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IIEPIAHYH

Avuxeluevo g napotoag SwatpBnic elvar 1 xabohx? elaylotorolfion, évag to-
uéoc Ue UeYdAn dvlnon ta teheutala ypdvia xoL Ue TOMNES TPAXTIXES EQUPUOYES.
Qot600, xabdc avth N teployy| elvar apxetd evpela 1 tapodoa SwatplBn nepto-
pileton oe otoyaotixéc UebBodoug xal Wlaltepa GE TEXVIXES OUOSOTOLACEWS YOl
oe WBpdxéc otoyaotxée - yevetuée texvixéc. Enlong avantbocovtar uetd and
avdluon véa xpLthpla TepUationol, éva Béua mou €xel anaoyoliosl aoBapd TNV
oxewxh emotnuovixy xowétnta. Téhog tepiypdgovtar dbo epapuoyée, ula ya
TPOCEYYLOT) CLVAPTACEWY XoL Uia yia entAuoT dlapoptxdy eELoBaEWY.

Teyvixég opadonoriocews

ITpotelvovton d%o véeg TEXVIXES TTOL ATOOXOTIOUY GTNY EUPECT) OAWY TV TOTULXMY
ehaylotwv evidg evég memEpoUEVOU TOAUSLACTATOU YMEOU XAl AVAXOUY OTNHV
xatnyoplo Twv UEBGIWY OUASOTOACEWS. LTOXEUOUY OTOV TEPLOPLOUS TWY EXXL-
VAGEWY BLadXAOLOY TOTUXNAS EAAYLOTOTOLAOEWS SLIAEYOVTAS va U6VOo omnuelo and
auTd oL TLOTEVETAL TWS AVHXOUY oTNY (BLa TepLoY ) TpooEANUOEWS.

KeutipLa teppatiopot

IMapouotdlovtat tplar vEa xpLtiplo Tepuationol uebddwy xabohxic eEayLoTonOl -
OEWS TIOU €YOLY CAV GTHYO TOV TEPUATLOUS ALTKOY Twv UeBEdwy, 6Tav Ue xdmola
mhavétnTa Ha éxouv Beebel dha Ta Tomxd eldytota Tng cuvapthoews. To npdto
XELTHPLO EXTUA TO T0G00TS XAAGPEWS TOL YGPoL avalNTHoELS Ue TLg UEYpL TOUdE
eQapUoYES TN ToTXAC eEAaytoTonolfoews. To dedtepo xpithplo otnplletan otny
oUYXELOT) AVAUEDCD 0TI ACUUTTWTLXES AVIUEVOUEVES TUUEC TUPATNENOWWY UEYE-
Bdv xou otig TWwég Tou mapatneodvTal xatd Ty extéheon tng dadixaoiac. To
Tplto xpLthplo emdidxel var extiufioel To TARBog TwV ToTXWY EhayloTOY TNG AvTL-
HELWEVIXNG OUVOPTHOEWS.
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Tevetixdc tporonoinuéves wébodot

Me v xpfion tng ueBodoloyiag Tou YEVETIXOU TPOYEAUUATIONOU ETEXTELVOVTOL
do yvwotée teyxvixés xabohixrc ehaylotonolfoews: 1N wébodog tne EAeyyduevng
Tuyatac Avalntioewe xat 1 uébodoc tne Ilpocouorobueyne Avonthoens. Autd
oL JLaPOPOTOLEL TG TEOXVTTOVCES TEYVLXES ELVaL O SLAPOPETLXGS TPOTOC dELyUa-
TtoAndlag, Tou ypnotuonotel wia axoroudia onuelwy tou tapdyovton Ue Ty Yerion
YeveTixol ToYPAUUATIONOD.

IlpocéyyLon cuvapTHoewy

o v npooéyylorn ouvapthoewy ewodyeton 1 €vvola twv Neural Splines, ta
orola glvon pabdnuotixd yovtéha xon anoteAody ouYBUAOUS TEXVNTOY VELPWILXGDY
dtdwy ot edic Lop@ric TOAUOVIUWY Xal UTtopoly va ypnouuonolnfody cov
douux| Bdom yia v dnutovpyia tunuUaTXd cuve)dy YovTéAwyY. Autd ta wovtéha
elvon xatdAANA A Yio TpoCEYYLOT) CUVIRTACEWY OE SLAUEPLOUEVO X PO Xat UTopoly
va mapalnromoinfody. T Ty anoteleouatix| exnaldeuoT auTdY TwY LOVTEAWY
elvon anapattnreg uébodol xafoluic ehaylotonotioewe.

Eniluon dragopuxdy eSiodocwy

IMo v eniluon cuviBwy Stapopxdy eELoGoEWY XABDS Xl EANNELTTUXOY UERLXDY
drapopxidv e&lodoewy yenoworoiinxe ua uebodoroyia nou Baociletal ot yeve-
o mpoypauuaTioud xou ouyxexpuléva oty “Tpauuatixd EEEMER”. e authy
v uebodoloyia yenolwwonoteitar uia oelpd and unodhHpleg AVGELS, EXPPACUEVES
o€ €vaL UTOGUYOAO TOL CLYTAXTLXOU TNG YAWGoIC TpoYpauuatiouol C, otic onoleg
epapuélovtan oL YeEvETXol TEAEOTES TNG SLAOTAVPMOOEWS Xal TNG METAAAGEERCS.



EXTENDED ABSTRACT IN
ENGLISH

The subject of this dissertation is in the area of global optimization, an im-
portant area with many applications. Nevertheless, as this area is very wide,
this dissertation focuses on stochastic methods and specifically on clustering
techniques and hybrid stochastic - genetic techniques. New stopping rules are
developed and two applications are presented.

Clustering techniques

Two new clustering techniques, which attempt to discover all the existing local
minima inside a bounded rectangular domain, are introduced. The methods
aim to minimize the number of applications of the local search procedure by
selecting only one point from a group that is believed to belong to the same
region of attraction.

Stopping rules

Three new stopping rules for global optimization methods are presented. These
rules aim to terminate the search process when all the local minima is believed
that have been discovered. The first rule is based on an estimate of the covered
portion of the search space. The second rule is based on the comparison of
asymptotic expectation values of observable quantities to the actually measured
ones. The third exploits an estimate of the number of expected local minima
inside the search domain.

Genetically modified methods

Two well known global optimization methods are extended through genetic
programming: the method of Controlled Random Search and the method of

xi



Simulated Annealing. The main difference between the new and the old methods
is the introduced sampling technique, that uses points produced by genetic
programming.

Function approximation

The mathematical model of Neural Splines is introduced. This model is a combi-
nation of an artificial neural network and an associated Obreshkov polynomial
and it is used for function approximation. The neural spline has finite sup-
port and can be used as the basic element in constructing continuous modular
neural-based models that are suitable for function approximation in partitioned
domains and ideal for parallel implementation. The training of these kind of
models requires global optimization methods.

Solving differential equations

An evolutionary technique, based on genetic programming (more specifically on
grammatical evolution), was implemented to solve ordinary as well as elliptic
partial differential equations. The technique uses a population of candidate
solutions, expressed in a subset of the C programming language’s grammar, on
which the genetic operators of mutation and crossover are applied.
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1.1 Boaowxég €vvoleg

H neployh) tne xabourc Behtiotonolfioeng elval éva tedlo mou napovaiace or-
yovTixer) avdntuén and ta uéoa tne dexaetiog Tou 80 xat uetd. Enuavtxd pého
dadpaudtioe 1 paydala avdntuin twv H/Y mou elye we anotéheoua tny adinom
™G TadTNTAS TWV UToloyLoudy e exdetixols pubuoic.

H xaBoluh Behtiotonoinon elvar yprown, yiotl Beloxel epapuoyy| o toANS
EMOTNUOVIXE Mot Tipaxtxd wpoBAfuata. o tapddetyua avapépovue ta TeoBAR-
uata “evtomiouol otabepdy Uoplaxdy dlooppdoewy”, TS “TpwTelvixig avo-
dumhdoewe (protein folding) “, tne npooapuoyfc dedouévwy oe Bewpntixd xat
TUPOUETELUS LOVTEND HAT.

Ou unoloytouol nou anawtodvton elvonr cuvAfwe PeydAne extdoews xat yLa
autéV ToV A6YO N avdmtuén texvixdy xafoluic Bedtiotonolioewe xabuotépnoe,
oLYXpLVOUEVY UE TNV avdntugr tomxdy ueBddwy, mou dpyloe ota uéoa g de-
xaetiog Tou 40 xau yvdploe é€aporn atny dexaetio Tou '60.

H o Bektiotonolnon éxel Bpel epapuoyéc oe ToAG emoTnuovixd medla,
onwe autd e Puowrc, Xnuelog, Moplaxic Biohoylag, Owovoulog, Enegepya-
olag XAuarog xou Eudvag, Mnyoavixic xhn. Aedouévou 6Tl ula ouvdptnor umo-
pel va éyel neplocbTepa TOL EVOS TOTUXA EAGYLOTA, 1) Xpnoluwdtnta Ty UeBGSwY
xafohuxic ehaytotonotioews ylvetal tpogavic.

To npdBAnua mou avtwetwnrllel n xaboluxr ehaytotonolnon diatundvetal wg
egfc: Aobelone utag ouvvapthiocews f(z), © € S C R™, {nreltar vo Bpebel éva
onuelo z* € S tétolo dote va LoyVeL:

f&™) < f(x), Ve e S

H uné ehayiotonolnoy ouvdptnon avagépetal ue mAfog ovoudtwy, énwg: avti-
XEWUEVLXT| OLVAPTNOT, CUVAPTNOY XGOTOUC, oUVEPTNOT a@diuatoc x.&. H Béon
x* Tou xafohxol ehaylotou ovoudleton “xafolxds elaytotonointic” xou N T
f(x*) “xabohxd ehdytoto”. Le avudlaotolr) To TpdBAnua Tne Tomxric enayL-
otonolloEwS dlatundvetal we: Zntelton vo Bpebel éva onuelo 2* € S tétolo dote
vaL LoyVeL:

(&™) <[flx), Vo €5, |27 —z[ <€

6oL € évag Uxpods Betinde aplbude mou opilel Ty axtiva Lo oatplic yeilto-
wdg mépl Tou z*. To onuelo z*ovoudletar o authy Ty Tepintworn “Tomxdg
elaytotononic” xaw N Tuh f (%) “touxd edyloto”. And toug napandve opt-
ouoUg unopel xavelc va ouunepdvel nwg to xafoAxd eNdytoto elvar o tomxd
eAdyLoTO.



1.2 Tomuxy ehayLotonoinon

Ov dudpopec uéhodol Tomxrc ehaylotonolioews TOAES Popéc anoteloly Ty Bdon
yio ueBddoug xabohxric EAAYLOTOTOLACEWS 1) XPNOULOTIOLOVYTOL Altd AUTES YLA TNV
ebpeon tou xabohixol elaylotov. MdAiota 1 xatdAAnAn emAoyn utac uebodou
touxg ehaylotonotfoewe Unopel Vo emLPEREL ONUAVTIXES SLAPOPOTIOLACELS OTa
naparyoueva anoteréoyata. Mo xatnyoplonolnor twv Yebddwy tomxig eloyt-
otonolfoews mov Baciletal oY oUYIPTNOLIXY TANEOPOElA TOU YENOLUOTOLOUY
napartiBetan:

1. Mé6odoL nou ypnowonowoly ubvov ouvaptotaxéc twwés (Direct Search).
O yéBodol autric tne xatnyoplac elvor xatdAAnAes yia TepLTTOOELS 6TOU 1|
AVTLXELUEVIXT| oLVApPTNoN elte dev elval oualy| elte teptéyel B6puBo. Xe au-
THv Ty xatnyopla Beloxovtat ot uéhodol tyvoavalnthioews (pattern search)
[15, 16, 14], oL uébodoL toAUTonou (simplex) [17, 18] xTA.

2. Mé6odoL mou ypnowuonoloty tpdtn nopdywyo. O uébodol autée elval xa-
TIAANAeS Yot ouveYElS AVTIXEWEVIXES OUVAPTATELS UE oLVEYN XAlom. XNy
neplntwon wou N napdywyog dev datifetar avalutixd ot uéfodot auvtée xa-
tagedyouy ot ypron nenepacuévey dtagopdy. Mébodol autduatng napayw-
yioewe mou Baoilovtor atov xavéva e aluoldog yla Topaydylon enlong
éyouv avamtuybel [109]. Xe authv ™y xatnyopla undyovton ot uéBodol
steepest descent, ouluydv xMoewv ( Fletcher - Reeves [12] xot Polak -
Ribiérie [13]), Quasi - Newton énwe n DFP [1, 2] xow n BFGS [3, 4, 5, 6],
7 Limited memory BFGS (L-BFGS) [7] xAr.

3. MéfodoL tou yenotuonoloby nopaydyous LPnAdtepnc tdlews. Ot o dia-
dedouéveg uéBodol oe authv TV Teptoy T elvar taparhayés tng uehddou tou
Newton, dnhad? Baotloviar oty yprion tou Eootavod nivaxa. Xe authv
Ty meptoyy) ouvavtd xavels uebbdoug dnwe autés twv Gill - Murray [9], n
uéhodog Truncated Newton [10], ot tavuotuxéc (Tensor) uéBodol [8] »Ar.

1.3 Katnyopleg xaBoAixng ehayloTonoosng

To nedlo tng xabohixiic eaytotonoloews elvon eupd xat unopel va ywplobel o
xotnyoplec. Xty oyxewxh BiBhioypagla avagpépovton diagopetinéc xatnyoplo-
TOLAOELS TNS TEpLoYTic, 6Twe autéc twv Dixon xat Szegd [20], Gormulka [21] o
twv Archetti xat Schoen [22]. Baowléuevol otic topandve epyaocies Unopolue va
Xemnousonolioouvue Tov axéioubo dlaywploud e tepLoync:

1. Avttoxpatixée (deterministic) uéfodot. Etnv xatnyopla authy avixouy ué-
fodoL brwc:



(@)

M¢éBodoL tne xatnyoploac avalnthcens théyuatog ( Grid Search ),
6mou dnutoupyolvtar Aloteg ue onuela mou Ba yenowuononboldy ooy
onuela exuvioeng Tomxic eEdaytotonolfioews. H eloaywyr evée on-
uelou oe ula Mota avalnthoeng dev eaptdtot and onuela mou éyxouy
noN etoaybel oe autiv. Evalhaxtixol tpémol oynuatiouold tou Théy-
uatog napouatdlovtan otis epyaoies Twy Leonov [23], Ganshin [24, 25]
xat Babij [26].

Teoyraxés wébodou ( Trajectory methods), 6mou 1 avalfitnon yive-
TOL XATE UAX0g UL TPOYLAS, TTOU LSavxd dtépyeton and G Tol TOTLXS.
ehdylota.  Xtny xatnyopla auth €youv npotabel uéhodol and Toug
Fiodorova [27], Inomota xar Cumada [28], Zhidkov xot Shchedrin
[29], Incerti [30], Branin [31].

M¢éBodoL xalbdews. Ttnv xatnyopla auth Beloxovtal uébodol mou
VLY YEVOLY LTIOTERLOYES TOL YGpou avalnthoews atig onoleg dev PBol-
oxeTal 10 xafohxd eNdyloto xal Tig anoxAelovy and TEPALTEPL AV
Chnon. Kotd autéy tov tpémo evtoniletal TEAXE uia Uixpt| Teployni 1
ornola neptéyel 10 xabohxd erdytoto. Lny neployy| auThy cuYAYTAUE
Toug ahydpBuouc Twv Pijavskij-Shubert [32, 33], Tou Brent [34], Tou
Wood [35], teyvixéc daotnudtov [57, 58] x.4.

M¢éBodoL ocuurinpwpatixdy cuvapticewy ( Filled function meth-
ods ). Xe auvthv v xatyopla uebbdwv n avixeluevixy ouvdptnon
xenouwonotettar oav Bdon yia Ty dnuioupyla ouvapThoewy Tou Sieu-
xohOvouy v elaytotonolnor. Tumxd napddelyua aUTAC TNg XATN-
yoplag uebodwy anoteloly ol uéhodol tou Baotiloviol oe cuvapTrhoelg
twwplog (penalty functions). Xtic uebédoug avtic tne xatnyoplag
%80e @opd mou avaxaAUTTETOL éva TOTUXG €NAYLOTO TPOTOTOLELTAL )
AVTLXELIEVLXT) aUVEETNOT étol daTe va amogeuyBel 1 edpeon Tou (dlou
TomxoL ehaylotou oe enduevr enavdindn touv aiyoplBuou ue ) Tpo-
o elddy ouvapthoewy (penalties). Tty epyooia twv Ge xo
Qin [36] eugavilovtar SlapopeTixés LOopPES GUUTANPWUATIXGY CUVOP-
THOEWV.

MéBodot tunneling. Ou uéfodol autrc tng xatnyoplac Baollovton
oe 300 @doelg: oty @dor NG TomXNG EAAYLOTOTOLOEWS XAl OTNV
@dor Ttou tunneling. Xtnv mpdtn @dor Beloxeton éva tomxd eNdyt-
070 oL 0TV SeUTEPT, PAON 1) AVTIXELUEVLXY| GLUVEETNOT) TpoTOTOLETOL
ue évay mapdyovta tiwplac tou eaptdton and To ToTUXS EAAYLOTO
nov PBeélne oty TpdTn @dorn. Exondg g Seltepne @pdoews elvon
va Beebel éva onuelo ue yaunidtepr ouvaptnotaxy Ty and o TeheL-
talo ehdyloto. O uéfodol tunneling napovotdotnxay apyixd and tov



Vilkov [37] yiat Ty neplntwon LOVOILAGTATOY GUVIPTHOEWY XAl GTNY

ouvéyela enextdfnxe and toug Montalvo [38], Gomez xou Levy [39],

Levy [40], Levy xot Montalvo [41] yta Ty egapuoy twv uedédwy oe

TOALBLACTATEG GUVIPTHOELS.

2. Ytoyaotixés uéhodol. Ltny xatnyopla auth nepihauBdvovta uéfodot bnwe:

(o) MéBodot Tuyatlag avalnthoewg.

i.

ii.

iii.

iv.

Apryde tuyaia avalhtnoy (pure random search), émou 1 ov-
vapTNoT anoTiudTal of Yo oeLpd and onuela emAeyuéva ue tuyato
Tpémo XL eENdytloto Bewpeltal to onuelo ue TV yaunhdtepn ou-
vopTnotae T,

Movaduxig exxivioeng (singlestart), 6tou Votepa and Lo oL
voe tuyala avalitnon ula uébodog tomuxic elaylotonolfoews
epapudletal ato onuelo Ue TNV YaunAdTepn oLVOPTNOLAXT TLUY.
Mool exxwvfoewg (multistart), 6mouv pio uébodog tomixic
ehaytotonotioews epapudletal oe ulo oelpd and onuela emhey-
uéva ue tuyalo tpémo xat xafolxd erdytoto Bewpelton to eNdyt-
070 Ue TNV Uxpbtepn ouvaptnotoxy| Tiwr. H uébodog auth anote-
Ael v Bdom yia yla oelpd and AnoTEAECUATIXGTEPES XAl ATOdO-
uxdtepeg TEXVES xaboluic ehayloTonolioewe.

MéBodoL avalnthcewy pe arayopeloers (tabu search). Yt
uebddouc autric tne xatnyoplac dnutovpyeltar ula oelpd and xi-
vihoels. Mia xivnomn emhéyeton va exteleotel av €yel domiotwbel
and TLg TponyolueveS enavaAPels Tou alyoplBuou dti unopel va
OdNYHOEL OE YOUNAGTERT) TUY TNG AVILXELUEVLXAC GUVIPTHOEWC.
Emniéov xatd tnv didpxeia exteEAéoews Tou alyopifuou dwatnpel-
Tal Vo LOTOPIXS UE UETAXLVAGELS TTOL BewpolvTal amayopeLUEVES,
yia TV anoguyT| eyxhwPlouod e uebddou oe Tomxd eAdyLloTa
Tov elyay avaxaAugdel oe tponyolueva Bruata Tou alyopibuou.
Mepioodtepa Yoo autés Tig Yebddoug unopel xavelg va Bpel otig
oyetxéc epyaoiec [63, 64].

MéBo8ou eheyybuevng tuyatag avalnrticews (Controlled Ran-
dom Search). Ytic uebédoug autés [110, 111, 112, 113] n ouvoptn-
ol TWWH anoTudToL o€ Lo oelpd and onueia ta onola yYpnoulo-
ToloUvTaL ooy BAom Yo Ul OELpd A EVERYELES TTOL EXTEAOUVTOL
OTNV GUVEYELY, OTWS TNV dnutovpyia Tou XeVTPOEWOUS Tou dely-
MoTog oL TNV dnuLovpylo ouddwy and Ty apylxh ota omola 1)
avalATNoM YLo TO ONXG ENYLOTO EVIEYOUEVLS VO ATOSOTIXGTERY).



®)

vi. MébBodot Ilpocoporobuevng Avorthcews (Simulated An-
nealing) [59, 60, 61, 62, 117]. H dtaduxaocia auth Boolletor otnv
dradixaoia tng avonthoewg and Ty Puouxy|, 6Tou Eva UM agpol
Bepuaviel apxetd oty ouvéyeta Poyetar otadloxd GoTE va QTdoel
o€ xatdotaon Yauniic evépyelas. Apywxd yenowonouinxe ue
emttuylor og ahy6pLlBuoug dlaxpLthc eAAYLOTOTOACEWS OTIWS OTO
npéBAnua Tou TAAvVodiov TWANTH, aAAd oTNV CUVEYEL EQPAPUS-
otnxe ue emtuyla Xl og TpoBAfUaTa ENAYLOTOTOLRCEWS CLVEYDY
ouvapthoewy. H @uowdy| Stadixacta tne avorthoews otny Puotxh
unopel va neptypagel wg e€Ag: xatapyhy To A6 Bepualveta ué-
¥eL Vo AdoEL xaL oty ouvéyelo PUyeTal Ue otadtaxr) xol apyN
uelwon e Bepuoxpaciac. Ttnv vypr xatdotaon o CLUETIA TOU
VAo xatavéuovtar tuyata e€ontiag g LPNATc Bepuoxpaatac.
Yy ouvéyewa ue v otadiaxt uelwon tng Bepuoxpasctog To ow-
udtia Ba 0dnynbolyv oe uia xatdotaon yauniic evépyetac ot Ga
anoxthoovy ula ouyxexpluéyn dour, onwe autéc tou eupavilo-
VoL 08 XpUOTaAXES Uop@és. Av 1 Oepuoxpacia ueldvetar ypr-
yopa (xdt mou amoxoleltar quenching) to clotnua npeuel oe
xotdotaon VPnAic evépyelag. Xtny Stadixaotio xaboluxrc eha-
YLOTOTOLAOEWS 1) XATAOTAON EAIYLOTNG EVERYELAS Elval TO OALXS
ehdyLoto mou avalneiton and v uébodo.

M¢éBobdor opadorovicews (Clustering). H Baow déa nlow and tic
TeEYVXéC authc TS xatnyoplag elvar vo dnulovpynbody ouddec orn-
uelwv ta onola motedetal TG Votepa and Tomxy| ehaytotonoinon Gu
odnyovoav oto (8o tomxd eldyloto. Lnv meploy) avth eugavilo-
vt ToAéc pébodol énwe 1 uéhodoc twv Timmer et al [11], Becker
xoit Lago [42], n uéBodoc tou Density Linkage twv Wong xot Lane ue
MY XPHoM TV X-XOVTLYVETEPWY YELTOVWY [43], 0 alybptuoc Touv Torn
[44], n uéBodoc tou Timmer [87], n uéfodoc Topographical Multilvel
Single Linkage twv Ali xou Storey [83] %.4.

EZehuxtixés wébodor. Ttnv xatnyopla auth tepthopBdvovtor uébo-
dot ou elvan eunVELOUEVES amd TLS QUOLXES BLadixaaleg Tng egehiewe,
6muc ot yevetxol ahybplBuol [19], o yevetixde npoypauuatioude [88],
Bektiotornolnon Baoiouévn oe oufvog owuatdioy [47, 48] (Particle
Swarm Optimization), ué6odot Stapopixic e€ehilews [46] (differential
evolution ) ».4.



1.4 Xtoyou tng drateBrg

H napovoa datpBry otoyedel xuplwg otny avdntuin véwy alyoplBuwy xabolxic
eENAYLOTOTOLOENS AANE XaL atny eqapuoyh UeBEdwY xaboluxfc ehaytotonolh-
oS yla TNV enlAuor mpaxtx@dy tpoBAnudtwy. Tty enlteuvn tou mpdTou
O0TOY 0L OYESLAOTIHAY VEEC TEYVLXEC OUASOTIOLACEWS IOV GTOXEVOLY GTNY €UpEDT
Ohwv v ehaylotwv TNg avixelevixc oLVaPTACEWS, VEEC TEXVIXES TEPUATL-
o000, XaBAOC XAl VEES TEYVIXES TTOL AOoXOTOVY aTNY EVPEDT) LEVOY TOL XAHOAXOU
ehaylotou. o v enlteudn tou dedtepou otdyou daléyouue TpoBAfuota and
v xatnyopla tng mpocapuoYc dedouévwy, Tou avtuetwrioTnXay Ue xabohuxr
ehaylotonolinon xou v enthuon SLaQopxdy eELOOOEWY UE YEVETIXES TEYVLXES
xafohxhic ehaytoTonotioeng.

1.5 IIepieydpeva tng drateiPBrg
H Suotp37) amoteheiton amd 6 xepdiona xar tela topapTivata g axolobiwg:
1. To npdto (mapdv) XeQdhato Tne eLoaywyNRS.

2. Yo debtepo xe@dlaLo napovaldlovtal TPELS VEES TEYVIXES TEPUATLOUOV Xa-
TEAANAES Yo oToyaoTixés Uefodouc tinou Multistart, xot dVo véeg teyvi-
xéc xabohric ehaytotonolioens tou Bacilovtol atny TEXVIXA TnS ouado-
notfioewc [45, 97].

3. Yo Tplto xe@dAato, ylvetow apylxd Ulo avaoxdmnon Tou YEVETLXOV Tpo-
yeoupatiopol xat e “Tpapuatixnfc EZehifenc” (Grammatical Evolution).
XTNy oLVEYELX TPOTIOTOLOVVTAL OL TEYVXES TNG “EAEYYOUEVNS TUYalaG avar-
Inthoews” [52] xou tne “Ilpocoyotobuevng Avonticews” [53] (Simulated
Annealing) ue déec Tpoepydueve and TOV YEVETIXG TPOYPUUUATIOUS XOL
v “Teauuatixr EEEMEN”.

4. Yto tétopto xe@dhaLo elodyetal UL véa texver [54] yia Ty mpocéyyion
oLVAPTHoEWY, ToL Baotletol ota TEXVNTA VELpWVLXE SlxTud oL OTA TOAVG-
vuua Obreshkov. H uébodog anaitel tnv elaytotonolnor ouvaptioewy ue
TOAG TOTLXE ENAYLOTO XAl CUVETDS Ol TEYVIXES *aBONXNC ENAYLOTOTIOLT
oewc elvon amapaltnreg.

5. Y10 néunto xepdlaLo tpoTelveTal Ula TEXVIXN Yo eniAuoT ouviRBwy Xl ue-
PGy dlapopixdy elodoewy [55] Baolouévn oty uebodoroyla e “Tpou-
uotxic EEehigewc”.

6. Y10 npdto mapdpTnua TapoLGLELoVTAL UL OELPE CUVAPTHCEWY TIOU YENOL-
pomotoUvTan Yo TNV aglohdynon texvixdy xabohuxic ehayloTonoloeEws,



TOAEC eX TwY onolwy cuvtotdvtar and toug Dixon xou Szegd [20], Toérn
xou Zilinskas [56] xor Pardalos et al [49].

. 210 deltepo TopdpTnud TopoLCLElEToL TO VAOTIOLNUEVO AOYLOULXS YLol TNHY
uéfodo opadonoifioewc MinFinder, cuvodeuduevo and tic oyetixés odnyleg
EYXATAOTACEWS XL YPNOEWC.

. Y10 tplto napdptnua napovotdleton To UNOTOLNUEVO AOYLOULXG YLOL TLG VEES
ueb6douc GenPrice xau GenAnneal tou tpltou xepatatlou. Ta toxéta autd
xaBde xou 1o toaxéto MinFinder elvon dabéowua and v BiBALobixn tpo-
yeauudtwy tou teptodixob Computer Physics Communications, xafde xow
and v nhextpovixi dievBuvor

http://www.cs.uoi.gr/ lagaris/PREPRINTS/
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2.1 Tevwxd

Ou oroyaotixéc uébodol Baotlovtal atny ypron Peuvdotuyaiwy aptbudy. H ol-
vxAlon Toug oto xafohxd ehdyLoTo elval aouunTeTXy, dNAadH To xaBoAuxd eNd-
YLOTO avoxaAUTTETAL 0Ty k - 00T enavdAndn ue mbavétnra pr yio tny omola
Loy Vel
Jim pe =1

Ané ¢ amholotepeg oToyaoTixéc ueBddouc xat lows 1 TAéoV ypnoldomolnuévn,
elvow 1 uébodog molhamhdv evdpewv Yvwot) wg MULTISTART. 'Al\ec, enlong
uéfodol mou ypnowuonotovvton apxetd elva 1 “Ilpocouolwon Avontdoews” xou 1|
“EXeyyduevn Tuyala Avalrimon”. Xty ouvéyela yivetar ula avaoxémnon g
MULTISTART nov anotelel tny Bdom yia d¥o véeg uefddouc mou avarmtdydnxay
ota mhalota g Tapodoag StatelBrc.

2.2 H pébBodog MULTISTART

Mia ané T andototepes uebbdoug xaBohuxig ehaylotonotfoews elvar n MULTI-
START, 7 onola anoteel Ty Bdom yio Ty avdntuén vEwy otoyaoTixdy uedédwv.
H Multistart exoavel tomuxr ehayLotonolnom and dlapopetxd apylxd onuela otov
Y Op0o avalnNThoens, CUANEYEL TA TOTLXE EAGYLOTA TTOL TEOXUTTOUY XL ENMLOTEEPEL
TO EAGYLOTO UE TNV YAUNAGTERN ouvaptnotaxy T wg To xabohxd eldyloTo.
To onuelo (eNdytoto) oto onolo xatahfyer yia dtadixaoio tomxfc elaytoto-
nolnong L, exoavdvrag and éva onuelo x € S, avagépetal wg L(z) ye 10 S va
oLuPBoAiler Tov xdhpo avalntioews. O mapandve cuuBolouds Sleuxoldvel TNy
TepLlYpap Twv alyoplBuwy xau yenouwsonoteltal cuyvd otny mapodoa St
IMpénel va onuelwbel 6Tt oe Gheg TiC TEPTAOELS 6TIOL YpELdoTNXE VoL EapUochel
utor uéBodog Tomxig EAAYLOTOTOCEWS, XPNOWOTOLoAUE UL €xdoom TNg uedd-
dou BFGS (TOLMIN) énwe npotdfnxe and tov M.J.D. Powell [98]. To Bruata
ToL axolouBolvtal ané v Multistart €youv we e€ic:

BrAupa-0: ©éoe X* = (). To obvoho X *tehxd Ha neptéyel Ghar tar Tomxd eNdiy-
ota ou Bo avoxahupboly and Ty uéhodo.

Brua-1: Exthoy ue ouolduopen Seryuatoindio evéc onuelov = € S.
Bjpa-2: 2* = L(z). (Edpeon evéc tomxol ehaylotou z*).
Bhua-3: Av z ¢ X* Téte

e Oéos X* — X*U {z*}.

e Télog Av

11



Brua-4: Av 1o xpithplo tepuationol toylel dlaxony, allidg uetdBaon oto
Brpa-1.

H noparndve pédodoc npoomabel and tuyala apyixd onuela va Peet 6o ta To-
uxd ehdytota mou dabétel 1 ouvdptnor. Kdbe @opd mou avaxaiUmtetan éva
véo eNdyLoto, Tpootifeta oto alvolo X*. H uéhodog dev elvon anodotixt, xa-
B¢ moAAég and Tig Tuyales exuviioels Tou ylvovtol odnyoldv oe eAdyloTta Tou
€youvv 1O Beebel. Ou doxoneg autég exxviioels Ba unopoloay va elyav anogpeu-
¥0el av unfpye xdnolog TEETOC YLa TNV AVAYVOELOT ONUELDY TIOU AYAXOUY aTNY
B meptoy; mpooelxboews. Ileproyy mpooehxloews (region of attraction)
evég tomxol ehaylotou elvar pla teploy? tou yopou avalntioewe, tétow Gote
ané onolodinote onuelo g xaL av EextvioeL uLa outioxpatixy U€Bodog tomxic
ehaylotonoioewe, €otw L, Bu xatalhiel oto (o tomxd ehdyloto. H meproyt
npooelxoews A; Tou Tomxol elaylotou x} oplleton w:

Ai={z €S Lz) =1z} (2.1)

Av o ydpoc S nepLéyel w Toxd eENdyLota, TéTE and Ty ellowon (2.1) énetan b

w

UJai=s (2.2)

Av ouufoMoovue ue m(A) to uétpo Lebesgue twv A C R", té1e eneldy| ot
nepLtoyéc npooexloews elval Eéveg uetall Toug Ba Loyvel:

m(S) = Zm (4i) (2.3)

Ay éva onueio z € S hauBdvetan ue derypatondla Pactouévn otny ouolbuopen
xotavour, TOTe N ex TV Tpotépwy mhavdtnTa vo avixel otny Teployh A; dlveton
and v oyéon:

(2.4)

Av MneBolv ue devyuatoindla K onuela otov ydpo S, téte n mbavénta 6T
TouldytoTtoy éva and autd Beloxetow oty nepLoy tpoceixioewe A;, ddetat and
Vv oyéor:

_ m(4:)\ " _ .
Pzea; =1— (1 - W) =1-(1-p)~ (2.5)

Auté onuaiver 1 xafdg 1o K yeyahdvel 1 mbavétnta va ndpovue éva onueio
Tou Vo 0dnyfoel oto eNdytoto ¢ Ttelvel oto 1. ‘Apa n uéfodoc MULTISTART
elvon oe B€on va avoxaAbpel dha Ta eNdytota ooy Ydpo S.

12



2.3 Teyvixés oradonoiosmwg

H teyvu) tne opadonolfioens npoonabel va SnuioupyRoeL Tic Teployéc TpooeAx’-
oewe evtdooovtag onuela to onolo otedetal §TL aviAxouy otny (Bl teploy
TPooEAXVOEWS ot €va utoolvolo. To xévipo autdy TwV ouddwy ovoudletol
nupfvac (seed point) xou elvon to onuelo and to onolo unopel vo Eexvioel ula
uéfodoc Tomxrg ehayrotonolnoewg. Xe npdtn gdorn oty oudda unalvel ubvov
0 TUPNVAC XL TNV oLVEYELX UE dldpopa XpLthpla 1 oudda eunhoutiletal Ue me-
ploabtepa onuela uéypl va LoyVoel xdnoto otoyaotxd (ouvibuwe) xptthplo. Ou
uéfodol opadomolfoeng yevixd Swabétouv 8o @doeic: TV oA gdor xar ThY
o @don. Ly ok @dor yivetow n derypatoinlo twv onuelwy xat drn-
uLtovpyolvTaL oL ouddes xar oty Tomxn pdon yivetan 1 exxivnon g uebodou
TOTUXAC EAAYLOTOTIOLACEWS amd eMAEYUEVD onuela olugpuva Ue xdmold XeLTr-
pta mou Oétel n uébodog. T'a va dnuiovpynBolv oL ouddec xdmolog unopel va
Eoxuviioel ue Ul odolbuopen deryuatolndioa otov ydeo avalnThoews xal TNy
ouvéyela va egapuboet elte pia dadxaolo Yewdoewe (reduction) [42] elte uia
dadxaola ouyxevipdoene (concentration) [50]. Ltnv mpdtn o onuela e v
VPNAGTEEN oLUVETNOLAXN TLWY| AToUaXEUVOVTOL amd TO oUVOAo o oty deltepn
epapudlovtar ueptxd BAuata uLag texvic Tomxic EAAYLOTOTOOEWS O Xdfe
delyua e oxond autd ta delyparta va yetaxiynboldy mpog To tomixd eEAdyLoTo aTOo
onolo Ha odnyoloe wa mAheng epapuoy e ueBddou tomxic elaylototolioenc.
Téroleg teyvxée ypnotuonolfinxay apxetd oe LeB6S0US OUASOTOLNCEWS, dTWS T
Multilevel-Single Linkage (MLSL) [86] xou  Topographical MLSL [83, 84]. Xtnv
ouvéyela Bo meprypagody ol teyvixés MLSL xou TMLSL xafdc ot tor tpofih-
MaTd Toug, ULag ot auTés ol uébodol Ba anotedéoouv Ty Bdom yio TNy avanTtuEn
TwV 300 TPOTEWOUEVLY TeEYVXGY ouadonoioews: g uehédov GTC xou tng
ueb6dov MinFinder.

2.4 H pébodoc MLSL

H uébodoc Multilevel - Single Linkage Clustering (MLSL) [87] anotélece v
Bdon yior Ty avdntuln Behtiwuévoy texvixdy ouadonolfoews. O aiydplBuog
mpoonabel vo Peet 6o To ToMLXd EAAYLOTA OTOV Xpo AvalNTACEWS EXXLVOVTAS
Tomuxy| ehayiotonolnon and emAeyuéva onuela Tou ydpov. M mepLypagr Tou
ahyopiBuou napatifetar oty ouvéyela:

Apyworoinoy Kabopiletar 1o mhifoc M twv onuelwy mou Ba AauBdvovton
ouolbuoppa tuyalo oe xdfe enavdindn. Enionc xabopileton évoc aplh-
uée v € [0, 1], tou opilel To Tifoc twy onuelwy mou Ba datnpolvtal oTo
delyua oe x8Be enavdindn. Enilone dnuouvpyeital to obvoro X*oto onolo

13



Bo anobnxedovton to Tomxd eEAdytota Tou Ba avaxaldnTovton o xdbe ena-
véandm. Apywxd autd to olvoro elvar xevd. Apyixonolnorn tou uetpnt
enavofipenv: k = 0.

BrAua-1 Emndoyh M onuelwy ue tuyalo tpéno xal tpoohixn oto obvolo dely-
HéTov.

Brjua-2 Anuiovpyla evée Tpomonoinuévou auvéhou Setyudtwy Ue TNV xeRon T
7% onuelwy and to apyxd delypa Ue TV YaUnAétepn ouvapTnaLaxy Twh.

Brjua-3 Exxivnon wa yehddouv tomxric ehaytotonoioews and xdbe onuelo x;
o7o véo delyua, extdg o av undpyel xdnolo dAho onuelo oto delyua x;
oo dote f(z;) < f(zj) xou ||z; — || < rp. IpooHixn twv véwv
Toxdy eraylotwy ou Ba Beebolv oto olvoro X*. H andotaon 7y dlveton

= (oms)r (14 2) 6E) 25)

6mou n glvon 1) SLdoTaon TG AVTIXEWEVIXNG OUVAPTHOEWS, 0 elvon ula oTa-

ano:

fepd ue ouvifeig Twiée 2,4 xTh., m(S) elvon to uétpo Lebesgue tou ydpou
avalnthowe S xa I' elvan 1 ouvdptnon I'(n), mou opiletal and tov tono:

I'(n) = /000 t" L exp(—t)dt (2.7

Brjpa-4 . H uébhodog yenowonowel cav uébodo tepuatiouol to xplthiplo Tou
Rinnooy Kan. Auté onuaiver nwe oe xdbe enavdindn k, vroloyileton n
TooéTNTA

w(kN — 1)

kN —w—2

7 omola glvon ylo extiunon touv ouvohxol mARBoug twv ehaylotwy. H no-

w =

obtnta w elvan 0 aplbudc Twv Tomxdy ehayloTwy Tou uéypel oTLYURS €xouy
Beebel. O alydpibuog tepuatiler dTav:

R 1

w<w+ =
2
To onuelo y Tou cuvélou X* ue Ty Yaunhotepn ouvaptnotaxy TLuy Bew-
peltol W To OAS EAAYLOTO TNG AVTLXELUEVLXC OUVAPTAOEWC.

2.5 H pébodog TMLSL

O ahyébpfuoc TMLSL [83] Baoileton ot (dieg apyés ue tov ahybpiuo MLSL,
OAAG TPOXELUEVOU VO ATOQPACLOTEL Ylat TO av €va onuelo mpénel va evtaydel oe
xdmoLa oudda xataoxevdlel €vay tomoloyxd Ypdgo xou Beloxel ta undpyovta
Tonoypapd eNdytota (graph minima).

14



2.5.1. O alydeibuog
Ta Bruata tou alyopifuov TMLSL éyouv we axolobbwe:
Apywxonoinoy

o Kofoploude tou aplfuod N, twv deryudtwv mov Ba hauBdvovion oe xdbe
enovdindn.

e Kofloploude tne mapauétpov g (9 < N), tou aptfuold twy xovivétepnmy
YELTOVWY YLA TNV EVPEDT TWV TOTOYPAPXGY eAayloTwY.

o X* =10, 10 olvoho Ue T TomXd ENGYLOTA TTOU avoxahUTTeL 0 ahybplbuog.

e T =1{. 'Onou T elvar 10 6OVOIO TwV detypdTey Tou Ba AauBdvovta Tuyaia
o€ xdbe emavdingn.

e k=0, o yetpnuig TV enavariPewy.

Acvypatolndio
[ ] T = 0
o k=Fk+1.

o Evnuépwon tng xplowung anootdosws ry,.

Twi=1,...,N Eravélafe

— Tuyala devypoatoindlo evég onuelou z; € S.

— fi= f(xs).
—T=TU(z;, f;)

Télog Enavalijdewv
Anuroveyla_Tedgov

o Anulovpyla evog tonoloyxol ypdeou G ue ypfon Twv onueloy and to
obvola T' xon X*.

o Elpeon twv tonoypapxdy elaylotwy otov ypdgpo G.

o Kdfe tonoypaguéd ehdyloto Bewpeltan onueio evdplews uehddov tomrg
ehayLotonolfoewg av dev undpyel dAho onuelo oe andotaoct Uxpdtepn ToU
Tk TOU Vo €xeL Yaunhétepn ouvaptnotaxy Ty and autd.
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o Extéleon ulac uehédou tomuric ehaylotonolioewe and xdbe onuelo mou
Bewpnbnxe onuelo evdplewe and to mponyoluevo Brua. Ilpoohpm twv
ToTx®dV ehaylotwy Tou Ba Bpefoldv ato Glvolo ehaylotwy X*.

"Eleyyog

o Av 10 xpLtiipLo Tepuatiopmol LoyVel 1 dtadixaoia tepuatiletol, ahAuidg
enovohaufBdvetal and to BrAua tne detyuatoindiac.

O unoloyiouds v tonoypapxdy ehaylotwy yivetal wg axohovbwg: T xdbe
onuelo x Bploxovtal oL g xovtvotepol yeltovée tou ue ypron Euxdeldeag ano-
otdoews. To onuelo Ba Bewpnbel tonoypapxd ehdytoto, av xor ubvov av, £yel
YaunAétepn auvaptnotaxy T and xdfe yelrova. IMpogavde n tolunloxdtnra
e opamdve Stadxaclag UEYIADVEL 600 To g UEYOAGVEL XoL Yl AUTO OTNV
npdln dev yenotuonolodvtal teplocdtepol and 3 xovivétepol yeltove. Av to
onuelo z €xel Bewpndel tonoypapuxd erdytoto Ba Bewpenbel cav onueio evdplewg
e Tomxrc KeBddou elaylotomoioews av xaL Udvov av dev undpyel oe axtiva
uxpbtepn and rpxdmolo dAho onuelo y tétowo dote f(y) < f(z). H andotaon
r, urohoylletar and v e&lowon:

rp =73 (F <1 + g) m(S)J%) (2.8)

3=

Yy nopandve andéotaor YenotlonolodvToL oL (dLol TapdUETEOL UE TNY andoTaoT
e pebéddou MLSL. Xav xpitfplo tepuatiopod n uébodog yenowonotel to (dio
xpLthpLo ue tny uébodo MLSL.

2.5.2. To mhffog TV YELTOVELVY

Yy uébodo MLSL oe xdbe enavdndn touv alyoplBuov extedelton ula Siadixa-
ola oLYXEVTPOoEWS ToL delyuatog TPoXelWévou Vo €pouy Ta onuela o xovtd
TPOg T0 TOTUXS EAGYLOTO OTNY TEpLoyT| TpooeAxloedc toug. Auty 7 dtadixacia
emTUYYdveTal U 0o TeEXVIXES: elte Ye TNV extéheon uepxdy Brudtwy plag ye-
0630u TomuxAg ehayloTonotioens elte ue Ty andppudn evég mocootod and Ta
onuelo ta omola €youv ueyarltepn ouvaptnotax T and T unélotna. TNy
TMLSL 7 dwodixaoio tng ouyxevipdoews avixablototal and v dtadixaoia tng
ELPECEWS TWY TOTOYRAPIXGY EAayloTwy, xalds €Tl and ouddes g onuelwy uévov
10 xahUtepo Dewpelton onueio exxvioews. Qotéoo 1) elpeon TV g YELTOVGDY OF
éva. oUvoho N onuelov éyel todumhoxdtnta gN?, evé 1 elpeon Ty g onuelwy
ME TNV youniétepn Tiun and éva obvolo onuelwv €xel tolumhoxdtnta N log N.
Qotdéoo autd dev elvan oo ueydho xb6oTtog SLoTl atov ahydpLbuo TMLSL dwatn-
pouvtal uévov ta N delyuota g tedevtalog emavalipeng xat o eENdyLoTa Tou
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Yyfua 2.1: T'edgnua tng toodtnTag ry we Teog k.

0.7 T
RC ——

0.6

0.5

0.4 \
0.3 \
0.2

01 e

rc

iter

€youv 7O1 Beebel. Emniéoyv, alugwva ue toug Ali xau Storey mou avéntugay tnv
TMLSL 8ev undpyel xdmola otev) o0vdeoT avdueoa oto g ol oTtny didotaoT)
NS oLVaPTHRoELS 1) Tov apliud Twv ehaylotwy Tou dtabétel n ouvdptnon.

2.5.3. H xplown andéotacy

H xplown andotaoy Slvetar and v éxgpaon (2.8). Awtnpdvtac tic mopaué-
tpoug N = 20, 0 = 4 otabepéc, 10 YpdYNUA TOU TEOXVTTEL YL THY TOCHTNTA
Ty 0 oyéorn Ue Tov apliud Twv enavolfdewy k anotundvetal oto oyfua 2.1
O Rinnooy Kan oty gpyaoia tou yio v MLSL [87] anédeile nwe av o > 2,
té1e aouunteTXd Ha Bpefodv Gha Ta ENAYLOTO TNG AVTLXELUEVLXAC CUVOIPTACEWS.
Qot600 N toabdtTa 11, TOAD Yeryopa telvel oo 0 xabdg To mAKBog k twv enava-
Mewv avZdvel. "'Etol and éva onueio ol UETE 1 Yprion TS AnooTtdoews autic
dev Bo éyel xdmola enldpaon otny andppldn onuelwy ond Ta onolo dev mEEmel
va Eexwvnioel tomue uébodog avalnthcews. Auté elvar teplocdtepo €xdnho otnv
MLSL enewd?| 1 andgaon v to av éva onuelo elvar onuelo exxuvioews avabew-
peltar o xdbe Briua. "'Etol onuela mou apyxd Bewprbnyay 6t dev arotehody
onuela exoavioews oe enduevo Briua lowe Gewpnboly onuela exsavioews, xabdg
1 xplown andotaor Oa €yel uewwbel apxetd.
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2.6 H ypébodog GTC (Opadornoinorn TuNLxhs ATOCTACEWS,
eheyybueVn and TNV xhion)

H péfodoc Gradient-controlled, Typical-Distance Clustering (GTC) anotelel
uta e€€NEn e ueBodouv Topographical Multilevel Single Linkage Clustering
(TMLSL) nou Statundfnxe and toug Ali xou Storey [83] xou Behtidhver moAéc
and e aduvauiec . H npotewvéuevn uébodoc GTC (Ouadonolnon Baotouévn
oty Tumxr| andatact xou oty xhlon) anogedyel TOANS and ta TpoBAAUTA TNG
TMLSL fewpdvtoc évay véo timo ylo anéotaoy xat €vo VEO XpLthplo EUPECENS
vertdvov. ey napouctaotel avalutixd o TpoTtelvéuevos alydpLBuog, tapouotd-
Covtan dVo otoryela ta onola dtadpapatilovy onouvdalo pbAo TNy AnodoTLXdTN T
Tou akyoplBuou, N TuTX andoTaon XL TO XELTHELO TNS TAPAYDYOU.

2.6.1. H tumuxy) andéotaoT

H o) anbéotaoy utoloyiletar and tov tino:

LM
=97 Z |z; — L(z;)| (2.9)

6mou x; elvon onuela exuvicews g YeBddou Tomuxrc ehayiotonotoews L xou
M elvon 0 aplBudc Twy tomxdy ehaylotwy mou éyouv Beebel. Auth 1 andotoon
eZoptdtat and to mEdBAnua (oe avtifeon pe v andotaon tou tonou (2.8) mou
dratundbnxe otic epyaaleg [85, 86]) xou ouotaoTxd elvan 1 uéon andotacy Twy
onuelwv exxvioews and to ehdytoto mou xatéAngayv. Alvel uia extiynon tou
uéoou 6pouL TwY axTlivey TV teploydV Tpooelxboewg xat elvon e€otpeTind At
oty vlonoinoh . Ta va pavel autd mo xabapd, ag Bewprioouue tny nepintwon
oL éyouv Bpebel uéypl otiyurc w eAdytota xau ag oupBolioovue e M; to thfog
TV Qopdv Tou €xeL Bpebel to eNdytoto xF xon éotw R; n axtiva:

1 &
K2 ]:1
6mov {a:gj), j=1,..., M,-} o onuela exxivioewg Tou odRynoay oto EAGYLOTO

.

Y. Enedf M = Z;”Zl M;, éneton mwg 1 wéorn axtiva v 6Aeg Tic mEpLOYEC

npooeAxVoenS dlvetan and:

w M, 1 w M;
<R>E;ﬁRi=MZZ

i=1 j=1

mz(j) ¥

! (2.11)

Suyxplvovtag tic elodoels (2.9),(2.10) xon (2.11) éneton 6L 1y =< R >.
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Towe v Atay TEOTLWOTEPO Vo UNy Yerotdornoteltal uévov uio Tumxy omd-
otaon, aAG ToANég Tuée anootdoels ulo yia xdfe ehdytoto. Me autéy tov
Tp6To Ho mopéyeTaL Uial AENTOUEREGTERY ELXOVAL TWY TIEPLOY MY TPOCEAXVOEWS, XA
B¢ %dfe pLo and autég elvan Slapopetinn wg Tpog To ebpog e. To onuelo autd
xerlet nepattépw UeAETNG xo avalnTHoens.

2.6.2. To xpLtvpro tng xAlocwg

Ac unobéoouue twe undpyel évay tomxd eddyloto x*. Téte ypnowonoldvrag
avémtuyua Taylor oe pia uixer| axtlva YOpw and 1o tomxd eAdyLoTO 1) AVTIXEL-
MEVLXH) ouVdETNOT) UTopel va TpooeyYLoTel we:

F@) ~ f(@*) + % (@ — o) B (z — 2°) (2.12)

6mou B* elvo o Eootavéde nivaxac oto tomxéd ehdytoto. Iapaywyllovrag tny
ellowon (2.12) éneton 6TL

vf(z) ~ B* (z —z%) (2.13)

Ouolwe yia omolodfjtote Ao onuelo y xovtd oto Tomxd eAdytoto z* Bua Loylel:

vfly) ~B*(y—z") (2.14)

Agapdvtac tic oyéoelc (2.13) xou (2.14) xotd uéhn xat tolamraotdlovtag Ue

(z — )T ouvdyetan 6T

(@—y)T (Vf(2) = Vi) =(@-y)B(x-y) >0 (2.15)

utag o o mivoxag B* elvan Betind optouévoc. Apa edy d0o yeltovixd onuela
xou y elval otny Teploy | TpooeAxloEnS ToL (dlou elayloTtou, Tote LoyUeEL 1) oyéon
(2.15) . H napandve ouvbhixn ovoudletal xou xplthplo tne xhoewe (gradient
test).

2.6.3. O mportewvduevog alydpLbuog

O rnpotewvbuevog alybplfuog evidooetal otny xatnyopla TV TEYVLXGY oUado-
notioewe, agol mpoonabel va evtonicel Tic mepLoyés mpooeAxboews. ‘Eyel wg
otéyo va evtonioel A Ta TOTUXE EAGYLOTO TNG AVILXEWEVIXHC OUVOPTHOEWC,
damavdvtog tov Uixpdtepo apliiuéd ouvaptnoloxdy anotiufoewy. H uébodoc dua-
Béter ulo oelpd and mopauéTeous xaL dOUES TOU TEPLYPAPOVTAL AVIAUTLXE OTNY
OLVEYELA.
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Mapduetpor

1

2

. M. Eivou to mAffog twv onueloy mou detyuatonntodvial oe xdfe enavd-
A akyoplBuovu.

. K. Eiva évac axépatoc ue K < M — 1. Koafopilet to mAAfoc twv tAnoté-
OTEPWY YELTOVWY oL Tpénel va eviomilovtal yia xdfe onuelo.

Xprowues dopég

1.

X*: Eilvat 10 00voho SAwv Twv Tomxdy eAaylotwy Tou evioniotnxay and
Tov aly6plfuo.

. RC. Elvou 1 tunu| anéotaon énwg vnohoyiletar and v oyéon (2.9).

MAXRC. Elvat 1 uéyiotn nouv haufdver xatd v dudpxeia tou alyopiBuou
N TW TS TUTIXAS AMOCTACELC.

. grad(z,y) Elvaw pia ouvdptnon nou déyetar oav oployata dbo anuela otov
¥®po S o entotpépel aIANBES av yior auTd Loy UEL TO XPLTHPLO TNG TAPALY (Y OU
xol Peudéc oe dANN neplntwon,.

LS. Elvow évag yetpntic mou xataypdgel t6oes @opéc xAHinxe n Tomu
uébodog elayLoToTOoEWC.

TD. Eivow évag uetpntic o onolog xotaypdgel 1o dfpoloud anooTdoeny
avdueoa ota onuela exxvioens g ToTuxfc Uebddou elaylotonolioews
xou ot onuela xatahf€ewe g uebédou Tomixfc eElaytoTonolnosns.

Brpata

1

2

w

. Apywd LS=0, TD=0, RC=0, MAXRC=0, X* =0

. Aetypotoinmrodvtor M véo onuelo xou autd anotelolyv 10 cOVoro Z.
. Q=ZUX"

. Yz € Z Enavélafe

(a) "Eotw P 1o 0lvolo twv K xovivétepwy YeLtdvwy Tou z and 1o ol-

volo Q.
(B) Vy € P Enavéhafe
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i. Av |lz—y|| < RC xa grad(z,y) xu Jw € X* tétolo dote
|z —w|| < MAXRC xo ||y —w|| < MAXRC xou grad(z, w) »o
grad(y, w), t6te 10 onuelo x dev Bewpelton onuelo exxvioenc To-
g uehédou ehaytotonoinoews. Aniady av ta onuela z xat y
unotifeton we PBeloxovtal oty meptoyxy npoceAxboews xdnolou
tomxol ehaylotou, téte T0 onuelo & dev unopel va Bewpnbel on-
uelo exoavioeng uehddou tomxrc eEayLOTOTOLAOEWG.

(v) Av x elvar onuelo exxuviioews téte

i. 'Eotww (2, f (")) t0 onuelo mou mpoxdntel and tny e@apuoY Tne
tomuxic puebddou oo x.
ii. LS=LS+1.
iii. TD=TD+||z —2'|.
iv. RC=TD/LS.
v. MAXRC=max(RC, MAXRC).
vi. Av 2’ ¢ X*t6te X* = X* Uz’

5. Av dev ieavoroteltan 1o xprtiplo Teppatiopol ; uetdBaon ato Brua 2. To
xpLThipLo TeEpUaTioUol Tou yenowuonotel 1 uébodog elvar autd Tou dimhaciou
xouTLoV, ou Ba tapovolacTel oe enduevn evétnTal aLTOV TOL XEQUAAioU.

2.6.4. Ilewpapatixd anoteAéopata

Ytov mivaxa 2.1 napovoidlovtal ouyxeltxd anotedéouata avdueoa otig Uebod-
douc MULTISTART, TMLSL xat GTC vyia tnv 0eLpd ouVOpTHOEWY TTOU TopOL-
OLAGTNXE XAl GTOUG TPONYOVUEVOUS Tiivaxes. XTov mivaxa €xel tpootebel 1 oThin
GC nou avanoplotd Tov apliud TwV XARCEWY TEOSC TNV TEAYWYO TNS GUVIPTY-
oewc. Auth 1 TAnpogopla elval ypRowun yio TNV EEaY®YT CUUTERUCUATOY, APOU
n uéfodog GTC ypnowonotel emnhéov ¥AAOELS TPOG TNV TUPAYWYO TPOXEWEVOU
va amo@UYEL Vo EXTEAEGEL doxoTES XAOELS Tpog TNV Tomixl| uébodo ehayloTto-
TOLAOEWS.

Ané ta newpduota gatveton nwe 1 uébodoc GTC dev dabétel g aduvauieg
ALTAY TV GANDY TEYVLXGOV OUAdOTOLACENS oE &TL agopd TNy andppLdn onuelwy.
'Etol ye v tumxi| andotaot nou yenowuonotel aAAd xou UE TO XELTAPLO TG
napaydyou eugavileta va elvat o anodotxn and autég xal emtAéov va amontel
UXPOTEPO XPOVO AANG Xa UtxpdTepo aplBud cuVAPTNOLIXADY ATOTLUACEWY.
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Mivoxoag 2.1: Buyxprtxd anotedéopata MULTISTART, TMLSL xav GTC oe
uLa oelpd amd CUVAPTAHCELS SOXIUNG UE TNV XP1oT) TOL XpLtnplou TEpUATIONOU TOU

dtrhov xouttol.

MULTISTART TMLSL GTC
YYNAPTHYXH MIN FC GC MIN FC GC MIN FC GC
CAMEL 6 5503 5503 6 3415 2583 6 844 1705
RASTRIGIN 49 19593 19593 49 24123 12380 49 4449 5090
SHUBERT 400 577738 577738 400 358623 252033 400 31674 59044
HANSEN 527 612015 612015 527 811679 592733 527 82572 10920
GRIEWANK2 529 1765175 | 1765175 528 1929165 1726632 529 1032445 | 1140113
GKLS(3,30) 29 302853 302853 28 191867 102373 28 75363 206788
GKLS(3,100) 97 7492103 | 7492103 91 6683608 | 4583920 97 4160897 | 5663373
GKLS(4,100) 95 8629052 | 8629052 78 12269342 | 8237461 96 2564480 | 3878680
GUILIN(10,200) 200 | 3351391 | 3351391 200 3470206 3234820 200 | 2084425 | 2538444
GUILIN(20,100) 100 1906288 | 1906288 100 1915478 1902730 100 862284 866943
Test2N(4) 16 19424 19424 16 3821 1684 16 2403 3165
Test2N(5) 32 30607 30607 32 8953 6288 32 7294 19390
Test2N(6) 64 34840 34840 64 54555 24366 64 18928 38555
Test2N(7) 128 117953 117953 128 88750 45229 128 39344 115102
GOLDSTEIN 4 5391 5391 4 4606 3836 4 3433 3770
BRANIN 3 1856 1856 3 1007 614 3 804 969
HARTMAN3 3 3509 3509 3 2014 1715 3 2738 2875
HARTMANG 2 3903 3903 2 912 663 2 2949 3088
SHEKELS5 5 22128 22128 5 6434 5358 5 6558 6946
SHEKEL7 7 30702 30702 6 14617 14617 7 8589 9140
SHEKEL10 10 36838 36838 9 18447 15628 10 20226 21597
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2.7 H uébBodog MinFinder

Ye autiv Ty evétta neplypdpeton 1 uéBodog MinFinder, nou anotelel uia e€¢-
AEN tou alyoplBuov GTC. H véa uébodoc dev ypnowsomolel tny évvola Twv
vertdvov énwe mapouotdotnxe oty GTC yeyovég mov vy xablotd taydtepn.
Emnhéov n véa uébodog yenowuonotel dbo pdoels mpoxeluévou va anogacioel o
éva onuelo unopel va elvon onuelo exxuvioewe Tomxfc elaylotonotfoews. LNy
TN Qdon eNéyyetar av To onuelo Pploxetar (Ue xEmOLO TPOCEYYLOTIXG XpL-
Tplo) oTNV TEPLOY T TPOCEAXVoEWS XdmoLlou 1d1) evpebévtoc elaylotou. Av dev
woyVeL N Tapandvw unébeon to onuelo eréyyetar av Beloxetar oty (dia neproy
TPOCEMXVOEWS UE XATolo amd ta dAAa onuelo Tou delyuatoc. Av xaulo and Tig
Topandve urobéoels Sev LoyUet, To anuelo unopel va Bewenlel we onueio evdpZews
Tomig eNaylotonotjoews. e xdfe uia and Tt dVo @doelg eEAEyyou Ypnouuo-
TOLOVVTOL SLAQOPETIXES TUTIXES AMOOTAOELS avtl TNG WIS TIoU Ypnotdonotionxe
oty uébodo GTC. H mpdtn tumxy| andotaon e€aptdton and 1o eEAdyLOTA TOU
€youv Peebel xou 1 dedtepn elvan 1 TLTLXY anb6GTACT TIOL YENoLUoToONXE GTNY
uébodo GTC. Ko oty véa uéhodo xuploapyo pdro mallel to xplthplo tng napa-
ydyou (gradient test), dnwe autd napovotdotnxe otnyv wébodo GTC.

2.7.1. Ilepiypapy) Tov aiyopibuov
To Bruata Tou TpoTeLvouevoL alyoplBuou éyouv we axohovbwc:
Apywxornoinoy:

o Kaboploude g napauétpov N, aplfuds twv onuelov tou deryyatoinmntol-
vtal o xdfe emavdinn.

e Anuiovpyla tou cuvélou X* ato onolo tonobetobvton Ta TomXd EAGYLoTA
TOL AVaXONUTTEL 0 OAY6ptBuog. Apyixd Loylel 6Tt X* = 0.

o T =0, 6nouv T elvar éva oVvoho oto omolo Tonobetolvion onuela Tou
detypatohnmrodvtar oty apyn xdfe enavolidens.

o V =10, 6mov V nepiéyer oe x8fe enavdhndn to urodrigro onuela exxvioews
tomxig avalNTHoewe.

BrAua 1:
e T =0,V =40.

o Acvypatodndio N onuelwv and tov ydpo avalnthioews Ue Tuyalo Tpémo
XoL UE TNV XpHon Tou oyuatog Tou dithasciou xouttol Tou Ha napouctachel
ot enduevn evétnra. Hpoahun autdy twy onuelwv oto abvoro T.
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o T'wa Kdbe 2 € T Eravéhafe

— Av 2z dev elvan anoppintéo Téte
* @éoe V=V U 2.
— Téhog Av

o Télog Enavaridewg
BrAua 2:
o Av % < % Tére

— N = min (N + £,100). Auth n olhayd) otov aptfud twv Seryud-

TV Tou AaufBdvel o ahydpliuog YIvEToL TEOXEWEVOL VoL avayXAoTEL O
alydplfuog va xdvel xakltepn épeuva Tou ydpou S, yiatl énwg mo-
patnefnxe melpauatind o alydplfuog telvel va anoppldel ToAAG and
T delyuata mov Aaufdvel oe xdfe enavdndn, otepdvtog étol Ty
duvatéTnTa va xdvel xaAltepn peuva.

o Télog Av
Brpa 3:
o Tva Kédbe = €V Enavélafe

— Av z dev Bewpelton anoppintéo onueio Toéte

* Esxexivnon uag uehédou tomnhc avalnmioens xa éotw y = L(z)
o gupebéy eNdyLoTo.
* YRohoyLopwbds tng TUTXAC ATOOTACEWS Ty XAVOVTIS YeHom NG
eglodoewc (2.9).
* Avy ¢ X* Tére
- @éoe X* = X* U y.
x Télog Av

— Télog Av

o Téhog Enavalieng

e Av 10 xpLtfjplo tepuaTiopol Tou Simhaciou xoutod avornoteltol TéTe
— Avoxorny Tou alyopiBuovu.

o AN\uddg
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e MetdfBaon oto Brua 1.

Yrov napandve alyoplbuo yia va fewenbel éva onuelo ¢ oav anoppintéo Ho mpénel
TOUNGYLOTOV Ula omd TLC ETOUEVES OLVBTIXES Vo Loy UEL:

1. To onuelo z Bu mpénet va elvan apxetd xovtd ot xdmolo Tonxd eAdyloto
mou €yel Nd1) Beebel, ac modue To onuelo 2, XaL TO XPLTAPLO TN TAEAY DYoL
avdueoa oto 300 autd onuela va LoyVel, xdtL Tou onualveL:

(z —2)" (Vf(z) — Vf(z)) >0 (2.16)

Oewpolye nwg 1o onueilo x elval Xovtd 0To Tomxd EAGYLOTO 2z av LoYUEL 1)
oyéon:
|z — 2| < min |z —z;], 2 € X*, 2, € X* (2.17)
4,J i#£]
2. To onuelo z va elvon xovtd oe éva dhho onuelo y ue y € V' xat to xpitiplo
e ToparydYou avdueoa ota 800 autd onuela va Loydel. Oewpodue Twg Ta
d0o autd onuela Ba elvon xovtd av LoyleL:

|z —yl <re (2.18)

2.7.2. Iletpopatind anoteAéopota

Ytov mivaxa 2.2 nopovotdloviol to anoteAéoUaTta and TNV EPAPUOYT TNG Ue-
86d0ov MinFinder ota nelpduata TOL £YLVE XOL TEONYOUUEVWS 1) EQUPUOYT| TWY
GAAOY PEBOdWY autol Tou xegahalov. Lyxeddy o dheg Tic tepintdoels 1 uébodog
MinFinder elvar tepioodtepo anoteeouatixy| and tny TMLSL xou oe apxetég ne-
pintioelg fehtidvel Ty andédoon g uehddov GTC. H véa teyvixy| elvon taydtepn
XL TEPLOOGTEPO amoTeEAEoUATX and T dAAec uebbdoug xat elvan neploadtepo
anhy oty vAonolnon andé 6t n GTC. H dwgpopd ota aroteréopota mov ma-
pouotdlovtan avdueoa oty GTC xau v véa uébodo MinFinder, anodewxviouy
nwe 070 nedio g Yebddwv xaboluic elaylotomotioewg undpyet apxetde Ypog
yior TEPoUTEP EPELVAL Motk AVATTUET] VEWY XL ATOTEAECUATIXGTERWY TEYVIXADY OTO
UuéAOV.

2.8 Ylonowmuévo hoylopxd

oty pébodo ouadonoifoews MinFinder dnuloupyrfnxe éva ouvodevtixd ho-
yiouwd o ANSI C++, oto onolo o ypriotne unopel va xwdlxomoLioeL Ty avt-
xewevxt) ouvdptnon eite oe C++ eite oe FORTRANT7. Xe auté 1o Aoylouxd
0 XPHOTNG TAPEYEL TNV AVTLXEWEVLXY) GUVEETNOT XAl TNV TapdywYd e ot éva
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IMivoxoc 2.2: Anoteléouata e uebédov MINFINDER oe uia oepd ané ouvap-
Thoelg doxunic UE TV xprion Tou xputnplou TepuaTionod Tou Stmhod xouTloU.

MINFINDER

SYNAPTHEZH | MIN FC GC
CAMEL 6 1598 2187
RASTRIGIN 49 1723 2975

SHUBERT 400 17204 41849

HANSEN 527 60916 94382
GRIEWANK2 | 529 | 1035094 | 1190595
GKLS(3,30) 29 67541 105006
GKLS(3,100) 96 | 1871681 | 2905475
GKLS(4,100) 98 | 3763131 | 7677290
GUILIN(10,200) | 200 | 1467845 | 1512665
GUILIN(20,100) | 100 | 646213 | 668183

Test2N(4) 16 953 1612
Test2N(5) 32 1850 4827
Test2N(6) 64 5133 29252
Test2N(7) 128 29908 160805
GOLDSTEIN 4 2197 2364
BRANIN 3 498 604
HARTMAN3 3 1581 1737
HARTMANG6 2 1090 1194
SHEKEL5 5 7144 7365
SHEKEL7 7 17125 17377

SHEKEL10 10 21551 21661
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apyeto optllovtac ula oepd and cuvaptioels xat Yéoa and éva Bondntxéd npo-
YPOUUATLOTIXG epYUAElo TIOU TapéyETal amd To AoYLoULXS, dnuLovpyeltal To Te-
A6 exteléoldo apyelo. To telxd exteréoio apyelo dwabéter ylo oelpd amd
TPAUETEOUC, OV ETLTEENOUY oToV YeNoTy va Tetpauatiotel. Yto mapdptnua B
TEPLYPEQOVTAL Ol SLABLXAOIES EYHATATTACEWS AL YPNOEWS TOU TPOYPAUUATLOTL-
%00 gpyalelou xou dlveton éva mapddelyua ypRoens.

2.9 Kavdveg teppatiopod

"Eva and ta xuptdtepa BEuata TV atoxaotixdy UeBddwy elvan ta xpLtipLa TepUa-
TLopob Toug. Enedr| ol uébodol authc tne xatnyoplag avaxahintouvy to xabolxd
ehdyloto ue xdmnota mbavétnta, uetd and évav tencpaocuévo aptbud enavariPewy
dev elvan eyyunuévn n emtuyla e epapuoyrc touc. Auté onualvel étL epdoov
o€ TPaxTéC eQapUoYEc To acuuntwTixd bplo ( dnelpec enavalfidels) dev elvon
eQutd, Bo pénel va tepuotiotel 1) dtadixaoia mpdiua, dtaxavduvebovtoag wotéoo
v TAien emtuyla TG

/99

"Eyouv avartuyfel didgpopol “xavéveg tepuaTiouol” Tou aToYEVOLY OTO Va
dlatnpoty ueydAn mbavétnta emtuyols anotehéouatog XaL TaVTéYpova Vo Uny
anattoly UPNAS unoloylotixd x6otoc. Ltny BiAtoypapia €youv eugaviotel ap-
xetol xavéveg énwe twv Zielinski [77], Betro et al [78], Rinnooy Kan [80], Hart
[82]. Mua Bi3hoypapuxh emoxdénnon twv xavévev tepuatiopol divetar oto [81].

Yy enduevn mapdypago yivetor uia olvioun avagopd ota Xplthpla Twy
Boender, Rinnooy Kan o Zielinski xat otnyv ouvéyela neptypdgpouye tpelg véoug
XAVOVES TIOL avamTUYBNMaY ota TAalota Tng tapotoug StatplBc, BTol Tov xavéva
Tou “Bumhaciou xouTlod”, ToV XaVoVa “TwY TapATNEHoWeY HEYEBDOY” xou téhog
“Twv avauevouevey eaylotwy”.

2.9.1. Ta xpLtijpra Twv Rinnooy Kan, Boender xou Zielinski.

Yougovo Ue o XpLthplo tepuationol ou dwotunddnxe andé tov Rinnooy Kan
[80], av vt Ty eVpeon w ehaylotwy €xouy yivel ¢t tomxée avalntioelg, Téte Ui
extiunon yia to TABog Ty ToTx@Y eayloTwy g cuvapThHoews dlveTal and Tov

tUro:
w(t—1)

t—w—2
Ye noAuderypotinég uebodoug xafoluic edaylotonotioews énwe 1 Topographi-
cal Multilevel Single Linkgage Clustering [83], to ¢t otny e&lowon (2.19) avtixa-

W= (2.19)

Blotatar and 0 oUVoAo TV SeLYUATOANPLOY oL €xel TPAYUATOTOLAOGEL O AAYS-
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ptBuoc. O alydpbuoc xabohixfc ENUYLOTOTOAOENS JlaxOTTETOL GTAV:

W —w < (2.20)

~ Nl

Qot600 xdvovtac npdielc oty avabtnta (2.20) dlamoTOVETAL TS TPETEL Vol
LoyVeL étL:

t>2w? + 3w + 2 (2.21)

Me dhha Moo o mpénet o aplfude v Totxdy ehaytotonolfioewy () detyudtwy
og dAhec TEPLITAOELS) Vo glvall avEAOYOS TOU TETPAYOYOU TwV eAaylotwy mou
€youv PBeebel, mpoxeluévou va atopatioel o alybplfuoc. Av éyouv Bpebel my.
1000 ehdyrota Bo anowtnfoldy 108 xan TAéov EAayLOTOTOLACELC TIPOXEWEVOL VoL
tepuatiotel o akydplfuog, axdua xar av dev Bpebolyv emmiéov ehdyiota xatd
v ddpxeta Ty Tpdobetwy tonxdy elaytotorotfoewy. O xavévag autdg dev
elvon Wraltepa anodotxds yia ouvapthoelc Ue TOANG eEAdytota xou enlong dev
exueTAAAEVETOL TNV V)oY Tou amoxtdtol and v deryuatolndla. O Zielinski
[77] extd T0 m0600T6 1oL YBEoL avalNTHoERS oL dev éxel XaALQTEL UE TNV

devyuatoAndla wg:
_w(w+1)
Plw) =37

Ye autiv v mepintwon 1 vébodog xabolurc elayloTonolfoews SlaxdmteTal

(2.22)

oTay:
P(w) <e (2.23)

6émoL € évag uxpéde Betinde aptBude, Ty. € = 1074

2.9.2. O xavévag Tou dinhaciov xoutLol

Yta nelpdotal Tov TpayaToToloUvTaL elval avdyxn vo Yveopelloude To TUu Tou
X®pou avalntioews Tou dev €xel xahu@Tel and TLg TOMXES EAAYLOTOTOLAOELS TOU
€youv mpayuatoroindel. Av to TuAua auté elvar uixpd, Téte 1 uébodog xaborxrhic
ehaytoTonotioeng unopel va tepuatiotel. To tocooté tng neptoyic avalntioews
moL dev €yel xahugbel dlvetan and v noadTnTa:

U:1—iM (2.24)

6mov w elvar o TpEéywy apldude Twv ToTxdY EhayloTwy Tou éxouy avaxahupdel.

. A; . . ¢ . y
H noodtnra Tn(( s)) umogel Vo TpooEYYLoTEL AoUUTTRTXG and Tov Aéyo L, émou

t; elvar To TARBoC TV epapuoYdY TN UeBEBou TomxAC EAAYLOTOTOLACENS TTOU
odfynoav oto tomxd eNdytoto xF xou T elvon o ouvohixds apliuds epapuoydy
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e Tomxg ehaytotomotfoews. Kotd ouvénela ua extiunon tng moodtnrag U
dlvetar and tov tno:

17=1—2T' (2.25)

Avotuyde oe x88e enavéhndn n tooétnra U éyer v T 0 yuag o i ti=T
xaw oav ouvéneta 1 e€lowon (2.25) dev unopel va yenowwonoinbel yia Ty tpocéy-
YLOM TOU TWAUATOS TOU Y®pou avalntioews mou dev €yel axdua xohugbel. Ta
AUTEY TOV OXOT6 XATACKEVALETAL €VOC UEYAAUTEPOS YWpog avalNTACEWS So TouU
TEPLEYEL TOV apyxd xdpo S, étol Gote va toyler m (S2) = 2 x m(S). Enlong
éva wovadixd (xat Pedtixo) tomxd ehdytoto Hewpeltar Twg UTdpyel oty TepLoyY
Ap = 83 — S. O byxog g meproyric npooexboews yia autd to eAdyLoto elvol
m (Ag) = m(S).

_ . m (A;)
U = 1—; (S =
o, m(4)
A D e TCA I
_ 20—127”(141')
U = 1 R
U = 1—22%(?2(;1") (2.26)

Ko oty e€lowon (2.26) n noodtnra Tn&g npooeyylletar and v noabdtnTa
L, émou n mooétnra T 0 ouvohixde aplbude EQaPUOYBY NG uebdédou Tomuwag

avalnmioewe otov yopo Sa. 'Etol n mocdtnra U dlvetar and v axdioudn

elowon: )
U=1—22% (2.27)
=1

Ye xdbe emavdindn N onueia cuAAéyovTal opolduoppa Tuyala atov YWeo Sa
xou anopplrtovion onuela mov dev avixouy otov xHpo S. ‘Eotw 6t yetd and k
enavaridels o oLVOAXSS aplBude Twv onuelwy Tou €xouv Angbel otov Yo Sz

elvon My, xau and autd to kN Bploxovtal otov yodeo S. H mocdtnra dy = %

. . . k S .
éyeL piot uéomn Tiuh < 8 >p= 1+ i 6, 1 omola Telvel oY ToobTTA 7;“((552)) =1

»x0fdg o petpnTic enavaliewy k telvel oto dnewpo. H Swoduavon e (Slag

noo6tnrac divetal and tov Tono
2N <2 2
0;(0) =< 6° > — < 0 >, (2.28)

n omnola telvel oto 0 xabdc t0 k telvel 010 dmelpo. 'Onwg unopolue va dodue
xou oto oyfua 2.2 auth 1 toodtnTa elvon nEpLoadTEPO OoUaAd UEeTABaAASUEYN
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ané Ty Yéon T Xl ETOMEVKS TLO XATEAANAN yla va ypnotuomotndel vl tov
oynuatioud evée xpttnplou tepuatiouol. H xabBolui uébodog ehaytotonotioeng
tepuatiletar tav oyboouy oL cuvbrxec:

1
<033 <o) 0kl6) < 0 (2.29)

/ 2 , . / ’ .
énov oy 4 (0)n rltpn e B’LOLX\,)\UOLVO'E(DC ™me ?oooran (Sk’ oTNV E:Tcowcx)tnapn ToL PBpé-
Onxe o tehevtalo tomxd edyloto xau p elvan Yt toabta oto Sidotnua (0,1)
xou yenordomnoteiton oav évag ouuBiBaoude avdueoa oe wia e€avtinuixd aval-
mon (p — 0) xou oe wa avalhinon Bedtiotonomnuévn yia taydtna (p — 1).
Ytov nlvoxa 2.3 unopolue va SoVUE TELPGUATO TTOL EYLVALY ATt TNV EQAPUOYT) TOU
xpLtnplou tou dimhaciou xoutiol e v yefon tne uebédou MULTISTART oe
uLal oeLpd amd oUVPTAGELS SoXUUAC XAl VLA SLAPOPETLXES TUIES TNG TUPAUETEOU P.
ExteMéotmay 100 newpduata yia xd9e ouvdptnomn ue dtagopetixy apytxonolnom
e yevvrtplag tuyalwy aplBudy oe xdbe extéieon. H otiin MIN nepiéyel tov
uéoo 6po Twv ehaylotwy Tou Beébnxay xou n othkn FC nepiéyel tov uéoo aplbud
oLVAPTNOLAXADY XANCEWY TIOL YEELAOTAXAY YLt aUTHY Tov oxomd. 'Onwg BAénouue
xafdc 1 moodétnTa p avgdvel N uébodog tepuatilel Tayvtepa ahhd eviote Ueptxd
Toxd ehdytota (xot lowg xou to xafolxd) unopel vo yaboldv. H mpotelvd-
MEVY TLWH Yot auThY TNV TopdueTpo (oav ouuPiBaoude avdueoa otic 800 axpaleg
nepuntdoes ) elvon 1 T 0.5. O akydpibuoc éxel e e€c:

1. Apywd Bétouue a = 0.

2. Aevypoatolndla N onuelov ue tny Stadixaoctio tou StatundBnxe nponyouué-
YOG,

3. Yrohoylouée tne mocéTntac o(4).

4. Extéleon ylog enavoridens tne dadixaotiac xaboluxrc elaylotonotioewe
yenotdonoldvtag ta onuela mou elfgnoav mponyouuévwe. Avdloya ue
v yenotuonotoluevn uéhodo (Multistart, TMLSL »tA.) avtd ta onuela
umopoLy va ypnouuonolnfoly cav onuela exxivioews uebddou tomxrc ela-
¥loTonoloews N va eloayBoly oe xdnola oudda.

5. Av Bpebel TouNdyLoToy éva vEo eNdyLoto, Béoe: a = po?(8) xou uetdfBoon
oto Bhua 2.

6. Tepuoatioude av |< 0 >p —%| < 01(8) xou 0%(8) < a, Sapopetind petdPaon
oto Bua 2.
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Mivoxog 2.3: epduata e v nocdtnta p otny wéHodo tou dimhaoiov xoutlol
xou ue v yenon e uebédov MULTISTART oe uia oepd and ouvaptioelg

doxuunc.
‘ \ p=03 =05 p=07 =09
YYNAPTHEZH | MIN FC MIN FC MIN FC MIN FC
SHUBERT 400 | 1150243 | 400 577738 400 | 322447 | 395 | 139768
GKLS(3,30) 30 961269 29 302583 23 41026 15 3920
RASTRIGIN 49 50384 49 19593 49 13581 49 10034
Test2N(5) 32 78090 32 30607 32 20870 32 13462
Test2N(6) 64 85380 64 34840 64 22535 64 15393
Guilin(20,100) | 100 | 3405112 | 100 | 1906288 | 100 | 854511 71 79331
Shekel10 10 93666 10 36838 10 23870 10 15976

Eydua 2.2: Tpdonua tne péone TLUhc e moobtntac Jy xat
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2.9.3. O xavévag Twv mapatnencipmwy Leyeddy

O debtepog xavévag TEUATIONOV ElVaL 0 XAVOVOS TWY TURATNEACLUWY UEYEBGY.
O xavévag autée Baolletar oty oOYXAON TWV AVOUEVOUEVLDY TGV 0pLOUEVGDY
ueyebdy mov unoloyilovtar xatd Ty didpxetla TNe dadixaolag, oTlC ACUUTTWTL-
xéc Toug Téc. Tiveton wia o0yxplon avdueoa otny nocdtnta ¢; ( to TAHBog Twv
ENAYLOTOTOLACEWY TIOL OdHYNOAY 0TO EAGYLOTO T} ) X0 GTNY AVOUEVOUEVY TWT
yia quTH TNV ToedTNTA.

"Eote nwg éxouv Beebel w tomxd eNdytota xon and tig ouvolixd T emavolf-
deic t1 @opéc PBeébnxe to ehdyloto 1, ta T0 eAdytoto 2 x.6.%x. Ilpogavde toylel
ou t; > 1, Vi=1..w. Enlong ouufollovue ue ny 10 mAifoc twv enavalipewy
ToL UEGOAEBNoay yia Ty ebpeot Tou J elaylotou and To mpornyovuevo. Me Bdon
Ta Topandve xat AaufBdvovtog unddn 6t yenouonoteitol opolduoppn deLyuato-
Mdla o avopevéuevog aplbude Ly tov tomxdy avalnthcewy tou odnyhinxay
070 eAdyLoTo J TNy oTLyUn mou evtonileTal Yo TpdT Popd T0 EAdYLoTO w elval:

m (4;)
m(S)
6mov m(A) elvar 1o pétpo Lebesque tou ouvélou A. Elvow mpogavéc nwe yia
tétola toodtnTa dev elvar duvatdy va extiunBel avalutixd, alhd unopel vo exti-
unBel aovuntwTxd Ye ™y Ypron twv tocotitwy L;. Kabdc to miRfoc Ttwy
Tomxoy avalnthoewy audvel Bo toydel 6L

L = 4 (n,, — 1) (2.30)

ti m(Ai)
~ (2.31)
Yi=mti — m(S)
Me amif) avixatdotaoy otov tomo 2.30 npoxdntel 6T
L8 = L7V 4 (ny — 1)
i=1 (2.32)

st_l) + (nw _ 1) 1571%
i=1 "

xou toyler 6ttng =1, J < w — 1 xau L,(,,w) = 1. O tdnog 2.32 woydel btav
€xeL Bpebel o w eNdytoto yia npdtn opd. Qotdéoo Yetd v edpean auTOL TOU
ehaylotou elvar mbavéy va €youv yivel xou dAheg tomxés avalnthoels mouv va elvon
dxapneg, éotw K. Ye authy my neplntwon o avauevouevos aptBuds eugavioewy
Tou ehaylotou J Slvetar and:

t
LK) ="K —1)+ —T 2.33
7 (K) =Ly ( ) ey (2.33)

ue Ty Wiétra 6t L£57(0) = L. 'Onec xou oty mpdn teyvixd) epuotiouod
TIOL TOPOUCLACTNXE OE AUTO TO XEQAAILO, £TOL Xal €3G TO XPLTHPLO TEPUATIOUOV
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nov ypnotwonowiinxe Baolotnxe oty dtoxduavor Tng ToadTNTaC:

w (W)
,C ) — 1y
By(W, K Z =L (2.34)
W Zz_l tl
H péfodoc xabohuxic ehayiotonotioewg Staxdntetal tayv:
Ey(w, k) < oy, (Bz), 0® (Ea) < pot, o (Fo) (2.35)

7 2 ’ ’ , , , ,

610V o Es) etvon 1 draxcduavon tne noodtnroc Ey énweg auvty unoloylotnxe
last(’z) o ) BrancCaarvom e e By Groc auth ylo

™y televtala Qopd mou Beédnxe xavolpylo EAEYLOTO XAl 1) TOGETHTA P EYEL TNV

Bt Aettovpyla ue v teplntwon tng uebédou tou dimhasciov xoutlo.

2.9.4. O xavévoag TwV avapevoUeEvLy elayioTmy

H teyvun| vty Baoileton oty npoondbeta unoroyiouot touv tAiBoug Twy elayi-
otwv Jlag cuvapthoews. H uébodog Siaxdntetar dtay Bewprioe. mwg dev undpyouv
TAEOV aANG EAGYLOTOL VOL AVOXOAUEL.

'Eote 6t ye P!, ouuBolileton n mbovétnro Gotepo and m egapuoyée e
uebodov tomxrc elaylotonolfoews va €youy Beebel | touxd eNdylota. Eniong
€otw 6Tl Ue g ouuPoiiletal n mbavétnta oe ula epapuoyh e LeBGSdou TomxAg
ehaytotonotioens va Bpebel to ehdytoto zf. Auth 1 mbavétnta elvon Yoot ex
TWV TPOTEPWY Xou dlvetar and tov TUrno:

TR = % (236)
H mbavétnia Pl unopel va unoroyiotel owot?‘)pqumd ané Tov Timo:
-1
PL=(1->"m| P+ Zw, L (2.37)
i=1 i

HMapatnphote 61t PP =0, Pl = 1. 1y yevurd nepintwon Ha toyvel 61t P =0
6tav I > m xor P = 0,Ym > 1. H hoyue nlow ané my e&iowon (2.37) elvar
ot n mbavoétna uetd and m epapuoyéc tomxic ehaytotonotioens va Bpedody
I eNdyrota, ouvdéeton e v mbavétnta otic (m — 1) egapuoyéc elte va éyouv
Bpebel (I — 1) tomuxd ehdyrota ( xou 1o I tomuxd eAdyLoTO AVAXOAITTETAL GTNV
enduevn epapuoyt ) elte va éyouy Bpebel axpBdc [ tonnd ehdytota xat vor unv
Bpebel xavéva otny enduevn tpoondfeia. H nocdtnra 22:1 m; elvon 1 mbavétnta
6t éva and ta and ta [ eNdytota Bploxetoan oe ula mpoomdbeta xau ouolwe 1
noo6tnTa 1 — Ei;i mielvon 1) bavétnra va unv Beebel xavéva and ta I — 1
eA&ytota ot ua tpoordbela. Enithéov, agol oL tooétnieg P opllet mbavétnree

m
d pl=1 (2.38)
=1

Ba mpénel va toylel o tinog:
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INo va anodelytel o nopamdve Loyuplouds ag Bewpfoovue TNy mocdnta §; =
22:1 ;. Egapuélovtag dfpotoua xar ota 300 uéhn tng ellodoews (2.37) Aow-

Bdvouye:
m m m m
! -1 -1 !
SR =3P =N s P+ s P (2.39)
=1 =1 =1 =1
Mg xou P%_; = 0, P™ , = 0, oandé v eElowon (2.39) noapatnpodue 6Tt
-1 . Lo . .
S PLo= S P Anb autd galvetar 6t to dBpooua Y Pl dev

eCaptdtal and Ty ToobTNTAL M Xl ooy ouvéneta B€toviac m = 1 oty e€lowon
(2.37) emaknfevouue y e&lowon (2.38).

O avauevéuevog apludec ehaylotwv nou éyouv Beebel Votepa andé m epapuo-
véc g uebddou tomxrg ehaylotonotfoewe Slvetal and:

<w>=)_IP, (2.40)
=1

xou 1 StoxOuavor) and:

m m 2
o (W) =Y 1P} — (Z zp,g) (2.41)
=1 =1

H nooétnta oty e€lowon 2.36 dev unopel va unohoyiotel axpBidg mapd uévov
npooeyylotxd. Mia tpooéyylon nou unopet va ypnouuonoindel, n onola e€aptdton
and to mARfoc epapuoydy e uehddou tomuric ehaylotonolfoews (m) dlveton
ané tov tono:

L™
m

) =

(2.42)

‘Onou Lgm) elvar To MAABog TV epapuoYdY TNg eSO ToTUXHC EAAYLOTOTIOLH
oewe ou odfynoay ato edytoto ;. ‘Etol n véa uopen tne ellodoewe (2.37)

-1 I
Pl = (1 - Zw§m1)> Pty (Z ng1>> P, (2.43)
i=1

i=1

glvou:

Ko otov véo xavéva tepuationos, 1 xabohuxr| uébodoc tepuatilel ue éva xpLtrplo
noL Booiletal oy SLoaxOUAVOT ULIC TOCHTNTOC XAl TLO CUYXEXPLUEVA GTOV:

|<w > —w| < o(w)m, 0*(W)y < pa2(w)last (2.44)

'Omou 0% (w),et Elvan 1 daxduaven e nocétntac I my teleutala gopd mou
Beebnxe xdnoto xouvolpylo eldytoto xou 1 moodtnta p nailel tov (o pého ue
TS TpoMYoUUEeveS UeBodoug.
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2.9.5. Ilewpapatixd anoteléopata

Yy mopotoa evéTnTa Tapouvoldlovial To ATOTEAEGUATA AN TNV EQUPUOYT TWY
ueBddwv tepuaTionod TIOU TAPOLCLACTNXAY O AUTSH TO XEQPAAALO. X TOUG TLVaXES
oL B axohovBrioouy N emxeaiida PCOV avagépetal 0T0 xpltriplo tepuationol
me avtedTag (2.23) yenotuonoudvrag Ty mopduetpo € = 0.001, 1 emxepolida
KAN avagépetal 6to xpttiiplo tepuationol e ovtedtroc (2.20), n entxepaiida
DOUBLE avagépetal otnyv wéhodo tepuatiogod tou Simhaotiou xoutiod, 1 emxe-
paAido OBS avagépeton otny Uéhodo tepuatiouod Ty tapatnenowwy UeYeBoy
xou 7 emxepaiidoa EXPM oty uéfhodo twv avauevéuevwy ehaylotwy. o xdbe
ouvdptnon exteréotnxay 100 nelpduata, XENOLLOTOLOVTOS JLAPOPETLXY| AXONOL-
Bla tuyalwy aplBudy oe xdbe enavdindn. Kdtw and v emxeparido MIN Boi-
oxetal 0 Yéoog aplfudg Twy ehaylotwy Tou evionioTnxay xou xdTw and TNV oTHAN
FC o yéoog aptfuds Twv anottodUevmy XAROEDY GTNY AVTIXELUEVLXY) GUVEETNOT).

Ytoug nivaxeg 2.4 ot 2.5 napouaLdlovTal Ta ATOTEAECUATA ATd TNV EQUPUOYN
T TéVTE xpLinploy tepuationol yio tic uefédovg MULTISTART xor TMLSL (n
omola o eptypagel avalutixd oty cuvéyeila Tou xegatalov). And ta anotehé-
oJorta npoxVntel Yo atofnth) unepoyh Twv VEwv xprtnplewy tepuationol edixd oe
ouvapthoelc Ue ueydho aplbud ehaylotwv A/xo Saotdoewy. Qotdoo mpénet va
emtonuavlel twe n u€hodog tou dmhov xoutLol éyel UxpdTepo Ypdvo eEXTENECELS
agol anoutel Alyotepoug UtoAoylouoUg and g dAeg uebédouc.
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Mivaxag 2.4: Amotedéouata epapuoyis Sloapdpwy Xpltnelwy TepUatiouol otny

uéfodo MULTISTART.

PCOV KAN DOUBLE OBJS EXPM
YYNAPTHYXH MIN FC MIN FC MIN FC MIN FC MIN FC
CAMEL 6 5642 6 2549 6 5503 6 2720 6 2916
RASTRIGIN 49 38104 49 121182 49 19593 49 13342 49 9007
SHUBERT 400 | 316640 | 400 8034563 400 577738 400 369958 400 212353
HANSEN 527 | 426056 527 14220225 527 612015 527 391597 527 240092
GRIEWANK2 528 | 565932 529 18941546 529 1765175 528 996188 527 449090
GKLS(3,30) 16 5286 13 4249 29 302853 23 84291 25 96260
GKLS(3,100) 34 11464 61 97124 97 7492103 94 5658721 92 3416276
GKLS(4,100) 20 6010 12 7816 95 8629052 73 5290564 93 6358587
GUILIN(10,200) 191 354650 200 4736609 200 | 3351391 200 2178890 199 1136783
GUILIN(20,100) 96 263869 100 1760826 100 1906288 100 973307 99 655374
Test2N(4) 16 17373 16 18716 16 19424 16 5296 16 3970
Test2N(5) 32 37639 32 78931 32 30607 32 10700 32 7707
Test2N(6) 64 81893 64 336353 64 34840 64 27679 64 18367
Test2N(7) 128 175850 128 1435579 128 117953 128 70370 128 41981
GOLDSTEIN 4 5906 4 3812 4 5391 4 3842 4 3850
BRANIN 3 2173 3 1782 3 1856 3 1782 3 1782
HARTMAN3 3 3348 3 2750 3 3509 3 2778 3 2772
HARTMANG6 2 3919 2 3851 2 3903 2 3907 2 3851
SHEKELS 5 8720 5 4733 5 22128 5 6430 5 8850
SHEKEL7 7 11742 6 5485 7 30702 7 7581 7 10914
SHEKEL10 10 16020 10 10611 10 36838 9 9812 10 12751
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Mivaxag 2.5: Amotedéouata epapuoyis Slapdpwy Xpltnelwy Tepuatiouol otny

uéfodo TMLSL.

PCOV KAN DOUBLE OBJS EXPM
YYNAPTHYXH MIN FC MIN FC MIN FC MIN FC MIN FC
CAMEL 4 406 4 404 6 3415 6 7325 6 1815
RASTRIGIN 31 1821 15 1614 49 24123 49 12815 49 9199
SHUBERT 52 2971 236 226048 400 358623 400 321031 400 275773
HANSEN 66 3837 361 451662 527 811679 527 781209 527 501844
GRIEWANK2 295 | 56348 | 481 298174 528 1929165 527 1602467 526 591899
GKLS(3,30) 8 908 624 28 191867 28 364849 29 483227
GKLS(3,100) 10 1171 727 91 6683608 90 2535356 98 32034155
GKLS(4,100) 2 310 2 310 78 12269342 72 11199668 93 32034155
GUILIN(10,200) 139 76928 181 1600657 | 200 3470206 200 2650971 199 1752886
GUILIN(20,100) 74 72974 99 734645 100 1915478 100 1333144 99 867312
Test2N(4) 12 874 8 508 16 3821 16 2807 16 4162
Test2N(5) 32 3798 32 7750 32 8953 32 6634 32 6092
Test2N(6) 20 1513 11 1184 64 54555 64 34649 64 27500
Test2N(7) 104 10776 128 73947 128 88750 128 69371 128 52248
GOLDSTEIN 4 583 3 587 4 4606 4 11709 4 2522
BRANIN 3 354 3 359 3 1007 3 182919 3 1227
HARTMAN3 3 1567 3 1567 3 2014 3 18271 3 3857
HARTMANG6 2 685 2 677 2 912 2 87124 2 2094
SHEKELS 4 446 4 446 5 6434 5 90356 5 3310
SHEKEL7 4 436 4 434 6 14617 7 191969 6 4363
SHEKEL10 5 412 5 406 9 18447 10 78645 9 10288
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3.1 Tevxd

To xe@dhato Eextvd UE ULol avaoXOTNOoY TOU YEVETLXOU TPOYROUUATIONO0 XOL TNG
uebodoroyiac tne Fpaupatxic E€ell&ewe, n onola Ba anoteréoel v Bdon yia
MY UAoTolNoT TV d00 VEWMY GTOYACTIXGOY TEXVXGY Tou Ha napouctlaoTtoly atny
ouvéyela. Ouuéfodol autéc anoteholy Behtiwuéves exdoyés v xafohuxdy uehs-
dwv ehaylotonotfoewe Controlled Random Search xou Simulated Annealing. Ou
TPOTIOTIOLNUEVES EXDOYES YENOLULOTIOLOVY EValy DLaopeTind Tp6To detyuatondlog
nov dev Baoiletal oe ouolduoppa tuyaia xataveunuéva onuela oANE oe povo-
ndtia ot omolal 1) TUH TNG AVTLXELUEVLXAC CUVIRTACEWS UELOVETAL OTASLIXE TOU
dnuLovpyolvtaL Ue Ty xpron woc texvixrc Baotouévne oe Tpaupotind EEEMED,
ue to évoua Genetic Random Search (GRS).

3.2 Tevetuxol akyodeLbuot

Ou yevetxol ahyépibuol amotehody uia B TEXVIXY TopaUETEXAC BEATLOTO-
Tothoews, UE TNy omola Ui oudda ané unodrigleg Aloelc! Tou avTixeEVX0oD
npofAiuatoc undxelvtan o pla enavainmixd Staduxaotio yio Ty avddelln tou
XaAOTEPOL UENOUG TN ouddac. Auth 1) Tpoaéyylon Exel Tig plleg Tng oTa YovTéha
Brohoynric e€ehiewg, 6mou and dagopetinols TANHuoUoUE USVOY Ta XATAAATAG-
TEPA WS TPOC TO TEPLBEANOY UEAT ETBLAVOUY XAl AUTE UE TNV GELRE TOUG TapdYOUY
véeg veviée mAnBuoudy. Mua yevix uhonolnom evée yevetol ahyoplBuou elvon
o Ut Tou dlvetal oty cuvEyeLa:

1. Apywonolnorn minbuouol.

2. Arnotlunorn mAnBuouot.

3. Emhoyn uehdv yia Staotadpwor.
4. Awdixaoto Staotavpdoews.

5. MetdMo&n uehdv tou mhnfuouod.

6. Av LoyleL 10 %pLTHPLO TEPUATIONOL EMLOTEOQPT TOU XaAGTEPOL UEAOUG, dla-
(popETIXE ETaVEANYN and o Briua 2.

Aev elvon anopaltnto ta Briwata tou Topandvew aiyoplfuou va e@apuootoly ue
aUTAHY TNV oelpd oUte xat elvan anopaltnto nwe o utdpyouv 6ha oe €vayv alys-
ptiuo. Qo160 aTIg TEPLEGETEPES LAOTIOLACELS TopouoLdleTal Eval oYU oy To
mopamdve. Mia apxetd xahh Teptypapn Twv YEVETXGOY alyoplBuwy yiveto xou
oto BBNo tou D. Goldberg [19].

1S uyvd amoxaholyToL XoL YPORoTOUATA.
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3.2.1. Avanapdotacn wehdv ntAnbuouos

"Eyet anodeiyfel Bewpnuind mog ol yevetxol akydplfuol ouyxhivouv otny Bérti-
ot Aon 4tay T YpwUdoo)uatd Toug elval exme@pacuéva o duadixr| Uop®H.
Qotéoo oty mpdén dev elvor duvatdy Yo Yenoulonolodvtal TavTote dUadixés
avanopaotdoelc. [a napddetyua €otw 1o mEdBAnuUa Tne evp€oens TV Popdy
EVOS TEXYNTOL VEUPWWIXOU dxtOou UE Ty yeNon yevetxdv aiyoplbuwyv. Ta
Bdpn umopoly va AdfBouv dnepeg Tég Y€oa oTo oUvolo TV dexadixdy aplh-
LAY xal oe TOANEC TEpLTTAHOELS, bwe ota enavainntixd (Recurrent) vevpwvixd
dlxtua, ulo ToAD et uetaBoAt) ot xdnoto Bdpog tou dixtdou €xel ooy anotéhe-
oud TNV dpauatix aAAALYT) OTNY CUUTERLPORPE TOU GUYOALXOD uovtélov. Tétowa
napadel yuaTa AmoLTody 1 AVATOEdoTIOT TWY XPWUOoWUATOY va elval oe uoppt
xNTAC UTOSLoTONC 1) TOLUAGYLoTOY Vo Ttapauelvouy o Suadixi| pwop@n xou va
hoBdver ydpa xdbe popd TOL ATOTLUATOL 1) XATIAANASTNTA Uit ameLxévLon and
TOV YEVOTUTIO, Tou elvat tol duadixd ypwuooduata, oTov @oLvéTuno Tou elval 1
TAPAUETPOS WS TPOG TNV omola YiveTow EAAYLOTOTONGY), OTO CUYXEXPUUEVO TIaPd-
deryua To Bdpog tou TEXVATOL VELPWYLXOU dixToL. (201600 AUTEC OL UETATEO-
néc and yevotuno oe gouvétuno Sev €xyouv Ty Uéylotn duvath axplBela eneldt
YENOLLOTOL0UY évay TepLoplouévo aplBud and duadixd Ynela (bits) yio tny ava-
napdotaon. Xtny npdén ota YpwuooduaTto Yenoluonotobyvtal ancudelog aplbuol
XVNTAC UTOBLIOTOATC Ywelc xdmola eVOLAUEDT ATEXOVLON ol ATl TETOLO €XEL
Bpebel [76] b

1. Emtuyydvel xahGtepn npooapuoy o€ tpofiAuata tou oyetilovton ue aptd-
©ol¢ xuvnthg utodlaoToAg.

2. AuZdvel v Taydtnta Tou alyoplbuou.

3. Emtpénel Tov ouvduaoud twv YEVETXOV TEAEOTOY ue dhheg uehodoloyleg
(m.y. Tomuxr| ehaytotonolnon) yia Ty enlTeLEN XUNOTEPWY ATOTEAEGUSTWY.

Qotéoo 1 ancubelag ypron aptbudy xvntrc utodiaotoliic oTa YpwUooduaTa ExeL
%O UELOVEXTAUITA, OTWC:

1. Mpénel va Beeholv dagopetixol yevetxol teleotés and autols Tou Ude-
Youv 1dn.
2. Aev undpyel Bewpntind anddelén nwg o yeveuxde alydplbuoc Bo ouyxhivel
oty Bértiotn Adon.
3.2.2. Yuvdptnomn xataAAnhéTnTog

Y1evd ouvdedeuévo LATnua Pe auTtéd TV YEVETIXGOY ahyoplBuwy elvol emhoy tne
ouvapthoene xatahnhétntog (fitness function). H cuvdptnon autd anotekel xou
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EVoL XPLTAPLO YLA TO TT6G0 XATIAANIO elval €va uéhog Tou mAnfuouol. Aev undp-
YEL XAToLog ca@ic TEOTOC YLal TNY ETAOYT) AUTHS TNG CLYAPTACEWS XAl eExpTdToL
Gueoa and 1o TEéBAnUa Tou xakeltar o akydpfuog va emhboel. Enlong dev elvon
anapaltnro auth N ouvdptnon va elvar Betixd 1 apynuixd (av xou ouvhfwg elvar
BeTtuh), oANG Tpéme va elvar tétola dote va daxplvovtal Tal UENT Tou TAnBuouos
uetal toug. T napdderyua ocuvdptnon xatalnhéntoag oe ula dtadixaolia ent-
Nooewe 070 TEdBANUa ToL TAavodlou twAnth (TSP) uropel va elvon to uhxoc Tou
povoratiol mou urodewxvietal xdfe opd and tov akydplbuo. ‘Oco wixpdiepo
elvar To uRxog tou yovonatiod 1600 Mo xaTdAANAo elvon to avtlotolyo uélog
Tou TANBuoUOoV.

3.2.3. Entlovy

H dwduxaoia e emhoyhc epapudletol yio Ty emAOY? TV atduwy and tov
mAnBuoud ta omola B dnutoupyrioouv véa uéhn tou mAnfuouot. H diadixooia
auti| elvon davelouévn and v @lor, 6mou 1 emAoYH XATEAMNAWY YOVEWY Yia
avamapaywY? Telvel va dnuitovpyfioel Tov (Blo B mo xatdAAnioug anoydévouc.
Fevixd d%o elvar 7 Sadixaoleg mouv ypnouwsonolodvtal TEPLOCHTEPO CHUEPA YLd
eMAOYY YOVEWYV: 1) EMAOYY) POUAETAC Xat 1) EMLAOYY| tournament.

H emloyn poukétac moAEC @opéc ovoudletal ol emthoyh avdAoyn Tne xa-
TaAAnASTTag. e authv v neplntwon xdbe dtouo ¢ tadivoueltal wg npog TV
xataAAAGNTd tou f; (unoBétovtag 6t f; > 0) xou otV cUVEYEL ETLAEYOUUE
évay aplfud r tétolo Gote:

N
r<y fi (3.1)
i=1

6mov N elvar to miffog twv atéuwy otov tAnbuoud. To drouo k mou emAéyeton
v daotadpwor elvar exelvo yia To omolo toylel:

k-1 k
ZfiSTSZfi (3.2)
i=1 i=1

H moapamdvew texvey €xer 0o Baouxd uetovexthuata:
1. "ExeL apyt vhomolnom.

2. Odnyel oe dwaotavpdoelc oTig onoleg xuplapyel 1 oudda Tou TAnBuouoy Ue
Ny eyohltepn xotaAnAétnta. Autd to mpdBAinua odnyel tov tAnBuoud
oe Tomxd ehdytota (1 uéylota) g ouvapTACELS XaTolnAdTNTOC XaL Sev
Tou divel Ty duvatdtnta va odnyndel Tpog To ohxd eAdyLoTO.

I toug Adyoug autole atny Tpdén TOAES POPES YENOLUOTIOLELTAL 1) TEYVLXT| TN
emAoyrg tournament, Tou mpoxael UeyalUtepn mouxhouopgla aTov TANHUoUS.
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Eyfua 3.1: Awotadpworn evég onuelou.

Znueio 8100TAUPWOEWG

101010p010 1010101110
111000110 1110001010
loveig Anodyovol

Youguva ue authy Ty eV EmAOYHE Yo var emAé€ouue éva uéhog o dia-
otadpwan EMAEYOLUE OUOLOUOPQI TEPLOCOTERA amd dU0 dtoua. XNy ouvéyeld
T0 dToUo UE TNV XAAUTERN TLW XATAAANAGTNTOC EAEYETAL Yo SlooTAdPWAT).

3.2.4. Awxotalpwon

Yy dadixaoia g Staotavpdoews UEAN ou €xouy eAeyel otny @domn Tng emt-
AoyAc avtadhdooouy yevetixd LALXS yla Ty dnutovpyla anoyévey. OL andyovol
elte Ba avticataotioouy xdnola wéAn Touv TAnfuouol (ouvrfuc Ta yewbtepa) elte
Ba etoayBoly xar autol atov TAnBuoud. Aev undpyel xdmoLog YeEVIXE amodexTtog
TP6TOC dLaoTAUPGoEWS, WoT6c0o atny BBAoypagla cuvavtdue Toug axdhovboug
TpéTOUG:

1. Awxotabpwon evég onuelov. H avtadlayyh yevetxol ulxol yivetow
ue Ty emhoyr evég onuelov OTA YPWUOCOUATA XAl TNV AVTAAAXYT| TOU
YeEVETX00 UAXOU TOU UTdpyEL TPl XAl UETd and autd. Xtny mpedin moid
oLy V4 Yenouuonolobue Ty Slaotadpwor evég anueiou xat Ty Staotadpwor
300 onuelwy. Yto oyfua 3.1 BAémouvue TV eQapUoYTH TNG SLAOTAVPDOEWS
evéc onuelou oe JuadXd YPWUOCOUITA.

2. Awotabpwor Vo onuelov. Xe authy Ty Uopey SLAoTaupOoENS To
Yewuooouota fewpobvial twg elvar xuxAxd Ue o Tpdto xal To TEAELTAlo
otolyelo toug va elvar ouvdedeuéva. Emhéyovton tuyala d0o onueia mdvw
oTa 300 XVIAXE YpwUooOUATA XAl To avtioTolyo TUAUATA, aYTAANdoCO-
vTal 6Twg Qalvetal xal 0To oxfua 3.2.

3. OpoLépopyn dractadpwaoy. e authiv Y exdoy)| JAOTAVPOOEWS Yid
xdfe otoyelo Twv d¥o ypwuoowudtwy enhéyetan évag tuyatog apliude ato
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Eyfua 3.2: Awotadpwon d0o onueiwy.

Xpwpodowpa A

Anoyovog

Xpwpoowpa B

ddotnua (0,1). Av autde elvon uxpdtepog tou 0.5, té1e T0 oTOLYELD TOU
TPATOL YpwUooHUATOS TNYAlveL oTOV andYovo, SlapopeTd To oTolyelo
oL JeUTEPOL YPWUOTHOUATOC.

Yuvifog dev diaoTtavpdvoviar 6ha Tt uéAn evég mAnbuouold. To mocootd Twy
ueAdY ou Ha dtaotavpwlody ouvibug xabopiletal and éva ouviereoth emthoYTg,
o omoloc elvar oto didotua [0,1]. ‘Oco ueyahdtepn elvar 1 Twh autod tou
OUVTEAEDTY|, T600 TEPLOOHTEPES DAOTAUPKOOELS Bat TparyuaTomotnBoly.

3.2.5. Elttiopég

O eltiouéde elvon xo autde Uta Yopen emthoyhc, xabde ot xdbe yewd to xald-
tepo 1) Ta K xahbtepa otovyela tng mponyoluevng Yevidg mepvoly otny emouévn
vevd ywels va ahhotwBolyv. Auth 1 dtaduxaoio €xel T0 TASOVEXTNUA TS XOAS
otolyelor Tou TAnBuouol nou €youv Beebel oe xdmota emavdingn dev Ba yaboldyv
OTLC EMOUEVES YEVLES altd TLS DLAOTAVPOOELS XAl TLS METAANEEELS ouw Bat utooToy.
Qo600 1) Tapovsla TV XaAVTERWY GTOLYELWY TNE TPOTYOUUEVNS YEVLAG 0TV ETG-
uevr yewd odrnyel tov mAnbuoud oe Tpdwpen oVYXALoT ot Tomxd ENEyLoTA Kot dEV
ETMLTPENEL OTOV YEVEUXS alYSpLBuo Vo xdvel xahitepn e€epelivnan Tou YOpou ava-
{ntioews. Evolhaxctind unopel va puidooetol 10 xaAltepo Uéypl thpa aTolyelo
Tou TANBUoUOL XaL UETd TO TEAOC TOU YEVETIXOU alyopibuou va yenotdomnoleitol
autd we To anotéleoua Tou akyoplBuou.
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3.2.6. Metdhhaln

H petdhha&n elvar 1 tuyala adlayn evég ¥ teplocotépwv anuelwy evég ypwuo-
oduatog. H petdholn Baotletar oty yprion evég ouvieheotr] UETOMEEEWS O
omolog elvon évag aptbude oto [0,1]. 'Oco peyahltepoc elvar autde o aplbude,
1600 ueyalUtepn elvon n bavétnra va ouuBel ula yetdhialn oe éva otolyelo
evog ypwuooouatog. O aplBude autde yevxd elvar uipde o TUn ot ToANEG
popéc ypnowsonoteital o axdrlovbog xavévag yia tov xaboploud tou:

Pm = M (3.3)

6mov M elvan to péyebog tou ypwuoohuatog. O mapamdve xavévag uropel va
xenoruonowmnbel npoxewwévou xatd uéoo bpo vo alldlel éva otouyelo oe xdbe
Ypwubowud.

3.2.7. Kpitijpra teppatiopol

Ta xpltipLa tepuatlopol evéc YeveTinol alyopifuou dev elval ndvrote xabopt-
ouéval UE oa@rivela. e GAAES TEPTOOELS 0 YEVETLXSS ahYbpLOuoc Tapdyet YeViEg
M€yl v Beel Uial LXAYOTIOLNTLXH XATAAANASTNTA, Y. TO TETRPAYWVIXS GPAAUA
eEXTAUSEVOEWS EVOS TEYYNTOU VELUPOVLXOL dxThoL va elval xdtw and xdnolo 6pLo.
Ye dh\eg nepintdoelg and Ny apyr Exel 1ebel évag uéylotog aplBude yevidy xat
o ahyéplbuog tepuatilel dtay @rdoel oe autdy tov aplud. Xe dAlec LhomoLAaELS
xpLthpLo Tepuatiorol unopel va elval xot 1 totxthouoppia tou TAnBucuol, dSnhadt
xatd néoo elvar (B Ta aToLyela Tou TANBuoul. BéBaia xavelc unopel vo guv-
dudoel ToUg TAPATEVG TEOTOUS TEPUATIOUOU 1 aXOUN XAl VO ETLVONOEL XATOLOY
TIOL v avTanoxplveTtal XaAOTepa 0To TEOBANUA TOL XaAeltal Vo AUGEL.

3.3 Boaowég apyég YEVETLXO) TROYRPAULUAATLONROU

O yeveuxée mpoypauuatiouds énwg envorinxe and tov Koza otny epyaoia tou
[88] elvar plo eWdur neplntwon yevetuxdy akyoplfuwy, 6mou vy ypwuooduata
dev ypnotuonotovvtal akgaptbuntixd B Suaduxol aplBuol, adhd cuvtaxtixd dévtpa
npoypauudtwy. T ntapddetyua n éxppoon x +sin(z + 2% 5) unopel va exppoaotel
ue woppr) 3Evdpou dnwe palvetal oto oyhua 3.3. X1ov YEVETXS TPoYPUUUATLOUS
ue d3Evdpa, N Slaotadpwon yivetar ue avtadhayr unodévdpwy uetagd npoypouud-
TV %o 1) UETIANAEN Pe Ty Tuyala TapaywYr UToSEVSpWY Xal avTiXATdoTAoT)
TAOTEPWY.
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Eyhua 3.3: Zuvtaxtixd dévdpo tou & + sin(x + 2 * 5).

3.3.1. Xpnoiponotobueva civola

Ta yernotuonoobueva 6OVOAA GTOV YEVETIXO Tpoypduuatioud elval 1o obvolo
TV TEpUaTXdY oLUBéAwY Tou cuuBoAiletal ouviBng ue T xou T0 oOvoro TwV
un TEpUATIXOVY oLUBOAWY Tou auviBwe cuuBoiiletar ue F. Ta dbo obvola pall
elvoaw 10 obvoro C = T U F 6hwv TV OLUBOAWY NS YPAUUATIXAC TIOU YEN-
oluomoLelTaL YLl TNV TAPAYWYH TEOYEAUUUATOY. XT0 TEOTO OUVONO €UTEPLEYO-
vtal to otolyela mou Beloxovial ota QUANL TWY GUVTAXTIXOY JEVIPWY TAPAYw-
vhs. Hopadelypata tepuatindy ouuBéiwy unopodyv va elval ot axépatol aptfuol
{0,1,2,...}, yetafAntéc énwc z,y xth. And vy dAAn oto olvolo Ty Un TepUa-
@V ouuférwy PBeloxovtar ta ototyela exelva ou elvan eowtepd oto dévdpo
napaywyne. Iapadelyuoato tétolwy ouuBéAny unopoly va elval ou aptBuntixol
teleotéc {+, —, *, / }, ouvapthoelc 6nwe sin(z), cos(z) xat onolodhnote ocVuBolo
oty ypauuatx egapudletan ot neptoodtepa and éva oUuBola. [ mapdderyua
n ouvdpton min(z,y) epapuéletar oe dvo otolyela, evd N ouvdptnon log(x)
epapuéletal oe éva otolyelo. Av Gélouvue va evormolfjoouue T S00 TORATAVW
oUVOAO UTOPOUUE VO TOUUE TS Tol TEPUATLXG oUuBola elvar autd mou dev e@ap-
uélovton oe xavéva otolyelo xau ta Un teppatixd obuBola elvan 6ha ta utdAoira.

3.3.2. KketotétyTa

H »)etotédtnta 010V YEVETIXS TPOYEAUUATIONS ATALTEL TWS 1) EQUPUOYT) OTOLAO-
dmote ouvapthoewg Tou cuvéiou F ae éva aplbud and oluBora Ba emotpédel
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IMivocag 3.1: Tlapadelyuata TPOGTATEVOUEVOY GUVAPTHCEWY.

‘ Yuvdptnon ‘ Ipootateuduevr éxdoon ‘
x/y Avy =01, alig 7
log(x) Av z = 0 0,AM\i¢ log(x)

Ve Vlal

€yxupn éxppaon. o napddetyua ag Bewproouvue twg dabétouue 1o oUVOAO ho-
Yoy mpdéewyv C = {AND, OR,NOT, z,y, TRUE}. To 00volo TV TepUATXOY
oLUPBOALY eunepLéyel tic uetaBAntéc x, y xar v otafepd TRUE.To olvolo
TV U Tepuatiedy oLuBorey elvar ol Aoyuxés auvapthoeig AND , OR xou NOT.
Onowadfinote eopuoyh twv ouvaptioewy Ue onoladfnote didtaln Bo €yel oav
anotéheaua Uia £yxupn Aoy éxgpaor. Amd tnv dAAn av Bewprioovue o ov-

voho C = {+,—,%,/,z,y,1,0}0a dmotdoovye nwc dev €yet v Widtnta e

z+y
r—x

xheroténrag, yrotl yio tapdderypa ol exgpdoets /0 xou
anotéleoua (Salpeon pe undév). To (Blo tpdBinua uropel va tapatnendel xat oe

dev dlvouv €yxupo

8M\eg mepintdoeL 6mwe We TV Yphon TN tetpaywvxhc plloac /T Tou anottel to
bploua = va elvar Oetinde aplBude, tpoxeluévou va entoTpédel EYXUPOo anoTENETUAL.
Ou napandve “Sucdpeotes” xataotdoelg Unopody va anogeuyBody ue v yefion
TPOCTATEVOUEVWY OLVAPTACEWY, dNAadY cuvapTHoEWY oL omoleg €youv enextabel
Yia Vol ETLOTEEQPOLY £YXUPA ATOTEAEGUATA aXOU Xou 6Tay Ta oplouatd Toug dev
elvon éyxvpa. Ioapadelyuata tpootateLOUEVOY GUVAPTHOEWY QalvovTal oToV Ti-
voxa 3.1. Ilpogavde xdmotog unopel va emextelvel Ti¢ ouvapTAOELS TOL Tivaxa UE
dapopeTixoUe TpdéTouE avdhoya UE TIg avdyxeg Tou TpoPBAfuaté Tou. Qotdoo 1
eMBoAT| XAELOTOTNTOG UE XPHOT TPOCTATEUOUEVWY GUVIRTHCEWY deV eupavileTaL
névta ota TEOBAAUATA YEVETIXOU TROYPAUUMIATION0U, xaHiS Ol TPOCTATEVOUEVES
oLVAPTAHOELS SLaoTEEBAGVOLY TO anoTtélecua nou nopdyel o aiydplbuoc. ‘Etat,
oe ToMég e@apuoYég autd mou yivetar elvar 6tav eupaviletal tapafBioon g
xherotétnrag (my. dalpeon ue undév) N XU tahANAGTNTAL TOU GUYXEXPLUEVOL Ypw-
pooduatog thetan og Yo ToAD Uit T,

3.3.3. Endpxela

H endpxeia evég auvéhou C' éyxertal otny SuvatdTNnTa TOU CUVOAOUL VO EXPEATEL
ME GLVBLACUOUS TEPUATIXGY XaL U1 oLUB6AwY TNV Abon Tou TpoPAfuatoc. T'a
Topddetypa av dwabétovue to obvoro C = {z,+,—,*,/,2,1,0} xou n Noon o€
évo. pbBATUa Tpooeyyloswe ouvapthoewy elvan 1 f(z) = 23 + 2% + =z, téTE
10 oUvolo Bewpeltal emapxéc we mpoc TV ouvdptnon f(z), aold 1 éxppaon
9(z) = sxxxxr+rxz+x elvon Sio ue v {nroduevn ouvdptnon. And v &N av

47



Yyfua 3.4: Hopdderyua dAoTAVPOOEWS OTOV YEVETIXS TROYPAUUATIONS.
>HMEIO

AMOroNOZz1
FONEAZ1
ATIAZTAYPQZH

>HMEIO

FONEAZ2 AMOroNOz2

{nrelton 1) mpooéyyion g ouvaptioews f(z) = exp(z), T6te T0 oOvolo dev elvon
enapxég. Qot600 1 {nToduevn ouvdptnom unopel va utohoylotel TpooEYYLOTIXA
ané avantvypata g oepdc Taylor wg axohovbwe:

exp(z) =~ 1
exp(z) ~ 1+

1
exp(z) =~ 1+a:+§a:*:c

1

3.3.4. Tevetwxol telectég

Ou yevetxol teheotéc g dlaoTavpdoews XaL e UeETaANEEews Bploxouv epap-
poyyh xair otny meplntworn tou YeEvETxoL mpoypauuatiouol. (lotéoo elval me-
pLoG6TEPO TOAUTAOXOL GE QUTAHY TNV TEplmTtwon ENEWY| Ta YpwUooohuata elval
ouvtoxTxd dévdpa mapaywyhe. o nopdderyua 1 daotadpwon avdueoa oe 3o
Ypwuooduata tpaypatonoleltal cuvibwg e Ty avtaAlayr unodévdpwy twy dVo
EUTAEXOUEVOY YPWUOOKOUATOY, 6Twe unopel v gavel xar oto oyfua 3.4. T Ty
TEpINTOT ToU YEVETIXOU TEAEOTH| TNG METAANAEEWS UTtopoUy va yenotuonotnfoly
ddpopeg teEXVIXKéS. Te dMNeg mepintdoelc éva oUuBolo Tou dévdpou Tapaywyng
unopel va aAN&EeL oe xdnoto G o ue tov BLo aplBud napauétpwy, Ty. €va oVU-
Bolo sin va ylver obuBolo cos 1) éva x va yiver y. Xe dhheg mepuntdoelc va
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UTGdEVdPO TapaYwYNS apotpeltal and To dEVpo xal TopdyeTal Eva XoLVOURPYLO TO
onolo to avtxabiotd.

3.4 Tpoppatixy EEENEN

H teyvui tne Fpapuatcic EEeAiEewe elvan ulor véa e€ehixtind] teyvixr mou ava-
ntiyOnxe and toug O’Neil xaw Ryan oty epyaocia [89] xau Bactletar oty nept-
yeapy ue BNF twv ypauuatixdy yio TV mapay®Y? TpoYpauudtey ot onotady-
Tote YA®Ooou mpoypauuatiouol. H teyvixd auth €xel epapuootel ue emtuyla o
uta oelpd amd npofBAiuata 6w eVPEON TELYWYOUETPXGY LlooThtwy [99], pouro-
wxq [100], autduotn mapaywyh akyoplbuwy yua caching [101], ouxovouuxd [102]
x7h. Ileproodtepa yia authv Ty eV unopel va Bpel xavelg ota oyetind dpbpa
[90, 91, 92, 93] 6nwe %ol 6TOV OYETLUS LOTOYXGPO

http://www.grammatical-evolution.org

3.4.1. Baowxol oplopol

H teyvueiy e Tpaupotinfc EEelllewc elvan évac eehutinde alydpfuoc, o
ornolog unopel va Topdyel TEOYEAUUATA OE OTOLUBSATIOTE YADOOW TEOYPOUUITL-
ouol. O alybplbuog amoltel TNV YPOUUATIXA TNG AVTLXEWLEVIXAC YADOOUS eXTe-
peaocuévn oe BNF uopgh xou wa aviotoryn ouvdptnorn xatalniétnrag. Ta
Ypwuooduata otny Sladixaclia auth dev exgpedlovion Ue ouvtaxtixd dévdpa ma-
paywYng, énwe eldaue otny mponyolduevrn evétnta, oAAd cov Stavdouato oxe-
patwv aptBudy. Kdbe axéparog oupBolilel xat évay xavéva mopaywyhs and tny
avtiotolyn BNF ypauuotixr. O alydplfuoc nopaywyhc exppdoewy Eexwvd and
70 6UUBOAO EXAVACENS TNG YPaUUaTIXAC xou Babutala dnutovpyel To avtiotolyo
Tpbypouua avTixafloTdvTag Un Tepuatixd oUuBola ue To deid Turua Tou EmLAE-
vévtog xavéva napaywyhc. H emAoyr tou xavéva napaywyhc mpayuatonoteiton
oe 800 Bruata:

o Awfdlouyue éva otolyelo and 1o ypwudonua, éotw ue twwh V.
o Awahéyouue Tov avtioTtolyo xavéva Tapaywyns oVUpwya UE To ayHud

Rule =V mod NR (3.4)

6mou NR elvon o aplbude v xavévey mou dwabétel o un - tepuatixé abufolo
T0 onolo Oa aviixataotafel. H diadixacio Tng avixataoTdoEws Un TEPUATINGY
oLUPBOAWY e TO deELd TUAUA XavoveY TapaywYhc ouveyiletol uéypl va ouuBel
ular amd tig Vo ENOUEVES XATAOTAOELS:
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Eyhua 3.5: Tpeapuoatix Yo YAOooog Ue TpdEelc avAuesa OE X XAl Y.
S:=<expr>

<expr>::=<expr> + <expr> (0)
|<expr> - <expr> (1)
|x (2)
ly (3

1. Na éye nopayBel €val €yxupo TpdypalUUa OTNY AVTIXEWEVIXY YALOOX TRo-
yeauuatiopol. Auté onualvel twg dev undpyouv TAEOV Un tepUATIXd oUU-
Bola oty éxgppaon yia va aviixotaotafoly xa 1 dtadixaoio tepuatilel ue
emtuyla.

2. Na éyouv dwaBaotel 6ha ta otolyela and 10 YpWUOOWUA XL Vo Uny €XEL
napayBel Exppaon mou dev meptéyel un - tepuatind odufBora. Xe authv Ty
neplntwon elte 10 ypwubowua amoppinteTon xau Tou avatiBeton Yl T
XOTAAANASTNTOG TETOLOL TTOU VOL UTY TOU ETLTRETEL YO GLUUUETIOYEL OTNV dla-
duaotor avamopaywyic i 1 AVAYVRoY TV GTOLYEIWY TOU Yp0UOoOUATOS
Eexwvd xan mdAL and v apyn. H deltepn mepintwon ovoudletar avadi-
nAwor xat ouvibug 1-2 avadinhdoeis elvar apxetéc elte yia va Tapdyouv
uia £yxupn éxppaon elte vl var Sel€ouv TG TO GUYXEXPLUEVD Ypwubowua
dev elvar o B€om va mapdyeL YxUpes EXPPAOELS. LTS UAOTIOLNUEVOUS AAYO-
plBuouc autol tou xepatalou emttpénovTal 2 AVASLTAOCELS.

3.4.2. Topddetypa napaywyns

I va yivel neproodtepo xatavonth i Siadixaola tapaywyhc TeoYpauUdTeY €0Tw
nwe datiBeton 1 ypauuatx) tou oyfuatog 3.5 tou naplotd tpdéelc tpoohioewg
XL APALPEoERS avAUESH 0T0 X xaL T0 y. To obuBolo S elvat to apyxd oluforo
NS YPAUUATIXNE XL aTOUS LAoToLnUévous alyopiBuoug autold tou xewévou Yi-
vetal 1) utdbeon we to apyxd obufolo Ba €xel mdvta Evay xavéva tapaywyng.
Ou aptBuol oo éhog TV Xavévwy TapaywyH SLaXELTOTOLOUY TOUC XAVOVES Ue-
10V tous. ‘'Eotw Tto ypwudowua [8,2,5,3,3]. Etadiaxd Oa ylvouv ol endueveg
TAPAYWYES TOL oyfuatos 3.6. Ag Solue avalutixd ta BAUAT Yo TNV TopaywYT
e exgpdocws x+y-y. To apyxéd aduforo tng ypauuatxic aviuxabiotaton and
70 oVuBoAlo <expr>, agol 0 UGVOS YRUUMATIXOC XAVOVAS IOV UTdpyEL and To
apyd obuforo elvon autdg mou odnyel oto <expr>. XNy cuvéyela emEWY| TO
<expr> elvon un tepuatind obuBolro diafBdletar éva otolyelo and to ypwudowuo
TpoxeLuévou va napayfel ocuuBolooelpd ue tepuatind oluBola (Ttou elvat xat o
oxonde xdbe ypapuatxrc). To enduevo obufolo oo ypwubowua elval to 8.
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Yyfua 3.6: Iapaywyn éxgpaong.
S:=<expr>

<expr>+<expr>
x+<expr>
X+<expr>-<expr>
X+y-<expr>
x+y-y

To mhifog TV xavévewy Tou cuuBéhou <expr> elvon 4 xar 8 % 4 = 0. Auté éyet
ooV anotéheoud Vo emLAeYEL 0 TpdTOC xav6vac Tou Ba ddoel <expr>-+<expr>.
Yy ouvéyelo xabéva and to un tepuatixd <expr> nou mapRynoay mpénel va
avaydel oe oelpd tepuaTindy cuuBérwv. Me v avdyvwon axdua evée ouufs-
ou ané To ypwubowua AouBdvetor o xavévag 2 mou Bo yetatpédel To TPdTo
<expr> o€ x. LNy ouvéyela ue tnv (da Sradixaoia to dedtepo <expr> Ha ylvel
<expr>-<expr> xol TEAXA y-y.

3.4.3. Tevetixol teleotég

H Saotadpwon xa 1 uetdAaln otny tepintwon e Feauuoatixnrc EEeiilewg yi-
VETOL UE TNV XPNHON TWY AMAGY TEAECTAV SLUOTAVPGOEWS Xl UETAANAEEWS TIOU
TOPOUCLAGTNXAY GTNY TEPITTWON TWY YEVETIXWY aAYoplBuwy, apod ouclaoTixnd To
Yewuooduata elvon axépatot aptbuol xou dev anoutelton xdmota eWdixr UetayeipLon
népay authg mou eugavileton otoug YeveTixols ahydpbuouc. ‘Eva mopddetyuo
ané v epapuoyh s dadixaciag tne SlauoTavpdosws evég onueiov oe Ipay-
patixe) EEENEY mapovoidletan oto oxfua 3.7. 'Ouola 1 Stadixaolag tng uetah-
MiEewe oto Grammatical Evolution 8ev elvan tinota nopamdve and v tuyala
aAAary | xdmotou oToLyelou EVEC YpwUooOUATOS O SAAT TUN.

"Eyel nopatnenPel yevuxd otic Staotavpdoelc e Fpopuatuaic EEehiZew xat
eWd dtav 1o URKog TV XpwUoowudtey tapauével atalepd, nwg xdnoa uépm
TV YPWHOOWUETWY TOL JEV YPNOUOTOLOOVTOL YLX TNV TAPAYWYT EXPPAoEWY
OTNV AVTLXEWEVLXY YAOooO TpoYpaluatiopol. Autd unopel va ouufel dibtt uetd
ané ulo Slaotadpwor AUTd To TUARATA TOU YPOUOCOUATOS VA UTOLY OTLS TIRw-
1ec B€0ELC XATIOLOL YPWUOCOUATOC Xl €Tal Vo elval dueca dtabéolua ylo mo-
paywYn exppdoewy elte va uetagepbolv oe tétola neployy) Tou dev Ba umopolv
va ypnowornownBody. T mapddelyua €¢otw nwg dwtlfevial ypwuooduata tov
10 otouyelwv xou €yel nopatnendel telpapatixd nwe Sev ypnoluonololvTal ToTé
TEPLOGHTERO Ao TA 5 TPATA OTOLYEIN TWY YPWUOCWHUATWY YL TNV ToEAYWYN
exgpdoewy. 'Eotw 10 ypwubdonua [1,3,2,11,100,20,10,15,20,25]. Me tyv yperion

51



Eyhua 3.7: Awotadpworn evég onueiov oe gramamatical evolution.

Crossover point

9 12 11 104 300 400 9 1211 100 40 30
10 119 5¢ 40 30 10 11 9 50 300 400
Parents Children

e dtadixaalog g dlaotavpdoens axdua xa to ototyela 20,10,15,20,25 tou dev
Ba elyav xaula mbavémta va ypnowwonomBody unopoldy oe xdmola diaotadpwon
va Beeboldv otig mpdteg Béoelg Tou ypwuoowuatog. Enlong neviddeg mou elvon
oty apY| EVOS XpwUoobuatog unopoly va Beeboly ato téhoc. And tny dAAn 7
dtadixaoia g weTAANEEEWS ToRd TLg Uxpég Tuyaleg alhaYES TNE IOV TEOXAAEL
uropet vo ahhd€el To mhipwe, xabde To anotéleoua g egapuoyric evég Yovidiou
dev e€aptdtar ubvov and ta otolyela oL auTd TEPLEYEL aAAG Xau and TNV oelpd
ue tnv onola epapudlovtat. Télog eneldn n uetdAhaln elvar Tuyalo ooy evég
axepalov TOANES Qopéc umopel Vo TapouctaoTel T0 pouvouevo ula UETEAAAEN va
unv mpoxokel ahhayéc oto anotéeoua evég ypwuooduatoc. ‘Eotw yla mopd-
detyua mwg o Y YAdooa Ue 5 xavéveg alhdlouue to otoyelo ue T 10 oe
éva Yovidio, dlvovtdc tou v iy 100. Av xou 1 ahhayn Tou tpoxhiBnxe Rtov
e€oupeTind onuovtixy dev B tpoxAnbel xaulo aA\ay) 0TNV GUUTEPLPOPE TOU YPw-
uooduotog, xabde to axépato unéloino g danpéoews tou 10 ue to 5 elvan 0,
6mwe xat tou 100 ue to 5.

3.5 O ahyobpbuos Genetic Random Search (GRS)

O ahyéplfuoc Genetic Random Search (GRS) elvar wia otoyaotsx diadixa-
ola mou péoa and yeveuxd mpoypauuaTioud xou eWddtepa Yoo and Ipouua-
) EEEMEN, mpoonabel va evtonloel to oAwd ehdyioto Wag ouvapthoews. O
ahyo6pLBuoc Eexuvd and éva apyxd onuelo otov ydpo avalnrioens. LTov ahys-
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Eyhua 3.8: H ypouuatad tne uebédov GRS.
S:=<expr>

<expr>:=(<expr>)
| <expr><binary_op><expr>
| <func_op>(<expr>)
|<terminal>
<binary.op>::=+|-|*|/
<func_op>::=sin | cos | exp | log
<terminal>::=<digitlist>.<digitlist>
[x
<digitlist>::=<digit>
[<digit><digit>
[<digit><digit><digit>
<digit>::=0|1|21314(|5]61718]9

pLOUO YENOLLOTOLOVVTAL YPWUOOOUATH TOU AVTLTIPOCWTEVOLY UETATOTLOELS and
0 apywé onuetlo. To ypwudowua mou aneixovilel uetatémiorn mouv odnyel otny
YOUNAGTEPN TWN TNG AVTLXELEVIXAC oUVPTHOEWS Bewpeltol Twe €xeL XaL TNV Ue-
yolOtepn T xotaMniotnrag. To ypwuoohuata autd undxeLvTal o Sl TAU-
PWOoELS XAl METAANGEELS SNULOUPYOYTOS YEVIES Ad UETATOTLOELS TIOU LETAXLYVOUY
10 apy6 onuelo o onuela UE TLO YOUNAT TLUT TNG AVTIXELUEVLXHC CUVIPTHOELC.
'Orav mAéov 1) Sraduraoio auty| dev umopel va empépel dAAT anodotixt| uetaxivnon
1 uéBodog tepuatilet. H diaduxaota auth and udvn tng dev unopel va dSdaeL txa-
VOTOLNTLXE, AnOTEAEGUATO OE TTONUTIAOXES GUVOPTATELS, AAAG dwe Bo dolue 6t
xenousonoinBel uéoa and neplocdtepo eZehlyUéves TexVxéc Untopel va BeTLioel
TNV anéd00t| TOUC.

3.5.1. IIpoTeLvOpevn YTRULIATLXY

H ypapuoatixh tou Ba yenowonownfel and v Swadixaocia tng Fpapuoatinic Ege-
MEewg yia Ty uébodo GRS elvar éva uuxpd Tuua T Yeauuatixig Tng YAbooag
npoypapuatiopod C xou exppalduevn oe uopph BNF nopovoidletal oto oyfua
3.8. 'Onwc mopatneodue 1 ¥eNoLLOTOLO0UEYY YeouuaTixy YXenoluornotel Téooeplg
ouvapThoelg xou apluntxég otabepéc uéypet xou 3 Pnela, wotdoo elvar oyetixd
amhé va enextafel Gote va ouuneptAdfBeL TEPLOCOTERES CUVAPTAGELS Mol UEYUAD-
tepoug ot TARBoc dnelwv aptbuoic.
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3.5.2. IIepuypagn tov alyopibuou
To Bruata tou ahyoplbuou Genetic Random Search (GRS) éyouv wg e&fic:
Eicodou:

e 'Eva onuelo = (z1,22,...,2,) €S C R"™.

o ¢, évag updc Betnde aplBude. Tumxée Tée yia auThY TNV ToPEUETPO
elvon 1074, 1072 xTA.

o k, évac axépanoc aplBudc mou ouvifuc elvar oto dtdotnua [10,20].
Apywxoroinom:

o Apywxonolnon tou yevetxob manfuouoV. H opyuxonolnon mpayuatonolet-
Ta emAéyovTac évay Tuyalo aplBué oto didotnua [0,255] yia xdfe atolyelou
%8Be Ypwuoohuatog atov Yevetxd nAnfuoud.

Enavéindmn:
o Tai=1,..,k Eravélofe

— @éoe z,q = 7.

— Anurovpryio ulag véog YEVIAC YPNOLUOTIOLOVTOSC TOUS YEVETIXOUS TE-
Aeotéc TN EMAOYTHS, TNS DAOTAVPDOEWS Xal TNS UETAUANSEEWC.

— I %80 ypwudowua otov yevetixd minbuouéd Kdve

* ALdypLopbs TOU YPWUOCOUITOS OUOLOUOPYA GE 1 TUARUNTA,
éva yla xdfe dudotaon Tou oplouaTog TG AVTLXEWUEVIXAS GUVIE-
thoews. Kdbe tuhua avtiotoyel oe ula tuyala xtvnon xau 8n-
Aovetar we p;, ¢ = 1,...,n. Xe xdbe tuAua p; epoapudletal
N dadixaola Tou yetaoynuationod ue v yeron g uebédou
e Tpapuataic EEeMEewe xat UE TNV YPAUUATIX TOU TopOU-
oldotnxe mpornyolueves. To amotéheoua authg NS EPoPUOYHC
elva 1) povodidotaty ocuvdptnon f;.

*

Yrohoyileton 1o Sdvuoua d € R" wcd; = fi(z;), i=1,...,n
* Oéoe 4 =2+ d.

Oéoe y=f(x).

Av i ¢ SH f(zg) >y téte

*

*

- Oéoe x_ =z —d.
-Avae_ ¢SH f(zo) >y, téTe

Oéoe TV xaTaAANASTNTA OE ULl TOAU UEYEAY T
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- AvopopeTixd
Béoe TV xatalN\n\énTa o f (2_).
- Télog - Av
* Avapopetind
- ®éoe Ty xotaAnAéTTa oe f (24).
* Téhog - Av
— Télog Eravaridews

— ©@éoe T = T + dpypgt, OTOU dpgt N HETAXIVNOT TOU AVTLOTOLYEL OTO
Yewubowua YE TY xaAUTERT TWH XaToAM AT TaC (UxpdTepn oLVaE-
motaxt| Th).

— Ay |:1: - x01d| < €, tepUATIOUNOS TOL alyopiBuou xal enéoteede To .

o Télog Enavaridewng

3.5.3. Ioapddeiypa cpapuroynis

Y10 oyfua 3.9 nopouctdlovton to Briwota Tov xdvel 1 uéHodog TPOXELUEVOU VA
Bpebel 010 oAb eNdytoto tne ouvapthoewe GKLS(2,30), dnhadh otny cuvdpe-
wnon GKLS oe didotaon 2 xou pe 30 ouvolxd ehdylota. To mhifog twv ypw-
poowudtwy elvar 50. To onuelo mou emonualveton ue aoteploxo oto Yedgpnua
elvon t0 oAxd eAdyLoTo TNE oLVaPTACEWS. ZEexvidvTac TNy €peuva and didpopa
onuelar Tou TEdlou 0pLoUoY TNS GUVAPTHCEWS, (axdua ot and Tomxd eAdyLoTa
NG GUVIPTHCEWCS) TALPVOUUE €Va Ypdenua ooy xat autd Tou oyfuatoc 3.10. Xto
yedgnua ot etxétec RUN1, RUN2 xou RUN3 avagépovial otig Slapopetinég
exteMéoeLs NG TpoTELVOUEVNG UeBodou, Eextvdvtae xdbe @opd and diapopetixd
onuela. 'Onwg Unopolue va TopaTtneGOVUE 1) TPOTELVOUEVT) UEB0d0g XaTdpepe
Vol ano@UyeL TOAAG and To Tomxd EAGYLOTO TPOXELWEVOU Vo 0dNyNBel o autd ue
Y YOUNASGTERPN T

3.6 H yevetxdg tpononowmuévn nébodog CRS (GenPrice)

H uéBodoc Controlled Random Search [110, 111, 112, 113] eivon évog alybplh-
uog mou Bacileton ae évay TAnBuoud and hioelg xou €xel eQapuooTel e Wialtepn
emtuyla oe wa oepd and mpoBMjuata [114]. O alybpBuoc CRS dev amoutel 1
ouvdptnon va elvat topaywyiown. O alydplBuog Eextvd AauBdvoviog N onueia
oTOV YOEo avalNTACENS XAl ATOTWAVTAS TNV TWH TN AVIIXELWEVXAS OUYIPTH-
oewg oe xabéva and autd to onuela. e xdbe enavdindn éva véo onuelo Aaufd-
VETAL TOU OToloL 0L CUVTETAYUEVES ELVOL OYETIXEC WS TTPOG AUTES TWV UTOAOLTWY
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Yyhua 3.9: Bruata yia to ohxd eNdytoto e GKLS(2,30).

GKLS(2,30) MINIMA +
GRS STEPS ~-x-
0.8 ’ GLOBAL MINIMUM 2K
N
.

0.6 | .

0.2

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Yyhua 3.10: Edpeon tou ohxod ehaylotouv tne GKLS(2,30) Zextvdvrog
dlapopeTind onuelo.

1 T T T T T T T T
GKLS(2,30) MINIMA +
+ + o RUN1 ---x---
L« RUN2 -
08 . L + RUN3 al
. -
0.6 . E
+
04 “ +
0.2 Iy . 4
¥~ . |
0k i ’}K B |
N .
-0.2 |+ b
04 F + g
06 + e
+ +
08 [ % 8
+ +
-1 Il Il " Il Il Il + 1 Il Il Il ’
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
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onuelov. XNy ouvéyelo eEAéyyeTal av auté To onuelo €yel UxpdTERT CLVIRTY-
ol T and to onuelo ue Ty LPNAGTERN WY 0T0 6UVOAO deLyudTtwy. Ay autd
Loy Vel To onueio Ye TNV LYNAGTERY oLVaETNoLXT TYWT avTabioTatal and To Véo
onuelo xar o akybplfuog ouveyllet. Me v ndpodo tou ypbvou ta onuela tel-
Vouy va EXEVTP®HoUY YOpw and to xafolixd eNdyloto, av xat autd eaptdtol o
ueydho Babud and 1o mARBoc TV apydY onuelwy xaL TNY TOAUTAOXGTNTA TN
avixelevixfc ouvapthioews. Ta Bridata tou akyopibuou CRS éyouv we e&nic:

Apywxoroinom:

e Ofoc Ty nopduetpo N mou xabopllel Ta delypata Tng aviixelevixhc ou-
vapthoewe mou Ha Angboldy ue v exxivnorn touv alyoplBuov. Mia ToAd
xoLvd yenotuonoloVuevy tLuh elvar N = 25n.

o Oéoe oc Ul uxpr| Betix T Ty TapdUETPO €, TOL YpENoluoTolelTal 0To
XELTHPLO TEPUATIONOU NG Uebodou.

o Anwovpyia tov ouvérov T = {x1, Za, ..., 2N }, Talpvovtoag N tuyaio dely-
pota oTov xéhpeo S.

"Eleyyos:

e Yrohéyioe o onuela zmax = argmaxf(z) xou Ty, = argminf(z) ue
TS AVTIOTOLYES CUVAPTNOLAXES TOUS TUUES

max f(x)

fmax = max

o
fmin = lé-nel% f(.fll')
e Ay |fmax — fmin| < €, uetdPacy oto Brjua Elayiotonoinoy,.

Néo_Ynuclo:

e Eruhoyt ue tuyaio tpémo tou ouvérov T = {27, 21, .., T1,,, } o16 TO
apyxd ovvoro T

e Yroloyiowdg tou xevipoldolc G olugwva Ue Ty oyéon
1 n
G=— ;

e Anuovpyia evég Soxaotxold onuetov & = 2G — T, ., .

e Avi ¢S f(Z) > fmax Tére extéleon xan ndhtL tou Bruatoc Néo_Enueio.
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Evnuépwon:
o T'=T U{Z} — {xmax}.
e MetdfBaom oto BAua "Eleyyos.
Elayiotornoinon:
e z* = localSearch(z).
e Emotpo@n tou onuelou z* cav 1o eviomiouévo tomxd erdyloto.

O napandve alydpfuog elvan o apyxds akydpibuoc Controlled Random Search
ue TNy Tpoalixn ulag Tomixhs Uebddou ehayloTonolioews UETE To TéAOg TwV
AnALTOUUEVODY ETAVOAAPEWY, Tpoxeluévou va dlacailodel Twe to eNdyloto tou
Ba BeeL 0 arybpLBuog Ou elvar tparyuatixd éva tomxd ehdytoto. O mpotelvduevog
arybpfuog GenPrice npoafétel éva axdua Briua otov napandvew alybplbuo, ato
téhog tou Briuatog mou tithogopeitar NEO_YXHMEIO: Metd v ebpeor) tou 8o-
xaotxol onuelou T, extelelton Ula xAfon otov alydptbuo GRS ue eloodo avtd
t0 onuelo. Auté éyel cav anotéheoua to doxaotixd onuelo vo tponomolnbel
€tol HoTE VoL €lVOL TILO XOVTE 0TO OAXS ENAYLOTO XAl oaY OUVETELX O aAYSpLBuog
va oUYXALveL TayUtepa.

3.7 H yevetuxdg tporonownuévn wébodog Simulated Anneal-
ing (GenAnneal)

Yy BiBhoypagpia utdpyouv ToAES exdoyéc tng uebddou TNE TPOGOUOLOVUEYTS
avonthoews. H yeveuxd tpononoinuévn teyvix nou avantdybnxe Baolletal otny
exdoyn yio mpooouotobuevn avéntnon and toug Goffe et al [115]. O xdducag
Toug elval Ypauuévos oty YAbooa tpoypauuatiopob Fortran 77 (simann.f) xon
dtatiBeton eleVBepal amd TOV LOTOY PO

www.netlib.org
To Bruata tou apyxol akyoplfuou éyouv wg axorodbug:
Apywxonoinon

e Ofoe Tic TWES TV axepalwy Tapauétewy Ny, Ng, TLAST. H i g
napouétpou N xafopllel twv aplfud twy enavariewy Tou Bu exteréoel o
akyoplBuog Ty va ueldoel Ty “Bepuoxpacta” T. H tud tne napauétpou
Ng xafopilel Tov aptbuéd twv enavariPewy mouv Bo exteléoel o alybplBuog
Tpw and TNy evAUEPWaT Tou Slaviouatog Tpocapuoyic Buatog 7.H T
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e mopauétpou TLAST eléyyel tov tepuatioud touv alyoplfuov we axo-
AovBwe: av 1 xahbtepn TN YL T0 0A6 eNdyLoTo dev €xel Bedtwbel otic
nponyobueveg TLAST uewdoeic e “Oepuoxpactiog”, t61e o akydplbuog

tepuatilet.

e Kabopioudg tov apyindy TGV YLo TIC TWES TOU SLavioUATOS TOOCAPUO-
yiic Briuarog {ha, ha, ... hn}.

e Ofoe Ny NAPdUETEO € ot Wi TOAD Uuxpr| Betua] T,

7

e Apyworoinem tng Trc e “Oepuoxpactog” T.

e Oéoe Ty W Tou Tapdyovta petdoews Bepuoxpactac a, a € (0,1).

o Acvypatolndio ue tuyalo tpémo evég onuelov z € S.

o Apywonoinem fo = f(), Thegt = T, fhest = fe-

Enavéindmn:

o Tai =1,..., Ny Ernavélafie

— Tw j=1,.,Ng Eravéhofe

* Twa k =1,...,n Enavélafe
- @éoe ot = z.

- @éoe zl, =z + (26 — 1) hy, 610U € évag Tuyatog aplbuds oTo

ddotnua (0,1).

- Av 2t ¢ [ay, by] Téte Oéoe zt = ai, + (b — ag) &, émov €

évac tuyaloc aptbude oto ddotnua (0,1).

- @éoe f, = f(af).
AV fi < fpest T6te Ooe Tpeqp = ', frest = fi-
- Av f; < f. Téte @éoe z = at, f. = f; AN\ Av e— 27

i

¢ Tére Oéoe x =z, f. = fi. £ évac tuyalog aplfudc oto
ddotnua (0,1).

* Téhog Enavalfidewy

— Téhog Enavalfidewy

— YrohoyioWwoés r; = %—S", 6mou M; elvar o aplBudc twv anodextdyv xi-

vioewy oty xatedbuvorn z; ot televtales Ng npoondfees. Mua
xivnom Bewpeltol anodext) av Bedtidvel to uéypt tdpa xabolixd erd-

¥LoTo.

— Avr; > % 0éoe : h; = h; (1 +27'i—3/5)

2/5
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—Avri<%9écs:hi:1+2fﬁ
— Av h; >b; —a; Béoe: h; = b; — a;.
o Télog Enavaridewyv
Evnuépwan:
e Evnuépwon tng “Oepuoxpaciog” olugwva ue 1o oyfua T' = T
o Evnuépowon = = Thagt, fo = fhest-

e Av dev unfipge Bedtiwon atny Twh Tou ehaylotou otg teleutaieg TLAST
emavolfideis ¥ n “Oepuoxpacia” T éncoe xdtw amd To bplo €, MetdBaoy
o7o Briua Ehayrotonoinon.

o MetdBaon oto Brjua Exavaindy .
Elayrotonoinon:

e z* = localSearch(z).

e Emotpogh tou ehaylotou z* .

O aly6plBuoc extedel ula o ehaylotonoinon oto TEN0g TPoXELUEVOL Vo Bpe-
el ue BeBondtnra Eva Tomxd EAGYLOTO TNG AVTLXEWUEVLXTC ouvapThoews. O npo-
tewvéuevoc ahybplfuoc (GenAnneal) elvor arofntd mo anhée and tov napandve.
Agv dabétel v mAndpa enavaiPewy tou mponyoluevou alyoplBuou xat yen-
owonotel tnv uébodo GRS npoxewévou va xivnbel taydtepa npog 10 oAxd eNd-
ytoto. Ta Boaowd BAuata tou akyoplBuou éyouv we axolotbuc:

Apyweonoinoy

e Ofoe Tic apyés TES T Tapauétpwy TLAST, T xou € ye v (S on-
poola 6Twe TEoNYoUUEVWLC.

e Oéoce v 11 Tou Topdyovia petdoews Hepuoxpaotas a, a € (0, 1).
o Acvypatolndio ue tuyalo tpémo evég onuelov z € S.
o Apywonoinom f. = f(z), Thest = T, fhest = fe-

Eravdindmn

o Egopuoy? e uebsédouv GRS oto onuelo z. "Eotw & to onuelo nou mpoxd-

TTEL.
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o Av f (%) < f. t61e

— Qéoex=1%

— Oéoe fo = [ (I)

— Av fe < flyestTOTE
* OL0E Thgt = T
* Ofoe flest = fe

— Télog - Av

o Al\uddg

£(E)=1e . . ,
—Ave T > £ wyaloc oto ddotnua (0,1) téTeE

* Oéoe x =7

* Otoe f, = f (&)

— Téhog - Av
e Télog - Av
Evnpépwon:

o Evnuépwon g “Bepuoxpacioc” olugwva ue 1o oyfua T = aT.

o Evnuépwon z = Thegt fe= fbest'

o Av dev unfpge Bedtiwon oty Twn tou ehaylotou otig televtaleg TLAST
enovolielc | n “Bepuoxpacta” T éneoe xdtw and 1o bplo €, MetdfBaon
oto Bua Ehaylotoroino.

o MetdBaon oto Brjua Exavaindy .
Elayiotornoinon:
e z* =localSearch(z).

e Emotpo@n Tou ehaylotou z* .

3.8 IIelpapatixd anoteAEoUATA

Ou npotelvbueveg TpOTOTOLAOELS TwV GTOXAOTXOY UEBEdwY ouyXplbnxay ue Tig
apyéc exd6oELS TwV ahyoplBuwy ot uia oelpd and Yvwotéc ouvaptioels. Kdbe
uéfodoc doxwudotnxe oe xdbe ouvdptnon 50 popéc Ue dlaopeTixn YEVVATELAL TU-
yatwy aplBudy xdbe popd. Metprfnxe téoo 1 ixavétnTa xdbe uebédou va Peloxel
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T0 OAS EANGYLOTO 600 Xat 0 AptBudS TV CLYVAPTNOLAXOY XAACEWY TIOU OTOLTE(-
TOL YL TNV OUYXEXPWEYT) epYaolas. Xe 6Aec Tig meplntdoelc o puBude emhoyic
frav 610 90% o 0 pubude uetahhdiews oto 5%. To Urfxog TwY YpwUoowUdTWY
yia v uébodo GRS Arav 10 x n. Ta BAuata tou nopfybnoav and v Sadt-
xaoto e Fpapuatinic EEeNEewe anotwuiBnxay ue my ypehon e BiBAobpme
npoypapuatiopod FunctionParser [105].

3.8.1. Aroteréopata CRS

T v abyxpron g apytxis YeBddou CRS xar tng Beitiwuévng uebédov CRS
xenoronoinxe n tpotewvéuevy [111] wush N = 25n v tov apyxé nhnhuoud
v uehédwv. H GRS ypnotuonoifnxe otny Behtwuévn exdoyn ue 10 ypwuood-
yorto ooy TAnBuoud xat uéytoto aptBud yevdy 10. Xtov nlvaxa 3.2 napatiBevton
o anoteréouata Yo Ty anAr uébodo CRS, tny dlagoponoinon tng CRS and to
noxéto PANMIN [116] (PCRS) xou v npotewvéuevn diagoponolnon e Yeve-
wxd eheyyouévne CRS (GCRS). Ou aplfuol evibe twv mopevbéoewy SnAdvouy
T0 T000O0T6 TWY TELPAUdTWLY Yo Ta onola 1 uéBodoc xatdpbuaoe va Bpel to oAxd
ehdyloto xat dev eyxAwPlotnxe oe xdmowo tomxd ehdyloto. H amoucia evig
€100V TocooTol dnhdvel emttuylo 100%. H mpotewvbuevn teyvixr napovotdlet
LEYOAITEPO T0G0O0TS EMTUYLOG XAl UXPOTEPES AMALTNOELS OE GUVAPTNOLOXES AT -
oelc edd ota TEOPBAAUATA TOAAGY SlacTdoewy 6Twe elval To TEXVNTS VELPWVLXS
dixtuo 1 ol nepintdoerg POTENTIAL.

3.8.2. AroteléoUaTa TRPOCOUOLOVUEYTG AVOTNTHOEWS

[l v a&oléynon tou alyopibuou GenAnneal extedéotnxay Wi oelpd and
oLYXELTIXG TELPdUATA AVAUESH OTO TPOTELVOUEVO ahydplBuo xal Toug aiyoplB-
uoug tou Goffe et al (SA) [115] xau Tou Ingber(ASA) [117] . T v Teplntwon
Tou akyopifuou SA ypnouomolinxay oL TPOTELVOUEYOL TOPJUETEOL OTOV OYETLXS
totoy®po http://www.netlib.org:

1. Ng =20
2. Ny =5
3.T=50
4. a=0.5

5. TLAST =4

Tty eplntwon tou alyoplBuov ASA yenoiuomouiBnxay oL tpotelvouevol ma-
pduetpol 6mwg autés eupaviovtar oto hoytouxd mou datifetar aTov LoToY PO
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Mivoxoag 3.2: Yuyxpltixd anoteréoyata dlagopetixdy exdoydv tng Controlled
Random Search oe yia oelpd and Yvwotd npofifuata xafolhc eAayLotonols-

OEWC.

FUNCTION CRS | PCRS GCRS
CAMEL 1852 1409 1504
RASTRIGIN 1903 1982 428
GRIEWANK?2 2105 2004 977
GKLS(2,50) 1627 1495 1220
GKLS(3,50) 3349 3059 2056
GOLDSTEIN 1923 1456 961
TEST2N(4) | 6835(0.97) 4831 | 4280(0.97)
TEST2N(5) 25270(0.97) 12342 7958
TEST2N(6) [ 32801(0.70) | 8840(0.87) 9914
TEST2N(7) | 38057(0.40) | 11751(0.63) | 9740
TEST30N(3) 3703 2124 1519
TEST30N(4) 5135 4058 1416
POTENTIAL(3) | 198046 34985 9265
POTENTIAL(5) | 188646 39305 9096
NEURAL 122617 94016 14559
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GenAnneal oe Lo oelpd ond cUVAPTAOELS.

IMivaxac 3.3: Amotehéouata and tny epapuoyn twy uedédwy SA, ASA xw

FUNCTION | SA || ASA [ GenAnneal
CAMEL 4820 3125 1791
RASTRIGIN 4843 3534 488
GRIEWANK2 | 4832(0.27) | 3271(0.43) 580
GKLS(2,50) 4820 3354 1641
GKLS(3,50) 7228 5269(0.17) 2004
GOLDSTEIN 4842 3385(0.93) 1281
TEST2N(4) 9631 6460 2923
TEST2N(5) | 12034(0.87) || 10763 3456
TEST2N(6) | 14438(0.66) | 18466 3633
TEST2N(7) | 16840(0.37) | 29972 3840
TEST30N(3) | 7930(0.23) 3220 1425
TEST30N(4) | 9858(0.23) 6002 1001
POTENTIAL(3) | 21404 50202 3075
POTENTIAL(5) | 36212 80527 2770

NEURAL | 76667(0.93) || 67167 | 6241(0.93)

http://www.ingber.com To mhifoc twv ypwuoowudtwy v v uébodo GRS
firav 100 xou o uyéylotog apbudc yewdv enlong 10. Ko oe autiv v nepi-
TTWOY OTWS UTOPOUUE Vo TopaTNeicoVUE oTov Tivoxa 3.3 1 TPoTELVOUEVT Ué-
Bodoc (GSA) eugavileton va elvon neplocdtepo anoteheoyotixy xat var amattel
Aybtepes ouvaptnotaxés xAfoels and tig dhkec uebbdouc.

3.9 Ylorowmuévo hoyiouixd

T tic d%o pebBddouc GenPrice xau GenAnneal vlonouifnxay dVo avtlotoiya
max€ta AoylouixoU, ta onola dtabétouy v (Bl Aettoupyxdnta, TedNo £YXA-
TOOTAOEWS XL YELPLOUS. XTa TOXETA AUTA 7] XWILXOTOINoT TWY CUYAPTACEWY
yivetar pe ta mpbtuma Tou axétou MinFinder xau o ypfjotng uéow mapopétpwy
™S Yeauuns eVIoAdY umopel v ahhd&el tapapétpoug tou alyoplBuou R/ xat g
dradixaoiag GRS, npocapudlovtag 1ol tov alydplfuo oo mpdBAnua tou avtie-
toniletal xdfe @opd. Xto napdptnua I' mapatibevton ta Baoixd otouyeia autdy
TWV TOXETOV.

64



KE®AAAIO 4

IIPOSEITIZH SYNAPTHXEQN

Ilepieybueva

ME THN XPHYXH NEURAL
SPLINES

0 o 66
4.2 Neural SPHNeS . . o o v v v vttt et e e 66
4.2.1 Optoude 10U TEOBAAUATOS « o v v v v v e e 66
422 Boaowolopwouol. ... ... ... ... ... ... .. 68
4.2.3 Movodidotata TEoBAAUATOL . . . . . ..o 70
4.2.4 ITpoBMuata 300 SLaoTdoEWY . . . . . . ... 7
4.2.5 XUUTEPAOUATO . « « v v e e e e e 81

65



4.1 Tevwxd

Y10 xe@dhato autd topovotdletal uia VEa TEYVLX YLal TNV AVTWUETAOTLOT TOL Tpo-
BAAuatog g mpooeyyloewe dedouévwy. H véa teyvix| Boaolletar o tunuatixd
VELPWYLXE dlxTua oE UL Uop@H Tou untopel va tapadAnionoinfel ywplc o ouv-
duaouévo HoVTEND va YAVEL TG WLOTNTES CUVEYELAS 0T OTUEl CUYXOAACEWS TWY
EMUEPOVS TUNUATIXGDY VELPWLXGY dxTOwy. Do v exnaldevon twv teXVNTGY
VELPWYLXADY BXTUWY Elval anapaltnTeg oL TEXVIXES XAHOAMXNAS EAAYLOTOTOLNGELC.

4.2 Neural Splines

Yy evotnta etodyetal 1) évvola twv Neural Splines, nou elvat éva véo poabhnuo-
W6 Yovtého mou ouvdLALEL €val TEXVNTO VELPWYLXS dIXTUO XaL €Vl TOAUGVULO
Obreshkov. To véo yovtého umopel va yenowwonowndel oav Bdor yia tov oyedia-
Ooud TUNUATIXAY LOVTEAGY, T OTolol SLATNEOUY TNV CUVEYELS TOUC axdU Yol OTA
bpta eTa€l Twv TuNnudtwy. To auvoluxd tapdAinio uovtého ou tpoxVnteL and
Tov ouvduaoud twv emuépouc Neural Splines unopel va ypnotuomnondel yior tnv
TPOCEYYLOT) CUVAPTACEWY XAl 0TO XePdAoLo autéd divouue mapadelyuota and Ty
dnurovpyia TETOLWY HOVTEAWY Yo TNV TERINTWOY LOVOSIAOTATWY Xal SBLACTATWY
CLUVAPTHCEWV.

4.2.1. Opiowéc tov mpoPAfuatog

H xomnyopla twv tunuatixd ouvexdy woviéhwy el evpéwe yenoluonondel xotd
70 TaEEABSY YLl TNV TPOGEYYLOT GUVIPTACEWY XAl YLOL TNV CUVIPTNOLAXY) TOPEU-
Bolh oe tunuatxd ouveyr tedla oplouol. Yoy mopdderyua Unopel xdmoog va
yenotponowioer 1o Puowxd Splines, ta B-Splines xat to Hermite Splines [65].
Autéc oL Uop@éc TUNUATIXG GUVEXGY UOVTEAWY Yenouwtonowoly cav Bdorn Toug
noAudvuua. Xe auté To xe@dhalo mpotelveTal Lo VEO Uop@T TUNUOTIXE GUVE-
YOV UovTEAWY Tou BLabétel oav Bdom tne texyNTd veupwyxd dixtua. Aev elvat 7
TPATN Qopd Tou mpotelvetar oty BAloypapia TUNUATIXG CLVEXEC UOVTENO TIOU
dev ypnowonotel toAvdvouo cav Bdorn. Xto napehbov €yxouv xdvel TNV eupd-
vion) Toug ta Aeybueva Tension Splines [66], ta onola ypnowonoody cav Bdon
toug exBetxée ouvaptioec. Ta teyyntd vevpwylxd dixtua elval YVOoTd Yo Tig
duvatdtntéc toug va npoceyyllovy xdfe ouvdptnon [67, 68] xau éxouv ypnoluo-
nownBel pe emtuyla og toAUmAoxa npoBAfuarta, énwe cuvaptnotaxy TtapeUfoin,
TPOGEYYLOT) CLVAPTACELY, AVAYVOELOT TPoTUTwY [69], enclepyaocia oHUATOC oL
v enthuon dlagopixdy egladoewy [70, 71, 72]. "Eva teyvnté vevpwvixd dixtuo
unopel vor StatunwBel ue tolholc Tpdmouc avdloya Ue Tov aplBud TV emTEdwWY
ene€epyaoiog mou €yel xal tov aplBud Twv eE63wY Tou, dANE oE aUTd TO XEQPS-
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Ao Ba aoyolnBolue uévov Ue Ty meplntwor Tou TEXVNTOV VELEWYLXOD dxTOOU
np6ablag tpoodotioews Ue éva eninedo enelepyaoiog ol ua é€odo. H £€odog
evOg TETOLOL VEUPWVLXOU SuxThou Slvetan and tnv oyéon:

(P(at2)si—(dt+1)+j * Tj) + Pagaysi | (4:1)

d
=1

H
N(z,p) = Zp(d+2)*i7(d+1)51g
i=1 J
6mov H elvon 0 aplBude Twv xpuuuévey veupdvey xot d 1 SLdoTaor Tou TpoTdnou
ewoédou z. To didvuoua p elvar To ddvuoua TV Bapdy xaL TOADOEWY TOU
e VNTol veupwvixol dixtbou. H ouvdptnom sig(z) elvan 1 oryuoeddc Aoytotxi
ouvdptnon o opiletal wg axololing:

1

T T et

To tunuatxd ovveyn Lovtéla mou Ha napovotaotoly oe autd To XxePdioto Ha
xenouwornownfoly yia Ty npooéyyLor ouvapthoewy. To npdBAnua tng npooeyyi-
0EWC UVOPTRoEWY Untopel va dtatunwlel we axorolbug: dobéviwy M onueiwy xat
T0Y oUoYETLOUEVWY ue autd Tudy (Tiyi), i =1,2,...M ; € RN, y; € R, va
xataoxevaotel éva uovtédo mov va npooeyyilet avtd ta dedouéva. O cuvnbloué-
vog Tpémog yla vor emthubel autéd to mpdBAnua elval vo oplobel éva topoaueTpLxd
wovtého ¥(z,p) ue éva obvolo TopauéTpwy p oL TNV CLVEXEWL UE TNV Box-
Bewa xdmolouv akyopibuou Behtiotonoioews vo ehaytotonotnfel to teTpaywind

o INVICH
M

Erlpl =) (¥ (z:,p) — )’ (4.2)
i=1

O TPOS TO GUYONO TV TAPAUETPWY P. Av To Yovtého U(z,p) elvar éva teyyntd
veupwvxd dixTtuo, T6TE T0 GUVONO TWV TaPAUETPWY CUUTITTEL UE TO Sidvuoua
TV Bopdy xou TOADCEWY TOL TEXYNTOU VELPWYLXOL Buxtiou. Av daueploovue
to medlo oplopol D oe N turfuota xal tonofetioouue éva emuépous Uovtélo
Vi (z,pi, ¢;) o€ xd4fe Tuhua D;, 16T 10 6UVOAXS TETPAYWVIXG G UTopEl val
yoagel oav

N
Er = Zl ZD (1/11 (wapiaqi) - y)2 (43)

Ou nopduetpol ¢; ypnouwsonolobvtol and xdbe emuépouc LOVTEND, TEOXEWEVOU
va e€ao@aloouy TNV GUVEYELX TOU GUVOALXOU LOVTEAOL oTa bpla TWV ETLUEPOUS
uovTéAwy. Av oty Béon twv yoviéhwy T (z,p;, g;) yenowonowmbel éva texvntd
veupwvLxé dixtuo cav autd tng edlodoews 4.1, Téte uével va Bpebel évag tpbémog
%x000pLouol TV TOPAUETEGY ¢;, OGOTE Vo EA0QAALETIL 1) GUVEYELD TOU GUVOALXOU
uovtéhou. Autéd umopel vo emttevyBel ue v xpron twv toluwviuwy Obreshkov
TOL TEOVCLALOVTAL GV CUVEYEL.
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4.2.2. Baouxol oplouol

4.2.2.1. IToAuédvupa Obreshkov

Oewpolue uLa Yovodidotaty ouveyds moapaywylown ouvdptnen f(z), = € [a,b]
o €val TOAUGYLUO bem( f, ) ue tic axdroubec Wrdtnec:

Y pbm(fa) = L @) = D (@), Vi= 01,k (44)
dl'] ab ) .Tj T=a — , V) =U,1,..., 3
dcfll; ab (f’ ) dj ( )ll' b_f(])( )7 vj:oa]-;-"am (45)

O Obreshkov oty epyaola [73] €delée mwg undpyel éva Yovadixd TohudvuUo
Babuod k + m + 1, to onolo ixavomolel tig WLoTNTES TV e&lodoewy 4.4 xal 4.5
o autéd umopel va dtatumwdel we axolovbng:

k—j ;
m (x —a)’ m+z z —a)
be (f,x) E:fm —pym+1 Z( )(b—a)"-’-
=0

B (@ — a)k'H( —b)J vk +i \ (z —0b)?
Zf() U ( . ) e

=0

’Exovwg oploel ta moAudvuua Obreshkov umopolue va oploovue évav véo te-
AEOTH Lwe[a p O omolog eQapuéleTal 08 CUVEYKS TOPAYWYIOWES CUYVAPTHOELS
f(x), = € [a,b] wc eZic:

:ce ab]f( ) Pkm(f: ) (47)

Me Bdon tov nopandve tereoth opllouue Ty auvdptnon S p ()

SET () = f@) - PE(F) = (1- L5, ) F@) (4.8)
H ouvdptnon Ss,’gn (f, ) éxeL tic e€hc WBLoTNTES:

1. Yto onuelo z = a undeviletar 1 T TS oLVIPTACEWS ARG XaL oL Tuég
OAWY TWV TAPAYDYWY TNG UEYPL Xl TaEews k.

2. Yo onuelo x = b undevileton 1 TR TS CLUVAPTACENS AAAE XolL oL TLUES
OAWV TOV THPAYGAYWY NG UEXPL XoL TAEEWS m.
O WLbttec autée Tpoadldouy oty ouvdptnon ST (£, ) cuunepLpopd TopbuoL

twv B-splines. Opilouue v cuvdptnon Bf’,f"( fyz) oVupwva ye y oyéon:

Biv(fa) = f@)-Skr(he) = (1- (1-L0,,)) f@)

= LE7 f(@) = P (f,2) (4.9)
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1o obvopa [a,b] n ouvdptnon Bf’l’,"( f.z) éxer v Bt T ue Ty ouvdptnon
Ff(z) xou v autéV 10V AGYO UTOPOVUE VO THY ATOXUAECOVUE GUYVOPLOXT| OLUVEP-
on. XTic d%o dlaotdoelg, 6Tou To SLoTNUA EQapUOYIS TOY TEAEOTOY YiveTon
10 [a1, b1]®]az, ba], oL oplouol twv edlodoewy 4.8 xau 4.9 uropoly Vo YEVIXEUTOVY
ot:

S (f,z1,22) = (1 - L’;igghbl]) (1 - L’;gggz,bﬂ) £ (z1,2) (4.10)

xou avtlotolya

B(f,z1,22) = f(21,22) = S(f,21,22) (4.11)
k1, k2, k1, k2,
- ( JUllen[lﬁ:hbl] + wzé’[l;mbﬂ a wier?;hh] zzg[lafz,bﬂ) f (@1, 22)

H enéxtaon twv ouvaptioewy oe meploodtepes and dVo dlaotdoels unopel va
yiver axolovBdvtag Ty Aoy Ty eglodoeny (4.10) xo (4.11). Av 1 ouvdptnon
N(z,p) opllel éva vevpwvixd dlxtuo ue uia eloodo = xou didvuoua Tapauétewy p,
t61€ M ouvdpnon S(IV, z) opllel avtd mou oty cuvéyeta Ha anoxaholue Neural
Spline.

4.2.2.2. Neural Splines

Ye xdfe vnodidotnua D; = [a;, bi]tou apywxol dwothuatog D = [a, b] To npotel-
véuevo povtého Ba éyel Ty Lwop@h:

wi (%Pi; qz) = Bi’en[zai’bi] (.fa :U) + S;’g[ai’bi](Ni SL’) (412)

6mou e f opllouue v ouvdptnon tou Béhovue va pooeyyioouue. To uoviélo
e oxéoens 4.12 wavorolel ex xataoxeLrc T endUEVES ouVBXES:

&’ ; . .
wlﬁz (xaph Qz) |z:a = f(J) (Cl), J = 07 . 7m1n(k7 l) (413)
d’ ; . .
Eiﬁi (@,0,¢) lo=p = f9(b), j=0,...,min(m,n) (4.14)

6mov ov twée W (a) o fU)(b) amotehodv ta otoela Tou Saviouatog mo-
PAUETEWY g; Yol AVTLOTOLYOUY OTLE Tapay®dyous j tdlews g npooeyylouévng
oLvVapTHoEWS. Av yia Ttapdderyua Béoovue k =1 =m = n = 0 oty e&lowon 4.12,
T6TE TPOXUTTEL TO EMOUEVO UOVTENO UE GUVEYELD TLUHS OTA dxpa TOL dlaoTAUATOS
[ai, bz]

T —b; T — a;
Giea) = fla) T2 ) 2 (1.15)
T —b; T — a;
N (z,pi) — \ N (ai,pi) —— + N (bs, ps
{3 @) = (8 ) 25 4 N i) =% )}
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Ye autiv v mepintwon o ddvuoua Topouétpwy ¢; anoteleltal and TG TUEC
f(a;) xou f(b;). Av undpyel 1 araltnomn 10 TPOTELVOUEVO UOVTENO VoL EXEL Mo
OLVEYELX WG TIPOS TNV TPATN TOL TAPAYWYO, TOTE YENOWOTOLOVTAC TG TUéS k =
l=m =n =1 owmy elowon 4.12 npoxVrteL to enduevo Uovtéro:

Vi (z,0i,q1) = FO(ai)ms0 (@, ai,b;) + fO (a;) w31 (2,5, b;)

FO (b)) 73,0 (=, a3, b;) + fO) (03) 73,1 (2, @i, by)

{N (z,p:) — (N (ai,pi) m3,0 (z, a5, b;) + N (ai, pi) w31 (2, a3, b;)
+N (bi, pi) 73,0 (2, a3, b:) + N (bi, pi) 731 (2, a5, b:)) } (4.16)

+ +

6mou €youv ypnowdonotnfel ou endueveg ouvapthoeic:

71'1’0(.2;', a, b) = %

moo(@,ab) = £ (1+282)

m31(z,a,b) = (z —a) Ei::gz
Tok+41,j(®,a,0) = Topq1,j(z,b,a)

To olvolo mapapétpwy ¢; oty ellowon (4.16) “éxel wc otolyela ta

g = {fO (a;), fV (@), fO®:), fO )}

4.2.3. Movodidotata npofAiuata

4.2.3.1. Oplopbs xaL exnaldevon

O alydpfuog exnadedoews otny wovodidotaty nepintwon unopel va Statunwbel
W< axoloVbwc:

Apywxonoinon

o Avapeptopds tou nedlov opltoyol D oe N urn emxaluntdueva tuRuota
nov opllovtan we D; = [ti,tiq1], 4 =1,...,N.

o Ofoe ¢; = {fi(o),fi(l),...,fi(k)} nou o anotedéoouv mpooeyyloelc g
TWUAS TNS OLVAPTACEWS XAl TWV K TapayYdY®Y NS o€ xdbe onuelo daywpt-
ouoL t;.

o Anutoupyla evée Eexywplotol poviéhou ¥; (z,ps, ¢;) oe xdbe didotnua D;
olugwva ue Ty e€lowon 4.12. Apyixomnolnorn twv 1oy twv Bapdv p; xdbe
emuépoug TEXYNTOU VELPLYLXOU SixTlou.

Exraidcvon

e Tai=1,2,..., N Eravéhafe
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— Elayiotonolney tou TeTpay ool oQaALaToC

E; = Z @i (=, pi, ) — f(z))”

we[ti ,t,’+1]

x4&be emuépoug Uovtélou ¥; (2, pi, g;) ©S TPOS TO GUVONO TWV Tapoé-
Tewv p;. Ou napduetpol g; dev yetafdihovian oe autd to Briua.

e Télog Enavaridewy

® Ynoloyloudg Tou GUVOALXOU CPIAUATOS

N
Er=)_E;
i=1

o Edv Er < ¢, 6mou € évag uixpde Betxde aptBude, Tote
— Aaxony tou ahyopifuou.
e Télog Eav

o Elayiotoroinom tou cuvokixol o@dAuatoc Er 0¢ Tpog TG TapauéTpous
g;- X auTAY TNV QAo OL TOPQUETEOL P; TWY EMLUEPOUS TEYVNTWOV VEVROVLXWDY
duxtdwy Tapauévouy aueTdBANTES.

o Eravaindm and to Bhua g Exradedoews.

'Onwe unopel va nopatnefoel xavele, 1 exnaldevon twv Papdy Twv entuépoug
TEYVNTOV VELPWYLXGOY STy umopel va yiver topdAAnia, agol to dixtua elvon
aveEdptnta uetald toug xou elvar e€aopaliouévn 1 ouvéyela ota onuela TouNg
TV enUépous Lovtédwy. lotéoo 1 exmaldevor Twv Tapauétewy ¢; SeV Umopel
va yiver TopdAAnAa, agob autés eaa@alilovy TNV GUVEXELL TWY EMUEQOUS UO-
viehov. H apyu| extlunorn twv mopouétpwy g; €ylve Ue v yeron tou e&hg
aAyoplBuou:

e Tai=1,...,N Enavélafe

Anurovpyia evic texvnTol veupwwxol dixtbov N'T;(z,p) ue onuela
exndeVoEWS X0VTd aTo onuelo daywelouol t;.

— Exraidevom tou ducttouv NT;(z, p).
— T j=0,...,k Enavélafe

fi(j) — NTEj) (z,p).
— Téhog Enavalfidewy

o Télog Enavaridewyv
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Tyfua 4.1: Tpagu tapdotaon e f(z) = zsin (2%)oto ddotnua [—4,4].

4.2.3.2. Ilewpapatind anoteAéopata

Yta nelpdata Tou £ytvoy UEAETHONXE 1) SUVITOTNTA TOU TPOTELVOUEVOU UOVTENOU
va udber v ouvdptnon f(z) = asin (z?) oto Sidotnua [—4,4]. To ypdgnua tng
oLYOPTHOEWS o€ auTé To dldoTnua palvetal otny exdva 4.1. Xe dheg g neplntd-
oelg M) ehaytoTonolnon Twy avilotolywy LovtéAwy €yLve Ue TNy uébodo xabohixic
ehaylotonotfoewe Multistart. H péfodog tonuxic ehayrotonotfoewg mouv yenot-
ponouffinxe and tnv Multistart Htav n uéfodoc TOLMIN [98], tou anotelel uia
BeAtiwuévn exdoyr| Tng Yvwotis uebodou ehaytotonotfioews quasi-Newton BFGS
[74]. H exnaldevon twv emuépoug wovtéhwy éyive tapdhnia ue v xefion g
BuBALoBAxnG mapdAinhou npoypauuatiouob Message Passing Interface (MPI) xou
o ouyxexpluéva tne exdoyric LAM. Ta dedouéva mou ypnordomotifnxay yw-
plotnxav oe d0o xatnyoples: ouolduoppa xou tuyaia. Emlong xdfe xatnyopla
neplehdufBave dbo uixpdtepes xatnyoples: onuelo ywelc H6puBo xou onuela ota
omola éyeL mpootebel 15% “heuxdc” BbpuBoc. H mpoohixn tou Boplfou éyive
yio va eZaxpBubel av To npotewvéuevo yovtého eEaxoloubel vo cuunepLpépeTaL
OUOAG 0T 6Pl TWV TUNUOTIXGOY UOVTEAWY oxdUo Xt Ue TNy mapovaio Hopd-
Bou. toug mivaxeg mou Ba axoloubfcouy tapoucLdlovTal To ATOTEAECUATA OTA
ouoléuopgpa anuela, xabdc ol tapatnenoec tou Ha ylvouy oe autd toybouy xou
yia v meplntwon Twv tuyala xataveunuévey onueloy. Xta melpduoata €ylve
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oUYXPLOT] TWV ATOTEAEOUATOY UETAEY £VHC amhob TeYNTOU VELPWYLXOD dXTVOV,
TUNUATIXOVY VEUPOVXGY STy 1o ey elval ouveyr) ota onuela Toung xal Tou
Tpotewvouévou Uovtélou. Ytoug mivaxeg mou Bu axolouvbcouv 1 oAy “NP”
xafopllel Tov apliud TV TUNUdTLY Tou Yenotuotolinxay 160 and To TEOTEL-
VOUEVO UOVTENO 00 XL ad T TUNUATLXE YEUpwVLXE dixtua, 1 othAn “NODES”
xaBopllel Tov apliud Ty VELpGOVWY Tou xpuuuévou emtnédou, 1 othAn “TRAIN”
elvar 1o TtETPAYWVIXG o@dAua avd onuelo oto obvolo exmandeloEwe, 1 OTHAT
“TEST” elval to tetpaywvixd opdiua avd onuelo oto obvolo eAéyyou xat 1
otikn “TIME” elvow o ypbvog mou anottifnxe oe SeutepdAenTa Yia TNV OAOXAH-
PWOT TOU TPOYPAUMATOS. XE GAES TLg TeplnTOoELS Ypnoudonotinyay 200 onueia
yia exnaidevon xat 1000 yia €eyyo.

Ytov nivaxa 4.1 TapaTnEoVUE TNV GUUTERLPOPE EVOS ATAOU TEYVNTOU VELPWVL-
%00 dixtdou yia opotduoppa onuela ywplc B6puBo. 'Onwe Unopolue vo TapaTn-

IMivaxag 4.1: Ouowbuopga onueta ywplc BépufBo - AnAé texvntéd veupwwixd di-
XTUO.

NODES | TRAIN | TEST | TIME
10 | 21E-5 | 21E-5 | 14844
15 1.1E-7 | LOE-7 | 21953
20 | 5.0E-9 | 5.1E-9 | 16724

PHOOLUE O YPOVOS TIOL ATALTELTOL YOl TNV EXTAUSEVCT) TOU CUCTAULATOS UELOVETOL
6tay auEdvovtal ol veupdveg and 15 oe 20. Autd ouvufaivel énwe Ba mapatner-
OOUUE XL Ot GAAa UovTéla, xafde to obotnua Slaxdmtel TNy exnaldevorn Tou
6tay TETUYEL 0QAAUa UtxpdTepo amd uia uixey) tpoxabopiouévn Tiwr. Xe 6ha ta
TELpduaTa oL EyLvay auth N T ftav ton ue 1078, Egupuélovrac tunuatixd
veupwvixd Slxtua ota (S dedouéva xar ywelc anaithoelg ocuvéyelag Talpvouue
To anoteréoyata Tou eugavilovton otov mivaxa 4.2. To tunuoatixd vevpwvixd
dbxtual exatdedTpay ot auTd ToPEAANAN TEOXELWEVOU Vo UTEPEEL oUYXPLOT) TOU
XP6VOoL EXTTAUSEVOEWS TOUC UE TOV avTloToLyo XpdVvo ToU TPOTELVOUEVOL UoVTEAOU.
Yta anotedéouata dev gugaviovtan éhot ol duvatol ouvduaouol diaueplocwy
o apthuod xpLUUEVKDY VELPOYWY, AANE Ubvov xdmolol and Toug cLVdLACUOUg
mou datneody to Yvéuevo NP*NODES oyetxd otafepd. Ot (Slol cuvduaouol
aplBuol dwaueploewy xor aptBuol xpLUUEVWY VELPGVLY TapoLaLdlovTaL YLo TO
npotewvéuevo Uovtélo otoug mivaxeg 4.3 xou 4.4 . 'Onwg nopatnpodue o mpo-
TELVOUEVO UOVTENO EWBIXS UE CUVEYELD TUUTHC EMLTUYYEVEL XaAOTEPX AMOTEAEGUATA
010 alvoho eAéYyyou and 6Tl Ta TUNUATIXE veupwvxd dixtua. Ernlong, av xou
ApYXA 0 YP6VoC eEXTLdEVOENS TOU TPOTELVOUEVOU UoVTENOL Elval UeyaAlTepOg
and Tov Ypb6Vo EXTAUSEVOENS TWV TUNUATIXDY VEUPWIXAOY SIXTOWY O UEYAAES
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ITivaxog 4.2: Ouoléuoppa onuela ywels B6pufo - TunuaTxd veupwvixd dixtua.

\ NP \ NODES | TRAIN \ TEST \ TIME \

2 10 1.6E-9 | 29E-8 | 7750
2 15 1.5E-10 | 5.6E-8 | 5537
5 5 5.7E-9 | 1.6E-7 | 3119
) 10 5.0E-11 | 2.7E-9 | 550
10 3 54E-8 | 1.6E-7 | 760
10 ) 5.0E-11 | 6.0E-8 76

dtapeploelc autéy TadeL va LoyleL, xaBde T0 TPOTELYOUEVO LOVTEND EMLTUYYAVEL
vo exnodeutel xahitepa xat €tol 1) exnaldevot Tou StaxdnTeTal.

IIivaxoag 4.3: Ouowbuopga onueta ywelc 86pufBo - Ilpotelvduevo yovtéro Ue ou-
véxelo Tuc.

| NP [ NODES | TRAIN | TEST | TIME |

2 10 9.5E-10 | 1.4E-9 | 13945
2 15 2.0E-10 | 2.6E-10 | 20215
5 5 4.0E-10 | 4.5E-10 | 1974
) 10 5.0E-11 | 7.0E-11 270
10 3 3.0E-10 | 4.1E-10 | 445
10 ) 5.0E-11 | 1.0E-10 83

Eqapuélovtag 10 anhé texwnté veupwwixd dixtuo ota Bl onuela adhd ue
tuyato H6puBo 15% hauBdvouue ta anotehéopata tou tivaxa 4.5. 'Onwg nopatn-
POVUE oy Xl AT and Xavovixés ouviixes 1 adEnom Twy Veup®vwy Ba énpene va
pépel xaL Bertinon Twy emddoewy Tou TEXVNTOL VELPWYLXOU dixTOoU 6TO GUVOAO
ehéyyou, autd Bev emtuyydvetar xabdg ota dedouéva €xel mpootebel B6puBog
ToL ATOTEOCAVATOALEL TO TEXVNTS VELpLVIXS dixTuo Xou €Tl evdd auTéd BehTid-
veL Ti¢ emdboel TOU 0T0 GUVOAO EXTILOEVOEWS ATOTUYYAVEL Vo Xdvel To (Lo
xot 010 oUvoro ehéyyou. To (8o pouvéuevo mapatnpeital xal UE TV EQAUPUOYT
TUNUATIXOV VELPWILXGDY DXTOwWY éTwg unopodue vo dodue xou otov mivaxa 4.6.
MdéhioTa dTwe UTopoUUE VO TAPATNPHIOOUUE TO GQAAUX 0TO GUVOAO EAEYYOU dEV
uetdveton xafdg auidveton to uéyebog tng daueploewe xar udAiota o XAnoLeg
TEPLNTOOELS 1) avaAoyiol TOU GQAIAUATOS EAEYYOL TPOS TO GQPAAUN EXTTULSEVOEWS
yivetow 100/1 A xor 1000/1. Autd 10 QouvéueEVO deV TaPATNEELTAL GTO TPOTEL-
VOUEVO UOoVTEND, bTwe Umopolue dAAWOTE va Solue ol otoug mivaxeg 4.7 xou
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Iivoaxog 4.4: Ouolduopea onuela ywelc 86pufBo - Ilpotelvéuevo yovtého ye ou-
VEYELA TR (Y OU
| NP | NODES | TRAIN | TEST | TIME |

2 10 2.9E-9 | 4.3E-9 | 14106
2 15 1.1E-9 | 2.9E-9 | 13254
5 5 4.9E-9 | 1.8E-8 | 2590
) 10 5.0E-11 | 1.1E-8 | 3313
10 3 7.5E-10 | 2.1E-9 | 670
10 ) 1.5E-10 | 1.3E-9 144

Iivoxog 4.5: Ouolduopgpa onueta ue B6puBo - AnAéd teyvntd veupwvixd dixtuo.
NODES | TRAIN | TEST | TIME |

10 1.8E-1 | 8.3E-2 | 16319
15 1.6E-1 | 1.0E-1 | 17746
20 1.4E-1 | 1.3E-1 | 16425

4.8. To o@dhua eAéyyou Tpog T0 oAU exTaLdeboews oYedOV Tdvta Eyouy uia
avaroyio 1/1, xdt nou onualvel g To Tpotelyduevo cbotnua dev uabalvel Tov
B6puBo nou éxel npootebel ota apyxd onuela. H evpwotia tou npotelvouévou
povtéhou uné TNy napouctia HopdBou ylveton nepiocdtepo Eexdbaprn av oyedid-
OOUUE TNV TPOCEYYLOY) TTOU XAVoLV Ta dtdpopa i8N Loviéhwy utd TNV napoucia
BopWBou. Xt0 oyfua 4.2 napatnpolue TNV TEOGEYYLON TNG AVTIXELUEVIXTS OU-
YAPTACEWS TIOL ETLTUYYAVETOL ol Tal ddpopa uovtéha. Me f(x) ovuPolileton 1
AVTLXELUEVLXT| oLVdpTNo, Ue TNy ettxéta PNN ouufoiilovtal to tunuoatixd veu-
pwvixd dixtua, ue C(0) ouuBorileton to npoteLVéUEVO UoVTEND UE CLVEYEL TLUNG
xaw e C(1) to npotetvéuevo Uovtélo ue ouvéyela Tapaydyou. Ye GAeC Tig TEPL-
ntooelg yenowonolinxe dapépion ueyéBoug 10. To npotelvéuevo Yoviélo ue
ouvéyeta TapaydYoL eugaviletal vo elvol TeplocdTEPO OUAAS GTNY TPOCEYYLOT
7oL Xdvel xar UdAioTa av EaTIdGOVUE YOpw and éva onuelo Toutg, 6Twe Qalveton
xat 0710 oyfua 4.3, o TopATNEHOOVUE WS TO TPOTELYOUEVO UOVTENO UE GUVEYELL
Toparydyou elvon TEPLoGOTERD OUAAS XaL xdveL To Uxpdtepo opdiua YOpw and
10 onuelo daywpelouov.
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Tyfua 4.2: Tpague avanoapdotaon e tpooeyyloews e f(z) = zsin (z?)
napovaia BoplBou and Stagopetinég uehddoug.

25 ,

20 f(x) -
15 4

10 -

210

.15

-20 I

Syfua 4.3: Aemtouépeies oty Tpocéyyion Thg ouvapthoews f(z) = zsin (z?)
YOpw and éva onuelo Touhc.
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IIivoxoag 4.6: Ouolduoppa onuelo ue B6pufo -TunuaTIXd veupwvixd dixtua.

\ NP \ NODES | TRAIN \ TEST \ TIME \

2 10 1.3E-1 | 2.1E-1 | 6874
2 15 1.1E-1 | 1.8E-1 | 10401
) 5 14E-1 | 7.5E+2 | 2438
) 10 9.2E-2 | 1.TE40 | 6559
10 3 1.3E-1 | 45E+1 | 1254
10 5 6.7E-2 | 2.1E40 | 2060

IMivaxag 4.7: Ouolduoppa onuela ue B6puBo - Ilpotelvduevo uovtého ue ouvéyeta

g
| NP | NODES | TRAIN | TEST | TIME |
2 10 1.3E-1 | 1.5E-1 | 18700
2 15 1.2E-1 | 1.7E-1 | 20656
5 5 1.5E-1 | 1.8E-1 | 4951
5 10 9.7E-2 | 2.1E-1 | 8302
10 3 14E-1 | 1.6E-1 | 2448
10 5 6.7E-2 | 3.0E-1 | 3013

4.2.4. ITgoBMjuata 300 daotdoewy

4.2.4.1. IIpotewvépevo poviélo

Y1 8%o daotdoelg to edlo oplouol tou tpoBiuatog dauepiletan o K, X Ky
tetpdywva. To npotewvéuevo uovtéro oe xdfe tetpdywvo Ba Exel TNy woper:

Y(z,y,p,q9) = B(f,z,y) + S(N, z,y)

6mou o ouvoptioeic B(f,z,y) xou S(N,z,y) Slvoviow and e ediodoec 4.10
xou 4.11 Bétovtac k1 = ka = my; = my = 0. To texvnté veupwwxsd dixtuvo
N(z,y,p)elvar éva Perceptron ye éva xpupuévo eninedo enelepyaotioc, ue d0o
eloédoug & xou y xou Ue didvuoua Bapdv p. Av xdvouue T TpdelS yia Tov
unoloytoud e ouvapthoews B(f,z,y) oto didotnua [az, bi] ® [az, ba] Oa xota-

MEouue otny eZlowaon:

B(f7.73'1,.%'2) =

.’El—bl
a; — by

—b
22 b2 + f(z1,b2)

2 — U2

7

+ f (b1, 22)

T1 —m

b1 —a
o — a2

b2 — as

(4.17)

(4.18)



Iivoxog 4.8: Ouolduopgpa onueto ue B6puBo - Ilpotelvéuevo uoviélo ue ouvéyela

TAPAYGYOU.
| NP | NODES | TRAIN | TEST | TIME
2 10 1.3E-1 | 1.9E-1 | 47572
2 15 1.3E-1 | 1.8E-1 | 131208
5 5 1.5E-1 | 1.8E-1 | 16252
5 10 1.0E-1 | 2.1E-1 | 45861
10 3 1.3E-1 | 1.8E-1 | 7167
10 5 7.2E-2 | 2.4E-1 | 10358

T — by Ty —ay, Ta — by
— b
{(f (a1, a2) 1_b1+f(17112) T —
.’L'l— 1 — ap o — Q2
(f(al,bz) P =+ £ (b1, b2) b _a1> b2_a2}

Av xau ou Twéc f (a1, a2), f (bi,a2), f(a1,b2), f (b1,b2) anotehobv otouyelo Tou
davioUOTOS TOPUUETPWY g XAl UTOPOUY VoL exTLUNBoly 6nwe Xal oTtny LovodLd-
otatn neplntwor, dev unopolue vo TolUe Twe LoyVel To (BLo oL ylol TG To-
popétpous f(ar,z2), f(b1,z2), f(z1,a2) xou f(x1,b2). Autéc oL mapduetpol
anoTEAOVY UOVOSLEOTATES CUVIPTACELS XOL €VAS SLAPOPETLXOS UNYAVLOUSS omdlL-
teltan v v extlunoy toug. Oewpdviag nwe oe xdbe TAeLEA TOL TETPAYEOVOU
[a1,b1] ® [az,ba] opileton xou o Slapopetixt| LOVOSLAGTATY CUVAPTNON Plaft
¢right’ Ptop XU Phottom » N EGLowon 4.18 avadlaturvetan g e€fic:

_ 1 — by 1 —a;
B (f’ 3&'1,.%’2) - ¢1eft (a1’$2) a; — by + ¢right (bhw?) by — ay
o — by Ty — ag
+  Pbottom (#1,42) s — by + dtop (21,b2) . (4.19)

z1 — a1, T2 — by
b — a1 ag—bz

b —a1\ T2 — a2
(¢left (@, b2) + ¢r1ght (b, bz) b —a ) by —as

b
{(Pref (a1, az) a + ¢r1ght (b1, a2)

Ly ouvéxewa mopatifevron Ta Bruota Yo TV extiunon e ouvapTAOERS diop.
Avédloya Brivata mpénel va Ylvouv Ylo TOY UTOAOYLOUS TV UTOAOITWY oUYIPTH-
oewv. Kotapyhyv fewpolue nwg €youue o oelpd and onuela xotd urixog g
Tévew TAELEAS ToL TETPaY VoL bnwe Qalvetan xat oto oyfua 4.4. Ta onuela ota
omnola undpyouy eatiyluévol xOxhol Ba anotedécouy Ty Bdomn yla ToV Unoloyloud
NS GLVAPTACENS P -
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Yy 4.4: Xnuelo yior 10V UTOAOYLIOUS TNG OUVAPTACENS Piop-

1. Emdoyh k + 1 woanéyoviwv onuelwy Py, Py, ..., Py (1o onuela oto xévipo
TWV E0TLYUEVODY XOXAwY ) oTo ddotnua [a1, b1].

2. Exnaldeuor evic ddidotatou texvnTol veupmvixol duxtbouv NN, (z, y,p) ue
onuela exntoadedosws yopw and to onuelo F;.

3. 'Eotw Ni = NNZ (H)

4. Anuloupyla evée xuBxob gualxot spline s(x) [75] oto dudotnua a1, bi] ue
xefon twv Leuyaptdyv (P, N;).

5. dtop (1) = s(21), 71 € [a1,b].

Metd ané tnv dnuioupyio TwV TAEUPLXOY CUVAPTACEDY Plaft ¢right’ Ptop o
Pbottom YLVETAL M exmaidevon twy emuépoug HOVTEAWY we Tpog Ta Bdpn Twv
TEYVNTOV VELPOVLXGY SXTOWY duoLa UE TNY UovodLdoTaT TepltTwoT.

4.2.4.2. TIewpapatixd anoteléopato

o va agohoynfel n wavétnta tou Yovtéhou va pabalvel ouvapthoelg otov di-
SudoTato ydpo yenoworoliinxe n ouvdptnon f(z,y) = wysin (2y* + 3z) oo
ddonua [-1,1] ® [-1,1]. H ypaguh napdotaon authc TN oUVIPTAOEWS GTO
oLyxexpLévo didotnua mapovoldletal oto oyfua 4.5. Xpnowonowfnxayv dVo
obvoha exmaudevoewe: éva ue 1600 ouobuopga xataveunuéva anueta ywelc 6-
puBo xou éva ue ta (Bt onuela ota onola elye npootebel H6puBog 10%. 'Onwg
oL oTNy uovodldotaty mepintwon étol xal otny dddotaty 1 exnaldevorn Twv
eEMUEPOUC UOVTEAWY £YLVE 070 (8Lo TapdAAnho TepBdAloy.

Ytov mivaxa 4.9 TapouotdlovTol T ATOTEAECUATA OTd TNV EPAUEUOYT TUNUO-
TIXGY VEUPWWXAY SixTtimy yia ddpopes dlaueploelg Yo dedouéva ywpels B6puPo.
Ta avtiotolyd anoTeAEGUATA YLO TO TPOTELVOUEVO UOVTEND TopOVGLALOVTAL GTOY
nlvoca 4.10. To npotelvéuevo uovtého emtuyydvel (i ¥ xat eENappds XaAbTERYL
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Yyfua 4.5: Tpagued napdotaon tng
oto ddotnua [-1,1] ® [-1,1].

IMivaxag 4.9: Ouolduoppa dedouéva otov dddotato Ydeo - Tunuatxd vevpw-

vixd dixtua.

ouvaptfoews f(z,y) = zysin (2y* + 3z)

| NP [ NODES | TRAIN | TEST | TIME |

2x2 ) 2.1E-5 | 1.8E-5 | 122
2x2 8 4.7E-7 | 4.0E-7 | 684
3x3 4 1.8E-6 | 2.0E-6 88
3x3 6 3.7E-8 | 5.0E-8 | 309
4x4 4 2.0E-7 | 2.8E-7 59
4x4 6 2.6E-9 | 4.5E-9 | 262
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Iivoxog 4.10: Ouotduoppa dedouéva otov ddidotato yweo - Ilpotelvéuevo po-
VTENO.

| NP [ NODES | TRAIN | TEST | TIME |

2x2 5 39E-7 | 3.9E-7 | 835
2x 2 8 2.0E-7 | 1.8E-7 | 2823
3x3 4 2.8E-8 | 3.3E-8 | 267
3x3 6 1.8E-8 | 3.3E-8 | 925
4x4 4 5.6E-9 | 1.3E-8 | 283
4x4 6 2.6E-9 | 1.2E-8 | 781

Iivaxoag 4.11: Ouolbuopga dedouéva otov diddotato ydpeo ue BépuBo - Tunua-
Td vevpwvixd dixtua.
| NP | NODES | TRAIN | TEST | TIME |

3x3 6 6.8E-4 | 1.5E-3 | 237
3x3 8 6.2E-4 | 1.3E-1 | 613
4x4 6 6.1E-4 | 1.4E-1 141
4x4 8 49E-4 | T4E-3 | 224

ATOTEAEGUATO OE OYEOT) UE TO TUNUATIXG VEUpWVIXE dixTua, ohAd amartel Teplo-
06TtEPO YPdVO YL Vo T TETUYEL autd. Kdtt tétolo elvan dixatoloynuévo and tny
oTLYUY) TOL TO TPOTELVOUEVO UoVTEND Safétel apxeTég TapaéTpoug oL eV avi}-
XOUV OTA TEXVNTA VELPWWLXE SlxTua Xou oL ontoleg dev unopoly va exnatdeutody
napdAAnAa. 201600, TO TPOTELVOUEVO UOVTENO EMLTUYYEVEL XAAUTEQD ATOTENE-
ouata mapovota BopiBou. Egapudlovtac ta tunuatixd veupwvixd dixtua ota
dedouéva mou Stabétouv B6puPo nalpvouue o anotedéouata Tou mivaxa 4.11. H
avahoyla Tou opdAuaTog EAEYYOU TEOS TO YA EXTUIEUOEWS PTaveEL axdua
xat to 1000/1, x4t mov onualver mwg To TUNUATIXG VEUpwLXd dixtua wabalvouy
Tov B6pufo xa Gyl Ty TpayUatx ouvdptnon. Amé v dAAN e@apuélovtag o
TpoTELVOUEVO UovTéNO ot (dlal dedouéva Talpvouue Ta anoteAéoUaTa TOL VA
4.12. Ané 6t unopolue va doUUE TO TPOTELVOUEYO UOVTENO devV TopouaLdlel To
o mpéPBAnua Tapouatia BopdBou xou 1 avahoyla Tou GPIANUATOS ENEYYOL TEOS
10 opdhua exnatdedoews datnpelton teplnouv oto 1/1.

4.2.5. Yuunepdopoto

Ye autd T0 HEQPHAALO TOPOLGLAGTNXE ULa VA TEYVLXY TUNUATIXAS TpooeYYloew
ouvapthoewy ue to 6vouo Neural Splines. H véa teyvixd elvon uia uBpldixt
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Iivoxog 4.12: Ouotduopga dedouéva otov diddotato ydpeo ue H6puBo- Ilpotel-
véuevo Uovtého.
| NP | NODES | TRAIN | TEST | TIME |

3x3 6 7.5E-4 | 3.TE-4 | 474
3 x3 8 71E-4 | 4.2E-4 | 862
4x4 6 6.7E-4 | 5.0E-4 | 202
4 x4 8 5.9E-4 | 5.9E-4 | 423

TPOCEYYLOT) UE TNV YN0 TEXVNTAV VEUPWYLXGDY SIXTOWY ot XATIAANAWY TOAVK-
VOUOY TIOU EYYUGVTAL TNV OUVEYELX TNS TWNAS TOU UOVTEAOU 7| %Ol TAQAYOYWY
autol ota olvopa UETAED Ty Tunudtwy. To véo uovtélo €yel o TAeovEXTNUA
nwe elvar xatdAAnia Stapoppwuévo, Gote vo unopel va yenowwononfel ue ev-
xoMa oe mapdAAnia mpoypauuatioTixd TepBdihovia. Metd Tta melpduata Tou
nparypatonolinxay yia TNy TEocEYyLon UOVOSLIoTATWDY Xou SLACTETWY cUVap-
Thoewy dlamotdinxe n evpwotia e véag uebodoloylag xar 1 xavétntd tne va
dtatnpel g mpooeyyloTES TNe WLoTNTES oxdua o und Ty Tapouaia HopdBou
ota dedouéva. And v dAAn 1 uébodog Baallel tnv Aettoupyla TG xaw TG Lavo-
TOLNTLXES TTPOCEYYLOTLXES OLOTNTES OE ULl Oelpd and mapauétpous (Stdvuoua q)
oL omoleg dev UTopoUy Vo exTodeuToOY TaPdAANAL STWS OL TUPGUETEOL TWV VEU-
pVIXAY Bxtiwy. Autd To YEYOVOS av oL dev TpoxaAel onuavTix xabuotépnom
oe plo xow d0o dlaoTdoelc EVIEYETAL VoL TO XAVEL O TEPLOOHTEPES JLAOTATELS,
6mou to TARHog TV TapauéTpwy auTGY Ba Eemepdoel onuavtxd To TARBog Twv
TEAUETEWY TWV TEYVITOV VEUPWLXGDY SIXTUOV.
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5.1 Tevxd

IMdpa moAAd mpoPBAfuata and Tov Y&po Tne uolxig, e ynuetac, tne Broroylag
XTA. UTopoUY Vo EXPPAoTOVY UE dapoplxés eELOMOELS N Xl UE CLUCTAUATA TOUC.
Téroia npofAAuata uropel va elvar 1 tpdBAiedn tne epuoxpaociac oe yia oelpd and
YNUWéC avtdpdoelg, N extlunon xépdoug ot ayopanwAnoleg uetoydy, xBaviixt
unyevued, xavnuotix) x.&. Do oautd ndpa ToANég teyvixés €xouv mpotabel o
avantuyBel yio Ty entluon tétolwy eElodoewy, étwg ol teyvixéc Runge Kutta,
TEXVES TPOPBAEPELS - dlopbdoews [103], teyxvixéc nou Baollovtal o axTvixéc
ouvapthoets Bdoewe [104] xou uébodot nou Baotlovto o teyvNTd veupwvixd di-
xtua [94]. Me yprion yevetxol Tpoypauuatiouot €xyouy eugaviotel tpoondbetes
[95, 96] v v axpn enlluon diagopixdy e€lodoewy. XTo mapby XeQdNoLo
mpoTelveTaL ULat TEXVX Ylat TNV auUPoluxy) enthuor dapoptedy eELoOoEWY UE
my xehon e texvixic e Teapuotinrc E€elilews. H npotewvéuevn uébodog
dnuoupyel doxwaotxég Aoaelg yia v dapopuxy) e€lowon xou uéoa and tny
EQOPUOYT| YEVETIXGY TeheoTtdv TpooTabel va mpooeyyloel v axplB3h Ador tne.
IMpoxewwévou va Beebel n axpBric Abon 1 uébodog yenouuonolel GUVIPTHOELS TLUW-
plac (penalty functions) mou npootifevton otny Twuh xatedniétnrac. H uéhodoc
elvar yevixh xou 6mwe B doVue oty ouvéyela umnopel va eQapuootel oE GUVA-
Beic drapopunés e€lodaelg, ouoThuaTa dlapopdv e€Lotoewy aANd Xal o€ UEPLXES
drapopixéc eEloBaoELC.

5.2 IIpotelvdpevn teyvixin

H mpotewvéuevn uébodog dnuioupyel ouvapthoelc yenowonoudvtag €va unoa-
VOO TN¢ YAGoo0g poypauuatiouod C xol oty cUVEYELN, Aol UTONOYLOTOUY
AVOAUTIXG OL At TOVUEVES TORdYWYOL UE TNV TEXVLXY NG oTolfag Tou Bo mapou-
otaotel mapaxdtw, utohoyiletar o o@dhua npooeyyloewe oe éva oUvolo and
onuela oto nedio oplouol e elotoewe. Xe Yop@t akyoplBuou 1 tpotelvéuevn
dradixaoia €xel we axololbng:

1. Apywonoinon tou tAnfuouod.

2. Anotiunon e xataAAnAétnrac xdfe ypwuooduatoc. Kdbe ypwudowua
elvan éva didvuoua axepalowy apludy, To omolo uéoa amd TNy AMEXGVLOT TG
Fpauuatixic E€eMiZewe B mopdyel uta utodrigla Aban yia Ty dtapoplxr
eZlowon,.

3. Egapuoyy| YEVETUXAV TEAECTAV NS AOTAVPOOEWS, UETIANEEEWS XAl ETL-
rovfc.

85



4. Av woybouy ta xpLthpLa TEpUATIONOU TOTE TEPUATLONGS, SLQOPETIXE UETA-
Baomn ot0 2.

Yy cuvéyela topouotdlovTal aVIAUTIXE Tal TURLOTA TOU Topandvw alyoplBuou.

5.3 Tpoppotixn

H ypauuotixr nouv nopovotdletar ato oyrua 5.1 ypnoluonoteltal yla Ty nopa-
yoYH utodnelwy Aboewy yia tny dtagopxy| eéloworn. Méoa and v dadixaoia
e Dpapuotimc EEei&ewg xou ue TNy Xphon authc TNg YRUUUXTIXAS To XPWUo-
oduata Tou Yevetxol aiyopibuou Bo mapdyouv unodhpieg Aboeis tng Sopoptxric
ellodoeng oe avaiutixy woper. Aeld and toug xavoveg mapaywy g Undpyouy
dtaxprtixol apLBuol yia vy eapuoyh e Fpauuoatiric EZeléews, dnwe eldaue
ot mponYoUUEvo xe@dhato. Aev ypnouuonoliinxay 6AeC oL CUVAPTHOELS and TNV
BBAobxn e yAdooag C, wotéoo xdt tétolo elvar oyetuxd edxolo va yivel
xou dev ennpedlel xaBohov v Aettovpyla Tng mpoTteLVéuUEYNS teyvixfc. Emlong
OTWS QALVETAL OTNV YROUUATIXY TNG TPOTELVOUEVNS TEYVLXNG BEV UTdpYouY axé-
paec otalepéc Ue unxog ueyalitepo tou 1. Autéd emhéyBnxe npoxewuévou va uny
napdyovtal ueydhot axéporol and v Cpaupotind EZENEN mou Ba Suoxdievay
NV elpeoT) TwV AGEWY BLaopxdy eELEOCEWY.

5.4 Apywxornoinom

Yy @don tng apyLxonotioens emAéyovial ol TWES yla Tov pubud emAoyrig xou
yio Tov puBUd YeTaANGEewe xou apyLxonoteltan o YeveTixdg TAnfuoude. H apyixo-
nolnon exteelton Stahéyovtag Tuyala évay axépato aplbuéd oto didotnua [0,255]
v x88e otoyelo xdbe ypwuoohuatos. O meploplouds Tne apyXomotNoEWS O
auté To ddoTnua £yLve yla v emitayuvlel 1 Stadixacio avalnticewns xaL Yo va
elvon neploodtepo anodotixol ol yevetuxol teheotéc.

5.5 Anotiunon xataAAnhoTnTog

H anotiunon tg xatadAnAdtnrag xdbe ypwuooduatog anotekel v mhéov Baoixt
epyaota Tou ahyopibuou xau auth 1 Siaduxaacta elvon dtagopeTtint) avdhoya Ue To
av To TEGBANUA oL xakeltal o AVoet 1) Tpotelvéuevn uébodocg elvan yia ocuviin
dapopunt| e€lowon N yia uepxn Slagopuxn e&lowaon.
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Eyhua 5.1: H ypouuatixd tng mpoTtetvOueyng teywxhc yia emiluon Slopoptxdy
eCLoDoEWY.
S::=<expr> (0)
<expr> ::= <expr> <op> <expr> (0)
| ( <expr> ) 1)
| <func> ( <expr> ) (2)
|<digit> (3
[x (4)
ly (5)
|z (6)
<op> ::= + 0)
- (1)
* (2)
/ (3
<func> ::= sin (0)
[cos (1)
lexp (2)
|log (3)
<digit> ::= 0 (0)
(1)
(2)
(3)
(4)
(5)
(6)
("
(8)
(9

© 0 N O O W N =
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5.5.1. Xuvnbeig diapopixés e€lodoeLg

OL ouviPeis drapopuxés eELadaelg UTopolv va. EXPEACTOUY KG:

f (w,y,y(”,---,y(”‘l),y(”’) =0, z € [a, ] (5.1)

6mov y(™ elvan 1 v-00TH topdywyog tng ¥. ‘Eotw 6t oL oplaxéc ouvBixeg dlvo-
vTal and:
9i (%y,y(l),---,y(nfl)) :0, 1= 1,.--,77/

lamt;
6mou t; elvon xdmoto amd ta dVo dxpa a ) b. Ta BAuata Yo Tov utoloyloud TN
XATOANAAGTNTOG VGG EAOUS Tou TAnBuouol elvon Ta emdueva:
1. Emloyh N woanéyoviwy onuelowv (2o, 1, ...,Zn-1) 6T0 nedlo optoyol tng
drapopixic.

2. Tw %40 ypwudowua i

() Kotaoxeu, tou avtiotouyou poviéhov M;(z), mou exppdleton Ue tny
xefon e yeauuatxrig tou oyfuatog 5.1.
(B) Yrmoloyioude tng nocétnrag

N-1

B0 = Y (f (oM@, MP @) (62)

i=0
(Y) Ynohoyioude e twwwplog P(M;) 6nws teplypdpetol Tapaxdte.
() Ymohoyioude tne TS XATOANASTNTIC TOU YpWUOCMOUATOS KC:

H ouvdptnon twuwplag P eZoptdtar and Tig oplaxés cuvBrxeg xou £xeL Ty Lopen:

n
POL) =AY g} (.7: My, MDY, M}”‘”) (5.4)

—~ [

6mou A elvar évac Betinde aplBude.

5.5.2. Yuvotiuata dragopuxdy eSLoBGoewy

H npotetvéuevn teyvixy| unopel vo emAUOEL CUGTAUATA SLAPOPLXAY EELOMOOEWY
ToL EXPEAloVTaL GTNY UoPQT:

fl (maylayg)ay%yél):'"Jykay](‘;l)) =0
f2 (xay15y§1)ay2;yél)a'"aykay](cl)) = 0 (5 5)
fk ($5y15y§1)7y25y§1)5'"7ykayl(cl)) =0
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6mou k elvan o aplbudc twv dtapopeddv eEladoewy touv ouvathuatog. O apyixég
oLV xeS ToL cuoTAUATOS EXPEELOVTAL amd TOV ENGUEVO TilvoncoL:

yi(a) = Yia
Y2 -(a) = v 56)
ykka) - yl;a
Ta BrAuata yio Ty anotiunon e TS XataAANAGTN TS elval Tar endUeva:
1. Endoyy| N woanéyoviwy onuelwyv (g, 1, ..., TN—1) oTo aviiotolyo nedio.

2. T xdbe dobév ypwubowua i xdve
(o) Ouotbuopgoc dtaywptouds Tou ypwdooduatog ot k tuiuata, émou k
elvar 0 apLBude TV Stapopdy eELloBoenY TOL CLUCTAUNTOC.

(B) Anuovpyla ue v ypfion e Teaupatudic EEelifewe k uovtéhwy,
gotw T My;, j=1,...,k.

(v) Yrnoloyiouéde twv nocotitwvV j =1,2,....k

N-1

B(My) = Y (a1 Ma (@), M (@), M (a1) MG ()
1=0
(5.7)
(d) Ymohoyioude tne mocdtnrac
k
E(M;) = (E (My)) (5.8)

j=1
(e) Ynohoyioude twv ouoyetillouévey Tudy Tiuwplag
P (M) = X(Mi; (w0) —ja)”, ¥i=1,2,....k  (5.9)

6mouv A évag Betinde aptbude.

(o7) Ynohoyloudc e cuvolixrfic ttuhic Ttumplac
P (M;) = ZP(MU) (5.10)

(0) Tehxd, n tuh xataAAnhénrag yio 1o ypwdbowua i dlvetat and v
oxéon:
u; = F (Mz) + P (Mz) (5.11)
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5.5.3. Mepuxég diagopixég eELodoetg

H uéfodoc ypnowwonouiBnxe uévov oe elhetntixée Ueprée daopinés e€LotoeLs
dVo xou tpLdv uetaBAntdy ue Dirichlet oplaxée ouvbixes. H yevixevon tng Sia-
dixaotlag yia GANOUS TOTOUS SLAPOPLXADY XalL YLol SLAPOPETIXES OpLaxés oLVETXES
elvon oyetixd evxoho va yivel. Kdbe pepunr| dtagpopint| e€lowon mou avtuetoni-
Cetar oty mopoboa dotplfr expedletal oTny Lop@n:

2 2

0 0 0 0
1 (209, W), ¥ @), 5 ¥ E0) 5 ¥En) ) =0 (512

vE T € [zo,x1] ¥t Yy € [Yo,y1]- And tc Swpopixéc eElodoelc TS Topa-
TV YEVIXAC LOPQPNC EMUXEVTIPWVOUNGTE OTO UTOGUVOAO TWV EAAELTTIXGY dLapo-
ey e€lodoewy. Ou oyetléuevec Dirichlet oplaxéc ouvbrixec exgpdlovtal we:

U(z0,y) = fo(y), ¥(21,9) = fi(y), ¥(2,90) = go(2), ¥(z,91) = g1(x).
Ta Briuata yo Tov untoloyloud e Tnc xatahAnhdtnrog elvor to endueva:

1. Enoyh N? ouotbuopga xotaveunuévey onuelwy oto xoutl [o, 1] X [yo, y1],
N, woaneyéviov onuelwy oto didotnua and £ = T €0g & = T1, Ny did-
omnua and y = Yo €S Y = yi.

2. Tw %40 ypwudowua i

o Anutoupyla ptac Soxiuactixic Aoewe M;(z,y) tou exgpdletat otny
YPOUUATIXT TTOU TEQLYPAQTIME TOQATAVE.

® Ynoloyloudg tng noodTnrac

N2
0 0
E(Mz) = Zf(mJJyJJM’l(m‘]Jy]))%M’l('Z.]’y])ia_yMl(m]Jy])J
j=1
2 2
52 Mi (-rj:yj)aa_szi (z5,95)) (5.13)

® Ynoloyioudc Twv auvapThoswy Tueplag:

N,
P (M;) = Z(Mi(mmyj)_fo(yj))Q
J];m
Py (M;) = ‘ (Mi(z1,y;) — fi(y;)”
]J;y
P (M;) = 4 (M;(z5,90) — go(x;))*
J];y
Py (M;) = ‘ (Mi(zj,91) — 91(2;)) (5.14)

Nl
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¢ Ymohoyloudg Tng XATAAANASTNTOS TOU YPWUOCOUITOSC KOG

5.6 Yrnoloylowds Tapay®dYw®y

Ou napdywyol unohoyilovtar pall ye tic avtlotolyeg ouvaptnolaxés Twés yen-
olonol@dvtag uia tpdobetn otolfa xat toug axdAoubouc OTOLYELGBIELS XAVOVES
napaywyYloews, Tou yenowonoinxay and T uefddoug autduatng mapaywyi-
oewc [109] xar mou ypnowwonotfinxay ota avtiotoiya epyalela [106, 107, 108):

L (f(z) + 9(x)) = f'(z) + ¢'(x)
2. (f(z)g(2))" = f'(2)g(x) + f()g' (z)

(

)’ £ (@)g( z) g)(w)f(w)

fg(2))" = ¢'(2) f'(9(2))

I Ty edpeomn Tne mpdTNg TopaydYou yenoluonotolvtal Vo dlagopetxés otol-
Bec, n mpdTn yenotuonoteltal Yo TNY TWH TN oUVAPTACENS oL 1 deldtepn yia
v T g TeodTng tapaydyou. o napddetyua éotw étL {nelton 1 anotiunon
e npdNg mapaydyou e f(z) = sin(z) + log(z + 1). 'Eotw éu Sy elvon 1
otoifa yla Ti¢ ouvaptnotaxéc Tég xat Sy elvan 1 otolBa Yo TV TWH TS TE®-
e napaydyou. H ouvdptnon f(z) oe embBepatind popey| unopel var ypagpel we
“z sin £ 1 + log 4+ 7. Ta otoiyela g ouvapthoewg dtaBdlovion and aplotepd
Tpog de€id uéypl va Beebel To Téhog tou ahgaplBuntixol. O emduevol unoloyt-
ool mpaypatonotobvton otig otolBeg Sp xou Si. XuuBolilouvye e (ag, at, --., an)
ta ototyela ulag otolBag xa a, to otoyelo oV xopUPY| TS oTolfBac.

1. So = (), S1 = (1)

2. Sy = (sin(z)), S1 = (1cos(z))

3. So = (sin(x),z), S1 = (1cos(x),1)

4. Sy = (sin(z),z,1), S; = (1cos(z),1,0)

5. So = (sin(z),z + 1), Sy = (1 cos(z), 1 +0)

6. So = (sin(z),log(z + 1)), S1 = (1 cos(x), 1£3)

7. So = (sin(z) +log(z + 1)), S1 = (1 cos(z) + 19)
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Y10 TéN0g TV TUPATEVE UTOAOYLOUGY 1) atolBa S1 TeplEYEL TNY TpdTN TapdYwYo
e ouvapthoewe f(z). Do Ty enéxtao TV Topandve UTONOYLOUMY Yio dEU-
Tepec Tapaydyous yperdleton xat Tpltn otolfa, xdtt Tou elvat oyeTixd elxolo va
emtevyDel.

5.7 Eq@opproyn YEVETIX®OV TEAECTOV

Katapyny, extereltar pla taglvéunon twv ypwUoowUdtewy we Teog TNy Th xo-
TOANAGTNTAS TOUG, UE TETOLOY TPOTO DOTE TA XAAUTEQU YPWUOCHUITO VO UETO-
xvnboly oty apyy| Tou TAnBuouol xal ta yelpdtepa oto Téhog. Metd and tnv
tadvéunon, napdyovion ¢ = (1 — s) * g véa ypwlooduata, étou s elvon o pubude
emhoyhic ng potelvouévng uebédou xat g elvan o cuvolxdg aplbude Twv oTol-
¥elwv tou TAnBuouod. Ta véa otouyela Ba AVTLXATACTACOLY T TAANGTERA GTO
€hog g draduxaotag Slaotavpdoews. T'a xdfe Levydpl anoyédvwy emAéyovton
duo uéhn and tov tpéyovia tAnBuoud ue v uébodo tng emhoyic tournament.
"Eyovtac emAéZel dVo otolyela yia dtaotadpwaon, exteleltal diaotadpwan evég
onuelov, 6Twe TaPOUCLICTNXE GTNY EVOTNTA TwY YEVETXAOY akyoplBuwy. "‘Otav
telewdoet 1 daduxacto g dlaoTavpdoews epapudletal N Swadixactio Tng UETOA-
AiEewe OTWS TEPLYPAPNXE OTO TPONYOVUEVO XEQAAALO.

5.8 Kputrpia teppatiopot

Ou yevetxol teheotéc egapudlovial otov mAnbuoud xou mapdyovtal €tol véeg
veviég and Aoelc. Autd ouveyiletal elte uéypl va @tdoel o aplBuds TV YEVLOY
oe éva tpoxaboplouévo Tdve dpLo elte To xaAUTERO YpwUSoWUN 0TOV TANHucud
va éyet T xataAAnhétntag xohbtepn 1 lon and éva npoxafoplouévo bpto.

5.9 Ilepapatixd anoteAéopata

Ye authyv v evétnta teptypdpovtal didpopa meElpdUaTa OV EXTENEGDT Y UE
v mpotewvouevn uébodo ot ypauuxée xal un ouvibelc dagpopxéc eELotaELs,
oe ouoThuaTa oLVHBWY dlaPopXAY EELODOEMY OANG XaL Ot UEPIXES DLOQOPLUES
eglodoelc. Emmiéov, n mpotelvouevn uébodoc epoapudotnxe xal o SLOPopLxES
eglodoelg mou dev €youv xAeloth avahutix Abon xal enouévwg auth 1 Ador dev
unopel vo avanapaotabel axplBdc amd TNV YeUUATIXY TNS TEOTELVOUEVNS Uehd-
dou. T v meplntwon twv ouotnudtey cuviBoy dlaupopxdy eiloboewy, xdde
yewudowua datpeltar oe M tuiuata, émov M elvar 1o mARbog Twy Slapoptxdy
eZLo)oEWY 0T0 CVGTNUA Xol XABEVAL A AUTE Ta TURUATO AVITAELOTA Uid Ut
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pla Moo yia v avtiotolyn ouvion dtagopxr| e€lowon. Xenowwonolhnxe n T
tou 10% YLt Tov pubud emhoynhc xat 1 T Tou 5% Yia Tov pUBUS ueETOAGEEWS.
To mAfog TV ypwuocunudtwy Hrav 1000 xou to uixog xdfe ypwuooduatog 50.
H napduetpog tuwplog A oty ouvdptnon tioplag Arav 100 o dha ta netpduorta.
O uéylotog emttpenduevoc aptBude yevidv Arav 2000 xat to npoxaboptouévo 6pLo
NG TLAC XATOANNAGTNTOC Yiat Ta XpLThplal Tepuatiopol fray 1077, H s tou N
v Ty Teplntwon twv ouviBov Slagopixdy elotoeny frav uetagd 10 xou 20,
x4t mov e€aptdtay dueca and to npdBAnUa npog Abon. [ v neplttwon twv
ueELGY dlapopxdy eElodoewy to N elye v T & xou N = Ny = 50. Xe 6heg
TS MEPLTTOOELS 0 aAySpLiuog exteléotnxe 30 popéc ue dapopetixr) Tuyala yYeV-
vitpla x8Be gopd. Xtoug ivaxeg mou Ha axorovBicouy n otAin MIN emonualivel
ToV EAdLoTO ApLBUS YEVLGY TIOU YpeldoTpay Yo Ty enthuo Tne Slapoptxic, 1
othin MAX emonualivel Tov uéylato apliud Yevidy Tou ypeldotnxay xou 1 oTHAN
AVG tov yéoo aplfud yewdyv. Enlong, yia uepixd and to npofifuata mpog emi-
Avon napouatdlovtal ypaghuato Ue T evdldueoes Aoec. H amotiunorn twv
ouvapTHoewY Tou Tapdyovial and v Ipauuatixnd EEENEN éyive ue v yprion
g npoypapuatiotixis BiBlobrixne FunctionParser [105].

5.9.1. IMopadelypota ypalutxdv dtagoptxdy eELoBGOEWY

ODE1

r_ 2z —y
T
ue y(0.1) = 20.1 xou z € [0.1,1.0]. H avolutixf Aor tne daopixic eElodoewe
elvar y(z) = = + 2.

ODE2

,  1—ycos(x)
v = sin(z)

vey(0.1) = Sin2('01_1) xat z € [0.1,1.0]. H avadutixd Mon tne dtagopixfc eELodoeng

elvon y(x) = anﬁ).

ODE3

y' = —%y + exp (—g) cos(z)

ve y(0) = 0 xou z € [0,1]. H avahutixh Aoor tne dtagopixhic eElodoewe elvol
y(z) = exp (—2) sin(z).
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ODE4

y'" = —100y
e y(0) =0, y'(0) = 10 xow z € [0,1]. H avaluvtuxh Aon e dapopixiic

eflodoewe elvon y(z) = sin(10z).

ODES5

y" =6y — 9y

ve y(0) =0, ¥'(0) =2 xaw z € [0,1]. H avoluti Aoon tne dtagpopxic eELad-
oewg elva y(z) = 2z exp(3z).

ODES6

1 1 T
m_ _ 2.0 _ . 1 _z
y = 5y y 5exp( 5)(:05(:3)

we y(0) =0, ¥'(0) =1 xou z € [0,2]. H avalutxh Mon g dagopuxic e&lod-
oewc elvan y(z) = exp (—%) sin(z).

ODE7

y" = —100y
ve y(0) = 0, y(1) = sin(10) xouw € [0,1]. H avadutxr hborn tne Sopoptxric
eflodoewe elvon y(z) = sin(10z).

ODES

zy'+(Q—z)y' +y=0

ve ¥(0) =1, y(1) = 0 xon 2 € [0,1]. H avolutxf hor elvae n y(z) = 1 — z.

ODE9

1 1
y" = —gy' —y—pexp (—%) cos(x)

ue y(0) =0, y(1) = eiipn(%l.)z) xav z € [0,1]. H avolutixr Ao e Sapopixiic

e€lodoewc elvan y(x) = exp (—£) sin(z).
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IMivaxag 5.1: Anoteléouata tng npotetvoueyns UeBédou yia ypauuixés dlagpopt-
wéc elodoelc.

[ ODE | MIN | MAX | AVG |
ODE1| 8 | 1453 | 653
ODE2 | 52 | 1816 | 742
ODE3 | 23 | 1598 | 705
ODE4 | 14 | 1158 | 714
ODE5 | 89 | 1189 | 441
ODE6 | 37 | 1806 | 451
ODE7 | 42 | 1242 | 444
ODE8 | 3 702 | 66
ODE9 | 59 | 1050 | 411

Aroteléopata

Ytov nivaxa 5.1 BAénovue o anoTeEAEoUATA and TNV EQUPUOYT) TNS TPOTELYOUE-
vne pebodoroylag yio Ty enfhuvon Ty Tapandve dlopopxdy eilotoewy. O iBleg
ouvapTthoels 360nxay cav eloodoc oty cuvdpTnoT ETAICEWS dlaPopLHdY EELOE-
oewv DSolve tou yvwotol noxétouv pofnuatixdvy MATHEMATICA. Xe dheg
g mepuntdoelg 1 DSolve xatépbuwoe va Bpel Ty avakutixh Mon extég and Tig
neptntdoelc ODE6 xav ODEY.

"Eva nopddeiypa

Y10 oyfua 5.2 mopouotdloviol YRAPHUATA TWY SOXUUACTIXGY AVOEWY Yla TNV
dwagopint| e€lowon ODE4. Yty yewd 22 n 1w xatahiniétnrag frav 4200.5
xou 1) evdldueoy Aoor, fitav:

y22(x) = sin((sin(—log(4)z((— cos(cos(exp(7))) exp(cos(6))) — 5))))

Yy yewd 27 1 tun xataAAnhétntog fray 517.17 xon 1 avtiotolyn cuvaptnotax
uopq:

yar(x) = sin((sin(—log(4)z((— cos(cos(sin(7))) exp(cos(6))) — 5))))

Tehxd, oty yewd 59 Beébnxe 1 axpBric Adon tou TpoBAfuatoc.
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Eyhua 5.2: Yrodhgies Aoelc tne y' = —100y ue opLaxéc ouvbixes oto aplotepd
dxpo.

5.9.2. ITopadelypato un YPAUULXDY SLapoplxdy EELOGCEDY
NLODE1

1
=3

!

Y

e y(1) =1 xow z € [1,4]. H axpBric Mon elvan  y = /2. Ao mpocoyic elvar
10 YEYOVOC 6TL 1) oLVpETNON /T dev aviixel otny Bdor ouvaptioewy e uehédou.

Qotéoo 1 mpoxintovoa AUon y = exp (log;w)) elvow axplBde N Bla ue v /.

NLODE2

(y")? + log(y) — cos®(z) — 2cos(x) — 1 —log(z + sin(x)) =0

ue y(1) =1 +sin(1) xou z € [1,2]. H axpBric Mon elvae n y = x + sin(x).

NLODE3

4
T 2B
ue y(1) = 0 xou = € [1,2]. H axpif3iic Moo elvar n y = log(z?).

\
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IMivaxag 5.2: Anoteléouata epapuoyic tne uebddou oe urn YpauULXES SLaQopLxés
efLodoeLic.

NLODE | MIN | MAX | AVG |

NLODE1 6 945 182
NLODE2 3 692 86
NLODE3 4 1564 191
NLODE4 6 954 161
NLODE4
Z_lel + (.’L’yl)2 + 1 =0
log(x)

uey(e) =0, y'(e) = L xon z € [e, 2¢]. H axpif3fic Aoon elvan n y(z) = log(log(z)).

Aroteléoparta

Ytov mivaxa 5.2 nopovotdloviol to anoteAéoUaTta and TNV EQAPUOYT TNG Ue-
B6d0u ot mapandvw un yeauuxés dlagopxéc elodoelc. A&ilel va onuetwdel
nwe N ouvdptnon DSolve tou naxétov MATHEMATICA xatépfwoe va Bpet tnv
avahutxr) Abor uévov yia v Swagopy NLODEL.

"Eva nopddeiypa

Y10 oyfua 5.3 nopovotdlovtal Tpelc evdldueoes doxuaotixée AUOELS Yol TNV
dtagopixy NLODES3. Xty dettepn yevid n Soxuuaotxr Abon elye tiur| xatoh-
AnAéTNTaG 73.512 xau TNV Hop:

y2(z) = log(xz — exp(—z — 1)) — cos(5)
eV@ oty TéTapTn YEWLd elye T xatahAnAdtnTag 48.96 xat tono:
ya(x) = log(log(z + x))

Ouolwe otnv éydon 1 T xatahknidtnroc e evdidueonc Aooewe ftay 4.61 xat
1 ouvapTnolaxy TS Lopeh fTav:

ys(z) = sin(log(z * x))

H oxpBric Moon Beébnxe oty évatn yewd.
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Eyua 5.3: Yrnodrgieg ANoeig tng NLODES.

2 T T T

5.9.3. Ilopadeiypata ocuoTNUaTLY drapoptxdy eELodoewy

SODE1

Y= cos(e) 17+ y — (22 + sin?())
Yy, = 2z — z? sin(z) + y1y2

ve ¥1(0) = 0, y2(0) = 0 xou z € [0,1]. H axpBic Ao Slveton and: y1 =

sin(z), ya = x2.

SODE2

cos(z)—sin(z)
yi —

Y5 Y1y2 + exp(z) — sin(z)

ue y1(0) =0, y2(0) = 1 xou z € [0,1]. H axpiBric Aor dlveton and y1 = ji';((?)
; Y2 = exp(z).
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IMivaxac 5.3: Anotehéouata epapuoyic e LeBOdoL oe cuoTAUATA SLapoptxddy
eELodoewy.

SODE | MIN | MAX | AVG |
SODE1 6 1211 | 201
SODE2 | 15 1108 | 234
SODE3 | 30 | 1205 | 244
SODE4 | 5 | 630 | 75

SODE3
y1 = cos(z)
Yo = -~
Y3 = Y2
i =  —Y3
y; = yd

MEe y1(0) =0, y2(0) =1, y3(0) = 0;?/4(0) =1, y5(0) =0xuwz € [07 1]
H axpBric Non elvar y1 = sin(z), ya = cos(z), y3 = sin(z), ya = cos(z),
ys = sin(z).

SODE4

Y, = —yl—z sin(exp(z))
Yo = Y2
e 31(0) = cos(L0), 12(0) = 10 xa 7 € [0,1]. H axpiBiic Abon elva 1
y1 = cos(exp(z)), y2 = exp(—z) .

Aroteléopata

Ytov nlvaxa 5.3 nopovaidlovton Ta anoteAéouata and TNV eQapuoyn Tng uebodou
ota nopandve mapadelypata. H ouvdptnon DSolve tou taxétou MATHEMAT-

ICA xatépbwoe va Bpel v avaiutixh Abor ubvov Yo 10 Ut dLapopLxdy
eglodoewv SODES.
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Eyhua 5.4: Tedgnua tov GP1(z) xou y(z) = [y %dt.

25 b

15} 7

05 | A

5.9.4. Yuvnbeig drapopixés egLodoelg ywpls avalutixy Aioy

Hopddeiypa 1

1 1
y" + —y' — —cos(z) =0
T T

we z € [0,1] xou y(0) = 0 xou 3'(0) = 1. Me 20 onuela oto nedlo oplouold
Bpébnxe n axéhouvdn npoceyyiotxr Mon:

GP1(z) = z(cos(—sin(z/3 + exp(—5 + = — exp(cos(z)))))))

ue Tiuh xataAknAdtntag 2.1 x 1076, H oxpiffic Aom elvar 7

y(z) = /0 ’ Sint(t) dt

Y10 oyfua 5.4, tapovordlovtat xar oL dbo cuvaptioelg oto dtdotnua [0,5]

Hapdderypo 2

y' +2xy =0
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Syfua 5.5: Tedgnua tov GP2(z) xow y(z) = [; exp(—t?)dt.

1 T T T

GP2(x)
y( -

0.8

0.6

0.4

0.2

0

-0.2

-0.4

-0.6

-0.8

1 ! ! ! J

ve z € [0,1] xou y(0) = 0 xon y'(0) = 1. H axpifric Moom elvar n:

y(x) = / exp(—t?)dt
0
Me 20 onueia oto tedlo optouod Begbnxe 1 axdlouvdn npooeyyiotxr Aon:
GP2(z) = sin(sin(z + exp(exp(z) log(9)/ exp(8 + cos(1))/(exp(7/ exp(z)) + 6)))

ue Twh xataAAnAétntac 1.7 % 1075, o oyfua 5.5 tapoucidloviar oL o ou-
vapthioelc oto ddotnua [0,5].

Auté mou elvan d€lo mapatneoews elvar 6Tl av oL oL dlapoptxéc eELOGOTELS
emAlbnxay oyedév axpBdc v z € [0,1], n npooéyyion datneel ) notbtntd
e axdua xat €€w and To ddoTnua exnadeloEwS, éva YeYovoe Tou delyvel Ty
YEVIXEUTLXY duVTHTNTAL TNG TTPOTELYOUEYNS Uebbdou.

5.9.5. Mua etduxr) nepintwon
"Eotw 1 ouviing dwagopun e€lowon
y'(?+1) - 22y -2 —1=0
oo dudotnua [0, 1] xou ue oplaxée ouvbrixes y(0) = 0 and y'(0) = 1. H avaluvtxt

Non elvor n y(z) = (2 + 1)atan(z). H ouvdptnom atan(z) dev avixel otic
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Yyfhua 5.6: GP(z) xou y(z) = (2 + 1)atan(z).

6

YYOOTES GUVHPTACELS TNG YRAUUATIXASC TNS TpoTeELvouéyne UueBodou xat autéd to
yeyovée xabiotd authy Ty meplntwon ewdui. H Abon mou Beébnxe dev elvon
axpLBhc ahAd TpooeYYLoTIXY oL €xeL Tov TUTO:

GP(z) = x/ sin(exp(cos(5/4/ exp(z))—
exp((— exp(((—((— exp(cos(sin(22))))))))))))

Avth 1 npooeyylotixh Ao nou napouctdletal oto oyfua 5.6 €xel T xatoh-
AnAotnTag 0.0059168.
5.9.6. Mepuxég drapopixéc eilodoelg

PDE1

V2¥(z,y) = exp(—2z)(z — 2 + y° + 6y)

ue z € [0,1] xou y € [0,1] xou opraxéc ouvBhxec: ¥(0,y) = y3, T(l,y) =
(1 +y?) exp(—1), ¥(z,0) = zexp(—z), ¥(z,1) = (z + 1) exp(—z). H axpBfic
Ao elvon ¥ (z,y) = (z + y3) exp(—z).

PDE2

V2\I’(:1:,y) = —2\I’($,y)

ve ¢ € [0,1] xou y € [0,1] xon oplaxéc ouvbrixec: ¥(0,y) = 0, ¥(l,y) =
sin(1) cos(y), ¥(z,0) = sin(z), ¥(z,1) = sin(x)cos(l). H axpBric Aoon elvon
U(z,y) = sin(z) cos(y).
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PDE3

V2U(z,y) =4

ue z € [0,1] xav y € [0,1] xou opraxéc ouvbfxec: ¥(0,y) = y®> +y + 1,
U(Ly)=y>+y+3,¥(z,0) =2 +z+1, ¥(z,1) = 22 + z+ 3. H axpBric Ao
ebvaw ¥(z,y) =22 +9y? +x+y+ 1.

PDE4

V2U(z,y) = —(2” +y*) U(z,y)
vez € [0,1] xauy € [0,1] xou optaxéc ouvbixec: ¥(z,0) =0, ¥(z,1) = sin(z),
T(0,y) =0, ¥(1,y) =sin(y). H axpBric Non elvar n ¥(z,y) = sin(zy) .

PDES5S

V2U(z,y) = (z — 2) exp(—2z) + z exp(—y)

ve ¢ € [0,1] xar y € [0,1] xou opraxéc ouvbxec: ¥(z,0) = z(exp(—z) + 1),
U(z,1) = z(exp(—z) + exp(—1)), ¥(0,y) =0, ¥(1,y) = exp(—y) + exp(-1). H
oaxptfB3ic Adom elvon n ¥(z,y) = z(exp(—z) + exp(—y)) .

PDEG6

H oxéhoubn elvon pla elorpetind un yeauuwa puepuxr| dtagopuxt| eElowon:

2 _ 2 2
A% \I!(a:,y) +exp(\Il(w,y)) - 1+:1" +y + (1_*_3:.2 +y2)2

ue z € [-1,1] xou y € [—1,1] xou oproxés ouvbixec: fo(y) = log(l + y?),
fily) =10g(2+y?), go(x) = log(1+2?) xau g1(z) = log(2+2?). H axpifBric Abon
elvor n U(z,y) = log(1 + 22 + 4°).

PDE7

V2U(z,y,2) =6

ve z € [0,1] xou y € [0,1] xou z € [0,1] xou opraxéc ouvvBixec: ¥(0,y,z) =
2+ 22, U(lL,y,2) =y> + 22+ 1, U(x,0,2) = 22 + 22, U(z,1,2) = 2% + 22 + 1,
U(z,y,0) = 22 +y?, U(z,y,1) = 2% +y*+ 1. H axpfic Noom elvar 1 U(z,y,2) =
22 +y?+ 22+ 1
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IMivaxag 5.4: Anoteléouata egapuoyhc e webodou oe uepxés daoptxés e€L-

ooELC.
[ PDE | MIN | MAX [ AVG |

PDE1 | 159 1772 966
PDE2 5 1395 203
PDE3 18 311 154
PDE4 4 1698 207
PDE5 | 195 945 444
PDE6 | 185 1579 797
PDE7 10 1122 325

Aroteléopata

Ytov nivaxa 5.4 mapatnpolue anoteréouata and Ty egapuoyy g uebédou
otic Topandve Uepxés dlagopxéc eglodoels. H ouvdptnon DSolve tou mondé-
tou MATHEMATICA dev xatépfwoe va Bpet tnv avakutixr Abon yio xaulo and
TS TOPATAVE ELOGOELS.

"Eva mapddetyio

Yy ouvéyela axohouBel éva mapdderyua amd Ut EXTEAEOT YLl THY UEELXY) dLa-
popuxh e€lowon PDE2. Yty mpdtn yevid 1 doxwaotix? Aoy Arav 1
x

GPL(z,y) = 7

ue T xatodnAétntag 8.14. H dwagopd uetald tng doxiuaotxhc Adoews
GP1(z,y) xou tne axp3olc ANoewe ¥ (z, y) gaivetor oto oydua 5.7. Ltnv déxatn
vewd 1 doxuuaotxh Aoon Hrav:

GP10(z,y) = sin(z/3 + x)

ue | xatahknhénrag 3.56. H Swapopd uetald g Soxwwaotixic AMone GP10(z, y)
xat g nparydatixrc Aboewe ¥(z,y) palvetar oto oyfua 5.8 . LNy tECOUPIXO-
ot yewd 7 Soxapaotxy Abon ftav 7

GP40(z) = sin(cos(y)z)

ue Ty xatadniétnrac 0.59. H diagopd uetadd tne doxpaotixnic NoewcGP40(x, y)

xat g mpayUatixic Aoews ¥(z,y) galvetal oto oyfua 5.9.
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Eyhua 5.7 Awgopd uetald twv¥(z,y) = sin(z) cos(y) xaw GP1(z,y).

|

—

|
”,/ |

sin(z) cos(y) xwGP10(z, y).

Tyhua 5.8: Avagopd uetalld twv ¥(z,y)
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Eyhua 5.9: Awagopd vetald twv¥(x,y) = sin(z) cos(y) xar GP40(z, y).

-0.01
-0.02
-0.03
-0.04
-0.05
-0.06

5.10 Xuvunepdopato

Ye auTé 10 XePENLO TAPOLGLEoTNXE Uia TpwTdTuny Uébodog yia Ty entluon ou-
viBwy xan ueptxddv dtapopxdy e€lotdoewy. H uébodoc Baolletal otny teyvixd g
Fpauuatixic EEehilewe, dnutovpyel Soxtuaotxés ANoelg oe xAeLoTH UOopPY| Ttpo-
onafdvtag va elaytotonolfoel éva oxetlbuevo opdiua. To mheovéxtnua elvar
6t 7 pebodoroyia tne Fpapuatinic EEehilewe unopel va mapdyer Soxuuaotixnég
Aoelg ueydhne nolumhoxdtnrac oL onolec duwe elvar edxoro va yivouv xata-
vontéc. Av 1 ypouuatix g uebédou €xel apxeTéC EVOOUATOUEVES GLVAPTHOELS
xou 7 e€lowon €xel Aoon Tou unopel va expeaoTel o€ XAELOTY) AVAAUTLXY Lop@n,
téte elvan e€onpetind mbavé 1 npotetvduevn uébodog va Beetl tnv axplBr Abon tou
mpoPAfuatog. ‘Otav 1 Aan g dwagopxic eElodoews dev unopel va exppaoTel
o xAeloTh avahuTixh Lop@t, TéTe 1) TpoTeLvduevn UEHodog Tapdyel Uld TEOCEY-
yiot | Aoor oe xAeloTH avaAuTied wopgr. H ypauuatixd mou nopouoldotxe
unopel copds vo Behtiwlel xon va emextabel, ue v mpoolnixn neptocotépwy
OLVAPTHCEWY XL TENECTAV.
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ITAPAPTHMA A.
Y YNAPTHXEIY AOKIMHY

1. Rastrigin. O tinog g ouvaptioeng elval
f(zx) = 23 + 22 — cos (18z1) — cos (1825)
xou StaBétel 49 Tomnd edytota oto dudotnua [—1, 1.

2. Shubert. O tinog tng cuvaptioews elval:

2 5
fle) = =30 D i sin((G + Do) +1)

xou StaBéter 400 eNdiylota oto ddotnua [—10, 10]2.

3. Gkls. H ouvdptnon f(z) = Gkls(z,n,w) pe & € [—1,1]" Siabéter w end-
YLOTA XL 1) XOTAoXELY) TG avalletal otny gpyaotia [79].

4. Guilin Hills. O tinog g ouvaptAcews elvat

" oz +9 T
x) =3+ ci— sin
@) ; ‘z; + 10 <l—xi+—2}“>

émou z € [0,1]", ¢; > 0 xou k; elvan Betixol axépator. Auth n ouvdptnon

SraBérel []7, ki tomxd eNdytota xou ota melpduatd Uag ypnoudonothinxe
oav 1 1 T 20 xau oL mapduetpol k; oplotnxay €ToL BGOTE TO CUVOALXS
ARBog Twv Toxdy ehaylotwy va elvar 100.

5. Griewank #2. O t0noc g ouvaptioews elval




1 ouvdptnon dabéter 529! eXdyLota oto ddotnua [—100, 1002
6. Hansen. O tonoc g ouvapthoews elvo:
5 5
f(z) = Zicos ((i = 1)z; +1) Zj cos((j + 1)za +4)
i=1 j=1
xou 1 ouvdptnon dabéter 527 tomxd eNdyLota oto didotnua [—10, 10]2.

7. Camel. O tinog g ouvapthioews glval:

1
fz) =427 — 2127 + ga:? + 172 — 473 + 475

xou 1 ouvdpTnoT dtabétel 6 edytota oto ddotnua [—5, 5)%.

8. Shekel 5 s
1
fe) = ; (z —ai)(@ —a)) +c
ue z € [0,10]* xou
4 4 4 4
1 111
a=1| 8 8 8 8
6 6 6 6
3 737
xolL
0.1
0.2
c= 0.2
0.4
0.4

H ouvdptnon éyel 5 Tomuxd eAdylota.

9. Shekel 7 ;

1
flz) = _Z (z—a;)(x—a;)T +¢;

=1

1O mpaypoatindg aplBuds Twv ehaylotey Tng sivar dyvwotog. Qotdco xauio pédodog mou
doxiudotnxe dev Bphixe moTé TeplocdTEpa and 529 TomLxd eNdyLOTA.
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ue z € [0,10]* xou

4 4 4 4
1111
8§ 8 8 8
a=| 6 6 6 6
373 7
2 9 2 9
5 3 5 3
XolL
0.1
0.2
0.2
c=1] 04
0.4
0.6
0.3

H ouvdptnon éyel 7 tomxd eNdytota

10. Shekel 10. O tdnog g ouvapthoewg elvat:

f(z) = —i ((x —Ai)(xl—Ai)T+Ci>

i=1
6mou:
4 4 4 1
1 1 1 1
8 8 8 8
6 6 6 6
A= 3 7 3 7
2 9 2 9
5 5 3 3
8 1 8 1
6 2 6 2
7 36 7 3.6
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11.

12.

xo
0.1

0.2
0.2
04
0.4
0.6
0.3
0.7
0.5
0.5

H ouvdptnon dabétel 10 edytota oto ddotnua [0, 10]%.

Potential, 1o eupéwe yvwotd duvauxd Lennard-Jones yio N = 3 dtopa
xou yiao N =5 droua. H mpdtr neplntworn otoug nivaxeg anoteheoUdtwy
eupaviletar oav Potential(3) o éyel 9 petafAntéc xou 1 debrtepn mepl-
ntwon eupaviletar oav Potential(5) xou éyel 15 petofintéc. H xhetot
HOp®T YLO TO dUVOULXS TIOL YENOLUOTIOLENXE OTA TELPGUATA TN TUPOUoUS
dratpLfBhc Hrav:
N -l /g 1
F=13.2 <— - —)
j=1i=1 \ 4 ij
6mou r;; elvon 1 euxheldela andotaon avdueoa ota dtopa ¢ xou j. H Oéom
xd&be atéuou nepLypdpetal and tpelc UeTaBANTéS (2, y, 2) xat autd €xel ooy
oLVETEL TO OLYOAXS TIABOC TV LETABANTOY va elvar tpithdolo tou aplh-
1oL TV aTOUWV.

Neural, éva texvnté veupwmvixd dixtuo Ue Eva xpu@d eninedo xat 10 veupd-
veg eneepyaoiac (N = 30 yetafintéc ) yenowwonoifnxe yio tny npocéy-
Yion e ovvapthoewe g(z) = zsin (22), z € [—2,2]. To ohxé eNdytoto
TN OLVAPTACEWS TETEAYWVIXOV GQAAUATOS TOU TEYVNTOU VEUPGWLXOU di-
xt0ou elvan f* = 0.0. H ouvdptnon mou ehaylotonoieital dlvetar and tov

TUTOo:
M

E(p) =) (N (zi,p) — i)

i=1
émou dratifevian M Leuydpia (25, y;) amd TNV AVILXELUEVIXT CLVEETNOT KOG
dedouéva exnandetoewe. H elaytotonolnon ylvetal wg npog ta Bden p tou
TEYVNToU veupwwxol dixtbou N(z,p) ue tono:

N/3

N(z,p) = Y _ psi—asig (Psi—1 + psi)
i=1
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13.

14.

15.

16.

17.

H ouvdptnon sig(z) elvon n olypoedric ouvdptnon ue tono:

1

T T o)

Test2N, elvar pia teyvnth ocuvdptnor ue torno:
1q- 4 2
fz) = 3 Zmz — 162 + 5z;

i=1

ue z € [—5,5]". H ouvdpmon éyet 2™ tomxd eEAdyLOTA OTO OUYXEXPLUEVO
ddotnua.

Test30N, ue tino

flx) = 1% sin? (37x1) Z ((a:, —1)* (1 + sin? (37m:,~+1)))+(mn —1)* (1 + sin? (27z,))

xau z € [—10,10]". H ouvdptnon éxet 30™ tomxd eNdyLota 0T0 oUYXEXpL-
uévo didotnua.

GoldStein & Price

flz) = 1+ (z14+22+ 1)
(19 — 14z + 3x7 — 1425 + 63122 + 323)] x
[30 + (221 — 312)?

(18 — 32x1 + 1227 + 48y — 36z 29 + 2713)]

H ouvdptnon éyel 4 tomxd edytota oto ddotnua [—2,2]? xou to oAxd
eAdytoto elvan f* = 3.0.

Branin ye tno f(z) = (22 — 2525 + 2oy — 6) +10 (1 — &) cos(z1) +
10 ue =5 < z; <10, 0 < z3 < 15. H ouvdptnon €yl 3 tomxd ehdytota
oto xafoplbuevo ddoTnua.

Hartman 3

4
_g C; €xXp E az] pz]
i=1

ue z € [0,1] %o

3 10 30

o= 0.1 10 35
3 10 30

0.1 10 35
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Xl
1

1.2
3
3.2

xo
0.3689  0.117 0.2673

0.4699 0.4387 0.747
0.1091 0.8732 0.5547
0.03815 0.5743 0.8828

H ouvdptnon éyet tpla tomxd erdylota 010 oUYXEXPLEVO DdoTNUa

18. Hartman 6

4 6
flz) = — Z c; exp (— Z a;j (z; — p,-j)2>
i—1 j=1

ue z € [0,1]5 xou

10 3 17 35 1.7 8
006 10 17 01 & 14
3 35 17 10 17 8
17 8 005 10 0.1 14

prdedh

xou
0.1312 0.1696 0.5569 0.0124 0.8283 0.5886

0.2329 0.4135 0.8307 0.3736 0.1004 0.9991
0.2348 0.1451 0.3522 0.2883 0.3047 0.6650
0.4047 0.8828 0.8732 0.5743 0.1091 0.0381

H ouvdptnon Stabétel 2 tomxd ehdylota 0T0 CLYXEXELUEVO SLdoTNUA.
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ITAPAPTHMA B. TO INIAKETO
AOTIEMIKOY MINFINDER

Aavoun

To naxéro Stavéuetal oe op@n evég tar.gz apyelou ue to évoua MinFinder.tar.gz.
Ye UNIX ovotfjuata o yphotne npénel vo extehéoel Tig endueves eviokés (o€
€V PAXENO UE TO XATEAANAAL DIXHALOUATA) YLO VO ATOCUUTILECEL TOL OpYELD TOU

TAXETOU:

1. gunzip MinFinder.tar.gz

2. tar xfv MinFinder.tar

Ta napandve BAuata Snuloupyoly évav @dxeko Ue to évoua MinFinder pe ta

ax6hovba epleydueva:

1. bin: Autéc o xatdroyog elvar apyxd xevég. Metd tnyv yetayrdrtion tou
naxétov Oa mepéyel 1o exteléolwo make_program, to onolo ypnouuo-

notelton yia Ty dnulovpyla Twv TEAXGY extENéOLUWY apyElwy.

2. doc: Autéc 0 xatdhoyog Tepléyel T0 oUVOdEUTIXG EYYELPIdLO Tou AoYLouL-

x0U.

3. examples: Ye autév Tov xatdhoyo neptéyovion dLdpopes ouvapThoels do-
e ypauuéves xvplwg ae ANST C++ adhd ueptxés elvor YpauUéves xou

oc Fortran 77.

4. include: O xoatdhoyog autds nepéyel Ta apyela ovumeptAiPews yior dheg

TS XATNYOopleg Tou TaKETOU.

5. src: Ytov xatdhoyo autdv Bploxovtal ta apyela tnyalou xdduxa tou mo-

XETOL.
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6.

Makefile: Efvol to apyelo eto680u yia to epyalelo make, mou Ba ypnot-
uornonBel yia Ty yetayAdttion tou taxétov. O yprRotne dev ypewdletan
va oAAEEeL xdTL og auTté To apyelo.

Makefile.inc: Elvar to apyelo mou nepiéyel Sidpopeg napauétpoug nou
e&aptdvton and 10 oVOTNUA EYXATACTACEWS, OTWS TO GYOUA TOU YPNOLU0-
TIOLOVUEVOU UETAYAWTTLOTYH, 0 XatdhoYog eyxataotdoews xth. O ypRotng
npénel va Swofdoel xou vor alhdEel autéd To apyelo avdioya ue to obotnud
TOU TPLY TNV eXxIVNOT TNS EYXATACTACEWS.

Eyxatdortaon

To embueva BAuata elvon anapaltnta yia TNV UETAYAGTTLOY TOU TOXETOU:

1.

4.

Arnoouyunieon tou taxétou ue v Stadixactia Tou dtatundnxe Tponyouué-
Vg,

cd MinFinder

Tpononoinon tou apyelov Makefile.inc avdroya ue to obotnua mou Ha
yivel ) eyxatdotao.

Extéleomn tne eviolfic make.

Ou névte napduetpol tou apyelou Makefile. inc elval oL endueveg:

1.

CXX: Eivou 1 mapduetpog mou Swatneel 1o 6voua ToU YenNoULOTOLOUUEVOU
petayAwttoth C++. Lta neptocdTepa GUOTAULATA OV YENOWLOTIOLOUY TNV
gpyorelobrn GNU auth| 1 napduetpog Ba €xel tny T g++.

CC: Elvau 10 évoua tou ypnowwonototuevou uetayhwttioth C, av o e
otng Béher va ypdder Tig aviixeuevixég Tou ouvapthioels oe C. X GNU
oLuoTAUATA aUTY 1) ToEdUETPOC £XEL TNV TLUT gCC.

F77: Eilvalr 1o évoua tou Ypnowwonotobuevou uetaylottioty Fortran 77.
INa GNU ovotiuoto aut 1 napduetpoc ouvibwe Ba éxel tny i g77.

F77FLAGS: O petayhwtuotic GNU FORTRAN 77 (g77) npooaptd ula
1} TepLoa6TEPES XATw TAVAES OTO GVOUA TWV UTOPOUTLVRY UETE TNV UETA-
yAdton. T va unv ouufBel autéd unopodue va nepdoouue €var dtaxdmn
OTOV UETAYAWTTLOTA X autd Yivetal ue auth| Ty napduetpo. H mpoxabo-

ptouévn e TN elvan -fno-underscoring.

ROOTDIR: Eivar o xatdroyoc énouv Ba eyxataotabel to naxéto Min-
Finder. Auti n nopduetpog ovolaotxd elvon xau 1 U6vN mov TEENEL val
aAAGEEL OTO TEPLOCHTERA CLOTHUATA.
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Kwduwxonoinon cuvaptrioeswy

Y10 oyfua B.1 BAémouvue 1O TEOHTUTO YL TLS OVTLXELUEVIXEC OUVOPTHOELS TOU
elvan ypouuéves oty yAdooo mpoypauuatiouod C. To Blo oyfua mpénel va
axohouinbel oe C+4, alhd otov xddxa Tpénel va tpoatebel 1 ypauun

extern ‘‘C’’ {

TpLY amd TS OUVAPTACELS XL 1) YPAUUUT

}

UETE and autéc, Tpoxelévou va anotpanel 1 dnuLovpyla oLUBSAWY and Tov Ue-
TayAwTTloT, Tou Ba mpoxaiodoe mpofBAiuata oty Stadixacia Tng cuvdéoewg
Tou TeAo0 exteléoluou. To npdTuno yia TNV XWIXOTOLNGT TWV AVTLXELUEVLXDY
ouvapthoewy oe Fortran 77 Slvetar oto oyfua B.2. To oduforo d cuufohrilel
Y dldoTaoT NS AVTIXEWWEVIXTC ouvapThoews. H onuacla twv ouvaptioewy ota
TPATAVE TPGTUTA EXEL WS AXONOUBWC:

1. getdimension(): Eniotpégel Ty dL4oTaon e aVILXEUEVXAC CUVAETH-
OEWC.

2. getleftmargin(left): Tonobetel otov dexadxd nivoxa left ta aprotepd
dxpa Tou TEBLOV OPLOUOU TNS AVTIXELEVIXTC CLVAPTHCEWG.

3. getrightmargin(right): Tonofetel otov dexadixd nivaxa right to delid
TepLidELA TS AVTLXEWEVIXAC CUVAPTHCEWC.

4. funmin(x): Emotpéger my Tl e avixeluevixic cuvapThoEwS, anotL-
uduevn oto onuelo x.

5. granal(x,g): AToTWUd TNV TORAYLYO TNG AVILXEWUEVIXHC CUVIPTHOEWS OTO
onuelo x xou tonobetel to anotéheoua atov dexadixd nivoxa g.

To npéypauua make_program

'Otav yetayAwttiotel 1o noxéto, to exteréoldo make_program Ho tomobetndel
otov xatdhoyo bin. Autéd to mpbdypouua dnuloupyel to TEAXS exteréolo TN
epapuoyhc ue to 6voua MinFinder. Aéyetar oav povadind tou bplopa to dvoua
Tou apyelov Tou TEPLEYEL TNV AVTLXEWEVXT] auvdptnon. Auté to apyelo unopel
va elvan ypopuévo eite oe ANSI C, elte oe ANSI C++ ¥ axdua xou oe Fortran
77. To epyalelo xahel Tov anapaltnTto UETAYAWTTLOTA Ylot Vo dNULoupyNoEL To
1eAxd exteréowwo MinFinder.
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To nedypappa MinFinder

To epyorelo MinFinder dnutovpyeltar uetd Ty YeTayAdTTION TOU OpYElOL TOU
TEPLEYEL TNV AVTIXELUEVLXT) oLVAPTNOT UE TNV Xprion Tou make_program. Aéyeton
Mol oeLpd and TEOALPETLXES TUPAUETEOUS GTNY YPAUUY EVIOAGDY:

1. -h: To npdypoupa eupavilel uta Bondntuag 086vn xou tepuatilet.

2. -s size: H axépata mopduetpos size xafopilel to uéyehoc tou delyuatoc.
H npoxaBopLopévn T yia authv v mapduetpo elvon 20.

3. -o filename: H algaplBuntixy| napduetpoc £ilename xabopllel éva apyelo
070 onoto Ha tonobetnioly ta Tomxd eAdytota nou Ba Beet 1 uébodog uetd
TOV TEPUATIOUS TOU TPOYRIUUATOC.

4. -p level: H axépata mopduetpog level déyetat uévov dVo tuég 0 xou 1.
Av €yer v T 0, té61e 0NV Xabiepwuévn €Zodo dev eupaviletar titota
600 exteheltol 10 mpoypauua. Av €yel tny Ty 1, t6te o xdbe enavd-
Angm tou alyopiBuou eugavileton otny xabepwuévn €£080 ULa Ypauur Tou
neptéyel tov abfovta aplBud e enavardence, Tov aplbud Ty elaylotwy
mou éyouv PBeebel, Tov apliud Twv auvapToLaXGY XAHoEWY oL £YOULY YiVEL,
Tov apliud v XARoELY TPog TNV TapdywYo Tov €xouy Yivel, TNy TWA g
nocétnTac o2(8) xou Ty TN TLwh TNe LeTaBANTAC a Tou YpnoiuonoLettal
070 XpLThplo TEpUATIONOU Tou dtmhol xoutol. H mpoxabopiouévn tun yia
v nopduetpo level eivar 0.

5. -r seed: H axépona napdyuetpos seed xabopllel Tov omdpo yio Ty yevvATtpLa
Tuyalev apliudy.

IMopddetypa e@apuoyhs

Oewprote v ouvdptnor Six Hump Camel ou divetar ané tov tono
1
fz) =42 — 2.1z] + gmf + 129 — 473 + 475, T € [-5,5]?

ue 6 tomxd ehdytota. H uvlonoinon oe ANSI C++ xou FORTRAN 77 dlveton
ota oyfuata B.3 xau B.4. 'Eotw 46Tt 0 apyelo mou meptéyel TNV ouvdpTnor ot
C++ ovoudletar camel. cc xou autod oL TEPLEYEL TNV LAoTtoinor oe Fortran ovo-
uéleton camel.f. otw eniong mwg avtd ta dVo apyeio Pplorovral otov
unoxatdAoyo examples g dlavourc. e auTéy TOV UTOXATIAOYO UTOPOUUE Va
ddoouUEe TNV EVIONY:

../bin/make program camel.cc
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1y Ty €xdoon tng ouvaptioewe o Fortran 77
../bin/make program camel.f

Kot otic 800 nepintdoelc o mpdypauuo make_program anovrd:
RUN ./MinFinder IN ORDER TO RUN THE PROBLEM

Extelolyue to npbdypouua MinFinder divovtag TtTnv eVTOAY:
./MinFinder -o camel.out -p 1 -r 7

Yy 006vn eugaviletar n axdhouvln é€odoc:

iters= minimum=

iters= minimum= 2 fevals= 89 gevals= 106 delta= 0  stopat=

iters= minimum=
iters= minimum=
iters=
iters= minimum=

minimum=

1
2
3
4

iters= 5 minimum=
6
7
iters= 8
9

iters= minimum=

iters= 10 minimum=

iters= 11 minimum=

Méypt tnv emavdindn 5 elyav Bpebel 6ha ta eNdytota, ahhd T0 TESYPUUUN CUVE-
Yloe v extéleon| tou Uéypl Ty enavdindn 11, npoxewévou va xavonolnfoldy
Ta Xptrpta Tepuatiopol. To tomxd ehdytota mou Beébnxay tomobetifnxay oto
apyelo camel.out, ta nepleydueva tou onolou mapouotdlovrar oty oLuVEYELDL:

2

6

-1.703606715 0.7960835687 -0.2154638244
0.0898420131 -0.712656403 -1.031628453
-0.0898420131 0.712656403 -1.031628453

-1.607104753 -0.5686514549 2.10425031
1.703606715 -0.7960835687 -0.2154638244
1.607104753 0.5686514549 2.10425031

Yy npdtn yeauut tou apyelou o aplbude 2 xabopllel g Slaotdoeig g avti-
EWEVXAC ouvapThoews xal o aplBude 6 oty deltepn ypouuh to mAHBog Twv
ehaylotwv ou Beébnxay. Xe xdbe ula and tig endueveg Yoo UEs UTdEYOUY TEELS
xotaywehoerg. O dVo npdteg elval oL ouvTETayUéveS ToU TomxoU eElayloTou oy
Bpébnxe xat 1 teltn elval 1 TLH TN AVTXELUEVIXTS OLVAPTACEWS OTLS JESOUEVES
OUVTETAYUEVES.
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1
2
3 fevals= 151 gevals= 178 delta=6.7063e-05 stopat=3.
4 fevals= 236 gevals= 272 delta=5.4213e-05 stopat=2.
6 fevals= 282 gevals= 331 delta=4.1245e-05 stopat=2.
minimum= 6 fevals= 386 gevals= 446 delta=3.5875e-05 stopat=1.
6 fevals= 520 gevals= 591 delta=3.0131e-05 stopat=1.
6 fevals= 604 gevals= 688 delta=2.5983e-05 stopat=1.
6 fevals= 680 gevals= 778 delta=2.2972e-05 stopat=1.
6 fevals= 804 gevals= 916 delta=2.0464e-05 stopat=1.
6 fevals= 888 gevals= 1015 delta=1.8794e-05 stopat=1.

fevals= 24 gevals= 33 delta= 0 stopat=1.9763e-323

0
3531e-05
7106e-05
0622e-05
7938e-05
7938e-05
7938e-05
7938e-05
7938e-05
7938e-05



Eyhuo B.1: Kwduxonolnon avixelevixdy ocuvaptoewy otny YAQoOoO TpoYpou-
uattouov C.
int getdimension()

{
}

void getleftmargin(double *left)

{
}

void getrightmargin(double *right)
{
}

double funmin(double *x)

{
}

void granal(double *x,double *g)

{
}
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Eyfua B.2: Kwdixonolnorn aviixewevixdy ocuvapthoewy otny YAGood TeoYpo-
uatiopo Fortran 77.

integer function getdimension()

getdimension = d

end

subroutine getleftmargin(left)
double precision left(d)
end

subroutine getrightmargin(right)
double precision right(d)
end

double precision function funmin(x)
double precision x(d)
end

subroutine granal(x,g)
double precision x(d)
double precision g(d)
end
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Eyfua B.3: Yhornoinon g ouvapthoewg CAMEL oty yAdooa mpoypauuott-
ouob C++.
extern “C”{

int getdimension()

{

return 2;

}

void getleftmargin(double *left)
{

left[0]=-5.0;

left[1]=-5.0;

}

void getrightmargin(double *right)
{

right[0]=>5.0;

right[1]=>5.0;

}

double funmin(double *x)

{
double x1=x[0],x2=x[1];
return 4*x1*x1-2.1*x1*x1*x1*x1+
xT*¥x1*¥x1*x1%*x1*x1/3.04+x1*x2-4*¥x2¥x2+4*x2¥x2*x2*x2;

}

void granal(double *x,double *g)

{
double x1=x[0],x2=x[1];
g[0]=8*x1-8.4*x1*x1*x14+2*x1*x1*x1*x1*x1+x2;
g[1]=x1-8*x2+16*x2*x2*x2;

}

}
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Eyhua B.4: Yhonoinon tne ouvapthoews CAMEL oty yAdooo mpoypauuatt-
ouo0 Fortran 77.

integer function getdimension()

getdimension = 2

end

subroutine getleftmargin(left)
double precision left(2)

left(1)=-5.0
left(2)=-5.0
end

subroutine getrightmargin(right)
double precision right(2)
right(1)= 5.0

right(2)= 5.0

end

double precision function funmin(x)

double precision x(2)

double precision x1,x2

x1=x(1)

x2=x(2)

funmin=4*x1**2-2.1*¥x1*¥*44-x1%%6 /3.0+x1*x2-4*¥x2*¥*24 4*¥x2%**4
end

subroutine granal(x,g)

double precision x(2)

double precision g(2)

double precision x1,x2

x1=x(1)

x2=x(2)
g(1)=8.0*x1-8.4*x1**342*x 1 *¥**54x2;
g(2)=x1-8.0%x2+16.0%x2**3;

end
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ITAPAPTHMA I'. TA ITAKETA
GENPRICE KAI GENANNEAL

Aavoun

Ta toxéta mov vAorotiBnxay ovoudlovtor GenPrice.tar.gz xat GenAnneal tar.gz

Metd ané tnv anocuunieoy xau e€aywyr TV TEPLEXOUEVWY TV dVo apyelwy

dnutovpyeltal Uta oelpd and UTOXATAAGYOUS Xal apyelo:

1.

bin: Autéc o xatdhoyog elvat apyixd xevéc. Metd tny UeTayAGTTLON TOY
naxétwy Ba nepéyel Eva Bonbntxd epyakelo to onolo Ba ypnowwonoinbel yia
v dnuoupyla Ty tTeAdy extelesiuwy. Lnv neplntwon tne GenPrice
to gpyalelo autd ovoudletar make_genprice xou yla v meplntwon TNg
GenAnneal ovoudletan make_genanneal.

. doc: Autég o xatdloyog neptéyel T0 oLVOBELTIXG EYYELRISLO TOU AoYlouL-

x0U.

examples: Ye autév Tov x0TdAoYO TEPLEYOVTAL dLdPopES GUVOPTATELS dO-
e ypauuéves xvplwg oe ANST C++ adhd pepixés elvon ypauuéves xou
oe Fortran 77.

include: O xatdloyog autde nepléyel ta apyelo oLUTEPARPEWS YLot GAEC
g xatnyopleg Tou maxéTou.

src: Xtov xatdhoyo autdy Beloxovtal to apyela tnyalouv xdGdxo Tou mo-
x€tou.

Makefile: Elvoal to apyelo etoé30u yia to gpyalelo make, mou Ba ypnot-
pomownBel yla Ty petayAdtiion tou maxétou. O yprotne dev ypetdleton
v aAAG€el 4Tt og autéd To apyelo.

Makefile.inc: Elvar to opyelo mou mepéyel didpopes mopauétpous nou
e€opTAVTAL Ond TO GUOTNUA EYXATACTACEWS, OTWS TO GYOUA TOU YPNOLUL0-
TOLOUUEVOU UETAYAWTTLOTY, 0 XaTdAoYog eyxataotdoenws xTh. O ypfotng
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npénel va dofdoel xou vor alNEEeL auté To apyelo avdroya ue to aboTnUd
TOU TPLY TNV £xXlYNOoT TNG EYXATACTACEWS.

Eyxatdotaon

Ta BAvata Yo TNV £YXATAOTAON Xl UETAYAGDTTLON TV Toaxé€twy elvon (Sl ue
QUTE TTOU TAPOLCLAGTHXAY VLo TNV TEPITTWoY Tou taxétou MinFinder. Ko ota
dVo véa moxéta o ypotng mpénel npdta va aAAdEel to apyelo Makefie.inc avd-
Aoya ue 1o abotnua oto onolo Ba yiVEL 1) EYXATACTAOT XL VO GTNY CUVEYELXL VU
uetayAwttioel Ta maxéta ue TNy evTohr) make.

Kwduxonoinon cuvaptrioswy

H xwduonolnon twv ouvaptioewy axoloubel ta (Sta axpiBddg mpdtuna ue autd
tou maxétou MinFinder. Xta oyfuata B.1 xau B.2 nopovoidotnxe 1 xwdixo-
nolnon twv ouvapthoewv oe ANSI C xav Fortran 77.

Bonbrntuxd epyaieio

Metd v yetayAdttion v maxétwy otov xatdioyo bin Oa Beebel and éva Bor-
Ontixd mpdypapua yio Ty dnuiovpyla e TEALCAS eQapuoyic, To onolo Ba ovo-
udletar make_genprice yia Ty nepintwon g GenPrice xou make_genanneal yia
v neplntwon e GenAnneal. Kot ta 300 epyoalela éyouy i (Bleg tapopuétpoug
YOUUUNC EVIOADY, OTWS TApOLGLALOVTAL OTNY CUVEYELAL:

1. -h: Eugaviet uia Bonbntxr 086vn xou to mpdypauua tepuatilet.

2. -p filename: H rnopduetepoc filename xafopilel o évoua tou apyelou
TIOU TEPLEYEL TNV OVILXEWUEVLXT| OUVEETNOT. AVEAoYo UE TNV XATdANEn Tou
apyelou 10 xakelton o avtioToLy0g UETAPPAOTAC YL VA SNULOVPYHOEL TO
tehxd exteréolyo.

3. -o filename: H noapduetpoc filename xafopilel 10 évoua tou TeENX0U
exteréoluov apyelov. H mpoxabopiouévn nopduetpog elvon GenPrice yia
v neplntwon g GenPrice xaw GenAnneal yia tny neplntwon tng ueboédou
GenAnneal.
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To tehxd exteléoLno

To tehxé exteréowo ( GenPrice | GenAnneal ) €yet uia oelpd and TopapéTpoue

OTNY YPOUUUN EVIOAGY:

1.

2.

-h:To npéypopua eugavilel wa Bondntuey 08évn xou tepuatiler.

-c count: H axépana napduetpoc count xafopllel tov aptbud twv ypwuo-
onudTey Yo Ty dadwxaoia Genetic Random Search. H npoxafopiouévn
T elvon 20.

-s srate: H dexaduxn nopduetpog srate xabopller tov pubud emhoyic
mou Ba yenowwornownbel oty dadixacta Genetic Random Search. H mpo-
xaBopLtouévn Th yiot autiv Ty napduetpo elvon 0.10 (10%).

-mmrate: H dexadux| napduetpoc mrate xabopllel tov pubud puetadhdleng
yia v Staduxaoio Genetic Random Search. H mpoxafopiouévn wun yia
authv Ty napduetpo elvon 0.05 (5%).

-r seed: H axépona napduetpoc seed xafopilel tov ondpo yio Ty yeVvr-
TeLa TUY WY apLudy.

-o filename: H napduetpog filename xabopilel éva apyelo, émou Ha to-
nofetnlel 1 €€080¢ ToL TPOYPAUUATOS ( OALXO ENAYLOTO XAt XAHOELS ). Av
dev dobel xdmota mapduetpog 1 npoxafopiouévn Tiun elvon 1 xabiepwuévn
é€odoc.

IMopddetypa e@aproyns

"Eotw 1 ouvdptnorn Rastrigin, ye torno:

f(z) =23 + 23 — cos (18z;) — cos (18z3) , = € [-1,1]?

H ouvdptnon dtabétel 49 toxd erdytota. H vhonolnon tne mapandve cuvap-

Toewe oe ANSI C++ dlvetar oto oyfua I'.1 xou oe Fortran 77 oto oyfua

r.2.

"Eotw nwe ta avtlotouya apyela ovoudlovtar rastrigin.cc xou rastrigin.f

xou Bploxovtar otov unoxatdhoyo examples. o v dnulovpyia Twv TeEAxdY

eEXTEAEOIUWY UTOPOVUE Vo SGOOVUE OTNY YROUUY EVIOADY:

../bin/make _genanneal -p rastrigin.cc

1 yia v éxdoom oe Fortran 77

../bin/make genanneal -p rastrigin.f
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Avdhoya yio tnv GenPrice dlvouue Tig evioéc
../bin/make genprice -p rastrigin.cc
1} yia v éxdoom oe Fortran 77
../bin/make genprice -p rastrigin.f
Exteldvtog tnv GenAnneal ye tny evtoly
./GenAnneal -c 100 -r 1
Bo mdpouue v €Zodo

FUNCTION EVALUATIONS = 468
GRADIENT EVALUATIONS 1
MINIMUM = 0.000000 0.000000 -2.000000

"Ouola exteddvtog v GenPrice Ba AdBouue tnv mapduola £€odo:

FUNCTION EVALUATIONS = 513
GRADIENT EVALUATIONS = 1
MINIMUM = 0.000000 0.000000 -2.000000
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Yyhua I'.1: Kwdixonolnon tng ouvapticews RASTRIGIN og ANSI C++.
extern “C”{

int getdimension()

{

return 2;

}

void getleftmargin(double *left)

{
left[0]=-1.0;
left[1]=-1.0;

}

void getrightmargin(double *right)
{

right[0]=1.0;

right[1]=1.0;
}

double funmin(double *x)

{
double x1=x[0],x2=x[1];
return x1*x1+x2*x2-cos(18.0*x1)-cos(18.0*x2);

}

void granal(double *x,double *g)

{
double x1=x[0],x2=x[1];
g[0]=2.0*x1+18.0*sin(18.0%x1);
g[1]=2.0*x2+18.0%sin(18.0%x2);

}

}
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Eyfua I'.2: Koduwonolnon g ouvapthoewg RASTRIGIN oe Fortran 77.
integer function getdimension()
getdimension = 2
end

subroutine getleftmargin(left)
double precision left(2)

left(1)=-1.0
left(2)=-1.0
end

subroutine getrightmargin(right)
double precision right(2)
right(1)= 1.0

right(2)= 1.0

end

double precision function funmin(x)
double precision x(2)

double precision x1,x2

x1=x(1)

x2=x(2)
funmin=x1**2+4x2**2-cos(18.0*x1)-cos(18.0*x2)
end

subroutine granal(x,g)
double precision x(2)
double precision g(2)
double precision x1,x2
x1=x(1)

x2=x(2)
g(1)=2.0*x1+18.0*sin(18.0*x1)
g(2)=2.0*x2+18.0*sin(18.0*x2)

end
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and to onolo anogoltnoa o 1998 ue Babué 7.73, tpdrog YeTal TV GUUPOLTNTHOY
uou. Tov NoéuPpro tou 2001 élaPa to Metantuytaxd Almhoua EEedixevong and
0 Do TwAua ue Béua “Hapdnha Tunuatixd Teyvntd Nevpwvixd Alxtva” xou
éxtote epydlouot nédvw oto ddaxtoptd wou ue Béua “Kabohuxr Beltiotonolnon:
uéBodot, Aoytouixd xou e@apuoyéc”.



