEVY] OXLY], XOLL GLYYPOVWG XADE XOUPBOC v # S EXEL ULOL LOVOOLXKY] ELGEQYOULEYT]
oxpn. Abo ovvdetixd 3évdpa eivar aveEdptnra (edge-disjoint) Gtov Sev éxovy xopLé
axpn xown. Ze évor GVVOA0 aveEdpTtnTwy cuvdeTix®y 3évdpwy T = {11, Ty, ..., T}},
omotadnmote V0o cuvdetind 6évdpa 1;, T; € T efvor petaEd Toug aveEdptnto. "Eva
xAooxd amotéAeopo Tov Edmonds [8] dnAvvel 6tL to péytoto TANnbog aveEdpTnTwy
oLYOETIXWY OEVOPWY eVOS xatevbuvipevov ypapnuatog G, pe a@etnoloxd xouo
s, LOOUTAL PE TNV EAGLOTN TLU k = ca(s) ptog s-toung Tov G. Mo s-topq Ttov G
elvor évor aOVoho axpoy C, tétoto wote To G\ C vou uny TEPLEXEL LOVOTIATL ATtO
TOV S TPOG XA&ToLo xOpPo v. Avty 71 €vvola OYeTI(ETOL UE TN CUYEXTIXOTNTO OX-
nv A (G) evig Loyvpd ocvvextixol xotevbovvdpevov ypophuotog G, xobwg Loydet
A (G) = min{cg(s), cgr(s)}, 6mov G 10 avtiotpopo ypdenua tov G. 1o TAKicLO
™™g gpyooiog pog [9], peretiinxov xow vAomotnnxayv amodotixol aAydpLtbuol yLa
TOY LTTOAOYLOPO EVOG LEYLGTOL GUVOAOL AVEEAPTNTWY CLUVIETLXWY SEVEPWY EVOG KO-
tevbuvopevou ypapuatog. Ot ahydptbuot Tov vAoToBnxay xoL copTEPLANPHNXOY
OTNY TELPAPOTIXY LEAETY TNg gpyoaoiag [I] slvar o adydpibuog Tov Gabow [6] To-
Amroxotrog O(k*n?), o aryéplBupog tov Tarjan [4] TohvmAoxGTTog O(k*m?), o
0 ohy6ptBpog twv Tong xor Lowler [5] moAvmhoxdtrtag O(k?*mn). Emirpoctétwe,
mpotainxoay pébodoL emLTAYLYONG AVTWY TV aAYoPLBUWY oTNY TEAEY. XNy TeL-
POOTIXY LEAETN TNg gpyooiog [9], ouyxplbnxe N amodotTxdTnTaor TWV SLOPOHEWY
oAYoplOLWY O YOUPNULATO TTOL TTPOEPYOVTAL OTTO TOY TTEOYLOTIXO XOOWUO XOL OTTO
gvar VPV PATUO EQPUELOYWY, xofg xow o cuvbetind yoapuatoa. To TetpopotTind
OTTOTEAECLOTOL OLVESELEAY TOL TTASOVEXTNLOTO. XOL LELOVEXTNLOTO XAbE TEYVLUNG. ZL-
TxexpLuéva, Tapatneninxe 4t o alydpLbpog Tov Gabow emituYYAVEL GUVOALXE TNV
XOAOTEPT atOd00Y], XabWg elval oNUOVTIXA ToyOTEPOS ATtd TOLE AAAOLS dVO CAYO-
ptbuoug, eve dedtepog o amddoom Epyetol 0 ahydpLbuog Tov Tarjan. Emtiong, mopo-
™ENON®E OTL Lo ATTAY] GAAG TTOAD OTTOTEAEOUOTLXY] EVPETLXY] TEXYLXY] TTOL TTEOTAONUE
oty gpyaoia [9], emitayvve TOY XPOVO EXTEAEGTG TOL aAyoplov Tov Gabow xatd
0V0 takeLg peyebouvg oTLg TTEPLOGATEPES TTEPLTTTWOELG.

TENOG, GTNY TTEPLOYN TNG CLVEXTLXOTNTOG UELXTWY YOXPNUATWY, LEASTNONXOY TTPO-

BAquorTor TTov oyeTiCovtal pe TNy woLa TG 2-LoyLETG CLVEXTLXOTYTOG axpoy (2-edge
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strong connectivity). ‘Evo petxtéd yodonuo (mixed graph) G meptéyet téo0 xortevhu-
vopeveg oxpég 600 xat pn xatevbuvdpeveg axpéc. ‘Evog mpoooavatoiopdg (orienta-
tion) R Tov pewxtol Ypoiuotog G Tpoypotomoleital étay dwoovpe xotevhivoetg
oe OAeg T U xotevbovopeveg axpéc. AnAadn, petatpémovpe xabe un xotevbuvo-
WEVN oxp u, v o xatevbovépevn, N omola eivon eite M oxp (u, v) eite N axpn (v, u).
X1 BBAtoypapio €xovy peretniel TOAAG TEOBANULOTO TTPOCAVUTOALGLOD UELXTWY 1|
un xoTeLOLYOLEVWY YPUPNULATWY, OVAAOY UE TLG LOLOTYTEG TToL emLthupobue vo ExeL
EVOLG OUYXEXPLUEVOG TTPOTOYOTOAGUOG. 'Evag TpooavatoAlopdg R tov G elval Loyv-
p6g (strong orientation) 4ty TO YPAENUA TTOL TPOXVTTTEL ELVOL LOYVLEG CLYEXTLXO.
o yevixd, évag mpooovatohopds R touv G eivar k-toyvpdg (k-strong orientation)
OTaY TO YOAPNUO TTOL TTEOXVTITEL elvo k-LoyLES cLVEXTIXG. AUTES OL EVVOLES EYOULY
EQOPUOYEG OE TOUELG OIS O OYESLOOUOG OOLXWY XOL TNAETULXOLYWYLOXWY OLXTOWV.
Ye évo pewxtod ypdoenuo G, éva 6bvoro x0pfwy S C V(G) eivor avBextixd (resilient)
WG TTPOG TNV LOYVPY] CUVEXTIXOTNTO ALY ETELTA KTTO OTTOLUONTTOTE OLPOLPETT AXUTG TOV
YOOPNUOATOG, VTTAPYEL TTPOTUVATOALGUOG TWY U] XATELOLYOUEVWY OXUWY DOTE TO GV-
YOAO S va Topopeivel Loyvpd oLVEXTIXO. XTO TTAcLOLO TNG OLdaxToPLxMg OLaTELPNG,
UEAETNOAUE TO TTPOBANUO DTTOAOYLOUOD TWY AVOEXTIXWY GLYLOTWOWY EVOG UELXTOD
YoopNuotog G, SN Twv LEYLOTWY GLVOAWY XOuPwy Cy, Oy, . . ., Ck, émov xdbe C;
elvor avBextind. AnAadn, yio xébe oxpn e Tov G, LTTEEYEL TTEOCAYATOALOUOS R; Tov
G T€T0L0g Wote 6AoL oL xopPot Tov C; vou givort Loyvpd avvexTixol. To TEORANUO L To
OYeTIETOL UE TN 2-LOYLEY] CLYEXTIXOTNTO AXUWY, XS av To G TEPLEYEL LOVO XO-
tevbuvopeveg axpég, Tote xabe avbexTiny ovviotwoo elval 2-Loyvpd cvvextixy. To
x0pLo amotéAcopo oty gpyaoia pog [10] Ntay évag alydpLipog Yoo pixod xpbvou
YL TOV DTTOAOYLOUO TWY AVOEXTIXWDY CLVLOTWOWY VOGS UELXTOV YPoENUaToS. O oA-
vopLOpog awtéc Baoiletor xvping oe dVo Paoixég Texvixéc: (1) oTNY XATAUOXELN Lo
oLAAOYTG H Bondntinedy yoapnuatwy Tov Statneel Tig avbexTinég CLVLOTWOES TOV
G, o (2) og por avorywyy 0To TEORANULE DTTOAOYLOKOD TWY GUVEXTIXGY CLVLGTW-
OWY €VOG UM X TELOLYVOUEVOL YOOUPNUATOG UETA TN SLOYPOPT] CUYHEXQLUEVWY CELYWY
OTOLYELWY TOL YPOPNULOTOS TTOL ATTOTEAOVYTOL OTtd €var xOpfPo xoL Lo oxpn. ioe Ty
emlAvom Tov deVTtEPOL TPOPRANUaTOS, N gpyooia [10] expetaAiedetar TG LOLOTNTES

Ty SPQR-3€vdpwy Twy SLOLVEXTIXWY SLVLOTWOWY x&be Ypopuotog H € H.
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CHAPTER 1

INTRODUCTION

1.1 Graph connectivity
1.2 Notation
1.3 Basic Tools

1.4 Dissertation outline

Graphs are mathematical structures that model many diverse natural or man-made
systems, which capture both the structure and the dynamics of the underlying sys-
tem. Examples include but are not limited to the world-wide web, transportation,
communication and social networks, databases, biological systems, circuits, and the
control-flow of computer programs. A graph consists of vertices (also called nodes)
which are connected by edges (also called links). A distinction is made between undi-
rected graphs, where edges indicate a two-way relationship, in that each edge can
be traversed in both directions or directed graphs (digraphs) where each edge has
an orientation and can be traversed in one direction. Mixed graphs are the graphs
that contain both directed and undirected edges. In this dissertation we study con-
nectivity problems in directed and mixed graphs, from the perspective of algorithm
design, analysis and engineering. Specifically, the studied topics are the computation
of the edge-connectivity in directed graphs, the computation of a maximum pack-
ing of edge-disjoint arborescences in directed graphs, as well as the 2-edge strong

connectivity in mixed graphs.



In more detail, we present carefully engineered implementations and empirical
studies of important algorithms for basic connectivity problems in directed graphs.
Also, we propose efficient methods of speeding up these algorithms for practical
instances, which improve their execution times by one to two orders of magnitude.
Finally, we provide new linear-time algorithms for related connectivity problems in
mixed graphs. Our experimental studies are motivated from the fact that despite the
significant advances that have been made in the design and analysis of algorithms
in recent years, many such theoretical results have received very little attention from
the practical perspective [11]. As a result, the practical potential of the corresponding

algorithms and their underlying techniques is far from understood.

1.1 Graph connectivity

Let G = (V, E) be a directed graph (digraph), with m edges and n vertices. Digraph
G is strongly connected if there is a directed path from each vertex to every other
vertex. The strongly connected components of G are its maximal strongly connected
subgraphs. Two vertices u,v € V are strongly connected it they belong to the same
strongly connected component of GG. The size of a strongly connected component is
given by its number of vertices. An edge (resp., a vertex) of G is a strong bridge (resp.,
a strong articulation point) if its removal increases the number of strongly connected
components. Note that strong bridges (resp., strong articulation points) are 1-edge
(resp., 1-vertex) cuts for digraphs. More generally, a set of edges C' C E is a cut if
G\ C is not strongly connected. If |C|= k then we refer to C' as a k-cut of G.

A digraph G is k-edge-connected if it has no (k—1)-cuts. We say that two vertices v
and w are k-edge-connected, denoted by v <+, w, if there are k edge-disjoint directed
paths from v to w and k edge-disjoint directed paths from w to v. (Note that a
path from v to w and a path from w to v may not be edge-disjoint). By Menger’s
theorem [12], v and w are k-edge-connected if and only if the removal of any set
of at most £ — 1 edges leaves v and w in the same strongly connected component.
We define a k-edge-connected component of a digraph G = (V, E) as a maximal subset
U C V such that v and v are k-edge-connected for all u,v € U. The k-edge-connected
components of G form a partition of V, since v <+, w is an equivalence relation [13].

Graph connectivity is a fundamental concept in graph theory, and is defined as the



minimum number of elements (vertices or edges) that need to be removed to separate
the remaining vertices into two or more connected components. More precisely, we

consider the following two measures of connectivity:

* The vertex-connectivity of a graph is the minimum number of vertices that have

to be removed to leave the graph not strongly connected.

* The edge-connectivity of a graph is the minimum number of edges that have to

be removed to leave the graph not strongly connected.

Graph connectivity is a classical subject of graph theory and has been studied
extensively. Many algorithms for the computation of edge—connectivity and vertex—
connectivity of undirectd and directed graphs have been developed over the years.

Many of these algorithms work by solving a number of max—flow problems.

Flows and cuts. Let G = (V, E) be a digraph, where each edge ¢ has a nonneg-
ative capacity c(e). For a pair of vertices s and ¢, an s-t flow of G is a function f on £
such that 0 < f(e) < ¢(e), and for every vertex v # s,t the incoming flow is equal to
outgoing flow, i.e., 37, cp [(u,v) =3, yep (v, u). The value of the flow is defined
as | fl= 2 (suea f(5,0)-

An s-t cut is a set of edges C' such that there is no path from s to ¢t in G — C.
We refer to a minimum cardinality s-t cut as an s-t min-cut. We can compute an s-t
min-cut via a well-known reduction to maximum-flow. By Ford and Fulkerson [14],
we have that the cardinality of the s-t min-cut is equal to the maximum s-t flow in
G = (V, E), where in our case the edges have unit edge capacities (c(e) = 1 for all
e € E). Let G(V, E) be a directed graph. An s-cut is the set of edges directed from
S to V'\ S, where S is any vertex set that contains vertex s such that S C V. Then,
the edge connectivity A of a graph G is the minimum cardinality of an s-cut of G
or Gf. This observation implies the following straightforward approach to compute
the edge connectivity of G: Compute the minimum cardinality s-¢ cut in G' and the
minimum cardinality s-t cut in G%, for all t € V — s. This can be done by executing
2(n—1) maximum-flow computations. Assuming that the graph is simple, i.e., without
parallel edges, the value f(s,t) of any maximum s-t flow is bounded by n, so we can
compute f(s,t) in O(mn) time by running at most n iterations of the Ford-Fulkerson

method [14]. This gives an O(mn?) time bound for computing the edge connectivity.



Even and Tarjan [15] provided an O(m®*?n) bound for computing A via maximum-
flow computations, by proving that Dinic’s algorithm [16] computes the maximum-
flow in a digraph G with unit edge capacities in O(m??) time. Even and Tarjan also
proved that Dinic’s algorithm runs in O(n??®m) time if G is simple, from which they
obtained an O(n*3m) time bound for computing the edge connectivity of a simple
digraph. Schnorr [17] showed how to compute the edge connectivity A of a digraph
with n calls to a maximum-flow algorithm and presented an algorithm that computes
A in O(Amn) time. Mansour and Schieber [18] achieved an O(min{mn, A\*n?}) time
bound by exploiting a relation between minimum cuts and dominating sets. Their
algorithm also uses maximum-flow computations, but chooses the source and sink
vertices based on the notion of out- and in-dominating sets (defined in Section 2.2).

Currently, the state of the art algorithm for computing the edge-connectivity A of
a digraph is the algorithm of Gabow [1] which runs in O(Amlogn) time. Gabow’s
algorithm is inspired by matroid intersection and is based on the idea of packing
spanning trees.

In this Chapter we review the necessary notation and the basic definitions that is
used through this thesis. Moreover we describe some basic tools that are used such

as dfs traversal.

1.2 Notation

Let G = (V, E) be a directed graph (digraph) with vertex set V = V(G) and edge set
E = E(G). We denote the number of vertices and edges by n and m, respectively.
The reverse digraph of G, denoted by G = (V, EF), is the digraph that results from G
by reversing the direction of all edges. We denote by V \ S5, the graph obtained after
deleting a set S of vertices from V. A spanning tree 7' of an undirected graph G is a
connected subgraph of G which includes all of the vertices of G and has no cycle.
Let G = (V, E) be a strongly connected directed graph. Let S C V. The out-degree
(resp., in-degree) of S, denoted by 67 (S) (resp., 6~ (59)), is the number of edges directed
from S to V'\ S (resp., from V'\ S to S). For a vertex v € V, §*(v) (resp., 6~ (v)) denotes
its out-degree (resp., in-degree). We let § = min,cy{0%(v),d (v)} denote the minimum
degree of the graph. For a subgraph H of G, we let ¢};(v) and &5 (v), respectively,
denote the out-degree and the in-degree of v in H. We let £~ (v) = {(u,v) € E}, i.e.,



the set of edges directed to v. The out-volume (resp., in-volume) of S, denoted by
vol ™ (9) (resp., vol™(S)), is the number of edges leaving (resp., entering) the vertices
of S, ie., vol™(S) = 507 (v) (resp.. vol ™ (S) = > g6 (v)).

1.3 Basic Tools

1.3.1 Trees

In graph theory, a tree is an undirected graph in which any two vertices are connected
by exactly one path, or equivalently a connected acyclic undirected graph. A forest is
an undirected graph in which any two vertices are connected by at most one path or
equivalently a disjoint union of trees.

A spanning tree T" of a graph G is a subgraph that is a tree which includes all
of the vertices of G. In general, a graph may have several spanning trees, up to n" 2
spanning trees according to Cayley’s formula.

A rooted tree is a tree with a designated root vertex. A rooted tree may be directed,
called a directed rooted tree, either making all its edges point away from the root
in which case it is called an arborescence or out-tree or making all its edges point
towards the root in which case it is called an anti-arborescence or in-tree. A rooted
forest is a disjoint union of rooted trees.

Throughout the thesis, we assume that the edges of a tree 7" are directed away
from the root. For each directed edge (u,v) in T, we say that u is a parent of v (and
we denote it by ¢(v)) and that v is a child of u. Every vertex except the root has a
unique parent. If there is a (directed) path from vertex v to vertex w in T, we say
that v is an ancestor of w and that w is a descendant of v. Also, for a rooted tree T,
we let T'(v) denote the subtree of T" rooted at v, and we also view T'(v) as the set of

descendants of v.

1.3.2 Depth-first Search

A depth-first search (in short DFS) is a widely used traversal algorithm that starts
from a root vertex and visits all adjacent vertices of the most recently visited vertex
through its outgoing edges, When there are no unexplored outgoing edges from the

current vertex, the algorithm backtracks to the previously visited vertex. Thus, the



Figure 1.1: A directed Graph G and a tree T" constructed by a DFS traversal of G.

algorithm explores the graph as far as possible along each branch (forming at any
given moment an active path) before backtracking. A stack data structure can be used
to keep track of the vertices discovered so far along the active path, which helps in
backtracking of the graph. The edges of the graph that form the active paths during
the DFS generate a tree, which is called depth-first search tree of the graph. There
is no unique DFS tree for a given graph and starting vertex as the tree depends on
the order that the outgoing edges of each vertex are visited. Let 7" be a DFS tree of a
digraph G, starting from a given vertex s. A preorder of 7" is a total order of the vertices
of T" such that, for every vertex v, the descendants of v are ordered consecutively, with
v first. It can be obtained by a depth-first traversal of 7', by ordering the vertices in

the order they are first visited by the traversal.

1.3.3 Breadth-first Search

Breadth-first search (BFS) is another common graph traversal algorithm. It starts
from a root vertex and explores all the vertices at the current depth prior moving on
to the vertices at the next depth level. During the execution of a BFS, a queue data
structure can be used to keep track of the child vertices that were encountered but

not yet explored.



Figure 1.2: A directed Graph G and a tree T" of GG constructed by a BFS traversal of
G.

1.4 Dissertation outline

Dissertation contains 5 chapters. Chapter 2 involves an experimental study of algo-
rithms for computing the edge-connectivity of a directed graph in practice. Computing
the edge-connectivity of a graph is a classical subject in graph theory, and is an im-
portant notion in several application areas, such as transportation,communication,
production, scheduling, and power engineering. We discuss how to achieve efficient
implementations of some important algorithms that have been proposed in the re-
lated literature, including the state-of-the-art algorithm of Gabow [1], Furthermore,
we introduce a new practical heuristic of the algorithm of Gabow [1] that signifi-
cantly improves its performance. We present a thorough empirical analysis of these
algorithms using real data from application areas, as well as some artificial data.

In Chapter 3, we address the question of how efficiently we can compute a max-
imum packing of edge-disjoint arborescences in practice, compared to the time re-
quired to determine the edge-connectivity of a graph. To that end, we explore the
design space of efficient algorithms for packing arborescences of a directed graph
in practice and we conduct a thorough empirical study to highlight the merits and
weaknesses of each technique. In particular, we present an efficient implementation
of Gabow’s arborescence packing algorithm [1] and provide a simple but efficient
heuristic that significantly improves its running time in practice.

Next, in Chapter 4, motivated by recent work in 2-edge strong connectivity in di-
graphs [13, 19, 20], we introduce the following strong connectivity orientation problem

in mixed graphs. Given a mixed graph G, we wish to compute its maximal sets of



vertices (', Cs, . .., Cy with the property that for every i € {1,...,k}, and every edge
e of G (directed or undirected), there is an orientation R; of G'\ e such that all vertices
of C; are strongly connected in R,;. We refer to these maximal vertex sets as the edge-
resilient strongly orientable blocks of G. These concepts are motivated by several diverse
applications, such as the design of road and telecommunication networks, and the
structural stability of buildings.

Lastly in Chapter 5, we discuss possible future extensions and some open related

problems that could be studied on the horizon of further research.



CHAPTER 2

COMPUTING THE EDGE-CONNECTIVITY OF A

DIRECTED GRAPH

2.1 Techniques and Related work
2.2 Tested algorithms
2.3 Empirical Analysis

2.4 Concluding Remarks

A directed graph G is strongly connected if there is a directed path from each vertex
to every other vertex. The edge connectivity A of a graph G is the minimum number
of edges whose deletion leaves a digraph that is not strongly connected. In this
chapter, we provide efficient implementations of algorithms for computing the edge-
connetivity of a directed graph and we present a thorough experimental analysis of
these algorithms. We also suggest a heuristic method that improves the performance

of the algorithm of Gabow [1] significantly.

2.1 Techniques and Related work

Let G = (V, E) be a directed graph (digraph), with m edges and n vertices. Digraph
G is strongly connected if there is a directed path from each vertex to every other

vertex. The edge connectivity A of G is the minimum number of edges whose deletion
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leaves a digraph that is not strongly connected. The reverse digraph of G, denoted by
G® = (V,E®), is the digraph that results from G by reversing the direction of all
edges. An s-cut is the set of edges directed from S to V'\ S, where S is any vertex set
that contains s such that S C V. Then, ) is the minimum cardinality of an s-cut of G
or G. This observation implies the following straightforward approach to compute
the edge connectivity of G: Compute the minimum cardinality s-¢ cut in G and the
minimum cardinality s-t cut in G¥, for all ¢ € V — s. This can be done by executing
2(n—1) maximum-flow computations. Assuming that the graph is simple, i.e., without
parallel edges, the value f(s,?) of any maximum s-t flow is bounded by n, so we can
compute f(s,t) in O(mn) time by running at most n iterations of the Ford-Fulkerson
method [14]. This gives an O(mn?) time bound for computing the edge connectivity.
Even and Tarjan [15] provided an O(m?*?n) bound for computing A via maximum-
flow computations, by proving that Dinic’s algorithm [16] computes the maximum-
flow in a digraph G with unit edge capacities in O(m??) time. Even and Tarjan also
proved that Dinic’s algorithm runs in O(n?®m) time if G is simple, from which they
obtained an O(n®3m) time bound for computing the edge connectivity of a simple
digraph. Schnorr [17] showed how to compute the edge connectivity A of a digraph
with n calls to a maximum-flow algorithm and presented an algorithm that computes
A in O(Amn) time. Mansour and Schieber [18] achieved an O(min{mn, A\*n?}) time
bound by exploiting a relation between minimum cuts and dominating sets. Their
algorithm also uses maximum-flow computations, but chooses the source and sink
vertices based on the notion of out- and in-dominating sets (defined in Section 2.2).

Currently, the state of the art algorithm for computing the edge-connectivity A of
a digraph is the algorithm of Gabow [1] which runs in O(Amlogn) time. Gabow’s
algorithm is inspired by matroid intersection and is based on the idea of packing
spanning trees. A spanning tree of an undirected connected graph G is a connected
acyclic spanning subgraph of G. We extend this definition to directed graphs by ig-
noring the edge orientations. Let s be an arbitrary start vertex of a strongly connected
digraph G. An s-arborescence of G is a directed spanning tree, i.e., an acyclic subgraph
of G where s has in-degree zero and every other vertex has in-degree one. (Thus,
any s-arborescence is a spanning tree of G but not vice versa.)

Edmonds [8] showed that the maximum number of edge-disjoint s-arborescences
of G equals the minimum cardinality of an s-cut.

Edmonds [21] also proved the following Matroid Characterization of s-cuts: The

10



edges of a directed graph can be partitioned into k£ s-arborescences if and only if they
can be partitioned into k£ spanning trees and every vertex except s has in-degree k.
(Referring to this result as the Matroid Characterization of minimum-cut is justified by
the fact that the spanning trees with the above property are formed by the intersection
of two matroids.)

Another approach towards computing the edge or vertex connectivity of a digraph
is based on “local search” algorithms [2, 3, 7, 22] for identifying small cuts of bounded
volume. This idea was introduced by Chechik et al. [2], who provided a local search
procedure that identifies an s-cut of cardinality at most k, so that in the induced
partition (S,V \ S), where s € S, the number of edges that originate from vertices
in S is bounded by O(kA) for some parameter A. Based on this procedure, Chechik
et al. provided faster algorithms for computing the maximal k-edge and k-vertex
connected subgraphs of a directed graph. Simplified but randomized local search
algorithms were presented by Nanongkai et al. [22] and Forster and Yang [7]. These
algorithms improved the dependence on k in the running time of the local search
procedure from k°® to k2. Forster et al. [3] applied their improved local search
procedure to provide a randomized algorithm that computes (with high probability)
the vertex connectivity x of a digraph in O(x - min{skm, x'/>m/?n + k?n}) time.! A
simplified version of their approach gives an O(\?m)-time randomized algorithm to
compute (with high probability) the edge connectivity A of a digraph.

We note that the edge connectivity of a simple undirected graph can be computed
in O(m) time, randomized [23, 24] or deterministic [25, 26]. In particular, the de-
terministic algorithm of Kawarabayashi and Thorup [26], as well as its improvement
by Henzinger et al. [25], apply Gabow’s algorithm on a contracted graph, for which

the latter runs in O(m) time.

2.2 Tested algorithms

In this Section we give an overview of the tested algorithms that are included in the

experimental analysis for computing the edge-connectivity of a directed graph.

The notation O(-) hides poly-logarithmic factors.
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2.2.1 Maximum-flow based algorithms

Let f(s,t) denote the value of the maximum s-t flow in a strongly connected di-
rected graph G = (V, E) (with unit edge capacities). The standard approach to com-
pute the edge connectivity of (¢ via maximum flow is to compute the minimum
value of f(s,t) and f(¢,s) for all ¢t € V — s. Since we assume that G is simple,
we have f(u,v) < n —1 for any u,v € V. Hence, we can compute each maximum
flow value by applying at most n — 1 iterations of the Ford-Fulkerson method, in
O(mn?) total time. Even and Tarjan [15] improved this bound to O(n**m), by prov-
ing that Dinic’s algorithm [16] computes the maximum-flow in a (simple) digraph
with unit edge capacities in O(nQ/ 3m) time. Schnorr [17] observed that it suffices
to make just n call to a maximum flow algorithm: Let V = {v;,vs,...,v,}. Then
A = min{ f(v1,v2), f(v2,v3),..., f(Un_1,0n), f(vn,v1)}. He also presented an algorithm

that computes A in O(Amn) time.

Implementation details

In our implementations of the above maximum-flow based algorithms, we apply
the following obvious practical improvement. When we compute f(u,v), for some
vertices u and v, we terminate the computation early if the current u-v flow exceeds

min{d, fui }, where fii, is the minimum of the flow values computed so far.

2.2.2 Mansour-Schieber algorithm

Mansour and Schieber [18] also apply a maximum-flow based approach. Their al-
gorithm, however, achieves better time bounds by choosing carefully the source and
sink vertices in the maximum flow computations, based on the notion of out- and
in-dominating sets. They provide two versions of their algorithm, with running times
O(mn) and O(A\*n?), respectively.

A set O CV (resp., I CV) is an outgoing dominating set (resp., ingoing dominating
set) if for every vertex v € V'\ O (resp., v € V'\ I) there is a vertex u € O (resp., u € I)
such that (u,v) € E (resp., (v,u) € E). Mansour and Schieber show that if G contains
a cut (S,V \ 9) of cardinality less than §~, then for any outgoing dominating set O
there is at least one vertex in O N (V '\ ). Similarly, if G contains a cut (S,V \ S) of
cardinality less than 6", then for any ingoing dominating set I there is at least one

vertex in /N S. Suppose that we construct O and I so that both sets contain a vertex
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v. The above result implies that if there is a cut (S,V \ §) of cardinality less than ¢
in G, then there is a vertex € O such that A = f(v,x), or a vertex y € I such that
A= f(y,v).

The algorithm computes the edge connectivity in two phases. In the first phase
it grows an outgoing dominating set O = {v = x,21,22,...} and computes the
maximum number of edge-disjoint paths from {v = g, 21,...2;-1} to x; when the
next vertex z; is added to O. Analogously, in the second phase it grows an ingoing
dominating set I = {v = yo, 1, Y2, ...} and computes the maximum number of edge-
disjoint paths from y; to {v = vo,y1,...vi—1} wWhen the next vertex y; is added to
I. Let k be the minimum over all these maxima. Then, A = min{k, J}. Mansour and
Schieber show that this algorithm, that we refer to as Mansour-Schieber I, computes
the edge connectivity in O(mn) time.

A variant of the above algorithm, that we refer to as Mansour-Schieber Il, works
as follows. It tests if G is k-edge connected for exponentially increasing values of
k, i.e., k = 21,22 ... To test if G is k-edge connected for k < 4, it applies two
phases similar to Mansour-Schieber I. During the first phase it grows an outgoing
dominating set O = {v = x¢, 1, %2, ...} and tests if G has k edge-disjoint paths from
{v=xp,x1,...2,-1} to z; when the next vertex z; is added to O. Analogously, during
the second phase it grows an ingoing dominating set I = {v = yo,¥1,%2,...} and
tests if G has k edge-disjoint paths from y; to {v = yo,%1,...y;—1} when the next
vertex y; is added to /. This process identifies a value i such that 271 < )\ < 2!, To
complete the computation of A\, Mansour and Schieber test if G is k-edge connected
for k = min{2’,6}, with the following modification. When we test if G has k edge-
disjoint paths from {v = x¢,z1,...2,-1} to z;, or k edge-disjoint paths from y; to
{v =yo,y1,...¥i—1}, if we find that the maximum number of edge-disjoint paths is
k' < k, then we record this value. If the minimum £’ among these maxima is less

than § then \ = £/, otherwise A = 4. The running time of this algorithm is O(A*n?).

Implementation details.

We store (G using the same data structures as in the implementation of the maximum-
flow based algorithms of Section 2.2.1. We also store the outgoing dominating set O
explicitly, so that we can list all of its vertices in O(|O]) time. Moreover, we maintain
two boolean arrays, Omark and Imark, such that v € O if and only if Omark[v] = 1,

and, similarly, v € I if and only if Imark[v] = 1. To search for a path from O to a
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vertex * € V \ O in the residual network, we execute a breadth-first search (BFS),
where we initialize the BFS queue so that it contains all vertices in O. Similarly, to
search for a path from a vertex y € V' \ I to I, we execute a BFS from y until we

reach a vertex v such that Imark[v] = 1.

2.2.3 Gabow’s algorithm

Gabow [1] showed how to compute efficiently the edge connectivity of a digraph G
by applying the Matroid Characterization of s-cuts. Gabow’s algorithm computes a
minimum s-cut by constructing a complete k-intersection 7" of G, i.e., a collection of
k edge-disjoint spanning trees 77, ..., T, such that each vertex v # s has in-degree £,
s has in-degree zero, and k is as large as possible. In the k-th iteration, the algorithm
starts with a complete (k — 1)-intersection and tries to enlarge it so that it becomes a
complete k-intersection. To that end, it executes a round robin algorithm that maintains
a forest 7}, and tries to locate “joining” edges that will make 7}, a spanning tree of
G, while satisfying the invariant that 0-(s) = 0 and 05 (v) < k for all v # s. In the
following, we call a vertex v deficient if d;(v) < k.

In more detail, during the k-th iteration 7}, is a forest of rooted trees, referred to
as f-trees, where each f-tree F, is rooted at its unique deficient vertex z. For z # s,
dr(z) = k—1. An edge e = (z,y) is joining if z and y are in different f-trees of 7. The
round robin algorithm looks to enlarge T}, by one edge at a time, and simultaneously
to increase the in-degree of a deficient vertex z # s by one. To that end, it examines
an edge e; in E~(z) \ T. If ¢; is joining then we are done. Otherwise, it adds ¢; in
some 7; and looks for a joining edge in the fundamental cycle C(e, T;). To break the
cycle, we can remove from 7; an edge e; € C(e,T;). Then, we can add e; = (u,v) to
some other tree of 7', or replace e, with a edge in £~ (v) \ 7. This pattern continues
until a joining edge is found. The sequence of edges that leads to a joining edge is
called an augmenting path. We define this notion formally below.

An ordered pair of edges e, f is called a swap if f € C(e,T;) for some T; € T.
To execute the swap is to replace f in T; by e. A partial augmenting path P from z is a

sequence of distinct edges ey, ..., ¢, such that:
(1) e € E_(Z) \T

(ii) For each i < [ either
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(a) e;41 € C(e;, T;), where T} contains e;;; but not e;, or

(b) e, €41 € E~(v), for some vertex v, where T contains e; but not e; .

(iii) Executing all swaps of P (i.e., the pairs ¢;, ;1 of (ii.a)) gives a new collection

of forests.

An augmenting path P from z is a partial augmenting path from z whose last edge
e; is joining for z. To augment T' along P is to execute each swap of P and add ¢; to
Ty. This increases the in-degree of z by one (so z is no longer deficient), while no
other in-degree changes.

Each iteration is organized as a sequence of at most [logn]| rounds. At the start
of each round all f-trees are active except F;. Then, we repeatedly choose an active
f-tree I, and search for an augmenting path from z. If no such path is found, then
the algorithm terminates and reports an s-cut of cardinality £ — 1. Otherwise, we
have found an augmenting path P from z and we augment 7" along P. Thus, we
enlarge T by one edge and F. is joined to another f-tree F,. The resulting f-tree
of T} is rooted at w (since z in longer deficient), and becomes inactive for the rest
of the current round. Gabow showed that with an appropriate implementation, each
round runs in O(m) time. Furthermore, he showed that by organizing the search for
augmenting paths carefully, all augmentations can be executed at the end of a round.

Gabow [1] also presented the following slight variant of the round robin algorithm,
which is more suitable for dense graphs. At the start of the r-th round only the f-
trees with at most 2" vertices are made active. Then, the r-th round is executed in
O(m, + 2"n) time, where m, is the number of non-joining edges labelled during that
round. This results to an overall O(mlog(n?/m)) running time of the round robin
algorithm. In our experiments, however, we did not consider this variant as our input

graphs, which are derived from real-world applications, are sparse.

Finding an augmenting path.

To keep track of an augmented path, Gabow’s algorithm stores with every examined
edge ¢ a label [(e) that indicates the previous edge f in a potential augmented path,
i.e., l(e) = f. The algorithm executes a scanning procedure that searches for an
augmented path from z, during which it maintains a queue () of non-joining edges
that need to be examined. When we process the next edge of () we consider the

fundamental cycle C'(e, T;) that e forms in a tree T; (or forest if i = k) of T.
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In the following we let variable i denote the index of the current tree 7; that the
algorithm considers, and let / be a variable that stores an edge label. Moreover, we
let L, denote the subtree of 7; that consists of z and every vertex on a labelled edge
of T;.

Initially, we set @ < 0, i < 1, and ¢ < L. Then, we execute the Label Step for all
edges g€ E~(2)\T.

Label Step. Assign [(g) < ¢. If g is a joining edge then the search is successful and
g is the last edge of P. Otherwise, add ¢ to the end of Q).

If no joining edge is found in £~ (z) \ 7, then we execute the following steps until

the algorithm halts.

Next Edge Step. If () is empty then the search is unsuccessful. Otherwise, delete the
first edge e from Q. If e € T} then set i < (i mod k) + 1.

Fundamental Cycle Step. If both endpoints of e are in L; then continue with the
Next Edge Step. Otherwise let A be the path of unlabelled edges of C(e,T;),

ordered from L, to an endpoint of e.

Label A Step. For the edges f € A in order do: Set ¢ <— e, g < f and execute Label
Step. Let f € E~(v). If no edge of E~(v) \ T is labelled then set ¢ <— f and
execute Label Step for each g € E~(v) \ T.

Implementation details.

We execute simultaneously an iteration of the algorithm in G and in G¥. That is,
during the k-th iteration, we first try to enlarge a given complete (k — 1)-intersection
of G to a complete k-intersection, and then try to do the same in G™. If either of
these attempts fails, then we immediately report that the minimum cardinality of a

cutin Gisk—1,andso A=k — 1.

Graph and k-intersection representation. We store G in static adjacency lists, using
two arrays: out, which stores the out-neighbors of each vertex, and first, which stores
the starting position in the array out of the out-neighbors of each vertex. That is, the
out-neighbors of a vertex v are stored in positions first[v] to first[v+1] —1 of the array

out. We store G in an analogous manner.
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We represent the current k-intersection 7" of G as follows. For each edge e¢ € F,
we maintain a status that indicates if e is used or unused in 7. Moreover, the status
of a used edge e corresponds to the id j of the tree T (or forest if j = k) of T that
contains e. In order to search for an augmenting path efficiently, we maintain the
following data structures. We represent each rooted tree T; (or forest if j = k) in the
current k-intersection of G with three arrays. For each vertex v in 7}, the first array
stores the parent p;(v) of v in T}, the second stores the depth of v in 7}, and the third
stores a pointer to the corresponding edge of the digraph, which is either (p;(v),v)
or (v, p;(v)).

Additionally, we maintain an array root of size n that indicates the root of each
vertex in the corresponding f-tree in T} that contains it. That is, root[v] = z if and
only if v € F,. This allows us to immediately detect if (z,y) is a joining edge, by
checking if root[z] # root[y]. At the beginning of a round, root[v] = v for all vertices
v. When we join two f-trees, F, and F,, while we augment 7" along an augmenting
path from z, we only set root[z] = x. Finally, at the end of a round we update root[v]
to the root of the current f-tree containing v, for all vertices v. Also, at the end of
each round we update the depth and parent arrays only for the trees 7}, for j < k,
of the k-intersection that have an edge that participates in some augmenting path.
We detect these trees when we execute all augmentations at the end of the round.
Note that we delay these updates until the end of each round, since the round robin
algorithm may terminate early, i.e., when the search for an augmenting path from
some deficient vertex is unsuccessful.

We store the corresponding data structures for the current k-intersection of G*. In
order to decrease the space requirements, we consider a variant of Gabow’s algorithm
that computes the minimum s-cut in G and the minimum s-cut in G* separately.
That is, we first run X' + 1 iterations in GG, where )\’ is the minimum cardinality of an
s-cut in G, and then run )+ 1 iterations in G*. This allows us to reuse the same data
structures for storing a k-intersection in G and subsequently a k-intersection in G*.
We refer to this variant as the “serial version” of Gabow’s algorithm. The running

time of this version is O((\ + A\)mlogn).

Fast initialization. We also consider the following method to initialize the forest 7j,
at the beginning of the k-th iteration. Let 7" be the complete (k — 1)-intersection of
G. Then, we initialize T} to be a depth-first search (DFS) spanning forest of G \ T,

17



that is, the subgraph of G induced by the unused edges. We note that each f-tree
F, in T}, has a unique deficient vertex, which is its root z. Hence, this initialization
complies with the requirements of the algorithm. Finally, we make all f-trees F, in
Ty, except Fj, active. We begin the DFS that constructs 7}, from s, so that if it visits
all vertices of (G, then we immediately have a complete k-intersection and are able to
advance to the next iteration. As the experimental results of Section 3.3 suggest, the

above initialization, despite its simplicity, can yield significant speedups in practice.

2.2.4 Local search based algorithms

Let v be any vertex of a digraph G = (V, E). A k-out set (resp., k-in set) of v is a
subset S C V that contains v such that 67(S) < k (resp., 67 (S) < k). Chechik et al. [2]
presented a local search algorithm, based on depth-first search, that computes a k-out
(or k-in) set of a vertex v and a given volume A in O(k°®A) time. More precisely,
the algorithm of Chechik et al., when executed from a vertex v, provides the following
guarantees: If there exists a k-out set of v of volume at most A, then the algorithm
returns a k-out set of volume O(kA), or concludes that G does not contain any k-out
set of v of volume A. A faster randomized algorithm was given later by Forster et
al. [3] (see also [7, 22]). Their algorithm finds a k-edge-out set of volume O(kA), or
concludes that no k-edge-out set of volume A exists, in O(k?A) time, with success
probability p > 1/2. The algorithm allows only false negatives, i.e., with probability
1 — p it may incorrectly decide that there is no k-edge-out set of volume A. Hence,
by repeating this local search O(logn) times, we can ensure that the correct answer
is computed with high probability.

Foster et al. [3] showed how to use this local search to test k-edge-connectivity as
follows. We search for k-out and k-in sets of exponentially growing volume, starting
from A = k and up to A = m/k. For a fixed value of A we execute a sequence of
local searches, initiated from a set Rx of O(m/A) vertices. Specifically, for each vertex
v € RAn we execute a local search in G and in G, in order to identify a k-out or a
k-in set of v of volume O(kA). The vertices in Ra consist of the endpoints of m/A
edges of G, sampled uniformly at random. (Hence, we have a good chance of hitting
a vertex in a k-out or a k-in set of volume O(A), if G contains such a set.) As soon
as we find such a k-out or k-in set, we can immediately report that A < k. On the

other hand, if the local searches fail to identify a k-out or k-in set, there is still a
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chance that such a set exists in G but has volume at least m/k. In order to handle
this case, we can compute the max-flow between randomly selected sources and sinks,
as follows. We sample two edges ¢ = (u,v) and f = (w, z) uniformly at random, and
test if the minimum wu-z cut has cardinality at least k. This can be done by running
k iterations of the Ford-Fulkerson method in O(mk) time. Note that if G contains a
k-out or a k-in set S that was not found during the local searches, then (w.h.p.) both
S and V'\ S have volume at least m/k, so we have O(1/k) probability that v € S and
z € V'\ S. Hence, if we repeat this process O(klogn) times then we will find S with
high probability in O(k*mlogn) time.

Finally, to compute )\, we can test k-edge-connectivity for exponentially growing
values of k, starting from k£ = 1 and up to £ = 4. This way, we find an interval
I = [k, (] such that k£ < A < ¢ =min{J, 2k}, and can compute the exact value of A\ by

a binary search on /.

Implementation details.

As we mentioned above, for a fixed value of volume A, the algorithm performs
local searches initiated from a set Ra of O(m/A) vertices, where Ra consists of the
endpoints of m/A edges, sampled uniformly from G. Observe that when we execute
this process for small values of A, we are likely to sample edges whose endpoints
were already included in Ra. To exclude this possibility, we instead go through all
vertices v of (G, and start a local search from v in order to identify a k-out set (rep.,
k-in set) of v with probability 6t (v)/A (resp., 6~ (v)/A). This way, we also do not
need to store R explicitly.

In order to detect local edge cuts we apply algorithm 2.1. The algorithm takes as
inputs a vertex x € V and two integers v and k. The basic idea is to detect a set S
coantaing vertex x with at most k edges oriented from S to V' — S and a volume at
most v. To that end, we apply Depth-first Search (DFS) on the starting vertex = and
we force early termination according to the desired volume. Specifically, we repeat
k iterations of DFS, and if DFS terminates normally at some iteration, i.e., without
having to apply the early termination condition, then the set of reachable vertices S
have at most k outgoing edges from S to V — S with volume at most v, otherwise, we

certify that no such a set exists.
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Algorithm 2.1: An algorithm for detecting a local edge cut
input : z, v, k

output a vertex set that contains z with volume <v and E(V,V —S) <k or

failure
t fori<«1to k do
2 Grow a DFS tree T starting from z, stopping early at some point to get
y € V(T);
3 If the DFS terminates normally, then return V(T);

4 Reverse all edges along the unique path from z to y in the tree 7', unless

this is the last iteration;
5 end

[}

return failure;

2.3 Empirical Analysis

We implemented our algorithms in C++, using g++ v.7.4.0 with full optimization
(flag -03) to compile the code. The reported running times were measured on a
GNU/Linux machine, with Ubuntu (18.04.5 LTS): a Dell PowerEdge R715 server 64-
bit NUMA machine with four AMD Opteron 6376 processors and 128GB of RAM
memory. Each processor has 8 cores sharing a 16MB L3 cache, and each core has
a 2MB private L2 cache and 2300MHz speed. In our experiments we did not use
any parallelization, and each algorithm ran on a single core. We report CPU times
measured with the high_resolution_clock function of the standard library chrono,
averaged over ten different runs.

The real-world graphs we used in our experiments are reported in Table 2.1.

Table 3.1 gives an overview of the algorithms we consider.
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Table 2.1: Real-world graphs sorted by file size of their largest SCC; n is the number

of vertices, m the number of edges, and d,,, is the average vertex degree; A\ and J

denote, respectively, the edge connectivity and the minimum (in or out) degree.

Original Graph

Largest SCC

Dataset n m file size  d4ug n m file size  d409 A 0 |type and source
Rome99 3.3k 8.8k 98k 2.65| 3.3k 8.8k 98k 2.64 1 1|road network [27]
p2p-gnutella25 | 22.6k 54.7k 685k 2.41| 5.1k 17.9k 199k 3.48 1 1|peer2peer [28]
Oracle-16k 15.6k 48.2k 582k 3.08| 10.4k 299k 320k 2.88 1 1|memory profiling [29]
enron 69.2k 276.1k  3.0M 3.98| 8.0k 147.3k 1.6M 17.81 1 1|email [30]
web-NotreDame | 325k  1.4M 22M  4.6| 48.7k 267k 3.4M 5.49 1 1|web graph [28]
soc-Epinions1 75.8k 508k 59M 6.71|32.2k 442k 5.AM 13.74 1 1|social network [28]
Amazon0302 262k 1.2M 18M  4.71| 241k 1.1M 17M  4.67 1 1|prod. co-purchase [28]
wiki-Talk 2.3M  5.0M 69M 2.1 111k 1.4M 18M 12.93 1 1|social network [28]
web-Stanford 281k 2.3M 34M  8.2| 150k 1.5M 22M 10.47 1 1|web graph [28]
Amazon0601 403k 3.4M 49M 8.4| 395k 3.3M 48M 8.35 1 1|prod. co-purchase [28]
web-BerkStan 685k 7.6M 113M 11.09| 334k 4.5M  66M 13.50 1 1|web graph [28]
Oracle-4M 41M 14.6M 246M 3.55| 2.8M 8.4M 137M 2.95 1 1|memory profiling [29]
sap-4M 41M 12.0M 183M 2.92| 4.0M 11.9M 18IM 2.91 1 1|memory profiling [29]
Oracle-11M 10.7M 33.9M 576M 3.18| 6.4M 159M 261M 2.47 1 1|memory profiling [29]
sap-11M 11.1M 36.4M  668M 3.27|11.1M 36.3M 673M 3.26 1 1|memory profiling [29]
LiveJournal 4.8M 68.9M 1.1G 14.23| 3.8M 65.3M 1G 17.06 1 1|social network [30]
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Table 2.2: An overview of the algorithms considered in our experimental study. The
bounds refer to a simple digraph with n vertices and m edges, edge connectivity A,

and A" minimum cardinality of an s-cut.

Algorithm Abbr. Technique Complexity Ref.

Ford- FF Compute v1-vg, V=03, «..Vp_1-Un, Up=  O(mn?) [14]

Fulkerson v; maximum flows

Dinic Dinic O(n®3m) [16,
15]

Mansour- MS Compute out/in-dominating sets O(mn) [18]

Schieber 1 O/l and O-v and v-I maximum

flows
Mansour- MS I O(\?n?) [18]

Schieber 11

Gabow G Compute a A-intersection in G and O(Amlogn)

a A-intersection in G simultane-

ously
Gabow serial G-S  Compute a X-intersection in G and O((\ + [1]
version then a A-intersection in G# A)mlogn)
Local Search LS Random sampling and local search O(AQm) [3]

for exponentially increasing vol-

ume
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2.3.1 Strongly connected graphs

In our first experiment, we use as input the largest SCC of the real-world graphs shown
in Table 2.1. Interestingly, each such component contains a vertex of in-degree or out-
degree one, so we have A = § = 1. So, in this case the algorithms just verify that the
graphs have a 1-edge cut. The results of this experiment are given in Table 2.3, where
we terminate the execution of an algorithm if it exceeds 2 hours. See also Figure 2.1
for the corresponding plot. From the results, we observe that MS has overall the
worst performance, followed by FF and Dinic. The remaining algorithms, MS Il, G,
G-S (and their improved versions), as well as LS are orders of magnitude faster.
Algorithms G and G-S have similar performance, which is due to the fact that \' (the
minimum cardinality of an s-cut in () is usually equal to X in all these instances. The
same observation holds for their improved versions G-DFS and G-S-DFS. Comparing
G with G-DFS and G-S with G-S-DFS, we observe that our improved initialization
of the current forest 7}, incurs a speedup larger than 5 on average. Finally, we note

that LS also performs very well on these instances, and it is even faster than G and

G-S.
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Table 2.3: Running times in seconds of the algorithms for SCCs of the real-world

graphs of Table 2.1. The execution of an algorithm was terminated if it exceeded 2

hours.

Graph FF Dinic MS MS Il  G-S G-S-DFS G G-DFS LS
rome99 0.43 0.08 1.42 0.01 0.02 0.01 0.03 0.01 0.01
p2p-gnutella25 3.89 3.25 4.32 0.01 0.01 0.01 0.02 0.01 0.01
oracle-16k 6.54 6.69 7.20 0.01 0.01 0.01 0.02 0.01 0.01
enron 14.55 12.62 24.64 0.02 0.04 0.01 0.05 0.01 0.01
web-NotreDame| 148.32  63.32 241.68 0.04 0.09 0.02 0.11 0.02 0.07
soc-Epinions1 487.58 547.36 590.47 0.14 0.14 0.03 0.09 0.04 0.08
Amazon0302 >2h >2h >2h 0.62 1.11 0.24 0.98 0.15 0.18
wiki-Talk 3,443.95 6,178.35 >2h 0.56 0.20 0.12 0.24 0.08 0.37
web-Stanford >2h >2h  >2h 0.57 2.71 0.19 2.50  0.17 0.22
amazon(0601 >2h >2h  >2h 1.41 1.45 0.35 1.34 0.34 0.61
web-BerkStan >2h >2h  >2h 0.80 1.71 0.21 1.90 0.21 0.49
oracle-4M >2h >2h >2h 3.08 5.58 0.80 4.58 0.80 2.12
sap-4M >2h >2h  >2h 3.70 6.41 1.01 6.90 0.91 2.04
oracle-11M >2h >2h  >2h 4.50 13.96 1.43 13.46 1.27 3.35
sap-11M >2h >2h  >2h 10.38 52.59 6.76 41.73 5.64 6.94
LiveJournal >2h >2h  >2h 42.22 20.79 6.57 20.17 6.26 11.76
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Figure 2.1: Plot of the running times in seconds of the algorithms for SCCs of the

real-world graphs of Table 2.1.

2.3.2 2-edge connected graphs

Next, we consider 2-edge connected subgraphs of some real-word graphs, whose
characteristics are reported in Table 2.4. Here, all input graphs have edge-connectivity
A = ¢ = 2. The running times of the algorithms are reported in Table 2.5, and are
plotted in Figure 2.2. We observe that in this experiment, unlike the A = 1 case, Dinic
outperforms FF in all instances, and in several cases it even outperforms MS. Again,
MS II has superior performance compared to MS, but still it is not competitive with G,
G-S (and their improved versions), and LS on several instances. We also observe that
G-DFS and G-S-DFS achieve larger speedups compared to G and G-S, respectively,
than in the A = 1 case. Indeed, on average, G-S-DFS is more than 22 times faster
than G-S, while G-DFS is more than 26 times faster than G. The local search based
algorithm LS also performs well on these 2-edge connected instances, but it is still

more than 6 times slower than G and more than 26 times slower than G-DFS on

average.
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Table 2.4: Characteristics of 2-edge connected subgraphs of some real-word graphs
from Table 2.1; n is the number of vertices, m the number of edges; A and  denote,

respectively, the edge connectivity and the minimum (in or out) degree.

Graph n m filesize o A\
rome99_2ECC-1 2249 6467 64K 2 2
web-NotreDame 2ECC-2 1409 6856 66K 2 2
web-NotreDame_2ECC-1 1462 7279 70K 2 2
web-BerkStan 2ECC-1 1106 8206 73K 2 2
twitter-higgs-retweet_2ECC-1 1099 9290 81K 2 2
web-NotreDame 2ECC-3 1416 13226 124K 2 2
web-BerkStan_2ECC-3 4927 28142 292K 2 2
enron_2ECC-1 4441 123527 1.3M 2 2
web-Stanford_2ECC-1 5179 129897 1.3M 2 2
web-Stanford_2ECC-2 10893 162295 1.8M 2 2
Amazon-302_2ECC-1 55414 241663 3.0M 2 2
web-BerkStan_2ECC-2 12795 347465 3.6M 2 2
soc-Epinions1_2ECC-1 17117 395183 4.0M 2 2
web-BerkStan_2ECC-4 29145 439148 5.2M 2 2
web-Google 2ECC-1 77480 840829 "M 2 2
WikiTalk_2ECC-1 49430 1254898 14M 2 2
Amazon-601_2ECC-1 276049 2461072 34M 2 2

2.3.3 Augmented graphs

In our final experiment, we consider how the running time of each algorithm is
affected as the edge connectivity value X increases. To that end, we augment the real-
word graphs as follows. Let G be an input strongly connected digraph. For a given
parameter k, we create an augmented instance G of G by executing the following
procedure. We go through the vertices of G and, for each vertex v, we add k£ — ™ (v)
edges directed to v if 07 (v) < k. Then, we make a second pass over the vertices and,
for each vertex v, we add k — 0% (v) edges directed away from v if 6% (v) < k. Notice
that the resulting graph has minimum degree 6 > k.

Table 2.6 reports the characteristics of the augmented graphs produced by the

above procedure. In Table 2.7 we report the running times of each algorithm with
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Table 2.5: Running times in seconds of the algorithms for the 2-edge connected

subgraphs of Table 2.4. The execution of an algorithm was terminated if it exceeded

2 hours.

Graph FF  Dinic MS MS Il G-S G-S-DFS G G-DFS LS
rome99_2ECC-1 1.76 ~ 0.078 0.86 1.06 0.13 0.01 0.11  0.01 0.07
web-NotreDame_2ECC-2 0.8 0.079 0.33 0.01 0.02 0.01 0.03 0.01 0.06
web-NotreDame_2ECC-1 1 0.097 0.35 0.01 0.01 0.01 0.03 0.01 0.07
web-BerkStan_2ECC-1 0.72 0.12 0.30 0.01 0.03 0.01 0.02 0.01 0.03
twitter-higgs-retweet_2ECC-1 0.88 0.62 0.27 0.01 0.03 0.01 0.01 0.01 0.05
web-NotreDame_2ECC-3 0.85 0.25 0.56 0.06 0.05 0.01 0.08 0.01 0.07
web-BerkStan_2ECC-3 14.64 0.74 3.20 1.89 0.28 0.01 0.28 0.01 0.19
enron_2ECC-1 35.5 8.27 6.64 0.02 0.16 0.01 0.14 0.01 1.00
web-Stanford_2ECC-1 38.97 9.2 8.29 0.05 0.09 0.02 0.17 0.01 0.79
web-Stanford_2ECC-2 124.05  10.19  59.45 3.50 0.55 0.03 0.76 0.04 1.44
Amazon-302_2ECC-1 2332.06 138.93 979.38 538.58 4.98 0.28 3.54 0.23 4.46
web-BerkStan_2ECC-2 591.72 120.35  72.22 0.15 0.60 0.04 0.59 0.03 2.33
soc-Epinions1_2ECC-1 486.4 375.77 246.36 1414 0.23 0.11 0.22 0.08 6.14
web-BerkStan_2ECC-4 1213.97  81.12 221.27  45.33 0.78 0.16 1.05 0.14 4.96
web-Google_2ECC-1 11126.71 188.02 2542.86  216.45 11.51 0.43 8.66  0.47 11.60
WikiTalk_2ECC-1 4390.89 3917.49 2892.46 5.71 0.50 0.14 0.43  0.15 22.06
Amazon-601_2ECC-1 >2h >2h >2h 5,868.82 44.14 2.41 36.57 2.92 71.36

an augmented graph G, as input, for k € {2,4,8,16}. The running times are plotted
in Figure 2.3, where the graphs are ordered by their number of edges, and also in
Figure 2.4, where the graphs are grouped by type.

Now, we observe that Dinic starts to outperform FF as A increases, while MS is
faster than Dinic on most instances. Unlike our previous experiments, MS Il runs
much slower than MS, and its performance degrades more sharply for larger values
of A. The same phenomenon is apparent for LS, which is no longer competitive with
Gabow’s algorithm as )\ increases. We note that this behavior is expected for MS Il
and LS, as the running time of both algorithms has a quadratic dependence on .
Finally, we observe that the four versions of Gabow’s algorithm, G, G-S, G-DFS and
G-S-DFS, are very robust. Again, our improved initialization of the current forest

T} in each iteration of Gabow’s algorithm provides significant speedups: more than
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Figure 2.2: Plot of the running times in seconds of the algorithms for the 2-edge

a factor of 10 on average for G-S-DFS, and more than a factor of 9 on average for

connected subgraphs of Table 2.4.
G-DFS.



Table 2.6: Characteristics of augmented graphs, resulting from real-world graphs of
Table 2.1 after inserting some edges; n is the number of vertices, m the number of
edges; A\ and § denote, respectively, the edge connectivity and the minimum (in or

out) degree.

Graph n m filesize o A
rome99-EC2 3352 9869 92k 2 2
rome99-EC4 3352 15468 144k 4 4
rome99-EC8 3352 31952 296k 8 8
rome99-EC16 3352 65542 605k 16 16
p2p-Gnutella25-EC2 5152 19765 184k 2 2

p2p-Gnutella25-EC4 5152 27565 257k
p2p-Gnutella25-EC8 5152 50076 466k
p2p-Gnutella25-EC16 | 5152 100669 591k 16 16

enron-EC2 8271 151651 1.5M 2
enron-EC4 8271 162999 1.6M 4 3
enron-EC8 8271 190618 19M 8 7
enron-EC16 8271 253345 2.5M 16 15
oracle-16k-EC2 10405 39756 356k
oracle-16k-EC4 10405 62589 576k
oracle-16k-EC8 10405 112138 1.1M
oracle-16k-EC16 10405 215195 2.0M 16 16
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Table 2.7: Running times in seconds of the algorithms for the augmented graphs of

Table 2.6.

Graph FF Dinic MS MSIlI G-S G-S-DFS G G-DFS LS
rome99-EC2 1.20 0.73  2.76 2.58 0.06 0.01 0.07 0.01 0.16
rome99-EC4 3.14 6.01 4.64 18.43 0.04 0.01 0.04 0.01 1.11
rome99-EC8 12.48 14.35 9.66 41.88 0.12 0.01 0.15 0.01 8.23
rome99-EC16 44.35 27.38 16.43 145.04 0.41 0.02 0.37 0.02 63.05
p2p-Gnutella25-EC2 6.48 9.26 7.05 0.36 0.03 0.01 0.04 0.01 0.23
p2p-Gnutella25-EC4 14.51 19.29 10.38 14.94 0.10 0.01 0.10 0.01 1.88
p2p-Gnutella25-EC8 | 36.72 38.48 22.64 80.31 0.28 0.01 0.27 0.02 14.43
p2p-Gnutella25-EC16 | 113.80 70.49 39.48 355.46 0.69 0.05 0.69  0.07 114.45
enron-EC2 25.65 21.25 30.95 0.68 0.04 0.03 0.06 0.02 0.02
enron-EC4 67.24 95.11 4317  3.53 0.26 0.03 0.22 0.03 5.33
enron-EC8 170.04 174.73 75.76 40.62 0.71 0.05 0.62 0.08 36.98
enron-EC16 468.09 330.42 136.44 294.01 1.78 0.16 1.74  0.20 237.62
oracle-16k-EC2 22.38 36.26 32.17 1.02 0.07 0.03 0.06 0.02 0.44
oracle-16k-EC4 69.31 102.28 42.34 50.01 0.22 0.04 0.19 0.04 5.48
oracle-16k-EC8 181.06 190.01 74.96 304.84 0.69 0.05 0.53 0.05 41.23
oracle-16k-EC16 536.85 440.09 179.11 1732.77 2.14 0.16 1.58 0.16 337.99

30




9TD3-uoius

9T1D3-%91-9|d>elo
P ERVOIIE]

#33-usius

8D3-39T1-9|delo
1D3-Gze||enun-dzd

9123-66°WoOl
¥23-591-9|5el0

8D3-Gze||enun-dzd
ZD391-3[2e40
8D3-66°WoOl
¥D3-gzel@Inun-dgd
ZO3-Sze|einun-dzd

¥23-663wWol

Z03-66°9W0l

FF ——
Dinic —*—

MS
MS I

G-S

!

%]
L
(@]

n
L
o

|

G

10.000

1.000

100

10 | G-S

1_

0.1

0.01 |
0.001

1+e5

1+e4

Figure 2.3: Plot of the running times in seconds of the algorithms for the augmented

graphs of Table 2.6.

31



N < 0
O 0O O O
B b b 9
N <t 00
© AN (N (N N O U U U
8330 == =22 © Wwow W
refielvr g 2g2sg NS8O R
] 5 35 3 S
(<)) I =) )] cC c c C wow ww oo s A
2322 ©6 90 5555 ST T
€ £ £ € & A4 o o S p g ¢ A
O O O O AN N N N Cc C C C [ G G
Put e e o O O o v v O O o O O O
T 1T 1 T 1T 1 T 1T 1 T 1T 1
10.000 | FF .
Dinic
1.000 MS h
MS I
100 - Ges -
10 | G-S-DFS i
G
1+ G-DFS E
LS
0.1 | i
0.01 —
0.001

Figure 2.4: A different plot of the running times in seconds of the algorithms for
the augmented graphs of Table 2.6: here we aim at showing how the running time
is affected by increasing the edge connectivity; graphs are shown in an ordinal way,
and their position on the z-axis is not representative of their number of edges, as in

Figure 2.3.

32



2.3.4 Faster implementations of local searched based algorithm

In this section we revisit the implementation of the local searched based algorithm due
to the work of [31]. The authors provided two heuristic methods named Locall+
and Local2+ that improve the performance of the local searched based algorithm.
Since the main overhead of the algorithm is the subroutine that detects local cuts, the
authors presented conditions that allows the subroutine to terminate earlier, based
on the sum of degrees of the visited vertices instead of the number of accessed edges.

We implemented and tested the proposed implementations of Locall+ and Lo-
cal2+ [31] on augmented graphs and as we can see in Table 2.8 Locall+ and
Local2+ improve the performane of local search based algorithm significantly, how-
ever Gabow’s algorithm clearly outperforms Locall+ and Local2+ and the dominance

of the algorithm of Gabow is becoming obvious as the edge conectivity increases.

Table 2.8: Running times in seconds among various implementations of Local search
based algorithm and implemenations of Gabow’s algorithm. LS1+ denotes Locall+.

Similarly, LS2+ denotes Local2+.

Graph G-S G-S-DFS G G-DFS LS LS1+ LS2+
rome99-EC2 0.06 0.01 0.07 0.01 0.16 0.14  0.03
rome99-EC4 0.04 0.01 0.04 0.01 1.11 0.47 0.14
rome99-EC8 0.12 0.01 0.15 0.01 8.23 1.71 0.81
rome99-EC16 0.41 0.02 0.37 0.02 63.05 585 6.84
p2p-Gnutella25-EC2 | 0.03 0.01 0.04 0.01 0.23 0.14  0.05
p2p-Gnutella25-EC4 | 0.10 0.01 0.10 0.01 1.88  0.68 0.27
p2p-Gnutella25-EC8 | 0.28 0.01 0.27 0.02 14.43 3.15 1.61
p2p-Gnutella25-EC16 | 0.69 0.05 0.69 0.07 114.45 1415 11.64
enron-EC2 0.04 0.03 0.06 0.02 0.02 00.00 0.00
enron-EC4 0.26 0.03 0.22 0.03 5.33 2.18 0.78
enron-EC8 0.71 0.05 0.62 0.08 36.98 698 2.26
enron-EC16 1.78 0.16 1.74 0.20 237.62 32.52 13.13
oracle-16k-EC2 0.07 0.03 0.06 0.02 0.44  0.80 0.11
oracle-16k-EC4 0.22 0.04 0.19 0.04 5.48  2.58 0.63
oracle-16k-EC8 0.69 0.05 0.53 0.05  41.23 7.84 3.70
oracle-16k-EC16 2.14 0.16 1.58 0.16 337.99 32.16 30.57
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2.4 Concluding Remarks

In this work we provided a comprehensive experimental study of algorithms that
compute the edge connectivity of a directed graph. We also presented efficient imple-
mentations of Gabow’s matroid intersection and packing spanning trees algorithm [1],
and applied a simple heuristic that improved its practical performance significantly.
Furthermore, we gave an implementation of a randomized algorithm for computing
the edge connectivity A, based on local search [2, 3, 7, 22, 31]. Our experimental
results showed that this algorithm is competitive with Gabow’s algorithm when A
is small, but its performance degrades rapidly as A increases. Finally our code is

publicly available at https://github.com/rogatienne/ALENEX21EdgeConnectivity.
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CHAPTER 3

PACKING ARBORESCENCES

3.1 Background and Definitions
3.2 Tested algorithms
3.3 Empirical Analysis

3.4 Concluding Remarks

In this chapter we explore the design space of efficient algorithms that compute a
maximum packing of edge-disjoint arborescences. In particular, we present an efficient
implementation of Gabow’s arborescence packing algorithm [1], and we provide a
simple but efficient heuristic that significantly improves its running time in practice.
Then, we conduct a thorough empirical study to highlight the merits and weaknesses

of each technique.

3.1 Background and Definitions

A spanning tree of an undirected connected graph G is a connected acyclic spanning
subgraph of G. We extend this definition to directed graphs by ignoring the edge
orientations. Let 7" be a spanning tree of a directed graph G rooted at s; T' is an
s-arborescence of G it s has in-degree zero and every other vertex has in-degree one.
(Thus, any s-arborescence is a spanning tree of G but not vice versa.) The arborescence

packing problem for vertex s is to construct the greatest possible number of edge-disjoint
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G Ay A,

Figure 3.1: A directed graph G with start vertex s. Subgraphs A; and A, are two
edge-disjoint s-arborescences of G ({A; , Ay} is a maximum set of edge-disjoint s-

arborescences of GG).

s-arborescences. See Figure 3.1. These concepts are useful in applications such as
modeling broadcasting and evacuation [32].
Here we consider the arborescence packing problem from a practical perspective.

Our starting point is the following fundamental theorem of Edmonds:

Theorem 3.1. (Edmonds [8]) The maximum number of edge-disjoint s-arborescences of G

equals the minimum cardinality of an s-cut.

Edmonds gave an algorithmic proof, but the algorithm is complicated and seems to
require exponential time in the worst-case [1]. Later, Lovasz [33] gave an elegant proof
of Edmonds’ theorem. Tarjan [4] presented an O(k*m?)-time algorithm to compute a
maximum packing of edge-disjoint s-arborescences, where k = c¢(s). Schiloach [34],
presented later an O(k*mn)-time algorithm. The same bound was achieved by Tong
and Lowler [5], who also claimed that Schiloach’s algorithm is flawed. See also [35,
36] for recent interesting generalizations of Edmonds’ theorem.

Currently, the best bound for the arborescence packing problem is O(mklogn +
nk*log®n), which was achieved by Bhalgat et al. [37] using the concept of edge
splitting [38, 39]. Let G be a digraph with start vertex s. Define the s-v edge-connectivity
cg(s,v), for any vertex v # s, as the cardinality of the minimum s-v cut. We say
that a vertex v is eligible if indegree(v) > outdegree(v). For such a vertex v, we can
assume that indegree(v) = outdegree(v) since we can add multiple edges from v to s
without affecting the s-w edge-connectivity cq(s,w) of any w # s. Splitting off two
edges (z,y) and (v, z) means deleting these two edges, and adding a new edge (z, z).

This operation can be done so that the s-v edge-connectivity cs(s,v) is preserved
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for any v # y. Splitting off of an eligible vertex v means to split off pairs of edges
incident on v so that each pair consists of an edge entering v and an edge leaving
v, without affecting the connectivity of the remaining graph until v has no outgoing
edge. Now, v can be removed from the graph without affecting the connectivity of the
remaining graph [37]. Bhalgat et al. describe a procedure that removes any specified
set S of eligible vertices while maintaining the s-v edge-connectivity of all v ¢ S.
Their algorithm extends the edge-connectivity algorithm of Gabow so that it can
compute a splitting of all vertices in S. Then, it recursively computes a maximum
arborescence packing of the resulting graph, which can then be used to recover a
maximum arborescence packing of the original graph by putting back the vertices in
S.

3.2 Tested algorithms

Here, We provide an overview of all the tested algorithm that we consider in our
experimental analysis.

Let A be a partial s-arborescence of G. We say that A is good if cg_a(s) > k — 1.
All the algorithms we consider try to enlarge a partial s-arborescence A of G by
adding one edge at a time. We note that we can combine any packing arborescences
algorithm with Gabow’s edge connectivity algorithm as follows. First, we run Gabow’s
edge connectivity algorithm on G, and compute a complete k-intersection 7' of G
in O(kmlogn?/m) time. Then, we keep in G only the edges of E(T) and run the
packing arborescences algorithm on the reduced graph. (This is valid by the Matroid
Characterization of s-cuts.) If the packing algorithm runs in O(f(m,n)) time on the
original graph, then the combined algorithm runs in O(kmlogn?/m + f(nk,n)) total

time.

3.2.1 The algorithm of Tarjan

Tarjan [4] computes a maximum packing of arborescences A = {A;,...,A;} by
executing k iterations of the following procedure. During the j-th iteration (for
j =1,2,...,k), it computes an arborescence A; of G such that A; is pairwise edge-
disjoint with the arborescences in AY~Y = {A;,..., 4, ,}, and GY = G \ AV has

cao(s) =k —j. (Le., A; is good for GU~1.) To compute A; we work as follows. We
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initialize a vertex set S = {s}, the set of edges E(A;) = () and mark all edges of G~
as usable. Then, we perform the following step until S = V(G). We find a usable
edge e = (u,v) such that u € S and v € V(G) \ S, mark e as unusable and compute
car(S), where G' = GU=Y\ (A; U {e}). If ¢ (S) > k — j then we add v to S, and add
e to Aj.

To test if ¢/ (S) > k—j, it suffices to determine if we can send at least k —j units of
flow from S to v (where we assign unit edge capacities). This can be done in O(km)
time by executing at most k—j iterations of the Ford-Fulkerson method [14]. Since we
perform £ iterations, and in each iteration we test at most m edges, the total running
time is O(k*m?). This bound is reduced to O(kmlogn?/m + k*n?) = O(k*n?) if we
first compute a complete k-intersection of G by Gabow’s edge connectivity algorithm,
and then run Tarjan’s algorithm on the reduced graph that contains only the edges
of E(T).

Implementation details In our experiments, we noticed that the order in which we
examine the usable edges may affect the running time of the algorithm significantly.
Hence, we considered two versions of the algorithm: In the first version, we maintain
the vertices of S in a stack, and examine the usable edges e = (u,v) starting from
the most recently added vertices u € S. In the second version, we maintain S in a
FIFO queue, and examine the usable edges e = (u,v) starting from the least recently
added vertices u € S. As in turns out, in our experiments the stack version performed

significantly better on most instances. (See Appendix 3.3.)

3.2.2 The algorithm of Tong and Lawler

The algorithm of Tong and Lawler [5] applies a divide and conquer approach. Sim-
ilarly to Tarjan’s algorithm, it grows a partial arborescence A of G by trying to add
one edge at a time. Initially V/(A) = {s} and E(A) = (. A candidate edge ¢ = (u,v),
such that u € V(A4) and v € V(G) \ V(A), is selected according to the following
rule: u # s, unless there is no other candidate edge. Then, we compute c¢(s), where
G' = G—(AU{e}), and consider the following two cases. (a) If cc/(s) > k— 1 then the
examination of e is successful. In this case, we add v to V(A), and add e to E(A). If A
is now an arborescence, that is V(A) = V(G), then we set G = G — A and recursively

compute k— 1 edge-disjoint arborescences in G. (b) Otherwise, we have c¢/(S) = k—2,
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and the examination of e is unsuccessful. In this case, the algorithm of Tong and Lawler
applies divide and conquer as follows. Let (S,V(G) \ S) be a minimum s-cut of G,
where s € S. It is easy to observe that e € E(S,V(G) \ S), hence v € V(G) \ S, and
moreover, that there must be an edge ¢ € E(A) such that ¢/ € E(S,V(G) \ 5). Next,
we split G into two auxiliary graphs G; and G, with corresponding partial arbores-
cences A; and A, as follows. To construct G;, we contract the vertices of S into s
and delete all edges directed to s. Then, A; consists of the edges of A that were not
deleted and is a partial arborescence of G (but it may not be a full arborescence yet).
Similarly, we construct G, by contracting the vertices of V(G) \ S into v and delete
self-loops. To form a corresponding partial arborescence A, of A in G5, we delete all
the edges of A that are directed from S to V(G) \ S except for the first edge (x,y)
on a path from S to V(G) \ S in A. That is, = is reachable from s through a path
that contains only vertices in S N V/(A). So, Ay consists of the edges of A that were
not deleted and is a partial arborescence of G5 (but it may not be a full arborescence
yet). We recursively compute k edge-disjoint arborescences A}, A3, ..., A} of G; and
A2 A2.... A2 of Gy, where E(A]) C E(A;) and E(A?) C E(Ay). Then, we combine
these arborescences to form k edge-disjoint arborescences of GG. This combination is
easy to perform because each arborescence of G, is edge-disjoint from exactly k — 1
arborescences of G5 and vice versa. Hence, to form the desired arborescences of G,
we combine each pair of non-disjoint arborescences.

As in Tarjan’s algorithm, we can test if an edge e can be included in the partial ar-
borescence A in O(km) time by executing k iterations of the Ford-Fulkerson method.
Since at most kn edges are added in the packing A, the total time spent for successful
edge additions is O(kan). On the other hand, since we can split G at most n times,
there are at most n unsuccessful edge examinations. Thus, the total time spent for
unsuccessful edge examinations is O(kmn), which results to a total running time of
O(k*mn).

Tong and Lawler also observed that the running time of their algorithm can
be improved to O(kmn + k3n?) after some preprocessing. The preprocessing phase
computes a flow of value k£ from s to each other vertex ¢ # s. After we have computed
an s-t flow, we delete the edges entering ¢ with zero flow. By repeating this process for
all vertices t # s, after O(kmn) time we are left with a subgraph H of G with O(kn)
edges and cy(s) = k. Thus, we can compute k edge-disjoint arborescences of H in

O(k*n?) time. If we use Gabow’s edge connectivity algorithm to compute a complete
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k-intersection of G instead of H, then we obtain an O(kmlogn?/m + k3n?) = O(k3n?)

time bound.

Implementation details As in our implementation of Tarjan’s algorithm, we ex-
amine candidate edges (to be included in the partial arborescence A) using a stack
or a FIFO queue. As with Tarjan’s algorithm, the running time of the Tong-Lawler
algorithm depends on the order in which we examine candidate edges. In our ex-
periments the stack version of the Tong-Lawler algorithm outperformed the queue
version, but not consistently. (See Appendix 3.3.) When we split G, we create two
new graph instances for G; and G, and assign new vertex ids so that they are in the
ranges [1, |V (G1)|] and [1, |V (G2)|] respectively. To restore the original vertex ids, we
maintain mappings h; : V(G;) — V(G), ¢ = 1,2. Moreover, for each edge in G; and
(> that has exactly one endpoint in a contracted part of the graph (i.e., for each edge
(x,y) such that z € S and y € V(G) \ S, or vice versa), we associate it with the corre-
sponding original edge of G. This information suffices to combine the arborescences
in G; and G, and form the arborescences of GG. Thus, after a split, we no longer need

to keep the initial graph in memory.

3.2.3 The algorithm of Gabow

Gabow [1] presented an O(k*n?)-time algorithm to compute a maximum arborescence
packing. First, it computes a complete k-intersection 7' of the input digraph for s.
We let G be the subgraph with edges E(T'). Then, it repeats the following procedure,
until k& = 0:

1. Compute a complete (k — 1)-intersection 7" of G.

2. Find a good s-arborescence A of G, using the algorithm described below in
Section 3.2.3.

3. Decrease k by one and repeat the procedure on G — A.

Similarly to the algorithms of Tarjan, and of Tong and Lawler, in Step 2 Gabow’s
algorithm tries to enlarge a partial arborescence by adding one edge at a time. Unlike
the these other algorithms, however, Gabow’s algorithm does not perform flow com-

putations, but relies on the framework of his edge-connectivity algorithm. Hence, we
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first provide an overview of how Gabow computes the value k = ¢,(G) of a minimum

s-cut, together with a complete k-intersection 7' of G, in O(kmlogn?/m) time.

Computing a complete k-intersection 7' of G

Recall that a complete k-intersection 7" of GG is a collection of k edge-disjoint spanning
trees 11,...,T}, such that each vertex v # s has in-degree k and s has in-degree
zero. Gabow’s algorithm computes 7' in k iterations, where in the £’-th iteration
(K = 1,...,k), it begins with a complete (k' — 1)-intersection and tries to enlarge it
so that it becomes a complete k'-intersection. To that end, it executes a round robin
algorithm that maintains a forest 7}, and tries to locate “joining” edges that will make
T}» a spanning tree of G, while satisfying the invariant that d,(s) =0 and 0, (v) <k’
for all v # s. In the following, we call a vertex v deficient if 05 (v) < k'.

In more detail, during the %'-th iteration 7} is a forest of rooted trees, referred to
as f-trees, where each f-tree F, is rooted at its unique deficient vertex z. For z # s,
d7(2) =K' —1. An edge e = (z,y) is joining if x and y are in different f-trees of 7},. The
round robin algorithm looks to enlarge T}, by one edge at a time, and simultaneously
to increase the in-degree of a deficient vertex z # s by one. To that end, it examines
an edge e; in E~(z) \ E(T). If e; is joining then we are done. Otherwise, it adds e; in
some 7; and looks for a joining edge in the fundamental cycle C(e,T;). To break the
cycle, we can remove from 7; an edge e; € C(e,T;). Then, we can add e; = (u,v) to
some other tree of T, or replace e, with a edge in £~ (v)\ E(T). This pattern continues
until a joining edge is found. The sequence of edges that leads to a joining edge is
called an augmenting path. We define this notion formally below.

An ordered pair of edges e, f is called a swap if f € C(e,T;) for some T; € T.
To execute the swap is to replace f in T; by e. A partial augmenting path P from z is a

sequence of distinct edges ey, ..., ¢, such that:
1. e € E=(2) \ E(T).
2. For each i < [ either

(a) e;j11 € Cle;, T;), where T; contains e;;; but not e;, or
+ j J +

(b) €, €11 € E~(v), for some vertex v, where T contains e; but not e; .

3. Executing all swaps of P (i.e., the pairs ¢;,e;11 of (2a)) gives a new collection

of forests.
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An augmenting path P from z is a partial augmenting path from z whose last edge ¢,
is joining for z. To augment T along P is to execute each swap of P and add ¢; to Tj.
This increases the in-degree of z by one (so z is no longer deficient), while no other
in-degree changes.

Each iteration is organized as a sequence of at most [logn]| rounds. At the start
of each round all f-trees are active except F;. Then, we repeatedly choose an active
f-tree F, and search for an augmenting path from z. If no such path is found, then
the algorithm terminates and reports an s-cut of cardinality &’ — 1. Otherwise, we
have found an augmenting path P from 2z and we augment 7' along P. Thus, we
enlarge T by one edge and F, is joined to another f-tree F,. The resulting f-tree of
Ty is rooted at w (since z is no longer deficient), and becomes inactive for the rest
of the current round. Gabow showed that with an appropriate implementation, each
round runs in O(m) time. Furthermore, he showed that by organizing the search for

augmenting paths carefully, all augmentations can be executed at the end of a round.

Computing a good s-arborescence

We now give an overview of how Gabow computes a good s-arborescence A of GG in
Step 2 of his arborescence packing algorithm. The algorithm maintains the following
subgraphs of G: a partial s-arborescence A of GG, a working graph H = G — A, and
a complete (k — 1)-intersection 7" for s on G. It uses the following key concept. An
enlarging path consists of an edge e € ET(A), and if e € T, an augmenting path P for
the (k — 1)-intersection 7' — e on H — e. Gabow shows that if V(A) # V(G), then there
is always an enlarging path.

The algorithm marks the edges that are known to belong in any complete (k—1)-
intersection contained in H. It also maintains a set X of vertices such that each u € X
has all edges of E*(u) N E*(V(A)) marked. The algorithm is divided into “periods”,
where each period enlarges either A or X. Initially, A contains only the start vertex
s, X is empty, and all edges are unmarked. Then, we repeatedly apply the following

procedure that locates an enlarging path, until it halts:

Period Step. If A is an arborescence, that is V(A) = V(G) then halt. Otherwise,
choose a vertex u € V(A) \ X and execute the Edge Step.

Edge Step. If all edges in E*(u)NET(V(A)) are marked then add « to X and continue

with the next Period Step. Otherwise, choose an unmarked edge e € E*(u) N
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ET(V(A)). If e ¢ E(T), then add e to A and continue with the next Period Step.

Search Step. At this point e belongs in 7. Search for an augmenting path for the
(k — 1)-intersection 7" — e in H — e. If the search is successful, then use the
augmenting path to enlarge A and continue with the next Period Step. If the

search is unsuccessful then mark e and go to Edge Step.

The correctness of this procedure is based on the following facts. Suppose e € E™(u)N
E*(V(A)) has no enlarging path, i.e., the Search Step was unsuccessful. Let L be the
set of edges labelled in the search, and let ¢/ be any edge in E*(u). Then, e belongs to
any complete (k — 1)-intersection contained in H, and no edge of L is in an enlarging
path for €/, with respect to the current A and 7'. This implies that for any v € X, no
edge of E*(v) has an enlarging path.

To make the search for enlarging paths fast, each unsuccessful search in a period
contracts the edges in L that become labelled during an unsuccessful search for an
edge e € E(u). The contraction is valid since, for each tree T, € T, i = 1,2...,k — 1,
the edges in LN (7; —e) form a tree. Contracting V(L) into a single vertex v results in
a graph H' that has a complete (k — 1)-intersection that contains all edges in E, (v).
Then, for any edges ¢’ € E},(v), graphs H and H' have the same enlarging paths for
e/, and unsuccessful searches in H — ¢’ and H — e label the same edges not in L.

To implement the above procedure efficiently, Gabow’s algorithm performs the
contractions implicitly. To that end, it maintains a partition of V(G) into disjoint sets
S1,...,5, such that each set S; induces a tree in each T; € T. Each vertex is labelled
with the name of the set that contains it and also, for each i = 1,...,k — 1, each set
S; is labelled with its root vertex in 7;. The Search Step for an edge e = (u,w) € T;
removes ¢ from 7" and H, and searches for an augmenting path P from w. During
this search, when a vertex v is reached, if v € S; then the search continues from the
root of §; in T;. If the search is successful, then we augment along P. Otherwise,
when the search is unsuccessful, we add e back to H and T, and update the vertex
partition {S;} by merging together all sets S; that contain an end of an edge that was
labelled during the search.

Gabow shows that this algorithm constructs an s-arborescence A in O(kn?) time;
there are at most kn searches (at most one per edge), and at most 2n periods. The
latter follows from the fact that a period enlarges A or X, and each set can be enlarged

less than n times. Moreover, each period can be implemented to run in O(kn) time.
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Since we compute k arborescences, the total running time is O(k?n?).

Practical speedup In order to speedup Gabow’s algorithm in practice, we imple-
mented the following simple heuristic. Let G be the current graph. We compute an
s-arborescence A of G, e.g., by executing a depth-first search (DFS) from s, and test
if A is good. To do that, it suffices to test if c_7(s) = k — 1. If this is the case, then
we can keep A in the packing. Otherwise, we simply discard A, and compute a good
s-arborescence of G using Gabow’s algorithm. In either case, after we have computed
a good s-arborescence A of (G, we decrease k£ by one and repeat the procedure on
G- A.

Despite its simplicity, the above modification provides significant speedups in prac-
tice, as the experimental results of Section 3.3 suggest. Moreover, we can immediately
observe that the overall O(k?n?) running time still holds for this variant of Gabow’s

algorithm.

3.3 Empirical Analysis

We implemented our algorithms in C++, using g++ 7.5.0 with full optimization (flag -
04) to compile the code. The reported running times were measured on a GNU/Linux
machine, with Ubuntu (18.04.6 LTS): a Dell Precision Tower 7820 server 64-bit
NUMA machine with an Intel(R) Xeon(R) Gold 5220R processor and 192GB of RAM
memory. The processor has 24.75MB of cache memory and 18 cores. In our exper-
iments we did not use any parallelization, and each algorithm ran on a single core.
We report CPU times measured with the high_resolution_clock class of the standard
library chrono, averaged over ten different runs.

Table 3.1 gives an overview of the algorithms we consider in our experimental
study. We did not include the algorithm of Bhalgat et al. because some important
details are omitted from the extended abstract of [37].!

We base our implementation of Gabow’s arborescence packing algorithm on effi-
cient implementations of Gabow’s edge connectivity algorithm presented in [6]. Also,
for the algorithms of Tarjan (Tar) and of Tong-Lawler (TL), we report the running

time of their stack-based implementations. We compare the stack-based against the

"We are unaware of a full version of [37].
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Table 3.1: An overview of the algorithms considered in our experimental study. The
bounds refer to a digraph G with minimum s-cut value k = ¢,(G), n vertices and m

edges; m < kn if G contains only the edges of a complete k-intersection.

Algorithm Technique Complexity Ref.
Tarjan (Tar)  Test if a usable edge can be added O(k*m?) [4]

via max-flow

Run on a complete k-intersection  O(k'n?)

Tong-Lawler Graph splitting via min-cut O(k*mn) [5]
(TL)

Run on a complete k-intersection  O(k*n?)
Gabow Compute complete k'-intersections O(k*n?) [1]
(Gab) (k' < k) and enlarging paths

queue-based implementations in Appendix 3.3. For the experimental evaluation, we
considered two types of graphs: (i) real-world directed graphs, augmented with addi-
tional edges in order to increase their edge-connectivity, and (ii) k-cores of undirected

graphs.

Augmented graphs In our first experiment, we consider how the running time of
each algorithm is affected as the minimum s-cut value k = ¢,(G) increases. To that
end, we augment some real-word graphs as follows. Let G be an input strongly
connected digraph. For a given parameter 3, we create an augmented instance G of
G by executing the following procedure. We go through the vertices of G and, for
each vertex v, we add  — d (v) edges directed to v if §~(v) < /3, where each added
edge originates from a randomly chosen vertex. Then, we make a second pass over
the vertices and, for each vertex v, we add 3 — 0" (v) edges directed away from v if
dT(v) < B, where each added edge is directed to a randomly chosen vertex. Notice
that the resulting graph has minimum degree 6 > §.

Table 3.2 reports the characteristics of the augmented graphs G produced by the
above procedure for 8 € {2,4,8,16}. Here, we also give the number of edges (m’)
in a complete k intersection 7' of G (with respect to the start vertex s). In Table 3.3
we report the corresponding running times of each algorithm. The execution of an

algorithm was terminated if it exceeded one hour. We also report the running times
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of two versions of Gabow’s algorithm that computes a complete %k intersection 7'
of G: the standard version (Gab-EC), and a version that uses DFS to do a fast
initialization of the forest T} at the beginning of the k’-th iteration (Gab-EC-DFS).
Both implementations are taken from [6]. For the algorithms of Tarjan (Tar), and
of Tong and Lawler (TL), we report both the running time when the input is the
original graph G (above) and a complete k intersection of G (below). In the latter
case, the algorithms receive a complete k intersection 7" of GG as input, and we do not

account for the time required to compute 7.

k-cores A k-core of an undirected graph G is a maximal subgraph of G such that
d(v) > k for all v € V(H). This concept is useful in the analysis of social networks [42]
as well as in several other applications [43]. In this experiment, we use the k-core
decomposition algorithm of the SNAP software library and tools [44], and use sub-
graphs of this decomposition as inputs, for various values of k. We transform each
such undirected graph to a directed graph by orienting each edge in both directions.
Table 3.4 reports the characteristics of the resulting graphs. In Table 3.5 we report the
corresponding running times of each algorithm. Again, we terminated the execution

of an algorithm if that exceeded one hour.

Stack-based vs queue-based implementations Tables 3.6 and 3.4 compare the
stack-based against the queue-based implementation of the algorithms of Tarjan (Tar)

and of Tong-Lawler (TL), for augmented and k-core graphs, respectively.
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Table 3.2: Characteristics of augmented graphs, resulting from some real-world

graphs after inserting some edges; n is the number of vertices, m the number of

edges; 0 denotes the minimum vertex (in or out) degree, and ¢,(G) denotes the cardi-

nality of the minimum s-cut; m’ is the number of edges in a complete % intersection

of G (for the start vertex s).

!/

Graph n m 0 Q) m type and source
enron-EC2 8271 151651 2 2 8270 email network [28]
enron-EC4 8271 162999 4 24810

enron-EC8 8271 190618 8 8 57890

enron-EC16 8271 253345 16 16 124050

p2p-Gnutella25-EC2 5152 19765 2 2 10302 peer2peer network [28]
p2p-Gnutella25-EC4 5152 27565 20604

p2p-Gnutella25-EC8 5152 50076 8 8 41208

p2p-Gnutella25-EC16 5152 100669 16 16 82416

rome99-EC2 3352 9869 2 2 6702 road network [40]
rome99-EC4 3352 15468 13404

rome99-EC8 3352 31952 8 8 26808

rome99-EC16 3352 65542 16 16 53616

s38584-EC2 16310 42128 2 2 32618 VLSI circuit [41]
s38584-EC4 16310 80250 65236

s38584-EC8 16310 160297 8 8 130472

s38584-EC16 16310 323963 16 16 260944

web-Stanford-EC2 150475 2334929 2 2 300948 web graph [28]
web-Stanford-EC4 150475 3307506 4 601896

web-Stanford-EC8 150475 2379878 8 1203792

web-Stanford-EC16 150475 3643794 16 16 2407584
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Table 3.3: Running times in seconds of the algorithms for the augmented graphs of

Table 3.2. For the algorithms of Tarjan (Tar), and of Tong and Lawler (TL), we report

the running time when the input is the original graph G (above) and a complete k

intersection of GG (below).

[Graph [Gab-EC Gab-EC-DFS Tar TL  Gab Gab-DFS |
enron-EC2 0.01 0.01 8:81 (1):82 0.15 0.01
enron-EC4 0.02 0.01 322; 1178"51; 9.81 0.05
enron-EC8 0.06 0.01 38;:;2 ?ﬁ:gj 38.49 0.28
enron-EC16 0.17 0.02 12;‘32@ 21;2129775 130.58 1.50
p2p-Gnutella25-EC2 0.01 0.01 éég ?i?g 1.39 0.02
p2p-Gnutella25-EC4 0.02 0.01 ?:gg’ fj;i 6.57 0.04
p2p-Gnutella25-EC8 0.04 0.01 ggii 13?:(3)(; 21.63 0.17
p2p-Gnutella25-EC16 | 0.09 0.01 jgg:gg g)gg:;g 61.32 0.80
rome99-EC2 0.01 0.01 8:;2 8:;’2 0.36 0.34
rome99-EC4 0.02 001 olo 2% 963 0.02
rome99-EC8 0.03 0.01 2211?; %‘;gi 8.65 0.10
rome99-EC16 0.06 0.01 }gg:gg g}j:gg 95.39 0.49
$38584-EC2 0.03 0.01 1;*:;; 3?7)23 14.73 12.76
$38584-EC4 0.06 0.01 11?’117"5758 23;;3; 75.42 0.14
$38584-EC8 0.14 0.02 1%1728'.5;3 fggg:gg 245.01 0.68
$38584-EC16 0.34 0.04 iiﬁ iiﬁ 717.20 3.29
web-Stanford-EC2 0.60 0.29 2307?;2 2350%}3 520.22 1.39
web-Stanford-EC4 1.45 0.69 ;13 ;13 >1h 5.40
web-Stanford-EC8 3.26 1.03 iﬁi iﬁi >th 14.32
web-Stanford-EC16 7.73 3.28 iiﬁ iiﬁ Sth 70.98
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Table 3.4: Characteristics of k-core graphs, extracted from real-world graphs in [28];

n is the number of vertices, m the number of edges; ¢ denotes the minimum vertex

degree, and ¢,(G) denotes the cardinality of the minimum s-cut (which equal the

edge-connectivity since the graphs are undirected); m’ is the number of edges in a

complete k intersection.

/

| Graph n m 0 c(G) m/ type and source |
social circles

facebook combined-core02 | 3964 176318 2 2 7926  from facebook
facebook combined-coreQ4 3754 175332 4 4 11258

facebook combined-core25 1366 118810 25 25 6824
facebook_combined-core50 616 75246 50 30 19064

email
Email-Enron-core09 5088 206472 9 9 45783 network
Email-Enron-core10 4513 196594 10 10 45120
Email-Enron-core16 2873 157506 16 16 45952
Email-Enron-core18 2561 147332 18 18 46080
collaboration
CA-AstroPh-corel8 5049 244004 18 18 90864 network
CA-AstroPh-core25 3202 175520 4 4 12804
CA-AstroPh-core29 2441 139070 29 2 4880
CA-AstroPh-core32 1926 112830 32 32 61600
social

Gowalla_edges-core11 22742 851196 11 6 136443 network
Gowalla_edges-core12 19938 791666 12 5 99684
Gowalla_edges-corel5 13833 639244 15 4 55328
Gowalla_edges-core20 8161 456014 20 8 65280
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Table 3.5: Running times in seconds of the algorithms for the k-core graphs of Ta-
ble 3.4. For the algorithms of Tarjan (Tar), and of Tong and Lawler (TL), we report
the running time when the input is the original graph G (above) and a complete k

intersection of G (below).

| Graph | Gab-EC  Gab-EC-DFS Tar TL  Gab Gab-DFS |
facebook_combined-core02 0.01 0.01 g; ; 08 Z; 2.00 0.01
facebook_combined-coreQ4 0.01 0.01 ggg 2822 2.88 0.02
facebook_combined-core25 0.01 0.01 329; ggg 0.95 0.02
tacebook_combined-core50 0.04 0.01 ;3;; 2427;8 4.59 0.55
Email-Enron-core09 0.03 0.01 1?2?3 155651? 30.06 0.17
Email-Enron-core10 0.03 0.01 12;88 15?232 28.60 0.17
Email-Enron-core16 0.04 0.01 136.26 170.74 20.65 0.35

106.58 74.56
. 151.68 177.93
Email-Enron-core18 0.04 0.01 119.37 77 19 19.80 0.42

894.66 1029.08

CA-AstroPh-core18 0.25 0.01 716.73 419 49 63.18 1.86
6.74 16.29

CA-AstroPh-core25 0.02 0.01 1.83 116 2.03 0.04
0.72 2.68

CA-AstroPh-core29 0.01 0.01 0.08 0.91 0.53 0.01

CA-AstroPh-core32 0.15 0.01 556.99  545.93 28.09 1.61

537.45 270.58
2086.57 2559.07
Gowalla_edges-corel1 0.10 0.06 567.03 304 37 404.29 0.49

915.08 1094.83

Gowalla_edges-core12 0.07 0.04 3010  166.56 219.33 0.31
197.84  321.91

Gowalla_edges-corel5 0.04 0.02 28,64 49,67 71.65 0.15

Gowalla_edges-core20 0.05 0.02 327.64 412.93 68.57 0.32

118.93  109.56
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Table 3.6: Running times in seconds of the stack-based and queue-based implemen-
tations of the algorithms of Tarjan (Tar) and of Tong-Lawler (TL), for the augmented
graphs of Table 3.2. We report the running time when the input is the original graph

G (above) and a complete k intersection of G (below).

Graph Tar TL
stack queue stack queue
0.01 0.01 1.09 941
enron-EC2 0.01 0.01 0.04  0.48
e 36.34 11144 11817 131.24
enron 7.23 8.18 7.59 6.73
ocs 30429 59130 | 61418 78656
enron 95.58 136.25| 131.91 118.14
o re 1840.76 2662.05 | 2782.78 3340.18
951.43 1298.16 | 1319.77 1343.09
L19 3.66 | 3.00 A
p2p-Gnutella25-EC2 0.79 113 1.12 1.59
846 22.00 | 23.76  23.61
p2p-Gnutella25-EC4 7.05  14.67| 1434  14.73
55.91  123.56 | 124.36  119.05
p2p-Gnutella25-EC8 53.41  99.95| 91.005  88.94
703.92 74487 760.74  768.10
p2p-Gnutella25-EC16 | -h'ay  ggo15 | 62979  620.41
0.45 0.40 037 0.45
romed9-EC2 0.35 0.32 024  0.21
3.90 3.12 796 6.9%
rome99-EC4 3.19 6.08 556  3.88
91.67  49.48 | 50.86  47.44
rome9d9-EC8 91.62  37.41| 37.24  35.71
160.00 _306.58 | 312.30 320.36
romed9-EC16 156.29  239.31 | 241.95 243.20
1412 39.62| 37.02 44l
538584-EC2 888 92596 | 92345  926.93
131.86  286.66 | 262.07 282.07
538584-EC4 17.79  102.47 | 98.85  114.64
1012.85 2040.86 | 2007.45 1867.42
s38584-EC8 878.22 1541.89 | 1258.60 1265.24
Sth Sth Sth Sth
$38584-EC16 i i i 2
Sih Sih Sth Sth
web-Stanford-EC2 2307.26  3100.36 | 2350.42 >th
Sth Sth STh Sth
web-Stanford-EC4 Sth Sth Sth Sth
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Table 3.7: Running times in seconds of the stack-based and queue-based implemen-
tations of the algorithms of Tarjan (Tar) and of Tong-Lawler (TL), for the k-core
graphs of Table 3.4. We report the running time when the input is the original graph
G (above) and a complete k intersection of G (below). The execution of an algorithm

was terminated if it exceeded 1 hour.

Graph Tar TL
stack queue stack  queue
. 2.47 8.04 8.71 6.63
facebook _combined-core(02 0.29 0.37 0.43 0.36
. 6.88  18.83 | 20.32 11.51
facebook combined-core(Q4 0.99 0.83 0.86 0.95
. 3.97 6.32 6.82 3.97
facebook combined-core25 0.99 0.51 0.53 0.31
. 43.41  44.34 47.76 8.54
facebook combined-coreb0 99 38 21.88 929 59 311
. 109.84 146.24 | 156.29 221.64
Email-Enron-core09 Wikl 55.64| 5541 47.98
EmailEnron-corel0 107.00  94.40 | 101.79  116.07
matl-thron-core 47.09  53.62| 54.95  41.95
Email-Enron-corel6 136.26  161.54 | 170.74 226.42
matl=Ehron-core 106.58  90.43 | 7456  94.21
ErmailEnron-corel8 151.68 168.80 | 177.93 240.51
matl=ihron-core 119.37  90.58 7712 104.76
894.66  991.31 | 1029.08 619.59
CA-AstroPh-core18 716,73  99.58 | 412.42  213.50
6.74 15.42 | 16.29 19.77
CA-AstroPh-core25 1.83 1.66 1.16 0.75
0.72 2.50 2.68 3.02
CA-AstroPh-core29 0.08 019| 021  0.10
556.99 526.15 | 545.93  991.77
CA-AstroPh-core32 537.45  427.66 | 270.58  349.73
Gowalla edves-corell 2086.57 2468.99 | 2559.07 S1h
owalla_cdges-core 567.03 455.23 | 394.37 403.34
Cowalla edeescorel2 915.08 1425.66 | 1094.83 2482.81
owalla_edges-core 80.10  187.11| 166.56 169.45
Cowalla edececorels 197.84 498.99 | 321.91 780.18
owalla_edges-core 28.64 53.81 | 49.67  47.25
Cowalla edecs-core2 327.64 552.16 | 412.93 847.61
owalla_edges-core 118.93 122.30 | 109.56 105.48
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3.4 Concluding Remarks

From the results, we observe that TL has overall the worst performance, even com-
pared to Tar despite the inferior upper bound of the latter. Indeed, on average Tar
runs twice as fast compared to TL. This is due to the overhead incurred in TL for
splitting a graph G into two auxiliary graphs GG; and (3, and manipulating mappings
from the vertex ids of G; and G5 to those in G. Furthermore, we observe that TL
runs consistently faster on the complete k intersection 7" of G compared to the original
graph G. While this is expected since 1" has fewer edges, on the other hand we note
that it may be easier to find good candidate edges to augment a partial arborescence
if the graph contains some additional edges. The same observation holds for Tar as
well, but here we see that in one instance (p2p-Gnutella25-EC16) the algorithm runs
faster on G rather than on 7. Moreover, we note that the executions of TL and Tar
on 7' outperform Gab in some instances.

Next, we turn to the algorithms of Gabow. First, we verity that the edge-connectivity
algorithms Gab-EC and Gab-EC-DFS are very effective. Regarding the arborescence
packing algorithms, we first note that Tar and TL perform close to Gab when the
edge-connectivity cg(s) is small (EC2 instances), but quickly become uncompetitive
when the edge-connectivity increases. Overall, in our experiment, Gab was 50% faster
than Tar on average. Finally, we note that Gab-DFS is faster than Gab by two orders
of magnitude on most instances. This is due to the fact that our simple heuristic very
often manages to construct a good arborescence by a simple DFS traversal.

Here too, we observe that Tar outperforms TL on most instances, but unlike the
augmented graphs, their difference is marginal. Both TL and Tar run consistently
faster on the complete k intersection 7" of G’ compared to the original graph G. Again,
the executions of TL and Tar on 7' outperform Gab in some instances, but overall
Gab is 50% faster. Also, our heuristic was very effective in this experiment as well,
since Gab-DFS ran faster than Gab by two orders of magnitude. The code of the im-
plemented algorithms is publicly available at https://archive.softwareheritage.org/
browse/origin/directory/?origin_url=https://github.com/sakiskef/PackingArborescencesAlgorithr

snapshot=820587054832b664c8f3cdf3d4a55d2e5fbaa084.
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CHAPTER 4

ORIENTATION OF MIXED GRAPHS AND

RELATED PROBLEMS

4.1 Theoretical framework and Related Work

4.2 Reduction to the computation of the 2-edge twinless strongly connected components
4.3 Connectivity-preserving auxiliary graphs

4.4 Computing 2-edge twinless strongly connected components

4.5 Concluding remarks

A mixed graph G is a graph that consists of both undirected and directed edges. An
orientation of G is formed by orienting all the undirected edges of G, i.e., converting
each undirected edge {u,v} into a directed edge that is either (u,v) or (v,u). The
problem of finding an orientation of a mixed graph that makes it strongly connected
is well understood and can be solved in linear time. Here we introduce the following
orientation problem in mixed graphs. Given a mixed graph G, we wish to compute
its maximal sets of vertices C, (s, ..., Cy with the property that by removing an edge
e from G (directed or undirected), there is an orientation R; of G \ e such that all
vertices in C; are strongly connected in R,. We discuss properties of those sets, and
we show how to solve this problem in linear time by reducing it to the computation

of the 2-edge twinless strongly connected components of a directed graph.
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4.1 Theoretical framework and Related Work

A mixed graph G contains both undirected edges and directed edges. We denote an
edge with endpoints u and v by {u, v} if it is undirected, and by (u, v) if it is directed
from u to v. An orientation R of G is formed by orienting all the undirected edges
of G, i.e., converting each undirected edge {u,v} into a directed edge that is either
(u,v) or (v,u). Several (undirected or mixed) graph orientation problems have been
studied in the literature, depending on the properties that we wish an orientation
R of G to have. See, e.g., [45, 46, 47, 48]. An orientation R of G such that R is
strongly connected is called a strong orientation of G. More generally, an orientation R
of G such that R is k-edge strongly connected is called a k-edge strong orientation of
G. Motivated by recent work in 2-edge strong connectivity in digraphs [13, 19, 20],
we introduce the following strong connectivity orientation problem in mixed graphs.
Given a mixed graph G, we wish to compute its maximal sets of vertices C, Cs, ..., C}
with the property that for every i € {1,...,k}, and every edge e of G (directed or
undirected), there is an orientation R of G\ e such that all vertices of C; are strongly
connected in R. We refer to these maximal vertex sets as the edge-resilient strongly
orientable blocks of G. See Figure 4.1. Note that when G contains only directed edges,
then this definition coincides with the usual notion of 2-edge strong connectivity, i.e.,
each C; is a 2-edge strongly connected component of G. We show how to solve this
problem in linear time, by providing a linear-time algorithm for computing the 2-
edge twinless strongly connected components [49], that we define next. Moreover, as
a consequence of our algorithm, it follows that {C},...,C}} is a partition of V.

We recall some concepts in directed graphs. A digraph G = (V, E) is strongly
connected if there is a directed path from each vertex to every other vertex. The strongly
connected components (SCCs) of G are its maximal strongly connected subgraphs. Two
vertices u,v € V' are strongly connected if they belong to the same strongly connected
component of G. We refer to a pair of antiparallel edges, (z,y) and (y,z), of G as
twin edges. A digraph G = (V. E) is twinless strongly connected if it contains a strongly
connected spanning subgraph (V, E’) without any pair of twin edges. The twinless
strongly connected components (TSCCs) of G are its maximal twinless strongly connected
subgraphs. Two vertices u,v € V' are twinless strongly connected if they belong to the
same twinless strongly connected component of GG. Equivalently, © and v are twinless

strongly connected if G contains a path from u to v and a path from v to u so that
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Figure 4.1: Examples illustrating the notion of edge-resilient strongly orientable
blocks of a mixed graph G; undirected edges are shown in blue color and the specified
edge e is shown in red color. (a)-(b) Vertices u and v are not in the same edge-resilient
strongly orientable block of G. After the deletion of edge e (which is directed in (a)
and undirected in (b)), there is no orientation of G \ e such that u and v are strongly
connected. (¢) Here u and v are in the same edge-resilient strongly orientable block of
G, since for any edge e, there is an orientation of G'\ e such that v and v are strongly

connected.

the union of these two paths does not contain any pair of twin edges. Raghavan [50]
provided a characterization of twinless strongly connected digraphs, and, based on
this characterization, presented a linear-time algorithm for computing the TSCCs of
a digraph.

An edge (resp., a vertex) of a digraph G is a strong bridge (resp., a strong articula-
tion point) if its removal increases the number of strongly connected components. A
strongly connected digraph G is 2-edge strongly connected if it has no strong bridges,
and it is 2-vertex strongly connected if it has at least three vertices and no strong articula-
tion points. Two vertices u,v € V are said to be 2-edge strongly connected (resp., 2-vertex
strongly connected) if there are two edge-disjoint (resp., two internally vertex-disjoint)
directed paths from u to v and two edge-disjoint (resp., two internally vertex-disjoint)
directed paths from v to u (note that a path from « to v and a path from v to u need
not be edge- or vertex-disjoint). Equivalently, by Menger’s theorem [12] we have
that v and v are 2-edge strongly connected if they remain in the same SCC after the
deletion of any edge. A 2-edge strongly connected component (resp., 2-vertex strongly
connected component) of a digraph G = (V, E) is defined as a maximal subset C' C V
such that every two vertices u,v € C are 2-edge strongly connected (resp., 2-vertex

strongly connected). Also, note that the subgraph induced by C is not necessarily
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2-edge strongly connected (resp., 2-vertex strongly connected).

The above notions extend naturally to the case of twinless strong connectivity. An
edge e € I is a twinless strong bridge of G if the deletion of e increases the number
of TSCCs of G. Similarly, a vertex v € V' is a twinless strong articulation point of G
if the deletion of v increases the number of TSCCs of GG. A linear-time algorithm
for detecting all twinless strong bridges can be derived by combining the linear-time
algorithm of Italiano et al. [51] for computing all the strong bridges of a digraph, and
a linear-time algorithm for computing all the edges that belong to a cut-pair in a 2-
edge-connected undirected graph [52]. Georgiadis and Kosinas [52] showed that the
computation of twinless strong articulation points reduces to the following problem in
undirected graphs, which is also of independent interest: Given a 2-vertex-connected
(biconnected) undirected graph H, find all vertices v that belong to a vertex-edge
cut-pair, i.e., for which there exists an edge e such that H \ {v,e} is not connected.
Then, [52] presented a linear-time algorithm that not only finds all such vertices v,
but also computes the number of vertex-edge cut-pairs of v (i.e., the number of edges
e such that H \ {v,e} is not connected). Alternatively, it is possible to compute the
vertices that form a vertex-edge cut-pair by exploiting the structure of the triconnected
components of H, represented by an SPQR tree [53, 54] of H.

A 2-edge twinless strongly connected component (2¢TSCC) of G is a maximal subset
of vertices C' such that any two vertices u,v € C are in the same TSCC of G \ e, for
any edge e. Two vertices u and v are 2-edge twinless strongly connected if they belong to
the same 2eTSCC. See Figure 4.2. Jaberi [49] studied some properties of the 2-edge
twinless strongly connected components and presented an O(mn)-time algorithm for
a digraph with m edges and n vertices. We provide a linear-time algorithm that is
based on two notions: (i) a collection of auxiliary graphs H that preserve the 2-edge
twinless strongly connected components of G' and, for any H € H, the SCCs of H
after the deletion of any edge have a very simple structure, and (ii) a reduction to
the problem of computing the connected components of an undirected graph after
the deletion of certain vertex-edge cuts.

The notions of twinless strong connectivity and mixed graph orientations are
indeed related and are motivated by several diverse applications, such as the design
of road and telecommunication networks, the structural stability of buildings [55, 56,
57, 50], and the analysis of biological networks [58]. Given a mixed graph G, it is

natural to ask whether it has an orientation so that the resulting directed graph is
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Figure 4.2: Vertices v and v of the strongly connected digraph G are 2-edge strongly
connected but not 2-edge twinless strongly connected. The deletion of the edge e

leaves u and v in a strongly connected subgraph that must contain both twin edges

(z,y) and (y, z).

strongly connected [57, 59] or, more generally, k-edge strongly connected [60, 61, 62].
Raghavan [50] noted that testing whether a digraph G is twinless strongly connected
is equivalent to testing whether a mixed graph has a strong orientation. We can
also observe that the computation of the twinless strongly connected components is
equivalent to the following generalization of strong orientations of a mixed graph:
Given a mixed graph G, we wish to compute its maximal sets of vertices C, Cs, ..., C
with the property that for every i € {1,...,k} there is an orientation R of G such
that all vertices of C; are strongly connected in R. We call those sets the strongly
orientable blocks of G. Similarly, we show that the computation of the edge-resilient
strongly orientable blocks reduces to the computation of the 2-edge twinless strongly
connected components.

The computation of edge-resilient strongly orientable blocks is related to 2-edge
strong orientations of mixed graphs in the following sense. A mixed graph G has a 2-
edge strong orientation only if it consists of a single edge-resilient strongly orientable
block. While finding a strong orientation of a mixed graph is well understood and
can be solved in linear time [57, 59], computing a k-edge strong orientation for £ > 1
seems much harder. Frank [60] gave a polynomial-time algorithm for this problem
based on the concept of submodular flows. Faster algorithms were later presented
by Gabow [61], and by Iwata and Kobayashi [62]. More efficient algorithms exist
for computing a k-edge strong orientation of an undirected graph [63, 64, 65]. In

particular, the algorithm of Bhalgat and Hariharan [63] runs in O(nk* + m) time',

!The notation O(-) hides poly-logarithmic factors.
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Figure 4.3: Replacing an undirected edge {z,y} with a gadget.

for an undirected graph with n vertices and m edges.

4.2 Reduction to the computation of the 2-edge twinless strongly

connected components

Let G be a mixed graph. By splitting a directed edge (z,y) of a graph G, we mean that
we remove (x,y) from G, and we introduce a new auxiliary vertex z and two edges
(x,2),(2,y). By replacing with a gadget an undirected edge {z,y} of a graph G, we
mean that we remove {z,y} from G, and we introduce three new auxiliary vertices
z,u,v and the edges (z,z2), (z,z), (z,u), (u,v), (v,y), (y,u), (v, z). See Figure 4.3. Note
that the definition of gadget replacement is not symmetric for x,y, but this does not
affect the correctness of our approach. (We can assume an arbitrary order of the
vertices of (G, so when we perform the gadget replacements of the undirected edges,
the role of each vertex in the gadgets is predetermined.) We refer to a non-auxiliary
vertex as an ordinary vertex. Also, we call (u,v) the critical edge of the gadget. The idea
of using this gadget is twofold. Firstly, by removing the critical edge, we simulate the
operation of removing {z, y} from the original graph. Secondly, if we remove an edge
that does not belong to the gadget, then the only paths from z to y and from y to x
inside the gadget must use the pair of twin edges (z,z) and (z,z). These properties
are useful in order to establish a correspondence between orientations and twinless
strong connectivity for our applications.

Now we can reduce the computation of the edge-resilient strongly orientable blocks
of a mixed graph to the computation of the 2eTSCC of a digraph. As a warm-up, we
show how to compute the strongly orientable blocks of a mixed graph via a reduction
to the computation of the TSCCs of a digraph. This is achieved by Algorithm 4.1,
whose correctness follows easily from known results. As a consequence of this method

for computing (1, . .., C, we can see that {C, ..., Ci} is a partition of V. Furthermore,
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(4, ..., C} satisty the stronger property, that there is an orientation R of GG such that,

for every i € {1,...,k}, R[C}] is strongly connected.

Algorithm 4.1: A linear-time algorithm for computing the strongly ori-
entable blocks of a mixed graph G

1 split every directed edge of G}

2 replace every undirected edge {z,y} of G with a pair of twin edges
(z,9), (y,7);

3 compute the TSCCs T1,...,T} of the resulting graph;

4 return the sets of ordinary vertices of 71,...,Tj;

Proposition 4.1. Algorithm 4.1 is correct.

Proof. Let G be the input graph, let G’ be the graph derived from G after we have
performed steps 1 and 2, and let C be one of the sets returned by the algorithm.
First we will show that there is an orientation R of G such that all vertices of C' are
strongly connected in R. Then we will show that C'U{s} does not have this property
for any s € V(G) \ C.

Since C is a twinless strongly connected component of G’, by [50] we know that
there is a subgraph G, of GG’ that contains no pair of twin edges and is such that C' is
strongly connected in Gy. Let {z,y} be an undirected edge of G, and let (z,y), (v, z)
be the pair of twin edges of G’ that replaced {z,y} in Step 2. Assume w.l.0.g. that G,
contains (z,y). Then we orient {z,y} in G as (z,y). We do this for every undirected
edge of GG, and let R be the resulting orientation. Now it is not difficult to see that
all vertices of C' are strongly connected in R, and so C' is contained within a strongly
orientable block of G.

To establish the maximality of C, let s be a vertex in V(G) \ C. This means that
s is not twinless strongly connected with the vertices of C' in G'. Then we have that
either (1) s and (the vertices of) C' are not strongly connected, or (2) there is a pair
of twin edges (z,y), (y,z) of G, such that for every path P from s to (a vertex of)
C in G’ and every path @ from (a vertex of) C to s in G', we have (z,y) € P and
(y,z) € Q. In case (1) we have that s is not strongly connected with C' in G, even if
we allow every undirected edge to be replaced by a pair of twin edges. In case (2),
let {z,y} be the undirected edge of G that was replaced in G’ with the pair of twin

edges (z,v), (y,z). (Notice that, due to Step 1, all pairs of twin edges in G’ are due
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to Step 2.)Then we have that, even if we replace every undirected edge of G - except
{z,y} - with a pair of twin edges, then we still have to replace {z,y} with the pair
of twin edges (x,y), (y,x) in order to have s strongly connected with C. In any case,
we have that there is no orientation R of G such that s is strongly connected with C'
in R.

Notice that this argument also shows that there is no orientation of GG such that a
vertex t € C' becomes strongly connected with a vertex s € V(G) \ C. Thus, the sets

returned by Algorithm 4.1 are all the strongly orientable blocks of G. O

Now Algorithm 4.2 shows how we can compute all the edge-resilient strongly
orientable blocks Cf,...,C} of a mixed graph. As a consequence of this method for
computing C',...,Cy, we can see that the edge-resilient strongly orientable blocks

partition the vertex set V.

Algorithm 4.2: A linear-time algorithm for computing the edge-
resilient strongly orientable blocks of a mixed graph G

1 split every directed edge of ¢
2 replace every undirected edge of G’ with a gadget
3 compute the 2eTSCCs T11,..., T} of the resulting graph

4 return the sets of ordinary vertices of 73, ..., T}

Proposition 4.2. Algorithm 4.2 is correct.

Proof. Let G be the input graph, let G’ be the graph derived from G after we have
performed steps 1 and 2, and let C be one of the sets returned by the algorithm.
First, we will show that, for every edge e, there is an orientation R of G\ e such that
all vertices of C' are strongly connected in R. Then we will show that C' U {s} does
not have this property for any s € V(G) \ C.

Now let e be an edge of GG. Suppose first that e is a directed edge of the form
(x,y). Let (z,2),(z,y) be the two edges of G’ into e was split. Then we have that all
vertices of C' are twinless strongly connected in G’ \ (z, z). By [50], this implies that
there is a subgraph Gy of G’ \ (z, z) that contains no pair of twin edges and is such
that all vertices of C' are strongly connected in it. Let {2’,4'} be an undirected edge
of G, and assume w.l.o.g. that (2/,2'), (2/,2') is the pair of twin edges in the gadget

of G’ that replaced {z’,y'}. Assume w.l.o.g. that G, contains (2/, 2’). Then we orient
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{z/,¥'} in G as («/,y’). We do this for every undirected edge of G, and let R be the
resulting orientation of G \ (x,y). Then it is not difficult to see that all vertices of C
are strongly connected in 2. Now suppose that e is an undirected edge of the form
{z,y}. Let (u,v) be the critical edge of the gadget of G’ that replaced the undirected
edge {z,y} of G. Then we have that all vertices of C' are twinless strongly connected
in G'\ (u,v). Now let Gy and R be defined similarly as above. Then it is not difficult
to see that all vertices of C' are strongly connected in R.

To establish the maximality of C, let s be a vertex in V(G) \ C. This means that s
is not 2-edge twinless strongly connected with the vertices of C' in ', and so there is
an edge e of G’ such that s is not in the same twinless strongly connected component
of G\ e that contains C. Assume first that e is either (z, z) or (z,y), where (z, z), (z,y)
is the pair of edges of G’ into which a directed edge (z,y) of G was split.Then we
have that either (1) s and (the vertices of) C are not strongly connected, or (2) there
is a pair of twin edges (2/,2'), (2/,2') of G, such that for every path P from s to (a
vertex of) C' in G’ \ e and every path @Q from (a vertex of) C' to s in G’ \ e, we have
(',2') € P and (#/,2') € Q. In case (1) we have that s is not strongly connected with
C in G\ (z,y), even if we allow every undirected edge to be replaced by a pair of
twin edges. In case (2), let {2/, y'} be the undirected edge of GG that was replaced with
the gadget of G’ that contains the pair of edges (2’, %), (2, 2"). Then we have that,
even if we replace every undirected edge of G - except {z’,y'} - with a pair of twin
edges, then we still have to replace {z’,y'} with the pair of twin edges (2'.v/), (¢, 2')
in order to have s strongly connected with C' in G\ (z,y). In any case, we have that
there is no orientation R of G \ (z,y) such that s is strongly connected with C' in R.
Now, if e is an edge of a gadget that replaced an undirected edge {z,y} of G, then
with a similar argument we can show that there is no orientation R of G\ {z,y} such
that s is strongly connected with C' in R.

Notice that this argument also shows that if ¢ is a vertex in C' and s is a vertex
in V(G) \ C, then there is an edge e (directed or undirected) such that there is no
orientation of G \ e that makes s and ¢ strongly connected. Thus, the sets returned

by Algorithm 4.2 are all the edge-resilient strongly orientable blocks of G. []

Our goal in the following sections is to provide a linear-time implementation
of Algorithm 4.2. To achieve this, it suffices to provide a linear-tine algorithm for

computing the 2-edge twinless strongly connected components of a digraph.
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D(Gs) H(Gs, s)

Figure 4.4: A flow graph G, with start vertex s, its dominator tree D(G;), and the
auxiliary graph H (G, s). The bridges of G are colored red in D(G;). Marked vertices

and auxiliary vertices are colored black in D(G;) and H(Gj, s), respectively.

4.3 Connectivity-preserving auxiliary graphs

In this section, we describe how to construct a set of auxiliary graphs that preserve
the 2-edge twinless strongly connected components of a twinless strongly connected
digraph, and moreover have the property that their strongly connected components
after the deletion of any edge have a very simple structure. We base our construction
on the auxiliary graphs defined in [13] for computing the 2-edge strongly connected
components of a digraph, and perform additional operations in order to achieve
the desired properties. We note that a similar construction was given in [66] to
derive auxiliary graphs (referred to as 2-connectivity-light graphs) that enable the
fast computation of the 3-edge strongly connected components of a digraph. Still, we
cannot apply directly the construction of [66], since we also need to maintain twinless

strong connectivity.

4.3.1 Flow graphs and dominator trees

A flow graph is a directed graph with a distinguished start vertex s such that every
vertex is reachable from s. For a digraph G, we use the notation G, in order to
emphasize the fact that we consider G as a flow graph with source s. Let G = (V, E)
be a strongly connected graph. We will let s be a fixed but arbitrary start vertex of
G. Since G is strongly connected, all vertices are reachable from s and reach s, so we
can refer to the flow graphs G, and GZE.

Let G, be a flow graph with start vertex s. A vertex u is a dominator of a vertex v (u

dominates v) if every path from s to v in G contains u; u is a proper dominator of v if u
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dominates v and u # v. The dominator relation is reflexive and transitive. Its transitive
reduction is a rooted tree, the dominator tree D(Gs): u dominates v if and only if u is
an ancestor of v in D(Gy). See Figure 4.4. For every vertex = # s of G, d(z) is the
immediate dominator of z in G (i.e., the parent of z in D(G,)). For every vertex r
of G, we let D(r) denote the subtree of D(G) rooted at r. Lengauer and Tarjan [67]
presented an algorithm for computing dominators in O(ma(m,n)) time for a flow
graph with n vertices and m edges, where « is a functional inverse of Ackermann’s
function [68]. Subsequently, several linear-time algorithms were discovered [69, 70,
71, 72].

An edge (u,v) is a bridge of a flow graph G if all paths from s to v include (u,v).?

The following properties were proved in [51].

Property 4.3. ([51]) Let s be an arbitrary start vertex of G. An edge e = (u,v) is a strong
bridge of G if and only if it is a bridge of G, in which case v = d(v), or a bridge of GE,

in which case v = d®(u), or both.

Let G5 be a strongly connected digraph. For every bridge (z,y) of G, we say that
y is a marked vertex. (Notice that s cannot be marked.) Property 4.3 implies that the
bridges of G, induce a decomposition of D(G;) into rooted subtrees. More precisely,
for every bridge (z,y) of G, we remove the edge (z,y) from D(G;). (By Property 4.3,
this is indeed an edge of D(G;).) Thus we have partitioned D(G;) into subtrees.
Every tree 7' in this decomposition inherits the parent relation from D(G;), and thus
it is rooted at a vertex . We denote 7" as T'(r) to emphasize the fact that the root of T’
is 7. Observe that the root r of a tree 7'(r) is either a marked vertex or s. Conversely,
for every vertex r that is either marked or s, there is a tree T'(r).

In our constructions, we will use the next lemma, which follows from well-known

properties of the dominator tree. (See, e.g., [19, 13].)

Lemma 4.1. Let G, be a strongly connected digraph, and let r be a marked vertex of G.
Then we have the following.

1. For every vertex x in D(r), there is a path from r to x in G that uses only vertices

from D(r).

2. For every vertex x in D(s)\ D(r), there is a path from s to x in G that uses only
vertices from D(s) \ D(r).

2Throughout the paper, to avoid confusion we use consistently the term bridge to refer to a bridge

of a flow graph and the term strong bridge to refer to a strong bridge in the original graph.
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3. For every vertex x in D(s) \ D(r), there is a path from x to d(r) in G, that uses
only vertices from D(s) \ D(r).

4. If (x,y) is an edge of G such that x € D(s)\ D(r) and y € D(r), then (z,y) =
(d(r),r).

4.3.2 Construction of auxiliary graphs

Now let G5 be a strongly connected digraph, and let r be either a marked vertex of
G5 or s. We define the auxiliary graph H(G,,r) as follows. In G; we shrink every
D(z), where z is a marked vertex such that d(z) € T(r) into z. Also, if r # s, we
shrink D(s) \ D(r) into d(r). During those shrinkings, we maintain all edges, except
for self-loops. Also, in [13] multiple edges are converted into single edges. Here,
multiple edges are converted into double edges, in order to avoid introducing new
strong bridges in the auxiliary graphs. The resulting graph is H(G,r). We consider
H(Gjs,r) as a flow graph with start vertex r. Notice that it consists of the subgraph of
G induced by T'(r), plus some extra vertices and edges. To be specific, the vertex set
of H(Gs, ) consists of the vertices of T'(r), plus all marked vertices z of G such that
d(z) € T(r), plus d(r) if r # s. The vertices of T'(r) are called ordinary in H(Gs,1).
The vertices of H(G,,r) \ T(r) are called auxiliary in H(G,,r). In particular, if r # s,
d(r) is called the critical vertex of H(G,r), and (d(r),r) is called the critical edge of
H(Gq,r). (Thus, H(G,, s) is the only auxiliary graph of G, that has no critical vertex
and no critical edge.)

Now we will give a more precise description of the edges of H(G,,r). First, let
21,...,2, be the collection of all marked vertices of G, such that d(z;) € T(r), for
i€ {l,...,k}. Then we can partition the vertex set of G into T'(r), D(z1),..., D(z),
and D(s) \ D(r), if r # s. Now, due to Lemma 4.1, an edge (z,y) of G, satisfies one
of:

() x € T(r) and y € T(r)
(ii) x € T(r) and y € D(s) \ D(r) (assuming that 7 # s)
(iii) z € D(z) and y € D(z), for some z € {z1,..., 2}
(iv) z € D(z) and y € T(r), for some z € {z1,..., 2}
(v) z € D(z) and y € D(s) \ D(r), for some z € {z1,..., 2} (assuming that r # s)
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(vi) (x,y) = (d(2), 2), for some z € {21,..., 2}
(vii) z € D(s)\ D(r) and y € D(s) \ D(r) (assuming that r # s)
(viii) (x,y) = (d(r),r) (assuming that r # s)

Each of those cases provides the corresponding edge of H(G,,r) as follows. (i) —
(xz,y), (it) — (z,d(r)), (iii) — none. (iv) — (z,y). (v) — (z,d(r)). (vi) — (d(z),2).
(vii) — none. (viit) — (d(r),r). For every edge é of H(G,,r) we say that an edge e of
G corresponds to é if € is the edge corresponding to e. (Notice that the correspondences
(i), (vi) and (viii) between edges of G and edges of H(Gy,r) are bijective.) Using
this correspondence, for every path P in GG, whose endpoints are vertices in H (G, r),
there is a corresponding path Py in H(G,, ) that has the same endpoints. The following
Lemma summarizes the properties of the corresponding path and establishes a kind

of inverse to it.

Lemma 4.2. Let G5 be a strongly connected digraph, and let r be either a marked vertex
of G5 or s. Let P be a path in G, whose endpoints lie in H(Gs,r). Then there is a
corresponding path Py in H(Gs,r) with the same endpoints. In particular, every occurrence
of an edge (x,y) € P, such that either (1) x and y are ordinary vertices in H(Gs,1),
or (2) or (x,y) = (d(2),2), where z is a marked vertex of G, with d(z) € T(r), or (3)
(z,y) = (d(r),r) Gf r # s), is maintained in Py. Conversely, for every path P in H(G,,r),

there is a path P in G, such that Py = P.

Proof. To construct Py we simply apply the above correspondence, which maps edges
of G, to edges of H(Gj,7), to every edge of P. (Notice that some edges of P may be
nullified.) It is a simple matter to verify that Py is indeed a path, and it also satisfies
the claimed property. Now, given a path P, we will construct a path P in G, such
that Py = P. This is done essentially by maintaining some of the edges of P and
by expanding some of its edges to paths of G,. In particular, every edge (,y) of P
satisfying (1), (2). or (3), is maintained in P. Now, suppose that P contains (d(z), z)
such that z is a marked vertex of G with d(z) € T'(r). Then, the successor of (d(z), z)
in P, if it exists, is either an edge of the form (z,y), where y € T(r), or (z,d(r))
(assuming that r # s). In the first case, let (z,y) be an edge of G, that corresponds
to (z,y) in H(G,, 7). Then we have that = is a descendant of z in D(Gj), and so,
by Lemma 4.1, there is a path in G from z to z that uses only vertices from D(z).

Thus we replace (z,y) in P with precisely this path. In the second case, let (z,y) be
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an edge of G, that corresponds to (z,d(r)) in H(Gs,r). Then we have x € D(z) and
y € D(s)\ D(r). Now, by Lemma 4.1, there is a path P, from z to = that uses only
vertices from D(z). Furthermore, by the same Lemma, there is a path P, from y to
d(r) that uses only vertices from D(s) \ D(r). Thus we replace (z,d(r)) in P with
P, + (z,y)+ P,. Now suppose that 7 # s and P contains (d(r), ). Then, the immediate
predecessor of (d(r),r) in P, if it exists, is either an edge of the form (x,d(r)), where
x € T(r), or (z,d(r)), where z in a marked vertex of G with d(z) € T(r). Now we can

treat those cases as before, using Lemma 4.1 in order to expand the corresponding

edges of (z,d(r)) or (z,d(r)) in G, into paths of Gi. O
An immediate consequence of Lemma 4.2 is the following.

Corollary 4.1. Let G be a strongly connected digraph, and let r be either a marked vertex
of Gs or s. Then H(G,, 1) is strongly connected.

Furthermore, [13] provided the following result.

Theorem 4.4. ([13]) Let G be a strongly connected digraph, and let r1,...,ry be the

marked vertices of Gj.

() For any two vertices x and y of Gy. © 54, y if and only if there is a vertex r (a
marked vertex of G or s), such that x and y are both ordinary vertices of H(Gs,r)

H(Gs,r
and x (<—> )26 Y.

(ii) The collection H(Gy,s), H(Gs,11),...,H(Gg, 1) of all the auxiliary graphs of G

can be computed in linear time.
We provide the analogous result for 2-edge twinless strong connectivity.

Proposition 4.5. Let x,y be two vertices of a strongly connected digraph G. Then x &5 9er Y
if and only if there is a vertex r (a marked vertex of G or s), such that x and y are both

ordinary vertices of H(Gy,r) and x & y.

Proof. (=) Suppose that x <39 y in G;. Then z and y are not separated by any bridge
of G, and so they both belong to the same graph H (G, r), for some r (a marked
vertex of G or s), as ordinary vertices. Now let e = (u,v) be an edge of H(G,,r). We

will prove that z <»; y in H(Gs,7) \ e. We distinguish five different cases for e.

(1) u and v are both ordinary vertices of H(Gj,r).
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(2) v is an auxiliary vertex of H(G,,r), but not d(r) Gif r # s).
(3) u is an auxiliary vertex of H(G,, ), but not d(r) Gif r # ).
(4) (u,v) = (d(r),r) Gf r # s).

(5) v =d(r) Gf r # 5).

We will now show how to handle cases (1) to (5).

(1) Let v and v be ordinary vertices of H(Gs,7). Then e = (u,v) is an edge of
Gs. Since = 4»9.; y in Gy, there exist two paths P and @ in Gy \ e, such that P starts
from x and ends in y, @) starts from y and ends in z, and for every edge (z,w) € P
we have that (w, z) ¢ ). Now consider the induced paths Py and @y of P and @,
respectively, in H(Gs,r). These have the property that Py starts from z and ends in
y, and Qg starts from y and ends in z. Now we will show that there are subpaths
P}, and Q)% of Py and @y, respectively, that have the same endpoints as Py and Qp,
respectively, and the property that for every (z,w) € Pj, we have that (w, z) ¢ Q. We
will construct P;; and ), by eliminating some segments of Py and )y, respectively,
that form loops. So let (z,w) be an edge of Py with the property that (w,z) € Qp.
Then we have that 2 and w cannot both be ordinary vertices of H(G,,r) (for otherwise
we would have that (z,w) € P and (w, z) € Q). Thus, let us take first the case that
(z,w) = (d(h),h), where h is an auxiliary vertex of H(G,r). Then we have that
(h,d(h)) € Qu. But, in order for Qy to use the edge (h,d(h)), it must first pass from
the bridge (d(h), h). Thus we can simply discard the segment (d(h), k), (h,d(h)) from
Q. as this contributes nothing for ()5 in order to reach y from z. Now let us take
the case that z is an auxiliary vertex of H(G, ), but (z,w) # (d(r),r) Gf r # s). If
w = d(z) we work as before. But this supposition exhausts this case since (w, z) is
an edge of H(G;,r), and so by Lemma 4.1 we have that w must necessarily be d(z).
Now let us take the case that (z,w) = (d(r),r) (assuming that r # s). Then we have
that (r,d(r)) € Qg. But then, in order for Qy to end at an ordinary vertex, it must
immediately afterwards use the bridge (d(r),r). Thus we can eliminate the segment
(r,d(r)), (d(r),r) from Qg. Finally, the case (z,w) = (r,d(r)) is treated similarly as
(z,w) = (d(r),r). This shows that = <»; y in H(G,7) \ e.

In cases (2) and (4), the challenge in proving = <»; y in H(G,, ) \ e is the same
as that in (1), since e happens to be an edge of G;. Thus, cases (1), (2) and (4) have

essentially the same proof. So we are left to consider cases (3) and (5).
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(3) Let’s assume that u is an auxiliary vertex of H(Gy,r) with u # d(r) Gf r # s).
Then, since = >3 y in G, there exist two paths P and @ in G; \ (d(u),u), such that
P starts from = and ends in y, () starts from y and ends in z, and for every edge
(z,w) € P we have that (w,2) ¢ Q). Now consider the induced paths Py and Qg of
P and @), respectively, in H(Gg,r). By Lemma 4.2, these paths do not pass from the
bridge (d(u),u). Therefore, they also cannot use the edge (u,v). Now we can reason as
in the proof for case (1), to show that there are subpaths Pj, and Q% of Py and Gy,
respectively, with the same endpoints, respectively, and the property that for every
(z,w) € Pj; we have that (w, z) ¢ Q. This shows that z <+, y in H(G,,7) \ (z,y).

(5) Let’s assume that r # s and v = d(r). Then, since = <»5.; y in Gg, there exist
two paths P and @ in G; \ (d(r),r), such that P starts from x and ends in y, @
starts from y and ends in xz, and for every edge (z,w) € P we have that (v, z) ¢ Q.
Now consider the induced paths Py and @y of P and (@), respectively, in H(G, 7).
By Lemma 4.2, these paths do not pass from the bridge (d(r),r). Therefore, they
also cannot use the edge (v,u). Now we can reason as in the proof for case (1), to
show that there are subpaths P;; and ()%, of Py and Gy, respectively, with the same
endpoints, respectively, and the property that for every (z,w) € Pj; we have that
(w, z) ¢ Q. This shows that z <»; y in H(Gs,7) \ (z,y).

Now, since cases (1) to (5) exhaust all possibilities for e, we infer that z <»; y in
H(Gs,r) \ e. Due to the generality of e, we conclude that x <o, y in H (G, 7).

(<) Suppose that = 4, y in G,. If there is no r such that z and y are both in
H(Gs,r) as ordinary vertices, then we are done. So let us assume that there is an r
such that x and y are both in H(Gj,r) as ordinary vertices. By [13], we have that if
T 44, y in Gy, then also x #,, y in H(Gg,r), and therefore x 4, y in H(Gs,r).Now
let’s assume that = <. y in G,. Then x %, vy in G, implies that there is an edge
e in G4 such that, for every two paths P and @ in G; \ e such that P starts from z
and ends in y, and (@ starts from y and ends in z, we have that there exists an edge
(u,v) € P such that (v,u) € ). We will strengthen this by showing that there exists
an edge (u,v) € P such that (v,u) €  and u, v are ordinary vertices of H(G,7). We
will achieve this by showing that, if either u or v is not an ordinary vertex of H (G, ),
then we can replace either the part of P that contains (u,v) with one that doesn’t
contain it, or the part of @) that contains (v,u) with one that doesn’t contain it. (So
that, finally, since the resulting paths must have the property that they share a pair

of antiparallel edges, this pair cannot but join ordinary vertices of H(G,r).) We will
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distinguish three cases, depending on the location of v in D(G;). (1) Let’s assume
that u is a descendant in D(Gy) of an auxiliary vertex z of H(Gs, 1), with z # d(r)
(if r # s). Let’s assume first that (u,v) = (z,d(z)), where z is an auxiliary vertex in
H(Gg,r). Since P starts from z (an ordinary vertex in H(Gy, 7)), we have that P must
cross the bridge (d(z), z) in order to reach z. But, since P eventually returns again to
d(z) through (u,v) = (z,d(z)), it is unnecessary to traverse this part from d(z) to d(z)
(that uses (u,v) = (z,d(z))), and so we can skip it. Now let’s assume that v # d(z).
Then, by Lemma 4.1, we have that v must also be a descendant in D(G;) of z. Now,
in order for P to use the edge (u,v), it must first pass from the bridge (d(z), z) (since
it starts from z, an ordinary vertex of H(Gj,r)). Furthermore, in order for Q to use
the edge (v,u), it must also pass from the bridge (d(z),z). But this means that v is
reachable from z without using (u,v), and so we can replace the part of P from z to
(u,v), with that of @ from z to v. (2) Now let’s assume that u is not a descendant of r
in D(G;) (of course, this presupposes that r # s). Suppose, first, that (u,v) = (d(r),r).
Then, since () uses the edge (v, u) = (r,d(r)), but then has to return to H (G, ), it has
no other option but to pass eventually from the bridge (d(r),r), after visiting vertices
which are not descendants of r in D(G;). Thus we can simply skip this part of () that
starts from r and returns again to r (and uses (v,u) = (r,d(r))). Now let’s assume
that (u,v) # (d(r),r). Then, by Lemma 4.1 we have that v is also not a descendant
of r in D(Gj). Since P reaches v, in order to end at y (inside H(G,r)) it has to pass
from the bridge (d(r),r). The same is true for Q, since it ends at x (inside H(Gj,7)).
But then @) can avoid using (v,u), and we replace the part of @) that starts from v
and ends in d(r) with that of P that starts from v and ends in d(r). (3) Finally, we
are left to assume that v is an ordinary vertex of H(Gs,r). If v is also an ordinary
vertex of H(G,,r), we are done. Otherwise, we can revert back to the previous two
cases, interchanging the roles of « and v.

Thus we have shown that there is an edge e in G such that, for every two paths
P and @ in G, \ e such that P starts from z and ends in y, and @ starts from y and
ends in z, we have that there exists an edge (u,v) € P such that (v,u) € @, and u,v
are both ordinary vertices of H(Gj,r) (x). Now we distinguish three cases, depending
on the location of the endpoints of e relative to D(G;). (1) Let us assume that both
endpoints of e are ordinary vertices in H(Gs, 7). Now let’s assume for the sake of
contradiction that there is a path P’ in H(G,,r) \ e from z to y, and a path @ in

H(Gs,7) \ e from y to z, such that for every edge (z,w) € P’ we have that (w, z) ¢ @’
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(¥x). By Lemma 4.2, there is a path P in G, from z to y such that Py = P, and a
path @ in G, from y to = such that Qg = (. Then, by Lemma 4.2, both P and @)
avoid e. But also by the same Lemma, we have that an edge (u,v) € H(Gs,r) with
both endpoints ordinary in H(Gs,r) is used by P (resp. by @) if and only if it is
used by P’ (resp. Q). But then the property (xx) of P’ and )’ violates the property
(¥) of P and . This shows that = ¢, y in H(Gg,r) \ e in this case. (2) Now let’s
assume that both endpoints of e are descendants of r in D(Gj), but also that one
endpoint of e is a descendant in D(Gy) of an auxiliary vertex z in H(Gy,r), where
z # d(r) Gf r # s). Then, by removing (d(z),z) from G, we have that no ordinary
vertex from H(G,,r) can reach the edge e. Therefore, (x) implies that for every path
P from z to y in G, \ (d(z), z) and every path @ from y to z in G\ (d(z), z), we have
that there exists an edge (u,v) € P such that (v,u) € @), and u,v are both ordinary
vertices of H(G,,r). Now let’s assume for the sake of contradiction that there is a
path P in H(Gs,7) \ {(d(2),2)} from z to y, and a path @’ in H(G,,r) \ {(d(z), 2)}
from y to z, such that for every edge (z,w) € P’ we have that (w, 2) @é Q' (xx) Then,
by Lemma 4.2, both P and @ avoid (d(z), z). But also by the same Lemma, we have
that an edge (u,v) € H(Gs,r) with both endpoints ordinary in H(Gj,r) is used by P
(resp. by Q) if and only if it is used by P’ (resp. Q). But then the property (xx) of P’
and ' violates the property (x) of P and (). This shows that z ¢, y in H(G,,7r) \ e
in this case. (3) There remains to consider the case that one endpoint of e is not a
descendant of r in D(G,) (assuming, of course, that r # s). Then, by removing (d(r), )
from G, we have that no path that starts from an ordinary vertex of H(Gs,r) and
uses the edge e can return to H(Gg,r). Therefore, (x) implies that for every path P
from 2z to y in G; \ (d(r),r) and every path @ from y to x in G, \ (d(r),r), we have
that there exists an edge (u,v) € P such that (v,u) € @, and u,v are both ordinary
vertices of H(Gs,r). Now let’s assume for the sake of contradiction that there is a
path P' in H(Gg,r) \ {(d(r),r)} from = to y, and a path @' in H(Gg,r) \ {(d(r),r)}
from y to z, such that for every edge (z,w) € P’ we have that (w, z) ¢ @' (xx) Then,
by Lemma 4.2, both P and () avoid (d(r),r). But also by the same Lemma, we have
that an edge (u,v) € H(Gg,r) with both endpoints ordinary in H(Gs,r) is used by P
(resp. by Q) if and only if it is used by P’ (resp. Q). But then the property (xx) of P’
and ' violates the property (x) of P and (). This shows that z ¢, y in H(Gs,7)\ e in
this case. Any of those cases implies that x ¢, y in H(Gs,r), and therefore = ¢, y
in H(Gs,1). O
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G SCCs[G \ e] ¢; € S(G, (x, )
Figure 4.5: A strongly connected digraph G with a strong bridge e = (z,y) shown
red. The deletion of e splits G into four strongly connected components C,, Cs, Cs
and C, (numbered in topological order). CY is the digraph in S(G, ) that corresponds

to Cy after attaching x and y to it, and all the edges due to the S-operation.

Now let G be a strongly connected digraph and let (z,y) be a strong bridge of
G. We will define the S-operation on G and (z,y), which produces a set of digraphs
as follows. Let Ci,...,C) be the strongly connected components of G \ (z,y). Now
let C € {C4,...,Cr}. We will construct a graph C’ as follows. First, notice that
either x ¢ C and y € C,ory ¢ C and =z € C, or {z,y} NC = (. Then we set
V(C") =V(C)U{z}, or V(C") = V(C)U{y}, or V(C') = V(C) U {x,y}, respectively.
Every edge of G with both endpoints in C is included in C’. Furthermore, for every
edge (u,v) of G such that u € C and v ¢ C, we add the edge (u,x) to C’. Also, for
every edge (u,v) of G such that u ¢ C and v € C, we add the edge (y,v) to C".
Finally, we also add the edge (z,y) to C'. Now we define S(G, (x,y)) := {C1,...,C}}.
See Figure 4.5.

Intuitively, we can describe the idea of the S-operation on G and (z,y) as follows.
Let D be the directed acyclic graph (DAG) of the strongly connected components of
G\ (z,y). Then we have that D has a single source that contains y, and a single sink
that contains z. Now, for every node C of D, we merge all nodes of D\ {C'} that are
reachable from C into z, and all nodes of D\ {C'} that reach C into y. (We ignore all
the other nodes of D.) We also reconnect this graph by adding the edge (z,y). We
perform this operation for every node of D, and thus we get the collection of graphs
S(G, (@, y))-

The purpose of this operation is to maintain the connectivity information within

every strongly connected component of G\ (z,y). In particular, we have the following
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correspondence between paths of G and paths in the graphs of S(G, (z,y)). Let u,v
be two vertices of the same strongly connected component C' of G \ (z,y) and let P
be a path in G from u to v. Then we construct the compressed path P of P as follows.
First, every edge of P with both endpoints in C' is maintained in P. If P lies entirely
within C, we are done. Otherwise, let (z1,w,),..., (2, w;) be a maximal segment of P
consisting of edges that have at least one of their endpoints outside of C. (Thus we
have z; € C' and w,; € C.) Notice that this segment is unique because if a path leaves
C it has to use the edge (z,y) in order to return to C' (and P can use (z,y) only once).
Now, if (21, w;) = (z,), we replace this segment in P with (z,y), (y,w,). Similarly, if
(zt,w:) = (x,y), we replace this segment with (z1, ), (x,y). Otherwise, we replace this
segment with (21, z), (x,y), (y,w;). Then, it should be clear that P is a path in ¢’ from
u to v. The construction of the compressed path, together with a kind of converse to

it, is summarized in the following.

Lemma 4.3. Let G be a strongly connected digraph and let (x,y) be a strong bridge of
G. Let C be a strongly connected component of G\ (z,y), and let C' be the corresponding
graph in S(G, (z,y)). Let also w and v be two vertices in C. Then, for every path P in
G from u to v, there is a (compressed) path P in C' from u to v with the following three
properties. (1) Every edge e € P that lies in C' is maintained in P. Also, every occurrence
of (z,y) in P is maintained in P. (2) If x ¢ C and (z,w) is an edge of P such that z € C
and w ¢ C, then P contains (z,x). (3) If y ¢ C and (z,w) is an edge of P such that
2 ¢ C and w € C, then P contains (y,w). Conversely, for every path P' in C' from u to
v, there is a path P in G from u to v such that P = P',

Proof. The first part was discussed above. For the converse, we construct the path P
by replacing some edges of P’ with paths of G (if needed) as follows. First, every
edge of P’ that lies in C' is maintained in P. Furthermore, every occurrence of (x,y)
in P’ is also maintained in P. Now, if ¢ C' and there is an edge (z,z) € P', then
we trace a path from z to x in the DAG D of the strongly connected components of
G\ (z,y) (possibly using internal paths from the intermediate components in D), and
we let it replace (z,z) in P. Similarly, if y ¢ C' and there is an edge (y, z) € P, then
we trace a path from y to z in D (possibly using internal paths from the intermediate
components in D), and we let it replace (y,z) in P. It should be clear that P so

constructed is indeed a path in G from u to v such that P = P’ O]
Lemma 4.3 implies the following.
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Corollary 4.2. Let G be a strongly connected digraph and let e be a strong bridge of G.
Then every graph of S(G,e) is strongly connected.

The following two lemmas are useful strengthenings of Lemma 4.3.

Lemma 4.4. Let G be a strongly connected digraph and let (x,y) be a strong bridge of
G. Let C be a strongly connected component of G\ (x,y), and let C' be the corresponding
digraph in S(G, (z,y)). Let P’ be a path in C" with both endpoints in C. Then there is a
path P in G with P = P’ such that for every pair of twin edges (z,w) € P and (w,z) € P

we have that both (z,w) and (w,z) are in C".

Proof. By Lemma 4.3 we have that there is a path P in G such that P = P'. In
particular, the endpoints of P lie in C. Now let (z, w) be an edge such that (z,w) € P,
(w,z) € P, and (z,w) ¢ C". (If no such edge exists, then we are done.) We will show
that we can eliminate all those instances from P, and maintain the property that
P = P'. First, let us suppose, for the sake of contradiction, that (z,y) € {(z,w), (w, 2)}.
Since (z,w) ¢ C’, we have (z,w) # (z,y). Therefore, (w, z) = (z,y) and (z,w) = (y, ).
Since (z,w) = (y,z) ¢ C’, we have that neither x nor y is in C. Thus, since P starts
from C, in order to reach y it must pass from (z,y). Then, since it uses (y, ), in order
to reach C' it must again use (z,y). But this contradicts the fact that P may use an
edge only once. This shows that (z,y) ¢ {(z,w), (w, 2)}.

Now, since (z,y) ¢ {(z,w), (w, 2)}, the existence of the edges (z,w) and (w, z) in G
implies that z and w belong to the same strongly connected component D of G\ (z,y).
Notice that D must be different from C, because otherwise, we would have (z,w) € C.
Thus, due to the fact that P may use (z,y) only once, we have that D is accessed by
P only once (because we need to pass from (x,y) in order to either reach D from C,
or reach C from D). Now, if P first uses (z,w) and afterwards (w, z), we have a circuit
that starts with (z,w) and ends with (w, z) that can be eliminated from P. Similarly,
if P first uses (w, z) and then (z,w), we have a circuit that starts with (w, z) and ends
with (z,w) that can be eliminated from P. In both cases, P = P’ is maintained.

Thus, after all those eliminations, we have that, if (z,w) and (w, z) are edges of P,

then both of them must be in C'. O

Lemma 4.5. Let G be a strongly connected digraph and let (x,y) be a strong bridge of
G. Let C be a strongly connected component of G\ (x,y), and let C’' be the corresponding
digraph in S(G, (z,y)). Let P and Q' be two paths in C'" whose endpoints lie in C'. Then

74



there are paths P and Q in G with P = P' and Q = @', such that for every pair of edges
(z,w) € P and (w, z) € Q) we have that both (z,w) and (w, z) are in C".

Proof. By Lemma 4.4 we have that there is a path P in G with P = P’ such that for
every pair of twin edges (z,w) € P and (w, z) € P we have that both (z,w) and (w, z)
are in C'. Similarly, by Lemma 4.4 we have that there is a path @) in G with Q=q
such that for every pair of twin edges (z,w) € @ and (w, z) € () we have that both
(z,w) and (w, z) are in C".

Now let us suppose that there is an edge (z,w) € P, such that (w, z) € ), and at
least one of (z,w) and (w, z) is not in C". (If no such edge exists, then we are done.)
Let us suppose, for the sake of contradiction, that (z,y) € {(z,w), (w,2)}. We may
assume w.l.o.g. that (z,w) = (x,y). Now, since at least one of (z,w) and (w, z) is not
in C’, we have that (w, z) = (y,x) ¢ C’'. This implies that y ¢ C. Thus, since () starts
from C' and reaches y, it must use the edge (z,y). But then, since (z,y) € @ and
(y,z) € Q and (y,z) ¢ C’, we have a contradiction to the property of () provided by
Lemma 4.4. This shows that (z,y) ¢ {(z,w), (w, 2)}.

Since (z,y) ¢ {(z,w),(w,2)} and (z,w), (w,z) are edges of the graph, we have
that z and w belong to the same strongly connected component D of G\ (z,y), and
therefore both (z,w) and (w,z) lie entirely within D. Notice that D # C, because
otherwise we would have that both (z,w) and (w, z) are edges of C. Then we have
that either (1) C' reaches D in G \ (z,y), or (2) D reaches C in G\ (z,y), or (3)
neither C reaches D in G \ (z,y), nor D reaches C in G \ (z,y). Notice that case (3)
is impossible due to the existence of P (and Q): because in this case, since P starts
from C, in order to reach D it must use (z,y), and then, in order to return to C, it
must again use (x,y). Thus, it is sufficient to consider cases (1) and (2). (Notice that
(1) implies that « ¢ C, and (2) implies that y ¢ C.)

Notice that since both P and () go outside of C' at some point, in order to return
back to C' they have the following structure: by the time they exit C, they use a path
to reach x (possibly the trivial path, if © € C), then they use (z,y), and finally they
use another path to return to C (possibly the trivial path, if y € C). Thus, the parts
of P and @ from C to x and from y to C can be substituted by any other path in G
(that has the same endpoints), and the property P = P’ and Q = Q' is maintained.
In the following, we will exploit this property.

Let u and v be the first and the last vertex, respectively, of the subpath of P inside

D, and let v’ and v’ be the first and the last vertex, respectively, of the subpath of @
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inside D. Suppose first that (1) is true. Let P[v, z] be the subpath of P from the last
occurrence of v to the first (and only) occurrence of z, and let Q[v, ] be the subpath
of @ from the last occurrence of v’ to the first (and only) occurrence of x. Since D
is strongly connected, there is a path S from u to v inside D, and we may assume
that all vertices of S are distinct. Then, we replace the part of P inside D with S.
(Observe that P = P’ is maintained.) Since D is strongly connected, there is also at
least one path S’ from «' to a vertex p in S, that uses each vertex only once, and
intersects with S only at p. Then we consider the path S” from u' to v in D that is
formed by first using S’ from to ' to p, and then the subpath of S from p to v. We
let S” replace the part of @) inside D, and we substitute Q[v', z] with P[v, z]. (Observe
that () is still a path, and satisfies Q = @'.) Now, we have that there is no pair of
twin edges (¢/,w’') € P and (v',2’) € ) such that both (2/,w’) and (v, 2’) belong to
D. Furthermore, since we replaced the part of () from D to z with the subpath of P
from D to z, we have that there is no pair of twin edges (2’,w’) € P and (v',2') € @
such that (2/,w’) and (v, 2’) are on this path, due to Lemma 4.4.

Now let us suppose that (2) is true. (The argument here is analogous to the
previous one.) Let Py, u] be the subpath of P from the first (and only) occurrence of
y to the first occurrence of u, and let Q[y, «'] be the subpath of @) from the first (and
only) occurrence of y to the first occurrence of «'. Since D is strongly connected, there
is a path S from u to v inside D, and we may assume that all vertices of S are distinct.
Then, we replace the part of P inside D with S. (Observe that P = P’ is maintained.)
Since D is strongly connected, there is also at least one path S’ in D from a vertex
p € S to v/, that uses each vertex only once and intersects with S only in p. Then
we consider the path S” from u to v' in D that is formed by first using the subpath
of S from to u to p, and then the path S’ from p to v'. We let S” replace the part
of @ inside D, and we substitute Q[y, v'] with P[y, u]. (Observe that () is still a path,
and satisfies Q = Q’.) Now, we have that there is no pair of twin edges (2/,w') € P
and (w',2') € @ such that both (2/,w’) and (v, 2') belong to D. Furthermore, since
we replaced the part of ) from y to D with the subpath of P from y to D, we have
that there is no pair of twin edges (¢/,w’) € P and (v', 2') € @ such that (2/,w') and
(w', 2') are on this path, due to Lemma 4.4.

Thus, we have basically shown that we can eliminate all instances where there are
edges (z,w) € P and (w, z) € @ such that at least one of (z,w) and (w, z) is not in

C’, while still maintaining P = P’ and Q = @', by substituting parts of Q with parts
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of P. This shows that for every pair of edges (z,w) € P and (w, z) € ) we have that
both (z,w) and (w, z) are in C". O

Now we can show that the S-operation maintains the relation of 2-edge twinless

strong connectivity.

Proposition 4.6. Let G be a strongly connected digraph and let (z,y) be a strong bridge
of G. Then, for any two vertices u,v € G, we have u Eouv if and only if u and v belong

to the same graph C of S(G, (z,y)) and u E et v.

Proof. (=) Let u <>9,; v in G. This implies that u and v remain strongly connected
after the removal of any edge of G. In particular, v and v must belong to the same
strongly connected component C' of G \ (z,y), and thus v and v belong to the same
graph C’ of S(G, (z,y)). Now let e be an edge of C’. Suppose first that both endpoints
of e lie in C. Then, u <»9; v in G implies that there are paths P and @ in G \ e
such that P goes from u to v, ) goes from v to u, and there is no edge (z,w) such
that (z,w) € P and (w,z) € Q. Now consider the compressed paths P and Q, of P
and Q, respectively, in C’. Then we have that P is a path from u to v, Q is a path
from v to u, and neither P nor @ contains e. Furthermore, for every (z,w) € P that
lies in C, we have that (w,z) ¢ Q. Now take an edge (z,w) € P such that at least
one of z and w lies outside of C. There are three cases to consider: either z € C
and y ¢ C,or z ¢ C and y € C, or C N {xz,y} = (). Let us consider first the case
that x € C' and y ¢ C. Then we must have that either (z,w) = (z,y), or z = y and
w € C. Suppose that (z,w) = (z,y) and (y,z) € Q. But since y ¢ C, in order for Q) to
reach y it must necessarily pass from the edge (z,y). Thus the segment (z,y), (v, z)
from Q can be eliminated. Now, if z = y and w € C, then we can either have w = z
or w # z. If w = z, then we can reason for P as we did before for @, in order to
see that the segment (w, z), (z,w) can be eliminated from P. Otherwise, we simply
have that (w,y) cannot be an edge of C’, and therefore (w, z) is not contained in Q.
Thus we have demonstrated that there are subpaths of P and Q, that have the same
endpoints, respectively, and do not share any pair of antiparallel edges. We can use
the same argument for the other two cases (i.e., for the cases ¢ C and y € C, and
Cn{z,y} =0).

Now suppose that at least one of the endpoints of e lies outside of C'. Then, since
u <r2. v in G, we have that there are paths P and @ in G \ (z,y) such that P goes

from u to v, Q) goes from v to u, and there is no edge (z,w) such that (z,w) € P and
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(w,2) € Q. Since P and () avoid the edge (z,y), it is impossible that they use edges
with at least one endpoint outside of C (for otherwise they cannot return to C' using
edges of the DAG of the strongly connected components of G \ (z,y)). Thus P and
Q) lie within C, and so they avoid e. This concludes the proof that u <9, v in C".
(<) Suppose that u 4., v in G. If v and v are in two different strongly connected
components of G\ (z,y), then we are done. Otherwise, suppose that v and v belong to
the same strongly connected component C of G\ (z,y), and let C’ be the corresponding
graph in S(G, (x,y)). Suppose first that u ¢,, v in G. Then we may assume, without
loss of generality, that there is an edge e such that u cannot reach v in G\ e. Obviously,
we cannot have e = (z,y). Furthermore, it cannot be the case that at least one of the
endpoints of e lies outside of C' (precisely because (x,y) cannot separate u and v).
Thus, e lies within C'. Now let us assume, for the sake of contradiction, that « can
reach v in C'\ e. So let P’ be a path in "\ e from u to v. Then, by Lemma 4.3, there
is a path P in G from u to v such that P = P’. Since, e € C but e ¢ P’, by the same
lemma we have that P avoids e, a contradiction. Thus, v is not reachable from u in
C"\ e, and s0 u 44, v in C".

So let us finally assume that u <+, v in G. Since u ¢, v in G, this means that
there is an edge e € G such that for every path P in G\ e from u to v, and every path
Q) in G\ e from v to u, there is a pair of twin edges (z,w) € P and (w,z) € Q (%).
Suppose first that e does not lie in C. Now let P’ be a path in C’\ (z,y) from u to v,
and let Q' be a path in C’\ (z,y) from v to u. Then, by Lemma 4.3 there are paths P
and Q in G such that P = P’ and Q = @'. Thus, P is a path from « to v, and @ is a
path from v to w. Since (x,y) ¢ P" and (z,y) ¢ ), Lemma 4.3 implies that (z,y) ¢ P
and (z,y) ¢ Q. Thus, since P and () have both of their endpoints in C' and avoid
(z,y), they cannot but lie entirely within C. Thus, P = P = P’ and Q = Q = @', and
both P and @ avoid e. Then, by (x), there is a pair of twin edges (z,w) € P’ and
(w, z) € @'. This shows that u ¢, v in C'\ (z,y).

Now suppose that e lies in C'. Let P’ be a path in C"\ e from u to v, and let @)’ be
a path in C'\ e from v to u. Then, by Lemma 4.5 there are paths P and @) in G with
P =P and Q = @', such that for every pair of twin edges (z,w) € P and (w, z) € Q
we have that both (z,w) and (w, z) are in (. Since P = P’ and e ¢ P’, Lemma 4.3
implies that P is a path from « to v that avoids e. Similarly, since Q=@ and e ¢ Q'
Lemma 4.3 implies that () is a path from v to u that avoids e. Thus, by (x) we have

that there is a pair of twin edges (z,w) € P and (w, z) € ). Then, we have that both
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(z,w) and (w, z) are in C". Thus, since P = P’ and Q = @', by Lemma 4.3 we have
that (z,w) € P’ and (w,z) € @'. This shows that u ¢, v in C" \ e. In any case, we

conclude that u ¢,,, v in C'. O]

We can combine Propositions 4.5 and 4.6 in order to derive some auxiliary graphs
that maintain the relation of 2-edge twinless strong connectivity of the original graph.
Then we can exploit the properties of those graphs in order to provide a linear-time
algorithm for computing the 2-edge twinless strongly connected components. First,
we introduce some notation. Let GG be a strongly connected digraph, and let r be
either a marked vertex of G or s. Then we denote H(Gy,r) as H,. Furthermore, if 7’
is either a marked vertex of H? or r, we denote H(HZ~,r') as H,,.. In the following,
when we refer to the immediate dominator d(z) of a vertex z, or to the subtree 7'(x)
of a dominator tree decomposition, we specify the corresponding underlying graph
(e.g., we say that d(z) is the immediate dominator of z in H,,.).

Now let = be a vertex in H,,». Then z is also a vertex in H,. We distinguish
four cases, depending on whether z is ordinary or auxiliary in H,,» and H,. If z is
ordinary in H,,, and ordinary in H,, it is called an oo-vertex. If = is ordinary in H,,
and auxiliary in H,, it is called an oa-vertex. If x is auxiliary in H,,» and ordinary
in H,, it is called ao-vertex. And if x is auxiliary in both H,,» and H,, it is called an
aa-vertex.

Now we have the following.

Corollary 4.3. Let G be a strongly connected digraph, and let x,y be two vertices of Gj.
Then x <>9e y in G if and only if x and y are both oo-vertices in A and x <>9e y in A,
where A is either (1) Hys, or (2) a graph in S(Hs,, (d(r),r)), or (3) H,., or (4) a graph
in S(Hyr, (d(r"),r")) @here r and r' are marked vertices, d(r) in (2) denotes the immediate

dominator of r in HE, and d(r') in (4) denotes the immediate dominator of v' in HR).
Proof. This is an immediate consequence of Propositions 4.5 and 4.6. O]

We note that the graphs H,,» were used in [13] to compute the 2-edge strongly
connected components in linear time. Specifically, it was shown in [13] that the 2-edge
strongly connected components of GG are given by the oo-vertices of: (1) the graph
Hg, (2) the strongly connected components of all graphs H, \ (d(r),r), where r is a
marked vertex of G, and (d(r),r) is the critical edge of Hy,, (3) the graphs H,,, for

all marked vertices r of G, and (4) the strongly connected components of all graphs
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H,. \ (d(r'),r"), where r is a marked vertex of G, r’ is a marked vertex of HZ, and
(d(r"),r") is the critical edge of H,,.. Since we can compute all those auxiliary graphs
in linear time (Theorem 4.4), this implies that we can compute all 2-edge strongly
connected components in linear time.

The following series of lemmas provide useful information concerning the reach-
ability of vertices in the auxiliary graphs when we remove an edge. All of them are
basically a consequence of Lemma 4.2, which establishes a two-way correspondence

between paths of G5 and paths of H(Gs, 7).

Lemma 4.6. Let G be a strongly connected digraph and let r be either a marked vertex of
G or s. Let (z,y) be an edge of H, such that y is an ordinary vertex of H,. Then r can
reach every vertex of H, in H, \ (z,y).

Proof. Suppose first that « is an ordinary vertex of H,. Then (z,y) is also an edge of
G, which is not a bridge of G5. Now let u be a vertex of H,, but not d(r) Gf r # s).
Then there is a path P from s to u that avoids (z,y). If r # s, then, by Lemma 4.1, P
must necessarily pass from the bridge (d(r),r), and every time it moves out of D(r)
it must later on pass again through (d(r),r), in order to reach eventually u. Thus P
contains a subpath ) from r to u that visits only vertices of D(r). Now consider the
corresponding path () in H,. By Lemma 4.2, this is precisely a path from r to u in
H, that avoids (x,y). Now let r # s. Since H, is strongly connected (by Corollary 4.1),
we have that r can reach d(r). Since y is ordinary, (x,y) is not an incoming edge to
d(r) in H,. And since r can reach every vertex of H,\ {d(r)} in H,\ (z,y), we conclude
that d(r) is also reachable from r in H, \ (z,y).

Now suppose that z is an auxiliary vertex of H,. If © = d(r) (assuming that r # s),
then we must have that y = r. Since H, is strongly connected (by Corollary 4.1), we
have that r can reach every vertex of H,. Thus, even by removing the incoming edge
(d(r),r) of r, we still have that r can reach every vertex of H, \ (d(r),r). So let us
assume that = # d(r) (if r # s). Then we have that x is a marked vertex of G, such
that d(z) € T'(r). Now let u be a vertex of H, but not d(r) Gf r # s). If u # x, then u
is not a descendant of x in D(G,). Therefore, as a consequence of Lemma 4.1, there
is a path P in G, from s to u that avoids (d(z),z). Arguing as above, we have that
there is a subpath @) of P from r to u. Now consider the corresponding path Qg
of  in H,. Then, by Lemma 4.2, Qg avoids (d(z),z), and therefore (x,y). Now, if

u = x, then there is definitely a path from r to u in H, (by Corollary 4.1). But then
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we can also avoid using (z,y) in order to reach u from r in H,. Finally, we can argue
as above, in order to conclude that d(r) is also reachable from r in H, \ (x,y). This

completes the proof. ]

Lemma 4.7. Let G be a strongly connected digraph and let r be either a marked vertex of G
or s. Let (d(z),z) be an edge of H, such that z is a marked vertex of G5 with d(z) € T(r).
Then r can reach every vertex of H, in H, \ (z,y). except z, which is unreachable from r
in H.\ (z,y), and possibly d(r) Gf r # s).

Proof. We can argue as in the proof of Lemma 4.6 in order to show that, for every
vertex v in H, that is not z or d(r) (if r # s), there is a path from r to u in H, that
avoids (d(z), z). Now let’s assume for the sake of contradiction that there is a path
P in H, from r to z that avoids (d(z),z). Then, by Lemma 4.2 there is path P in
G, from 7 to z that corresponds to P and it also avoids (d(z),z). Now, since d(z) is
not a dominator of r in Gj, there is a path @ from s to r in G that avoids d(z). But
now the concatenation of () with P is a path in G, from s to z that avoids (d(z), 2),

contradicting the fact that this edge is a bridge in G;. O]

Lemma 4.8. Let G be a strongly connected digraph and let x be a marked vertex of G
such that d(x) € T(s) in Gs. Let (xo,y) be an edge of G such that x is a descendant of x
in D(G5) and y is not a descendant of x in D(G). Let u be a vertex of Hy. If u reaches
s in G\ (xo,y), then u reaches s in H, \ (x,y).

Proof. Let u be a vertex of H; and let P be a path from u to s in G\ (x¢,y). Consider
the corresponding path Py of P in H,. Py has the same endpoints as P. Thus, if Py
avoids the edge (z,y) of H,, then we are done. Otherwise, this means that P uses an
edge (z1,y) of Gy, distinct from (¢, y) (although we may have x; = z, since we allow
multiple edges), such that z; is a descendant of = in D(Gy). But then we must have
that (z,y) is a double edge of H,, and therefore H,\ (z,y) is strongly connected (since
H, is strongly connected, by Corollary 4.1). Thus u can reach s in H, \ (z,y). O

Lemma 4.9. Let G be a strongly connected digraph and let r be either a marked vertex of
Gs or s. Let z by a marked vertex of G such that d(z) € T(r). Let {(z,v1),...,(z,yx)}

be the set of all edges that stem from z in H,. Then r can reach every vertex of H, in
HA\A{(z,y1),-..,(z,ur)}, except possibly d(r) Gf r # s).

Proof. We can argue as in the proof of Lemma 4.6 in order to show that, for every

vertex u in H, that is not z or d(r) (if r # s), there is a path from r to u in H, that
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avoids (d(z), z), and therefore all of the edges {(z,41),..., (%, yx)}. Furthermore, there
is certainly a path in H, from r to z (by Corollary 4.1), and so we can definitely reach

z from rin H. \ {(z,11),...,(z,yx) }- s

Lemma 4.10. Let G be a strongly connected digraph and let r be either a marked vertex
of G5 or s. Let w and v be two vertices of H,, and let (x,y) be an edge of G, such that
either (1) both x and y are ordinary vertices of H,, or (2) y is a marked vertex of G5 and
x=d(y), or (3) (z,y) = (d(r),r) (assuming that r # s). Then u can reach v in G\ (x,y)
if and only if u can reach v in H, \ (z,y).

Proof. (=) Let P be a path in G, \ (x,y) that starts from u and ends in v. Now
consider the corresponding path Py of P in H,. Then, since either one of (1), (2), or
(3) holds for (z,y), by Lemma 4.2 we have that (z,y) is not contained in Py. Thus
u can reach v in H, \ (z,y).

(<) Let us assume that u cannot reach v in G, \ (z,y). Now let’s assume for the sake
of contradiction that there is path P in H, \ (z,y) that starts from u and ends in .
By Lemma 4.2, there is a path P in G, such that Py = P. Since either one of (1), (2).
or (3) holds for (z,y), by the same Lemma we have that (z,y) is not contained in P.

But this means that u can reach v in G, \ (x,y) - a contradiction. O

Corollary 4.4. Let G be a strongly connected digraph, and let x,y be two vertices of G.
Then x (%get y if and only if x and y are both ordinary vertices in H and x & 2et Y, Where
H is either (1) Hgs, or (2) H,., or (3) a graph in S(Hg,., (d(r),r)), or (4) a graph in
S(Hypr, (d(r"),7")) @here r, r', d(r) and d(r'") are as in the statement of Corollary 4.3).

Proof. This is an immediate consequence of Propositions 4.5 and 4.6. ]

Now we can describe the structure of the strongly connected components of the

graphs that appear in Corollary 4.4 when we remove a strong bridge from them.

Lemma 4.11. Let G, be a strongly connected digraph. Let (x,y) be a strong bridge of H.
Then the strongly connected components of Hys \ (x,y) are given by one of the following:

() {z} and Hg \ {x}, where x is auxiliary in Hy and y = d(x) in G, (see case (1.3)
below)

(i) {z} and Hg \ {x}, where x is auxiliary in Hgs and (x,y) is the only outgoing edge
of © in Hy, (see case (3.3) below)
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Gii) {y} and Hy \ {y}, where y is auxiliary in Hys and x = d(y) in HE (see cases (2.1)
and (2.2) below)

() {z}, {y} and Hg\{x,y}, where x is auxiliary in Hy, y is auxiliary in Hgs, x = d(y)
in HE and y = d(z) in G, (see case (2.3) below)

Proof. Let (x,y) be an edge of H,,. We start by distinguishing four different cases,
depending on whether = and y are ordinary or auxiliary vertices of H;.

(1) Let x and y be both ordinary vertices of Hs. Here we distinguish four different
cases, depending on whether = and y are ordinary or auxiliary in H,. Notice that,
in any case, (y,z) is an edge of H,. (1.1) Let x and y be both oo-vertices. Then, by
Lemma 4.6, s can reach all vertices of H in H; \ (y,z). Thus, with the removal of
(z,y) from HI, every vertex of H can reach s. Thus, Lemma 4.10 implies that, even
by removing (z,y) from H,,, every vertex from H,s can reach s. Now, since = and
y are both ordinary vertices of H,,, by Lemma 4.6 we have that s can reach every
vertex in Hy \ (z,y). We conclude that H \ (z,y) is strongly connected. (1.2) Let «
be oo and y be oa. Then we use precisely the same argument as in (1.1) to conclude
that H, \ (x,y) is strongly connected. (1.3) Let 2 be oa and y be oo. Then, since there
is no critical vertex in H,,  must be a marked vertex of G, such that d(z) € T(s).
Since (y, ) is an edge of H,, we must have that y = d(z) in G;. Thus, by Lemma 4.7,
s can reach all vertices of H, in H \ (y, ), except z. This implies that s is reachable
from all vertices of HY in HI\ (z,y), except from x. By Lemma 4.10, this implies
that s is reachable from all vertices of H,, in H \ (z,y), except from x. Furthermore,
Lemma 4.10 also implies that all vertices of H,, are reachable from s in H \ (z,y).
Thus, the strongly connected components of H,,\ (x,y) are {z} and Hy,\{z}. (1.4) Let
z and y be both oa. This implies that (y, x) is an edge of H, both of whose endpoints
are auxiliary. But this is impossible to occur since there is no critical vertex in H,.

(2) Let  be an ordinary vertex of H,, and let y be an auxiliary vertex of H,.
Since H,, does not contain a critical vertex, this means that y is a marked vertex
of HE and z = d(y) in HE. Thus, (y,z) is also an edge of H,. Now we distinguish
four different cases, depending on whether = and y are ordinary or auxiliary in H,.
(2.1) Let x be oo and y be ao. Then, by Lemma 4.6, s can reach all vertices of H; in
H;\ (y,z). This implies that s is reachable from all vertices of Hf in Hf\ (z,y). By
Lemma 4.10, this implies that s is reachable from all vertices of H, in Hy \ (z,y).

Now, since x = d(y) in HE, by Lemma 4.7 we have that s can reach all vertices of
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Hy in Hg \ (x,y), except y. Thus, the strongly connected components of H; \ (z,v)
are {y} and H,s\ {y}. (2.2) Let x be oo and y be aa. Then we use precisely the same
argument as in (2.1) in order to show that the strongly connected components of
Hg \ (z,y) are {y} and H,s \ {y}. (2.3) Let = be oa and y be ao. This means that y
is an ordinary vertex of H, and z is an auxiliary vertex of H,. Thus, x is a marked
vertex of Gy, and y = d(x) in G. By Lemma 4.7, we have that s can reach all vertices
of H, in H,\ (y,z), except z. This implies that s is reachable from all vertices of HZ
in HE\ (z,y), except from z. By Lemma 4.10, this implies that s is reachable from all
vertices of H, in Hg, \ (z,y), except from x. Now, since z = d(y) in HE, Lemma 4.7
implies that s can reach all vertices of H,, in H\ (z,y), except y. We conclude that the
strongly connected components of Hg \ (z,y) are {z}, {y}, and H \ {z,y}. (2.4). Let
x be oa nd y be aa. This implies that (y, z) is an edge of H, both of whose endpoints
are auxiliary. But this is impossible to occur since there is no critical vertex in H;.
(3) Let = be an auxiliary vertex of H, and let y be an ordinary vertex of H,.
Since H,, has no critical vertex, this means that = is a marked vertex of H f with
d(x) € T(s) in HE. Now we distinguish four different cases, depending on whether
x and y are ordinary or auxiliary in H;. In any case, by Lemma 4.6 we have that
s can reach every vertex of H, in Hg, \ (z,y). (3.1) Let x be ao and y be oo. Let
(ro,y) be an edge of HE that corresponds to (x,y) in H,,. Then (y,z,) is an edge
of H,. If xy is an ordinary vertex of H, then by Lemma 4.6 we have that s reaches
all vertices of H, in H, \ (y,zo). This implies that every vertex of Hf can reach s in
HE\ (z0,y). Then Lemma 4.8 implies that z can reach s in H,, \ (x,y). Thus, every
vertex of Hg, can reach s in Hy \ (z,y), and so we have that Hy \ (z,y) is strongly
connected. Similarly, if x, is an auxiliary vertex of H;, then, by Lemma 4.7, we have
that s reaches all vertices of H, in H\ (y, zo), except xy, which is unreachable from s
in H,\ (y, o). This implies that every vertex of H* can reach s in HE\ (z¢,y), except
7o, which cannot reach s in HE\ (x4, ). Since z is an ordinary vertex of H,, we have
that = # z,, and so z can reach s in H*\ (x¢,y). Now Lemma 4.8 implies that = can
reach s in Hy \ (z,y). Thus, every vertex of H,, can reach s in Hy \ (z,y), and so
we have that Hg \ (z,y) is strongly connected. (3.2) Let x be ao and y be oa. Now
let {(z1,y),...,(xx,y)} be the set of all edges of H that correspond to (z,y). Then
{(y,21),...,(y,xr)} is a set of edges of H, that stem from y. Thus, by Lemma 4.9
we have that s can reach all vertices of H, in H, \ {(y,x1),...,(y,zx)}. This implies

that s can be reached by all vertices of H? in HE\ {(z1,v), ..., (z,y)}. In particular,
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there is a path P from z to s in HE\ {(z1,y),..., (7x,y)}. Then, by Lemma 4.2, the
corresponding path Py of P in H,, goes from z to s and avoids the edge (z,y) of
Hg,. This means that s is reachable from z in H \ (z,y), and therefore every vertex
of H,, reaches s in Hy \ (z,y). Thus we have established that H \ (z,y) is strongly
connected. (3.3) Let x be aa and y be oo. Let (g, y) be an edge of H that corresponds
to (z,y) in Hgs. Then (y,x¢) is an edge of H,. Now, if z is ordinary in H; or it is
auxiliary in H, but 2y # z, then we can argue as in (3.1) in order to establish that
Hg \ (z,y) is strongly connected. Otherwise, suppose that zy = z. Then, since z is
auxiliary in H; and y is ordinary in H, (and H, contains no critical vertex), we have
that y = d(x) in Gs. Now, by Lemma 4.7 we have that s reaches all vertices of H; in
H\ (y, z), except z, which is unreachable from s in H;\ (y, z). This implies that every
vertex of H® can reach s in H®\ (z,y), except x, which cannot reach s in HZ\ (z,y).
Now Lemma 4.8 implies that every vertex of H,, can reach s in H, \ (z,y), except
possibly z. Thus, we have that either H\ (z,y) is strongly connected, or its strongly
connected components are {z} and H \ {z}. Furthermore, since (y,z) is the only
incoming edge to x in H,, we have that (z,y) is the only outgoing edge from z in HE.
Therefore, since y is ordinary in H,,, we have that z has no descendants in D(H).
This means that (z,y) is the only outgoing edge of = in H,,. (3.4) We do not have to
consider the case that z is aa and y is oa, because this implies that (y,x) is an edge
between two auxiliary vertices in H,, which is impossible to occur.

(4) It is impossible that x and y are both auxiliary vertices of H,,, since H, does

not contain a critical vertex. O]

Lemma 4.12. Let G, be a strongly connected digraph, and let r be a marked vertex of G.
Let (z,y) be a strong bridge of H,.. Then the strongly connected components of H,, \ (x,y)

are given by one of the following:

() {z} and H,, \ {x}, where x is auxiliary in H, and y = d(z) in G, (see case (1.3)
below)

Gi) {z}, {d(r)} and H,, \ {z,d(r)}, where z is oa in H,., y is oo in H,.., y = d(z)
in G, and (d(r),x) is the only kind of outgoing edge of d(r) in H,, (see case (1.3)
below)

(i) {x} and H,, \ {x}, where x is auxiliary in H,, and (x,y) is the only outgoing edge
of x in H,, (see cases (3.3) and (3.4) below)
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(iv) {y} and H,.\{y}, where y is auxiliary in H,, and x = d(y) in H (see the beginning
of (2), and cases (2.1) and (2.2) below)

() {z}, {y} and H,, \ {z,y}, where x is oa in H,., y is ao in H,., v = d(y) in HE
and y = d(z) in G (see case (2.3) below)

i) {x}, {y}, {d(r)} and H,. \ {z,y,d(r)}, where = is oa in H,., y is ao in H,,,
r=d(y) in HE, y=d(z) in Gy, and (d(r),z) is the only kind of outgoing edge of
d(r) in H,, (see case (2.3) below)

Proof. First notice that d(r) is an auxiliary vertex of H, and has only one outgoing
edge (d(r),r). Thus, vertex d(r) in HE has only one incoming edge (r,d(r)), and so
this must be a bridge of HE. This means that d(r) is an aa-vertex of H,,.. Now let
(x,y) be an edge of H,.. We distinguish four different cases, depending on whether
x and y are ordinary or auxiliary vertices of H,,.

(1) Let x and y be both ordinary vertices of H,,. Here we distinguish four different
cases, depending on whether = and y are ordinary or auxiliary in H,. Notice that, in
any case, (y,z) is an edge of H,. (1.1) Let  and y be both oo in H,,. By Lemma 4.6
we have that r can reach all vertices of H, in H, \ (y,z). Thus we infer that r is
reachable from all vertices of H in H®\ (z,y), and so Lemma 4.10 implies that r is
reachable from all vertices of H,,. in H,,.\ (x,y). Now, since, x and y are both ordinary
vertices of H,,, by Lemma 4.6 we have that r reaches all vertices of H,, \ (z,y). We
conclude that H,, \ (z,y) is strongly connected. (1.2) Let = be oo and y be oa. Then we
can argue as in (1.1) in order to conclude that H,, \ (z,y) is strongly connected. (1.3)
Let = be oa and y be oo. By Lemma 4.7 we have that r can reach all vertices of H, in
H,\ (y,x), except x, which is unreachable from r in H, \ (y,z), and possibly d(r). In
any case, since d(r) has only one outgoing edge (d(r),r) in H,, we also have that d(r)
cannot reach z in H, \ (y,z). This implies that r is reachable from all vertices of HZ
in HE\ (z,y), except from =z, and possibly d(r); and that, in any case, z cannot reach
d(r) in H®\ (z,y). Now Lemma 4.10 implies that r is reachable from all vertices of
H,, in H,, \ (z,y), except from z, and possibly d(r), and that, in any case, = cannot
reach d(r) in H,,. We conclude that there are two possibilities: the strongly connected
components of H,,\(x,y) are either {z} and H,,\{z}, or {z}, {d(r)} and H,,.\{z,d(r)}.
(1.4) Let x and y be both oa. This implies that (y,z) is an edge of H, both of whose
endpoints are auxiliary. But this is impossible to occur since none of those vertices is
d(r) (which is aa in H,,).
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(2) Let = be ordinary in H,, and let y be auxiliary in H,,. If y = d(r), then z
must necessarily be 7, since d(r) has only one incoming edge (r,d(r)) in H. So let
us consider first the case that (x,y) = (r,d(r)), which is the only case in which d(r)
can appear as an endpoint of (z,y) if y is auxiliary in H,,. By Corollary 4.1, we
have that H is strongly connected. Thus, even by removing the edge (r,d(r)), we
still have that r is reachable from every vertex of HZ. By Lemma 4.10, this implies
that every vertex of H,, is reachable from r in H,, \ (r,d(r)). Now, by Lemma 4.7 we
have that r reaches every vertex of H,, \ (r,d(r)), except d(r), which is unreachable
from r in H,, \ (r,d(r)). Thus we conclude that the strongly connected components of
H,\(r,d(r)) are {d(r)} and H,,\{d(r)}. Now, due to the preceding argument, in what
follows we can assume that none of = and y are d(r). This means that y is a marked
vertex of H® and x = d(y) in H. Thus, (y,) is an edge of H,. Now we distinguish
four possibilities, depending on whether = and y are ordinary or auxiliary in H,.
(2.1) Let = be oo and y be ao. Since = and y are ordinary vertices of H,, and (y, z)
is an edge of H,, we can argue as in (1.1) in order to show that r is reachable from
every vertex of H,, in H,, \ (z,y). Now, by Lemma 4.7 we have that r reaches every
vertex of H,, in H,, \ (z,y), except y, which is unreachable from r in H,, \ (z,y). We
conclude that the strongly connected components of H,, \ (z,y) are {y} and H,, \ {y}.
(2.2) Let z be oo and y be aa. Then we can argue as in (2.1) in order to show that
the strongly connected components of H,, \ (z,y) are {y} and H,, \ {y}. (2.3) Let «
be oa and y be ao. This means that y = d(z) in H,, and so, by Lemma 4.7, we have
that  can reach every vertex of H, in H, \ (y,x), except z, which is unreachable from
rin H, \ (y,x), and possibly d(r). In any case, we have that d(r) cannot reach = in
H,\ (y,z), since there is only one outgoing edge (d(r),r) of d(r) in H,. Thus we have
that r is reachable from every vertex of H in H*\ (z,y), except from z, which cannot
reach r in H*, and possibly d(r). In any case, we have that d(r) is not reachable from
z in H\ (z,y). By Lemma 4.10, this implies that r is reachable from every vertex of
H,, in H, \ (z,y), except from z, which cannot reach r in H, and possibly d(r). In
any case, we have that d(r) is not reachable from x in H,,\ (z,y). Now, by Lemma 4.7
we have that 7 can reach every vertex of H,, \ (z,y), except y, which is unreachable
from r in H,, \ (z,y). Furthermore, no vertex of H,, can reach y in H,, \ (z,y), since
(x,y) is the only incoming edge of y in H,,. We conclude that the strongly connected
components of H,, \ (z,y) are either {z}, {y} and H,, \ {z,y}, or {z}, {y}, {d(r)} and
H, . \{z,y,d(r)}. (2.4) Let x be oa and let y be aa. This means that both = and y are
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auxiliary vertices of H,, and so one of them must be d(r). But we have forbidden this
case to occur since it was treated in the beginning of (2).

(3) Let = be an auxiliary vertex of H,, and let y be an ordinary vertex of H,,.
Since H,, has no critical vertex, this means that = is a marked vertex of HTR with
d(x) € T(r) in HE. Now we distinguish four different cases, depending on whether z
and y are ordinary or auxiliary in H,. In any case, by Lemma 4.6 we have that r can
reach every vertex of H,, in H,, \ (z,y). (3.1) Let x be ao and y be oo. Let (z¢,y) be an
edge of H” that corresponds to (x,y) in H,,. Then (y,z) is an edge of H,. If x( is an
ordinary vertex of H,, then by Lemma 4.6 we have that r reaches all vertices of H,
in H, \ (y,z). This implies that every vertex of H/* can reach r in H?\ (zg,y). Then
Lemma 4.8 implies that x can reach r in H,, \ (x,y). Thus, every vertex of H,, can
reach r in H,, \ (z,y), and so we have that H,, \ (z,y) is strongly connected. Similarly,
it xo is an auxiliary vertex of H,, then, by Lemma 4.7, we have that r reaches all
vertices of H, in H,\ (y, x¢), except xy, which is unreachable from r in H, \ (v, z¢), and
possibly d(r). This implies that every vertex of H® can reach r in H?\ (z¢,y), except
o, which cannot reach r in H? \ (zy,y), and possibly d(r). Since z is an ordinary
vertex of H,, we have that x # x(, and so z can reach r in H*\ (zy,y). Now Lemma 4.8
implies that x can reach r in H,, \ (z,y). Thus, since H,, is strongly connected, we
have that every vertex of H,, can reach r in H,,\ (z,y), and so we have that H,,\ (z,y)
is strongly connected. (3.2) Let x be ao and y be oa. Let {(x1,y),..., (zx, y)} be the
collection of all edges of H” that correspond to (z,y) in H,.. Then {(y,z1), ..., (y,zx)}
is a set of outgoing edges from y in H,. Thus, Lemma 4.9 implies that r can reach
all vertices of H, in H, \ {(y,z1),...,(y,z)}, except possibly d(r). This implies that
r can be reached from all vertices of H® in HE\ {(z1,v),..., (zx,y)}, except possibly
from d(r). In particular, there is a path P from z to r in H® that avoids all edges in
{(z1,9y),...,(zk,y)}. Then, by Lemma 4.2 we have that the corresponding path Py
in H,, avoids (x,y). This means that r is reachable from z in H,, \ (z,y). Since H,,
is strongly connected (by Corollary 4.1), we know that all vertices of H,, can reach
r. Thus they can reach r by avoiding the edge (x,y). We conclude that H,, \ (z,y) is
strongly connected. (3.3) Let « be aa and y be oo. First, let us assume that = = d(r)
(in Gy). Since H,, is strongly connected and (r,d(r)) is the only incoming edge to
d(r) in H,,, we have that every vertex from H,, can reach r in H,, \ (z,y), except
possibly d(r). Thus, we have that H,, \ (z,y) is strongly connected if and only if d(r)

has at least two outgoing edges in H,,. Otherwise, (z,y) is the only outgoing edge
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from d(r) in H,,, and then the strongly connected components of H,, \ (z,y) are {z}
and H,, \ {x}. Now let us assume that = # d(r). Notice that = is a marked vertex of
HE. Let (z9,y) be an edge of H! that corresponds to (z,y) in H,,. Then (y,z,) is an
edge of H,. Now, if z; is ordinary in H, or it is auxiliary in H, but x, # x, then we can
argue as in (3.1) in order to establish that H,, \ (z,y) is strongly connected. Otherwise,
suppose that zo = 2. Then, since x is auxiliary in H, and y is ordinary in H, (and
x # d(r)), we have that y = d(z) in G,. Now, by Lemma 4.7 we have that r reaches all
vertices of H, in H, \ (y,z), except x, which is unreachable from r in H, \ (y, ), and
possibly d(r). This implies that every vertex of H? can reach r in H?\ (z,y), except
z, which cannot reach r in H?\ (z,y), and possibly d(r). Now Lemma 4.8 implies
that every vertex of H,, can reach r in H,, \ (z,y), except possibly x and d(r). But
since H,, is strongly connected (by Corollary 4.1) and there is no edge (d(r),z) in
H,, (since x and d(r) are both auxiliary, but not critical, vertices of H,,), we also have
that d(r) reaches r in H,, \ (z,y). Thus we conclude that either H,, \ (z,y) is strongly
connected, or its strongly connected components are {z} and H,, \ {z}. (3.4) Let = be
aa and y be oa. If x # d(r), then we can argue as in (3.2) in order to conclude that
H,, \ (z,y) is strongly connected. Otherwise, let x = d(r). Then, since H,, is strongly
connected (by Corollary 4.1), we have that r is reachable from every vertex of H,,.
Since d(r) has only one incoming edge (r,d(r)) in H,,, this implies that every vertex
of H,,\{d(r)} can reach r by avoiding d(r). Thus, if d(r) has more than one outgoing
edge in H,,, we have that H,, \ (z,y) is strongly connected. Otherwise, the strongly
connected components of H,, \ (z,y) are {d(r)} and H,, \ {d(r)}.

(4) It is impossible that both = and y are auxiliary vertices of H,,, since H,, does

not contain a critical vertex. O]

We can simplify the result of Lemma 4.12 by essentially eliminating cases (ii) and
(vi). This is done by observing that, in those cases, the only outgoing edges from d(r)
have the form (d(r),z), where z is an oa vertex in H,,. To achieve the simplification,
we remove d(r) from H,,, and we add a new edge (r,z). This is in order to replace
the path (r,d(r)), (d(r),x) of H,. with (r,z). We call the resulting graph H,,. The
following two lemmas demonstrate that f[w maintains all the information that we

need for our purposes.

Lemma 4.13. For any two oo vertices u,v of f[rr we have u I<{—>"26t v if and only if

Hoy
U <7 9¢t V.

89



Proof. First, observe that  has only one outgoing edge in H,,. This is because z is
an auxiliary vertex of H,, and thus (since = # d(r)) it has only one incoming edge in
H,. This means that = has only one outgoing edge in HZ, and thus it has only one
outgoing edge in H,,, since it is ordinary in H,,.

Now let u,v be two oo vertices of f[rr. Suppose first that u I<{—>"25t v. Let e be an
edge of I?IM different from (r,z). Then e is also an edge of H,,, and u,v are twinless
strongly connected in H,, \ e. This means that there is a path P in H,, \ e from u to
v, and a path @ in H,, \ e from v to u, such that there is no edge (z,w) € P with
(w,2) € Q. Now, if P and ) do not pass from d(r), then they are paths in H,,, and
this implies that u,v are twinless strongly connected in I}M \ e. Otherwise, at least
one of P,Q has (r,d(r)),(d(r),z) as a subpath. Then we replace every occurrence of
this subpath with (r,z). If the outgoing edge of = in H,, is not (z,r), then we still
have that P and () do not share a pair of antiparallel edges, and so u, v are twinless
strongly connected in ﬁTr. Otherwise, since P and () must end in an oo vertex, for
every occurrence of d(r) in them they must pass from the path (r,d(r)), (d(r), x), (x,r).
Then we can simply discard every occurrence of this triangle. This shows that u,v
are twinless strongly connected in H,, \ e. Now let e = (r,z). Since u @2@ v, we have
that u,v are twinless strongly connected in H,, \ (r,d(r)). This means that there is a
path P in H,, \ (r,d(r)) from u to v, and a path @ in H,, \ (r,d(r)) from v to u, such
that there is no edge (z,w) € P with (w, z) € Q). Since (r,d(r)) is the only incoming
edge to d(r) in H,,, this means that P, () do not pass from d(r). Also, P, ) do not use
the edge (r, ). This means that u,v are twinless strongly connected in H,, \ (r,z).
Thus we have u I<?—>"Qet V.

Conversely, suppose that u,v are not 2-edge twinless strongly connected in H,.,.
Then there is an edge e € H,, and a pair of antiparallel edges (z,w), (w, z) € H,,, such
that for every path P in H,, \ e from u to v and every path @ in H,, \ e from v to u,
we have (z,w) € P and (w, z) € (). Suppose first that e is not one of (r,d(r)), (d(r), ).
Now let us assume, for the sake of contradiction, that there is a path P in ﬁ,,r \ e
from u to v that does not contain (z,w). Then we can construct a path P’ in H,, by
replacing every occurrence of (r,z) in P with the segment (r,d(r)), (d(r), ). Observe
that (z,w) is neither (r,d(r)) nor (d(r),z), because (w, z) is also an edge of H,, (and
there cannot be an edge (d(r), ), because (d(r), z) is the only outcoming edge of d(r);
and also there cannot be an edge (x,d(r)), because (r,d(r)) is the only incoming edge

to d(r) in H,,, and x # r because z is auxiliary in H, but r is ordinary in H,). Thus
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P'is a path in H,, \ e from u to v that does not use (z,w) - a contradiction. Similarly,
we can show that there is no path Q in H,, \ e from v to u that does not use (w, z).
This means that u, v are not twinless strongly connected in ,, \ e. Now suppose that
e is either (r,d(r)) or (d(r),z). Then we can see that u,v are not twinless strongly
connected in H,, \ (r,z), because every path in H,, \ (r,z) from u to v, or from v to

u, is also a path in H,, \ e. O

Lemma 4.14. Let e be an edge of H,,. Then e is a strong bridge of H,, if and only if it is
a strong bridge of H,,.. The strongly connected components of H,, \ e are given essentially

by Lemma 4.12 (where we replace “H,,” with “H.").

Proof. First observe that (r,z) is not a strong bridge of H,,, because z is an ordinary
vertex of H,,, and so, by removing any edge from H,,, r can still reach z in H,,. In
particular, by removing (r,d(r)) or (d(r),z) from H,,, r can still reach x. From this,
we can conclude that (r,z) is not a strong bridge of H,,.

Now let e be an edge of H,,, but not (r,z). Then e is also an edge of H,,. Let u,v
be two vertices of ﬁmn. We will show that u can reach v in 1:77-7« \ e if and only if u can
reach v in H,, \ e. Let P be a path in I;TT,« \ e from u to v. We can construct a path in
H,, \ e by replacing every occurrence of (r,z) in P with the segment (r,d(r)), (d(r), z).
This shows that u can reach v in H,, \ e. Conversely, let P be a path in H,, \ e from u
to v. If P passes from d(r), then it must necessarily use the segment (r,d(r)), (d(r), x))
(because (r,d(r)) is the only incoming edge to d(r) in H,,, and (d(r),z) is the only
king of outgoing edge from d(r) in H,,). Then we can construct a path in H,, \ by
replacing every occurrence of the segment (r,d(r)), (d(r),z)) with (r,z). This shows
that u can reach v in H,, \ e. Thus we have that the strongly connected components
of f[rr\e coincide with those of H,, \ e (by excluding d(r) from the strongly connected

component of H,, \ e that contains d(r)). O

Before we move on to describe the structure of the strongly connected components

of the remaining graphs, we will need the following two lemmas.

Lemma 4.15. Let G be a strongly connected digraph and let r be a marked vertex of
Gs. Let (z,y) be an edge of H, such that either both x and y are ordinary in H,, or y is
auxiliary in H, and v = d(y) in Gs. Let u be a vertex of H,. If u reaches s in G\ (z,y),
then w reaches d(r) in H, \ (z,y).

Proof. Let P be a path from u to s in G \ (z,y). Since r is a marked vertex of

G, by Lemma 4.1 we have that there is a path @ from s to d(r) that avoids every
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vertex of D(r). In particular, () does not use the edge (z,y). Let P' = P + () be the
concatenation of P and () in G,. This is a path from u to d(r) in G\ (z,y). Now
consider the corresponding path Py of P’ in H,. By Lemma 4.2, this is a path from

u to d(r) in H, that avoids (z,y). O

Lemma 4.16. Let G be a strongly connected digraph and let r be a marked vertex of G..
Let © be a marked vertex of G such that d(x) € T(r). Let also (xo,y) be an edge of G
such that xy is a descendant of x in D(Gs), y is not a descendant of x in D(G), and
y € T(r). Let u be a vertex of H,. If u reaches s in G\ (zo,y), then u reaches d(r) in

H,\ (2,y).

Proof. Let u be a vertex of H, and let P be a path from u to s in G; \ (x¢,y). Since
r is a marked vertex of G, by Lemma 4.1 we have that there is a path () from s to
d(r) that avoids every vertex of D(r). In particular, () does not use the edge (xo,y).
Let P = P + @ be the concatenation of P and () in G,. This is a path from u to
d(r) in G \ (z,y). Now consider the corresponding path Py of P’ in H,. Py has the
same endpoints as P’. Thus, if Py avoids the edge (z,y) of H,, then we are done.
Otherwise, this means that P’ uses an edge (x1,y) of G, distinct from (zo, y) (although
we may have z; = o, since we allow multiple edges), such that z; is a descendant of
z in D(G;). But then we must have that (z,y) is a double edge of H,, and therefore
H, \ (z,y) is strongly connected (since H, is strongly connected, by Corollary 4.1).
Thus u can reach d(r) in H, \ (z,y). O

Lemma 4.17. Let G, be a strongly connected digraph, and let r be a marked vertex of HE.
Let (z,y) be a strong bridge of H. where none of x and y is d(r) in HE. Then the strongly

connected components of H, \ (x,y) are given by one of the following:

(i) {z} and Hg, \ {x}, where x is auxiliary in Hy and y = d(x) in G5 (see case (1.3)
below)

(i) {z} and H,, \ {x}, where x is auxiliary in H. and (x,y) is the only outgoing edge
of x in H,, (see case (3.3) below)

Gii) {y} and Hg, \ {y}, where y is auxiliary in Hy,. and x = d(y) in HE (see cases (2.1)
and (2.2) below)

(v) {z}, {y} and Hy, \{x,y}, where x is auxiliary in Hy, y is auxiliary in Hy., x = d(y)
in HE and y = d(z) in G, (see case (2.3) below)
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Proof. Let (x,y) be an edge of H,,, where none of z and y is d(r) in H®. We distinguish
four different cases, depending on whether x and y are ordinary or auxiliary vertices
of H,,.

(1) Let both = and y be ordinary vertices of Hy,.. This implies that (y, ) is an edge
in H;. Here we distinguish four cases, depending on whether = and y are ordinary
or auxiliary in H,. (1.1) Let « be oo and y be oo. Then, by Lemma 4.6 we have that
s can reach all vertices of Hy in H \ (y,z). This implies that s can be reached by
all vertices of HY in HE\ (z,y). Then Lemma 4.15 implies that all vertices of H,,
can reach d(r) in Hy, \ (z,y). Conversely, as an implication of Lemma 4.6, we have
that d(r) can reach every vertex of Hy,. in Hy, \ (z,y). We conclude that Hy, \ (z,y) is
strongly connected. (1.2) Let = be oo and y be oa. Then we can argue as in (1.1) in
order to conclude that Hy, \ (z,y) is strongly connected. (1.3) Let = be oa and y be
0o. Since H, contains no critical vertex, we have that x is a marked vertex of GG, and
y = d(z) in G5. Then, by Lemma 4.7 we have that s can reach all vertices of H; in
H\ (y, ), except z, which is unreachable from s in H; \ (y,z). This implies that s is
reachable from all vertices of HY in H®\ (z,y), except from x, which cannot reach
sin HE\ (z,y). Then Lemma 4.15 implies that all vertices of H,, can reach d(r) in
Hg, \ (z,y), except possibly z. Now, as an implication of Lemma 4.6, we have that
d(r) can reach all vertices of Hy, in Hy, \ (x,y). We conclude that either Hy, \ (z,y) is
strongly connected, or its strongly connected components are {z} and H,, \ {z}. (1.4)
Let x be oa and y be oa. But this implies that both = and y are auxiliary vertices of
H,, which is impossible to occur.

(2) Let x be an ordinary vertex of H,. and let y be an auxiliary vertex of H,.
Since y # d(r) in HZE, this means that y is a marked vertex of H* and z = d(y) in
HZE. Thus (y,z) is an edge of H,. Now we distinguish four different cases, depending
on whether x and y are ordinary or auxiliary in H;. (2.1) Let z be oo and y be ao.
Then we can argue as in (1.1) in order to show that d(r) is reachable from every
vertex of Hy, in Hy, \ (x,y). Now, as an implication of Lemma 4.7, we have that d(r)
reaches every vertex of Hy, in Hy, \ (z,y), except y, which is unreachable from d(r) in
Hg, \ (z,y). Thus we conclude that the strongly connected components of Hy, \ (z,y)
are {y} and H,, \ {y}. (2.2) Let x be oo and y be aa. Then we can argue as in (2.1)
in order to conclude that the strongly connected components of Hy, \ (z,y) are {y}
and Hg \ {y}. (2.3). Let = be oa and y be ao. Then, by Lemma 4.7 we have that s

can reach all vertices of H, in H; \ (y,z), except z, which is unreachable from s in
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H; \ (y,z). This implies that s can be reached by all vertices of H? in HI\ (z,v),
except from z, which cannot reach s in H®\ (z,y). By Lemma 4.15, this implies that
d(r) is reachable from all vertices of Hy, in Hy, \ (z,y), except from x, which cannot
reach d(r) in Hy, \ (z,y). Now, as an implication of Lemma 4.7 we have that d(r) can
reach all vertices of H,, in Hy, \ (x,y), except y, which is unreachable from d(r) in
Hg, \ (x,y). We conclude that the strongly connected components of Hy, \ (z,y) are
{z}, {y} and H,, \ {z,y}. (2.4) Let = be oa and y be aa. But this implies that both x
and y are auxiliary vertices of H;, which is impossible to occur.

(3) Let = be an auxiliary vertex of Hy, and let y be an ordinary vertex of H,.
Since z # d(r) in HE, this means that x is a marked vertex of HE with d(z) € T(r)
in HE. Now we distinguish four different cases, depending on whether z and y are
ordinary or auxiliary in H,. In any case, as an implication of Lemma 4.6 we have
that d(r) can reach every vertex of Hy,. in Hy, \ (z,y). (3.1) Let z be ao and y be oo.
Let (z9,y) be an edge of HZ that corresponds to (x,y) in Hy,. Then (y, () is an edge
of H,. If xy is an ordinary vertex of H;, then by Lemma 4.6 we have that s reaches
all vertices of H, in H, \ (y,7o). This implies that every vertex of H® can reach s
in H\ (zg,y). Then Lemma 4.16 implies that every vertex of H,,. can reach d(r) in
Hg \ (z,y), and so we have that Hy, \ (z,y) is strongly connected. Similarly, if z, is
an auxiliary vertex of H;, then, by Lemma 4.7, we have that s reaches all vertices of
H, in H, \ (y, o), except xy, which is unreachable from s in H \ (y, o). This implies
that every vertex of H can reach s in HZ\ (z¢,y), except xy, which cannot reach
s in HE\ (x¢,y). Since x is an ordinary vertex of H,, we have that x # o, and so
x can reach s in HE\ (x,y). Then Lemma 4.16 implies that every vertex of H,,
can reach d(r) in H, \ (z,y), and so we have that H, \ (z,y) is strongly connected.
(3.2) Let = be ao and y be oa. Let {(z1,y),..., (zx,y)} be the set of all the incoming
edges to y in H. Then {(y,z1),...,(y,zx)} is a collection of edges of H, that stem
from y. Since H, contains no critical vertex, we have that y is a marked vertex of
G, with d(y) € T(s). By Lemma 4.9 we have that s can reach all vertices of H; in
H,\ {(y,71),...,(y,7x)}. This implies that s can be reached from all vertices of H"
in HE\ {(z1,9),...,(z1,y)}. Furthermore, since y is dominated by d(r) in H, we
have that there is a path from s to d(r) in H that avoids y; therefore, this path also
avoids all edges {(z1,7),...,(zx,y)}. Thus we infer that d(r) is reachable from all
vertices of HI* in HE\ {(z1,v),...,(zx,y)}. In particular, let P be a path from z to

d(r)in HE\ {(z1,v),..., (zx,y)}. Then, by Lemma 4.2 the corresponding path Py in
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H,, has the same endpoints as P and avoids the edge (z,y). Thus, even by removing
(x,y) from Hy,, all vertices from H,,. can reach d(r). We conclude that Hy, \ (z,y) is
strongly connected. (3.3) Let = be aa and y be oo. Let (zg,y) be an edge of HI* that
corresponds to (x,y) in Hy,. Then (y, z() is an edge of H,. Now, if 2 is ordinary in H
or it is auxiliary in H, but x( # x, then we can argue as in (3.1) in order to establish
that Hy, \ (x,y) is strongly connected. Otherwise, suppose that z, = . Then, since z is
auxiliary in H, and y is ordinary in H, (and H, contains no critical vertex), we have
that y = d(x) in G,. Now, by Lemma 4.7 we have that s reaches all vertices of H; in
H\ (y, ), except z, which is unreachable from s in H;\ (y, z). This implies that every
vertex of HE can reach s in H®\ (z,y), except x, which cannot reach s in H?\ (z,y).
Now Lemma 4.16 implies that every vertex of Hy, can reach d(r) in Hy, \ (z,y), except
possibly z. Thus, we have that either H,, \ (z,y) is strongly connected, or its strongly
connected components are {z} and H,, \ {z}. (3.4) Let x be aa and y be oa. Then we
can use the same argument that we used in (3.2) in order to conclude that Hy, \ (z,y)
is strongly connected.

(4) Since y # d(r) in HE, it is impossible that both x and y are auxiliary in H,.. [

Lemma 4.18. Let G be a strongly connected digraph, let r be a marked vertex of G, and
let v' be a marked vertex of H. Let (x,y) be a strong bridge of H,. such that neither x
nor y is d(r') in HE. Furthermore, if v’ = d(r) in G, then we also demand that neither x
nor y is r'. Then the strongly connected components of H,,» \ (x,y) are given by one of the

following :

(i) {z} and H,. \ {z}, where x is auxiliary in H, and y = d(x) in G4 (see case (1.3)
below)

(i) {z} and H,. \{z}, where z is auxiliary in H,. and (z,y) is the only outgoing edge
of x in H,. (see case (3.3) below)

Gii) {y} and H,. \{y}, where y is auxiliary in H,. and x = d(y) in H (see cases (2.1)
and (2.2) below)

(v) {y} and H,. \ {y}, where x is auxiliary in H, and y = d(x) in G, (see case (2.3)
below)

@) {z}, {y} and H,. \{x,y}, where x is auxiliary in H,, y is auxiliary in H,., v = d(y)
in HE and y = d(z) in G, (see case (2.3) below)
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i) {z}, {y}, {d(r)} and {r}, where ' = d(r), x is auxiliary in H,, y is auxiliary in
H,, v =d(y) in HE, y = d(z) in G, and (d(r),z) is the only kind of outgoing
edge of d(r) in H,.. (see case (2.3) below)

Proof. Let (z,y) be an edge of H,,» such that neither x nor y is d(r’) in HE, and also,
if 7’ = d(r) in G, then neither z nor y is 7’. Notice that, if v’ = d(r) in G, then ' is
auxiliary in H,, and therefore 7’ is an oa-vertex of H,,.. Conversely, d(r) appears as an
ordinary vertex in H,,» only when r’ = d(r). Therefore, if = or y is ordinary in H,,,
then we can immediately infer, due to our demand in the statement of the Lemma,
that = or y, respectively, is not d(r). Now we distinguish four cases, depending on
whether x and y are ordinary or auxiliary in H,,.

(1) Let both = and y be ordinary vertices of H,,.. This implies that (z,y) is also
an edge of HE, and therefore (y,z) is an edge of H,. Now we distinguish four cases,
depending on whether x and y are ordinary or auxiliary in H,. Notice that, in any
case, as an implication of Lemma 4.6, we have that d(r’) reaches all vertices of H,,
in H,»\ (z,y). (1.1) Let  be oo and y be oo. Then, as an implication of Lemma 4.6,
we have that d(r) reaches all vertices of H, in H, \ (y,z). This implies that all vertices
of HE can reach d(r) in HE\ (z,y). By Lemma 4.15, this implies that all vertices of
H,, can reach d(r’) in H,» in H, \ (z,y). We conclude that H,, \ (z,y) is strongly
connected. (1.2) Let = be oo and y be oa. Then we can argue as in (1.1) in order to
conclude that H,,  \ (z,y) is strongly connected. (1.3) Let x be oa and y be oo. Since
x # d(r), we must have that = is a marked vertex of G5 and y = d(z) in G,. Then,
by Lemma 4.7, we have that r can reach every vertex of H, in H, \ (y,z), except z,
which is unreachable from r in H, \ (y,z), and possibly d(r). This implies that r is
reachable from every vertex of H? in HE\ (z,y), except from z, which cannot reach
rin HE\ (x,y), and possibly d(r). Now let us assume, for the sake of contradiction,
that d(r) cannot reach r in H*\ (z,y), and also that d(r) € H,... Since r is reachable
from every vertex of H®\ {x,d(r)} in H®\ (z,y), we must have that (d(r),z) is the
only kind of outgoing edge of d(r) in H. Now, since x € H, and the immediate
dominator of d(r) in H is , we have that x is dominated by d(r) in H; and since
(d(r),z) is an edge of H[', we must have that d(r) is the immediate dominator of z
in H®. Now, since y € H,,., we must also have that y is dominated by d(r) in HE.
And then, since (d(r),z) is the only kind of outgoing edge of d(r) in HE, and (z,v)
is the only outgoing edge of z in HZ (since = is marked in G, and y = d(z) in Gy),

we must have that (z,y) is a bridge of HZ, and so y is a marked vertex of H? and
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z is the immediate dominator of y in HZ. Since y is a marked vertex of H%, but
also y is ordinary in H,,,, we must have that " = y. But then z is the critical vertex
of " in H,, - which contradicts the fact that = is ordinary in H,,.. Thus we have
that either d(r) can reach r in H?\ (x,y), or that d(r) ¢ H,.. In any case, since r is
reachable from every vertex of HZ in HE\ (z,y), except from z, which cannot reach r
in HE\ (z,y), by Lemma 4.15 we must have that d(r') is reachable from every vertex
of H,» in H,. \ (x,y), except possibly from x. We conclude that either H,,  \ (z,y) is
strongly connected, or its strongly connected components are {z} and H,, \ {z}. (1.4)
Let x be oa and y be oa. This means that both z and y are auxiliary in H,, which
implies that y = d(r) in G,. But since y is ordinary in H,,, this case is not permitted
to occur.

(2) Let x be an ordinary vertex of H,,» and let y be an auxiliary vertex of H,,.
Since y # d(r') in HE, this means that y is a marked vertex of H and z = d(y) in
HE. Thus (y,z) is an edge of H,. Now we distinguish four different cases, depending
on whether x and y are ordinary or auxiliary in H,. (2.1) Let 2 be oo and y be ao in
H,,,. Then we can argue as in (1.1) in order to get that all vertices of H,,, can reach
d(r') in H,. in H,, \ (z,y). Now, as an implication of Lemma 4.7, we have that d(r’)
reaches all vertices of H,,» in H, \ (z,y), except y, which is unreachable from d(r’)
in H, \ (z,y). We conclude that the strongly connected components of H,,  \ (z,y)
are {y} and H,,» \ {y}. (2.2) Let 2 be oo and y be ao in H,,. Then we can argue as in
(2.1) in order to conclude that the strongly connected components of H,,  \ (z,y) are
{y} and H,,» \ {y}. (2.3) Let x be oa and y be ao. First observe that, as an implication
of Lemma 4.7, we have that d(r’) reaches all vertices of H,,» in H,.» \ (z,y), except y,
which is unreachable from d(r’) in H,,/\ (z,y). Now, we can argue as in (1.3) in order
to get that r is reachable from every vertex of H in H?\ (z,y), except from x, which
cannot reach r in H?\ (z,y), and possibly d(r). Then, if we have that either d(r) can
also reach r in HE\ (z,y), or d(r) ¢ H,,,, by Lemma 4.15 we must have that d(r’)
is reachable from every vertex of H,,» in H, \ (z,y), except possibly from x. Thus,
we have that the strongly connected components of H,,  \ (z,y) are either {y} and
H,.. \{y}, or {z}, {y} and H,,.\ {z,y}. Otherwise, let us assume that d(r) cannot reach
r in H®\ (z,y), and also that d(r) € H,,.. Since r is reachable from every vertex of
HE\A{z,d(r)} in HE\ (x,y), we must have that (d(r),z) is the only kind of outgoing
edge of d(r) in HE. Now, since x € H,,» and the immediate dominator of d(r) in H? is

r, we have that = is dominated by d(r) in H; and since (d(r), z) is an edge of HZ, we
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must have that d(r) is the immediate dominator of x in H!. Now, since y € H,,/, we
must also have that y is dominated by d(r) in H*. And then, since (d(r), z) is the only
kind of outgoing edge of d(r) in HE, and (x,y) is the only outgoing edge of x in HE
(since z is marked in G, and y = d(z) in G,), we must have that (z,y) is a bridge of
HZE, and so y is a marked vertex of H? and z is the immediate dominator of y in HZ.
Since x is an ordinary vertex of H,,., and y is marked vertex of H? such that z = d(y)
in H®, we must have that either x is marked in HY and +’ = z, or that ' = d(z) in
HZE. In any case, recall that (d(r), z) is the only kind of outgoing edge of d(r) in HE,
and (z,y) is the only outgoing edge of z in H['. Thus, if 7' = z, then the vertex set
of H,,» is {d(r),z,y}. Furthermore, the strongly connected components of H,,. \ (x,y)
in this case are {z}, {y} and {d(r)} (= H,» \ (z,y)). Otherwise, if 7’ = d(r), then the
vertex set of H,,» is {r,d(r),z,y}. Furthermore, the strongly connected components
of H, \ (z,y) in this case are {z}, {y}, {d(r)} and {r}. (2.4) Let = be oa and y be aa.
This means that both = and y are auxiliary in H,, which implies that x = d(r) in G;.
But since z is ordinary in H,,/, this case is not permitted to occur.

(3) Let = by an auxiliary vertex of H,,» and let y be an ordinary vertex of H,,.
Since x # d(r') in HE, this means that x is a marked vertex of H? with d(x) € T(r)
in H*. Now we distinguish four different cases, depending on whether z and y are
ordinary or auxiliary in H,. In any case, as an implication of Lemma 4.6, we have
that d(r’') can reach every vertex of H,,» in H,» \ (z,y). (3.1) Let = be ao and y be oo.
Let (xo,y) be an edge of H! that corresponds to (z,y) in H,,.. Then (y,z,) is an edge
of H,. If xy is an ordinary vertex of H,, then by Lemma 4.6 we have that r reaches
all vertices of H, in H, \ (y,zo). This implies that every vertex of H can reach r in
HE\ (z0,y). Then Lemma 4.16 implies that every vertex of H,, can reach d(r’) in
H,. \ (z,y), and so we have that H,, \ (z,y) is strongly connected. Similarly, if z, is
an auxiliary vertex of H,, then, by Lemma 4.7, we have that r reaches all vertices of
H, in H, \ (y,xg), except xp, which is unreachable from r in H, \ (y, x), and possibly
d(r). This implies that every vertex of H can reach r in H?\ (x,y), except xy, which
cannot reach r in H*\ (zg,y), and possibly d(r). Since x is an ordinary vertex of H,,
we have that x # 1z, and so z can reach r in H®\ (z9,y). Now Lemma 4.16 implies
that = can reach d(r’') in H,. \ (z,y). Thus, every vertex of H,. can reach d(r’) in
H,. \ (z,y), and so we have that H,, \ (z,y) is strongly connected. (3.2) Let x be ao
and y be oa. Let {(z1,v), ..., (zx,y)} be the set of all the incoming edges to y in H.

Then {(y,z1),...,(y,xr)} is a collection of edges of H, that stem from y. Since y is
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auxiliary in H, and ordinary in H,,,, we have that y # d(r) in G, and therefore y
is a marked vertex of G such that d(y) € T(r). Thus, by Lemma 4.9, we have that
r can reach all vertices of H, in H, \ {(y,z1),...,(y,z)}. This implies that r can be
reached from all vertices of H? in HE\ {(x1,y),...,(7x,y)}. Furthermore, since y is
dominated by d(r') in H[®, we have that there is a path from r to d(r') in H[® that
avoids y; therefore, this path also avoids all edges {(x1,v), ..., (zr,y)}. Thus we infer
that d(r') is reachable from all vertices of H? in H®\{(x1,v), ..., (zx,y)}. In particular,
let P be a path from x to d(r') in H®\ {(z1,v),..., (zx,y)}. Then, by Lemma 4.2 the
corresponding path Py in H,, has the same endpoints as P and avoids the edge
(x,y). Thus, even by removing (z,y) from H,,., all vertices from H,, can reach d(r’).
We conclude that H,,  \ (z,y) is strongly connected. (3.3) Let = be aa and y be oo.
Let (zo,y) be an edge of HEF that corresponds to (z,y) in H,. Then (y,z,) is an
edge of H,. Now, if zy is ordinary in H, or it is auxiliary in H, but z, # z, then
we can argue as in (3.1) in order to establish that H,,  \ (z,y) is strongly connected.
Otherwise, suppose that zy = x. First, let us assume that d(r) ¢ H,,.. Now, since x is
auxiliary in H, and y is ordinary in H, (and x # d(r)), we have that y = d(z) in G,.
Now, by Lemma 4.7 we have that r reaches all vertices of H, in H, \ (y, ), except z,
which is unreachable from r in H, \ (y,x), and possibly d(r). This implies that every
vertex of H® can reach r in H?\ (z,y), except z, which cannot reach r in H?\ (z,y),
and possibly d(r). Now Lemma 4.16 implies that every vertex of H,,, can reach d(r’)
in H,v \ (z,y), except possibly x and d(r). Since we have assumed that d(r) ¢ H,.,
we conclude that either H,, \ (z,y) is strongly connected, or its strongly connected
components are {z} and H,, \ {z}. Now let us assume that d(r) € H,,». There are
two cases to consider: either ' = d(r), or d(r) is the immediate dominator of " in
HE, and so it is contained in H,, as the critical vertex. In either case, we have that
x # d(r). Thus we can argue as previously, in order to get that every vertex of H,,
can reach d(r’) in H, \ (z,y), except =, which cannot reach d(r’) in H,,,, and possibly
d(r). Now, if d(r) is the critical vertex of H,,,, then we have that d(r) = d(r’), and
so we conclude that the strongly connected components of H,, \ (z,y) are {z} and
H,, \ {z}. Otherwise, let v = d(r). Then, since H,, is strongly connected, we have
that every vertex of H,. reaches d(r') in H,,.. And since y = d(r) is forbidden (since
r" = d(r)), we have that (z,y) is not an incoming edge to d(r). Thus, every vertex of
H,, can reach d(r') in H,. \ (z,y), except possibly x. We conclude that the strongly
connected components of H,,. \ (z,y) are {z} and H,,» \ {z}. (3.4) Let z be aa and y
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Figure 4.6: A strongly connected graph G with its strong bridges shown in red color.
C = {w,u,z} is a SCC of G \ (z,y) and the corresponding graph C’ € S(G, (z,y)) is
identical to G. Each SCC of G \ e that does not contain z or y, for any strong bridge

e of G, lies entirely within C.

be oa. Then we can use the same argument that we used in (3.2) in order to conclude
that H,,» \ (z,y) is strongly connected.
(4) Since y # d(r') in HE,

Hy. 0

it is impossible that both z and y are auxiliary in

The following Lemma shows that the S-operation maintains the strongly con-

nected components of a digraph upon removal of strong bridges. (See also Figure 4.6.)

Lemma 4.19. Let G be a strongly connected digraph and let (x,y) be a strong bridge of
G. Let C be a strongly connected component of G\ (x,y), and let C' be the corresponding
graph in S(G, (x,y)). Let e be an edge of C'.

(1) Suppose first that both endpoints of e lie in C. Then e is a strong bridge of C' if
and only if e is a strong bridge of G. Furthermore, let Cy,...,Cy be the strongly
connected components of G \ e. Then at most one of Ci,...,Cy contains both x and
y. All the other strongly connected components of G\ e either lie entirely within C, or
they do not intersect with C" at all. Now let i € {1,...,k}. Then, if C; contains both
x and y, but no vertex of C, then {x} and {y} are two distinct strongly connected
components of C' \ e. Otherwise, C; N C" (if it is non-empty) is a strongly connected
component of C"\ e.

(2) Now suppose that at least one endpoint p of e lies outside of C. Then e is a strong
bridge of C'" if and only if it is the only incoming or outgoing edge of p in C'.
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Furthermore, the strongly connected components of C'\ e are {z} (Gf = ¢ C), {y} Gf
yé¢ C), and C.

Proof. (1) Let e be an edge of C’ such that both endpoints of e lie in C. Let u,v be
two vertices of C. Then, as a consequence of Lemma 4.3, we have that u reaches v
in C"\ e if and only if u reaches v in G \ e (x). This implies that e is a strong bridge
of " if and only if e is a strong bridge of G. Now let C; be a strongly connected
component of G\ e. First, let us assume that Cj contains both = and y, but no vertex
of C'. This means that neither  nor y is a vertex of C'. Then, by the definition of
(', we have that (y,z) is not an edge of C’. However, since both endpoints of e lie
in C, we have that e # (z,y), and so (z,y) € C"\ e. Now let’s assume, for the sake
of contradiction, that y can reach x in C’\ e. Then there must be vertices z,w € C
such that (y,z) € ', (w,z) € C’, and z,w remain strongly connected in C’\ e. The
existence of the edge (y, z) € C’ implies that there is a path P, from y to z in G, that
uses no vertices of C' except z. Similarly, the existence of the edge (w,z) € C' implies
that there is a path P from w to = in G, that uses no vertices of C' except w. Now,
since z can reach w in C’\ e, Lemma 4.3 implies that there is a path P from z to
w in G \ e. Thus the concatenation P, + P + P, is a path from y to z in G \ e that
uses at least one vertex from C. But then the existence of (z,y) in G \ e implies that
{z,y,z,w} C Cj - a contradiction. Thus we have that {z} and {y} are two distinct
strongly connected components of C” \ e.

Now let us assume that Cj, contains both z and y, and also a vertex z of C' (of
course, it is possible that z = x or z = y). Then (x) implies that all vertices of Cy N C
remain strongly connected in C”\ e. Furthermore, there is no vertex in C'\ Cj that is
strongly connected with vertices of CyNC in C”\ e. Now, since z is strongly connected
with z in G\ e, there is a path P, from z to = in G \ e. Similarly, there is a path P,
from 7 to z in G\ e. Now consider the concatenation P = P, + (z,y) + P, and let P
be the compressed path of P in C’. Then, by Lemma 4.3, P is a path from z to z in
(', that uses the edge (z,y) and avoids the edge e. Thus, z is strongly connected with
both z and y in C’\ e. This means that C; N (" is a strongly connected component of
C"\e.

Finally, let us assume that C, contains a vertex z of C, but not both z and y. We
will show that Cj lies entirely within C'. So let us assume, for the sake of contradiction,
that there is a vertex w € Cj \ C. Then, since z and w are strongly connected in G \ e,

there is a path P, from z to w in G\ e. Similarly, there is a path P, from w to z in

101



G\ e. Now, since z € C but w ¢ C, at least one of P, and P, must use the edge (z,y).
But then the existence of the concatenation P = P, + P, implies that z is strongly
connected with both = and y in G \ e - a contradiction. Thus we have that C, C C.
Now we will show that () is a strongly connected component of C’\ e. By (%) we have
that all vertices of Cy are strongly connected in C’\ e. Furthermore, there is no vertex
in C'\ C) that is strongly connected with vertices of Cy in C"\ e. Thus, Cj is contained
in a strongly connected component Cj of C’\ e such that C; C C) C CyU{z,y}. Now
let us assume that both x and y are contained in C{. Then, since z € C{, there is a
path P"in C’\ e that starts from z, ends in z, and uses the edge (z,y). By Lemma 4.3,
there is a path P in G such that P = P’. This implies that P starts from z, ends in z,
uses the edge (z,y) and avoids e. But this means that z is strongly connected with
both z and y in G’ \ e - a contradiction. Thus C cannot contain both = and y. Now, if
Cy contains either = or y, then Cj also contains x or y, respectively, and we are done
(i.e., we have C| = (Cp, because C{, cannot contain both = and y). Thus it is left to
assume that Cy contains neither x nor y. Now there are three cases to consider: either
reCandy¢ C,orzx¢ Candye C, or CN{x,y} =0. Let us assume first that
z € C and y ¢ C. Now suppose, for the sake of contradiction, that € C{. This means
that there is a path P’ from z to z in C”\ e that contains z. Then, by Lemma 4.3, we
have that there is a path P in G such that P = P'. But this means that z is strongly
connected with = in G\ e - contradicting our assumption that = ¢ Cy. Thus z ¢ CJ.
Now suppose, for the sake of contradiction, that y € C{. But since y ¢ C, in order
for z € C{ to reach y in C”, we must necessarily pass from the edge (z,y). Then we
can see that  and y are both strongly connected with z in C"\ e, contradicting the
fact that C{, cannot contain both x and y. Thus y ¢ C{, and so we have that C, = C.
Similarly, we can see that if x ¢ C' and y € C, then C| contains neither x nor y, and
so we have () = (). Finally, let us assume that neither = nor y is in C. Now, if either
z or y is in C{, then y or x, respectively, must also be in CY, since (z,y) is the unique
outgoing (resp. incoming) edge of = (resp. y) in C’. But this contradicts the fact that
C{, cannot contain both = and y. Thus we conclude that neither x nor y is in Cj, and
so Cf = Cy.

(2) Now let e be an edge of C’ such that at least one endpoint p of e lies outside
of C. Then we have that either p = x or p = y. Let us assume that p = z (the case
p = y is treated similarly). Now suppose that e = (z, z), for some z € C’. Then, by the

definition of C’, we have that z = y. Also, (x,y) is the only outgoing edge of = in C".
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Thus, the strongly connected components of C’\ (z,y) are {z}, {y} (if y ¢ C), and C.
Now suppose that e = (z,z), for some z € C’. Then, by the definition of C’, we have
that z € C. Thus, if there is another incoming edge (w,x) of z in C’, then C'\ (z,z)
is not a strong bridge of C’, since z can still reach w in C"\ (z,z) using edges of C.
Thus (z,z) is a strong bridge of C’ if and only if it is the only incoming edge of z
in C’. In this case, the strongly connected components of C’\ (z,z) are {z}, {y} Gf
y ¢ (), and C. O

Corollary 4.5. Let G be a strongly connected digraph and let r be a marked vertex of HE.
Let C be a strongly connected component of Hg, \ (d(r),r), and let H be the corresponding
graph in S(H,,, (d(r),r)), where d(r) is the immediate dominator of r in HI. Let e be a
strong bridge of H. Then the strongly connected components of H \ e are given by one of
the following:

(i) {z} and H\ {x}, where x is auxiliary in Hy and y = d(x) in G,

(i) {x} and H\ {z}, where x is auxiliary in Hg. and (x,y) is the only outgoing edge of

z in Hg,
Gii) {y} and H \ {y}, where y is auxiliary in Hg. and v = d(y) in HE

() {z}, {y} and H\ {x,y}, where x is auxiliary in H,, y is auxiliary in Hy,, x = d(y)
in HE and y = d(z) in G,

) {d(r)}, {r} Gfr ¢ C), and C

Proof. Since (d(r),r) is the only outgoing edge of d(r) in H,,, observe that one of the
strongly connected components of H, \ (d(r),r) is {d(r)}. It is trivial to verify the
Corollary for this case, and so we may assume that C' # {d(r)}. Now let us assume
first that both endpoints of e lie in C. Then case (1) of Lemma 4.19 applies, and thus
e is subject to one of cases (i) to (iv) of Lemma 4.17. Thus we get cases (i) to (iv)
in the statement of the Corollary. Now, if one of the endpoints of ¢ lies outside of C,
then case (2) of Lemma 4.19 applies, and thus we get case (v) in the statement of the

Corollary. ]

Corollary 4.6. Let G be a strongly connected digraph, let v be a marked vertex of G, and
let 7' be a marked vertex of HE. Let C' be a strongly connected component of H,,.\ (d(r'),r’),
and let H be the corresponding graph in S(H,,, (d(r"),r")), where d(r') is the immediate
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dominator of r' in HI. Let e be a strong bridge of H. Then the strongly connected components

of H\ e are given by one of the following:
() {z} and H\ {x}, where x is auxiliary in H, and y = d(z) in G

(i) {z} and H \ {x}, where x is auxiliary in H, and (x,y) is the only outgoing edge
of v in H,p

Gii) {y} and H \ {y}, where y is auxiliary in H,. and x = d(y) in HE

(v) {z}, {y} and H\ {x,y}, where x is auxiliary in H,, y is auxiliary in H,., x = d(y)
in HE and y = d(z) in G,

) {z}, {y}, {d(r)} and {r}, where r' = d(r), x is auxiliary in H,, y is auxiliary in
H,., x =d(y) in HE, y = d(x) in Gy, and (d(r),x) is the only kind of outgoing
edge of d(r) in H,,

(i) {d(r")}, {r'} Gfr" ¢ C), and C

Proof. Arguing as in the proof of Corollary 4.5, we can see that this Corollary is a

consequence of Lemma 4.19 and Lemma 4.18. O

4.4 Computing 2-edge twinless strongly connected components

We assume that G is a twinless strongly connected digraph since otherwise we can
compute the twinless strongly connected components in linear time and process each
one separately. We let E; denote the set of twinless strong bridges of G, and let
E, denote the set of strong bridges of G. (Note that £, C E,;.) Algorithm 4.3 is a
simple O(mn)-time algorithm for computing the 2-edge twinless strongly connected

components of G. (It is essentially the same as in [49].)
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e

Figure 4.7: Example of an edge e (colored red) that is a twinless strong bridge but

not a strong bridge. Note that the deletion of e leaves the digraph strongly connected

by not twinless strongly connected.

Algorithm 4.3: Partition vertices of G with respect to its twinless strong
bridges.

1 initialize a partition of the vertices P = {V(G)}
2 compute the set F; of the twinless strong bridges of ¢

3 foreach e € F, do

4 compute the twinless strongly connected components Ci,...,Cj of G\ e

5 let P ={Si,...,S;} be the current partition of the vertices in V(G)

6 refine the partition by computing the intersections C; N S; for all
1=1,....,kand j=1,...,1

7 end

Our goal is to provide a faster algorithm by processing separately the edges in
E; \ Es and the edges in F;. That is, we first partition the vertices according to the
twinless strong bridges of GG that are not strong bridges, and then we refine this
partition by considering the effect of strong bridges. We call the first partition the one
that is “due to the twinless strong bridges that are not strong bridges”, and the second

partition the one that is “due to the strong bridges”.

4.4.1 Computing the partition of the 2eTSCCs due to the twinless

strong bridges that are not strong bridges

Let e be an edge in F, \ E;. (See Figure 4.7.) Then the TSCCs of G\ e are given by the
2-edge-connected components of G* \ {e"}, where ¢" is the undirected counterpart
of e [50]. Thus, we can simply remove the bridges of G" \ {¢"}, in order to get the
partition into the TSCCs that is due to e. To compute the partition that is due to all
edges in E;\ E; at once, we may use the cactus graph () which is given by contracting

the 3-edge-connected components of G* into single nodes [73]. () comes together with
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a function ¢ : V(G*) — V(Q) (the quotient map) that maps every vertex of G* to the
node of () that contains it, and induces a natural correspondence between edges of
G" and edges of (). The cactus graph of the 3-edge-connected components provides
a clear representation of the 2-edge cuts of an undirected graph; by definition, it has
the property that every edge of it belongs to exactly one cycle. Thus, Algorithm 4.4
shows how we can compute the partition of 2eTSCCs that is due to the edges in

E\ E,.

Algorithm 4.4: Compute the partition of 2eTSCCs of G that is due to
the twinless strong bridges that are not strong bridges.

1 compute the cactus () of the 3-edge-connected components of G*, and let
¢ : V(G") = V(Q) be the quotient map
foreach edge e of () do

3 if e corresponds to a single edge of G that has no twin and is not a strong

U]

bridge then remove from () the edges of the cycle that contains e
4 end
5 let ()’ be the graph that remains after all the removals in the previous step
6 let C,...,C} be the connected components of ()’

7 return ¢ 1(CY),..., ¢ (C)

Proposition 4.7. Algorithm 4.4 is correct and runs in linear time.

Proof. The correctness of Algorithm 4.4 is easily established due to the structure of
the cactus of the 3-edge-connected components. Since the strong bridges of a directed
graph can be computed in linear time [51], and the 3-edge-connected components of
an undirected graph can also be computed in linear time (see e.g., [74, 52]), we have

that Algorithm 4.4 runs in linear time. O]

4.4.2 Computing the partition of the 2eTSCCs due to the strong
bridges

Let G be a strongly connected digraph, and let H be either (1) H,,, or (2) f]r,,, or
(3) S(Hsy, (d(r),r)), or (4) S(H, (d(r"),7")) (for some marked vertices r and 7 in
G, and HE, respectively). Depending on whether H satisfies (1), (2), (3), or (4), we
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H SCCs[H \ €] (SCCs[H \ e])*

Figure 4.8: An auxiliary graph H = H,,, corresponding to the digraph of Figure 4.2,
with auxiliary vertices colored black. Edge e (shown in red) is a strong bridge of H.

The underlying undirected graph of the SCCs of H \ e.

have a clear picture of the structure of the strongly connected components of H upon
removal of a strong bridge, thanks to Lemma 4.11, Lemma 4.14, Corollary 4.5, or
Corollary 4.6, respectively. We can apply this information in order to compute the
partition of the 2-edge twinless strongly connected components of H due to the strong
bridges as follows.

Let e = (z,y) be a strong bridge of H. Observe that in every case that appears
in Lemma 4.11, Lemma 4.14, Corollary 4.5, or Corollary 4.6, the strongly connected
components of H \ e are given by one of the following: (i), {z} and H \ {z}, (i), {y}
and H \ {y}, (iti), {z}, {y} and H \ {x,y}, or (i) {z}, {y}, {d(r)} and {r}. In every
case in which {z} or {y} appears as a separate strongly connected component, we
have that z, y, or both, respectively, are not oo vertices, and so they are not in the
same 2-edge twinless strongly connected component with any oo vertex of H. (We
may ignore case (iv), because this is due to a singular case in which H consists of
four vertices, where only one of them is 00.) Now, depending on whether we are in
case (i), (i), or (iii), we define X, = {z}, X. = {y}, or X, = {x,y}, respectively. In
other words, X, is the set of the non-oo vertices that get (strongly) disconnected from

the rest of the graph upon removal of e. Then we have that X, satisfies the following;:

(1) H[V \ X.] is a strongly connected component of H \ e

(2) X. contains no oo vertex of H

Now we can apply the following procedure to compute the partition of 2-edge
twinless strongly connected components of (the oo vertices of) H due to the strong

bridges. Initially, we let P be the trivial partition of V' (i.e., P = {V}). Now, for every
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strong bridge e of H, we compute the TSCCs of H \ X., and we refine P according
to those TSCCs. By [50], the computation of the TSCCs of H \ X. is equivalent to
determining the 2-edge-connected components of H"\ X.. Observe that this procedure
does not run in linear time in total, since it has to be performed for every strong bridge
eof H.

Our goal is to perform the above procedure for all strong bridges e of A at once.
We can do this by first taking H*, and then shrinking every X, in H" into a single
marked vertex, for every strong bridge e of H. Let H' be the resulting graph. Then we
simply compute the marked vertex-edge blocks of H’. (See Figure 4.9 for an example
of the process of contracting all X, into single marked vertices.) This is shown in
Algorithm 4.5. We note that given an auxiliary graph H as above, we can compute
all sets X, in linear time, by first computing all strong bridges of H [51], and then
checking which case of Lemma 4.11, Lemma 4.14, Corollary 4.5, or Corollary 4.6
applies for each strong bridge (which can be easily checked in O(1) time).

Algorithm 4.5: A linear-time algorithm for computing the partition of
2-edge twinless strongly connected components of an auxiliary graph

H due to the strong bridges
input : An auxiliary graph H equipped with the following information: for

every strong bridge e of H, the set X, defined as above

output The partition of 2-edge twinless strongly connected components of

the ordinary vertices of H due to the strong bridges
1t begin
2 compute the underlying undirected graph H"
3 foreach strong bridge e of H do
4 contract X, into a single vertex in A", and mark it
5 end
6 let H' be the graph with the marked contracted vertices derived from H*
7 compute the partition B,. of the marked vertex-edge blocks of H’
8 let O be the partition of V' consisting of the set of the ordinary vertices of

H and the set of the auxiliary vertices of A

9 return B, refined by O

10 end
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The following two lemmas describe conditions under which the simultaneous
contraction of several subsets of the vertex set of an undirected graph maintains the

marked vertex-edge blocks.

Lemma 4.20. Let G = (V, E) be a connected undirected graph and let Xy,..., X be a
collection of disjoint subsets of V', such that G'\ X; is connected for every i € {1,... k}.
Let also w and v be two vertices of G that do not belong to any of Xi, ..., X}. Suppose that
w and v belong to the same 2-edge-connected component of G\ X;, for every i € {1,...,k}.
Now let G' be the graph that is derived from G by contracting every X;, for i € {1,... k},
into a single marked vertex. Then uw and v belong to the same marked vertex-edge block of
G'.

Proof. Let z be a marked vertex of G’ that corresponds to a set X € {X,..., X;}.
Then we have that v and v belong to the same 2-edge-connected component of G\ X.
Thus there is a cycle C' in G\ X that contains « and v, but no vertex of X. Then C
corresponds to a cycle " of G’ that contains both u and v and avoids z. Thus v and
v are also 2-edge-connected in G’ \ z. Due to the generality of z, we have that v and

v belong to the same marked vertex-edge block of G’. O]

Lemma 4.21. Let G = (V, E) be a connected undirected graph and let Xy,..., X be a
collection of disjoint subsets of V', such that G \ X; is connected for every i € {1,... k}.
Let also w and v be two vertices of G that do not belong to any of X, ..., X. Suppose that
there is a j € {1,...,k} such that w and v belong to different 2-edge-connected components
of G\ X;. Now let G' be the graph that is derived from G by contracting every X;, for
i€ {1,...,k}, into a single marked vertex. Then the following is a sufficient condition to
establish that w and v belong to different marked vertex-edge blocks of G': Let T' be the tree
of the 2-edge-connected components of G\ X;; then, for every i € {1,...,k}\{j}., we have
that either (1) X; lies entirely within a node of T, or (2) a part of X, constitutes a leaf of
T, and the remaining part of X, lies within the adjacent node of that leaf in T.

Proof. Let = be the marked vertex of G’ that corresponds to X,. Let 7" be the tree
of the 2-edge-connected components of G’ \ z. We will show that v and v belong to
different nodes of 7”. First, we have that u and v belong to different nodes of 7". Now,
T" is derived from 7' in the same way that G’ is derived from G, i.e., by contracting
the nodes of 7' that contain all the different parts of X, into a single node, for every
ie{l,....,k}\ {j}. Now take a X; € {X;y,..., X;} \ {X;}. If (1) holds for X;, then
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Figure 4.9: An auxiliary graph H = H,,, corresponding to the digraph of Figure 4.2,
with auxiliary vertices colored black. The underlying undirected graph A" of H, and
the corresponding graph H' resulting from H* after shrinking the vertex sets X, for
all strong bridges e; here X, = {w, z}. Note that we have two parallel edges {X., u}
and {X.,v}.

the contraction of X; in G’ induces no change on 7'. If (2) holds for X;, then the
contraction of X; in G’ induces the following change on 7" a leaf of T, that contains
neither u nor v, is contracted with its adjacent node in 7". Thus we can see that « and

v belong to different nodes of 7". ]

Proposition 4.8. Let G be a strongly connected digraph, and let H be a digraph that
satisfies one of the following:

(1) H = H,,
(2) H = H,,, where r is a marked vertex of Gy

(3) H € S(Hg,, (d(r),r)), where r is a marked vertex of G, and (d(r),r) is the critical
edge of Hy,

(4) H € S(H,p, (d(r"),7")), where r is a marked vertex of G, r' is a marked vertex of
HE, and (d(r'),r") is the critical edge of H,,

r s

Then Algorithm 4.5 correctly computes the partition of 2-edge twinless strongly connected

components of the oo vertices of H due to the strong bridges.

Proof. We will demonstrate how to handle case (1), by relying on Lemma 4.11. Cases
(2), (3) and (4) can be handled using similar arguments, by relying on Lemma 4.14,
Corollary 4.5, and Corollary 4.6, respectively. In any case, we have to establish the

following. Let £ be the collection of the strong bridges of H. Then the collection
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{X. | e € £} consists of sets that are either singletons or 2-element sets. First we
show that the 2-element sets in {X. | e € £} are pairwise disjoint. Then we show
that, despite the simultaneous contractions of the sets in {X, | e € £}, the marked
vertex-edge blocks of the underlying graph of H are maintained. This is achieved by
showing that the collection {X, | e € £} satisfies the preconditions in Lemmas 4.20
and 4.21.

Now, in case (1), by Lemma 4.11 we have that the sets X., for all strong bridges e
of H,,, are given by cases (i) to (iv) in the statement of this Lemma. To be precise, in
cases (¢) and (i7) we set X, <— {z}; in case (iii) we set X, + {y}; and in case (iv) we
set X, < {x,y}. Thus, the last case is the only one in which X, is a 2-element set.

Now let e, ¢’ be two strong bridges of H,, such that X, and X. are two distinct
2-element sets. We will show that X, N X, = (. So let X, = {z,y} and X. = {z, w}.
Since these sets can occur only in case (iv) of Lemma 4.11, we may assume, without
loss of generality, that e = (x,y) and ¢ = (z,w). Then we have that y and w are
auxiliary, but not critical, vertices of Hy,. Since, then, y and w have only one incoming
edge in H,,, we must have that either y = w and = = 2, or y # w. The first case means
that e = ¢/, and so it is impossible to occur. Thus we have y # w. By Lemma 4.11, we
have that y = d(z) in G5 and w = d(z) in G. Thus, y # w implies that = # 2. Notice
that none of the cases r = w and y = 2z can occur, because there is no edge between
auxiliary but not critical vertices. We conclude that {z,y} N {z,w} = 0.

Now let H' be the graph that is derived from H" after we have contracted every
X, into a single marked vertex. We will show that two oo-vertices of H, are twinless
strongly connected in Hy, \ e for any strong bridge e, if and only if they belong to the
same marked vertex-edge block of H'. So let u,v be two oo-vertices of H,, that are
twinless strongly connected in H; \ e for any strong bridge e. Then, by [50] we have
that, for every strong bridge e of H,,, u and v belong to the same 2-edge-connected
component of H* \ X.. Then Lemma 4.20 implies that © and v belong to the same
marked vertex-edge block of H'. Conversely, let u,v be two oo-vertices of H,, such
that there is a strong bridge e for which « and v are not twinless strongly connected
in Hy \ e. By [50], this means that v and v belong to different 2-edge-connected
components of HY \ X.. Now let ¢’ be a strong bridge of H,, such that X. # X..
We will show that X,/ satisfies one of conditions (1) and (2) of Lemma 4.21. Now,
it X, is a singleton set, then there is nothing to show, since there is no contraction

induced by X, in this case. So let X, = {x,y}. This can occur only in case (iv), and
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so we may assume, without loss of generality, that ¢’ = (x,y). Now, if 2 and y belong
to the same twinless strongly connected component of H; \ e, then condition (1) of
Lemma 4.21 is satisfied. Otherwise, since = and y are connected with the edge (z,v),
we must have that (y,z) exists. But since (z,y) is the only incoming edge of y in Hy;
(since z = d(y) in HY), we must have that {y} constitutes a singleton twinless strongly
connected component of H,\ e, and so condition (2) of Lemma 4.21 is satisfied. Thus,
Lemma 4.21 ensures that, by contracting every {X, | e € £} into a single marked

vertex in H*, u and v belong to different marked vertex-edge blocks of H'. O

The final 2eTSCCs of (the subset of the ordinary vertices of) an auxiliary graph
are given by the mutual refinement of the partitions computed by Algorithms 4.4 and
4.5. (The mutual refinement of two partitions can be computed in linear time using
bucket sort.) Hence, by Corollary 4.4 and Propositions 4.7 and 4.8, we have that the
2eTSCCs of a strongly connected digraph can be computed in linear time.

It remains to establish that Algorithm 4.5 runs in linear time. For this, we provide
a linear-time procedure for Step 7. Observe that the marked vertices of H' have the
property that their removal from H leaves the graph strongly connected, and thus they
are not articulation points of the underlying graph H*“. This allows us to reduce the
computation of the marked vertex-edge blocks of H' to the computation of marked
vertex-edge blocks in biconnected graphs. Specifically, we first partition H’ into its
biconnected components, which can be done in linear time [75]. Then we process
each biconnected component separately, and we compute the marked vertex-edge
blocks that are contained in it. Finally, we “glue” the marked vertex-edge blocks of all
biconnected components, guided by their common vertices that are articulation points
of the graph. In the next section, we provide a linear-time algorithm for computing
the marked vertex-edge blocks of a biconnected graph.

sectionComputing marked vertex-edge blocks Let G be a biconnected undirected
graph. An SPQR tree 7 for G represents the triconnected components of G [53, 54].
Each node o € 7T is associated with an undirected graph G,. Each vertex of G,
corresponds to a vertex of the original graph . An edge of G, is either a virtual edge
that corresponds to a separation pair of G, or a real edge that corresponds to an edge
of the original graph G. The node o, and the graph G, associated with it, has one of

the following types:

e If a is an S-node, then G, is a cycle graph with three or more vertices and
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edges.

e If ais a P-node, then G, is a multigraph with two vertices and at least 3 parallel

edges.
e If ais a ()-node, then G|, is a single real edge.

e If o is an R-node, then G, is a simple triconnected graph.

Each edge {«, 3} between two nodes of the SPQR tree is associated with two virtual
edges, where one is an edge in G, and the other is an edge in Gs. If {u,v} is a

separation pair in G, then one of the following cases applies:

(a) u and v are the endpoints of a virtual edge in the graph G, associated with an
R-node a of T.

(b) u and v are vertices in the graph G, associated with a P-node « of T.

(¢) u and v are vertices in the graph G, associated with an S-node « of T, such

that either u and v are not adjacent, or the edge {u,v} is virtual.

In case (¢), if {u,v} is a virtual edge, then u and v also belong to a P-node or
an R-node. If v and v are not adjacent then G \ {u,v} consists of two components
that are represented by two paths of the cycle graph G, associated with the S-
node o and with the SPQR tree nodes attached to those two paths. Gutwenger and P.
Mutzel [76] showed that an SPQR tree can be constructed in linear time, by extending
the triconnected components algorithm of Hopcroft and Tarjan [77].

Let e = {x,y} be an edge of G such that {v, e} is a vertex-edge cut-pair of G. Then,
7 must contain an S-node « such that v, z and y are vertices of G, and {z,y} is not
a virtual edge. The above observation implies that we can use 7 to identify all vertex-
edge cut-pairs of G as follows. A vertex-edge cut-pair (v,e) is such that v € V(G,)
and e is a real edge of G, that is not adjacent to v, where « is an S-node [52, 78].
Now we define the split operation of v as follows. Let ¢; and e, be the edges incident
to v in G,. We split v into two vertices v; and vy, where v, is incident only to e;
and vy is incident only to ey. (In effect, this makes S a path with endpoints v; and
vy.) To find the connected components of G \ {v, e}, we execute a split operation on
v and delete e from the resulting path. Note that e # e;, ey, and e does not have a
copy in any other node of the SPQR tree since it is a real edge. Then, the connected

components of G \ {v, e} are represented by the resulting subtrees of 7.
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Here, we need to partition the ordinary vertices of G according to the vertex-edge
cut-pairs (v, e), where v is a marked auxiliary vertex. To do this efficiently, we can
process all vertices simultaneously as follows. First, we note that we only need to
consider the marked vertices that are in S-nodes that contain at least one real edge.
Let « be such an S-node. We perform the split operation on each marked (auxiliary)
vertex v, and then delete all the real edges of a. This breaks 7 into subtrees, and the
desired partition of the ordinary vertices is formed by the ordinary vertices of each

subtree. See Algorithm 4.6.

Algorithm 4.6: Partition the ordinary vertices of a biconnected graph

G according to a set of marked vertex-edge cuts.
input : An SPQR tree 7 of G, a set of marked vertices v € V(G,) and real

edges e € F(G,,), for all S-nodes a of T.

output A partition of the ordinary vertices of G, so that two ordinary

vertices in the same set of the partition remain in the same connected

component of G \ (v, e), for any vertex-edge cut (v, e) such that v is

marked.

1 begin

2 foreach S-node o of T that contains a marked vertex and a real edge do
3 perform a split operation on each marked vertex of «

4 delete all real edges of G,

5 end

6 break 7 into connected subtrees 7i,..., 7T, after the above operations
7 foreach subtree 7; do

8 ‘ put all the ordinary vertices of 7; into the same set of the partition
9 end

10 end

Theorem 4.9. The marked vertex-edge blocks of an undirected graph can be computed in

linear time.

Proof. First, we establish the correctness of Algorithm 4.6. To see why this algorithm
works, consider two ordinary vertices © and w of G. First observe that if v and w
are in different connected components of G \ {v, e} for some marked vertex-edge cut

(v,e), then v and w will end up in different subtrees of 7. Now suppose that u and w
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remain in the same connected component of G \ {v, e}, for any vertex-edge cut (v, e)
with v marked. Let § and v be the nodes of 7 such that u € V(Gg) and w € V(G,).
Consider any S-node « that lies on the path of 7 between  and v and contains at
least one marked vertex and at least one real edge. (If no such S-node exists, then
clearly v and w cannot be separated by any marked vertex-edge cut.) Let e, and e,
be the virtual edges of E(G,) that correspond to the paths from 5 to o and from
7 to a, respectively. Also, let P, and P» be the two paths that connect e, and e, in
G,. Without loss of generality, we can assume that P, contains a marked vertex v.
Then, P, cannot contain any real edge e, since otherwise (v,e) would be a marked
vertex-edge cut separating u and w. Hence, all real edges are on P;. But then, for the
same reason, P, cannot contain a marked vertex. Hence, all marked vertices are also
on P;. This implies that 8 and v remain in the same subtree of 7 after the execution
of Algorithm 4.6. The same arguments work if u or w (or both) are vertices of V(G,).

Also, it is easy to see that Algorithm 4.6 runs in linear time. O]

Now, since Algorithm 4.6 computes the marked vertex-edge blocks in linear time,
we have that Algorithm 4.5 also runs in linear time. Hence, we obtain the following

result:

Theorem 4.10. The 2-edge twinless strongly connected components of a directed graph can

be computed in linear time.
Finally, by the reduction of Section 4.2, we have:

Theorem 4.11. The edge-resilient strongly orientable blocks of a mixed graph can be com-

puted in linear time.

4.5 Concluding remarks

In this work we studied the notion of edge-resilient strongly orientable blocks of
a mixed graph G. Each such block C' has the property that for any (directed or
undirected) edge e of G, there is an orientation R of G \ e that maintains the strong
connectivity of the vertices in C'. Our main contribution was to provide a linear-time
algorithm that compute the such blocks of maximal size. We note that if we change
in the definition of edge-resilient strongly orientable blocks the assumption that the

edges that we allow to fail are both directed and undirected, and we demand that
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they are only directed, or only undirected, then we can easily modify Algorithm 4.2
so that we can compute those blocks in linear time (using again the reduction to

computing 2-edge twinless strongly connected components).
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CHAPTER DO

ConcrLusioNs AND OPEN PROBLEMS

From Chapter 3 and Chapter 4, according to the experimental analysis, we conclude
that the algorithm of Gabow is the fastest algorithm (among the included algorithms)
for computing the edge-connectivity of a directed graph as well as for computing a
maximum packing of edge-disjoint arborescences of a directed graph. We leave as
an interesting open problem whether an efficient implementation of the algorithm of
Bhalgat et al. [37] can be faster in practice than the algorithm of Gabow for computing
a maximum packing of edge-disjoint arborescences. Furthermore, another interesting
direction is to provide implementations that exploit parallelism and may achieve
improved performance in multi core architectures.

Additionally, realated to orientation problems from Chapter 5, we presented a
linear time algorithm that computes edge-resilient strongly orientable blocks of a
mixed graph. We may also introduce the similar concept of the 2-edge strongly orientable
blocks of a mixed graph. These are the maximal sets of vertices C,..., () with the
property that, for every i € {1,...,k}, there is an orientation R of G such that all
vertices of C; are 2-edge strongly connected in R. There are some relations between
the 2-edge strongly orientable blocks and the edge-resilient strongly orientable blocks.
First, we can easily see that every 2-edge strongly orientable block lies within an
edge-resilient strongly orientable block. Moreover, both these concepts coincide with
the 2-edge strongly connected components in directed graphs. However, Figure 5.1
shows that these concepts do not coincide in general. Despite these connections,
the efficient computation of the 2-edge strongly orientable blocks seems to be an

even more challenging problem than computing the edge-resilient strongly orientable
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= 0

X y z

Figure 5.1: In this example {x,y} is a 2-edge strongly orientable block. No orientation
can make z and y (or z and x) 2-edge strongly connected. {z,y, z} is an edge-resilient

strongly orientable block.

blocks, since the former generalizes the notion of 2-edge strong orientations of a
mixed graph.

We note that our techniques may be useful for solving other connectivity problems
in mixed graphs, such as related connectivity augmentation problems [79, 72, 80].

Furthermore, an undirected graph has a strongly connected orientation if and only
if it is 2-edge-connected. For higher edge-connectivity, this theorem was generalized
by Nash-Williams as follows. Let G be an undirected graph and k a positive integer.
Then G has a k-edge-connected orientation if and only if G is 2k-edge-connected [81].
To find such an orientation we can use a special case of submodular flow [62] in
which we assign at each edge a cost of orientation at each direction. Then we can
find the minimum total cost of orienting the edges satisfying the constraint that the
resulting graph is k-edge-connected. The analogous problem for vertex-connectivity
turns out to be much more complicated. An undirected graph admits a strongly 2-
vertex-connected orientation if and only if it is 4-edge-connected and every vertex
deleted subgraph is 2-edge-connected [81]. The problem of deciding whether a given
undirected graph G has a k-vertex connected orientation is NP-hard for any & >
2 [81].

The problem of finding whether a mixed graph has a 2-edge-connected orientation
can be solved in polynomial time [46], due to Andras Frank who obtained a pretty
technical characterization of mixed graphs admitting a k-edge connected orientation
for all £ € Z+ using the theory of generalized polymatroids. On the other hand,
the problem of finding whether a mixed graph has a 2-vertex-connected orientation is
NP-hard [81].

The same problems appear if we consider the notion of rooted connected graphs. In
particular, let » € V' be a fixed vertex called the root of the graph. The r-rooted edge
connectivity is the minimum number of edges that have to be removed so that there
is some vertex in V' \ r that r cannot reach. A graph G is rooted connected if the

root vertex r can reach any other vertex v. Similarly, the r-rooted vertex connectivity
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is the minimum number of vertices (excluding ) that have to be removed so that r
cannot reach some vertex in the residual graph. Deciding whether a rooted mixed
graph has a rooted k-vertex-connected orientation at a given vertex is NP-complete
for any £ > 2 [82]. To the best of our knowledge, we are not aware of sufficient
conditions that guarantee the existence of a rooted 2-edge-connectivity orientation of
an undirected or of a mixed graph. Furthermore, the sufficient conditions are not
known for a rooted a 2-vertex-connectivity orientation of a given undirected graph.
Finally, there is no proof of whether the problem of deciding the existence of a rooted
2-vertex-connectivity orientation of a mixed graph is NP-hard. In the tables below
we can see more clearly which problems can be solved in polynomial time and which
problems are NP-hard. The cells with the question marks indicate that the specific

case is not known yet.

Table 5.1: {2-edge, 2-vertex}-connected-orientation and rooted-{2-edge, 2-vertex}-

connected-orientation in undirected and mixed graphs.

Graph 2EC-orientation | 2VC-orientation | rooted-2EC-orientation | rooted-2VC-orientation
Undirected polynomial polynomial ? ?
Mixed polynomial NP-hard ? ?

Table 5.2: {k-edge, k-vertex}-connected-orientation and rooted-{k-edge, k-vertex}-

connected-orientation in undirected and mixed graphs for general £ > 2.

Graph kEC-orientation | kVC-orientation | rooted-kEC-orientation | rooted-kVC-orientation
Undirected polynomial NP-hard ? ?
Mixed polynomial NP-hard ? NP-hard
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