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Kegdiowo 1

Eltocaymy

1.1 Evuyaplotieg

Mpwy Eexuvioet 1 Tapouaiaon g gpyactog authc Ba Hbeha va evyaploTiow Tov
enBrénovra xabnynti xpo Ioadx Aayopr|, tov enixovpo xafnynth xdpto Apt-
oteldn Abxa, tov dddxtopa xpio Anuriten Ianayewpylou xau Tov cuvddeppo
xVpto @O Ofo, ywplc TV ouveloopd Twv omolwy dev Ba umopoloe va elye
npayuatonoinbel n epyaotia mov tapovoldletal og autd 10 Xeluevo.

1.2 Ewoayoy"

Y10 xeluevo autéd Bo aulntnoldv xo Ba avauboldy {ntiuata, éneg 1 tpocoe-
worY dedopévov, ta TEXVNTE vevpwvLxd dixtua, 0 TapdAAnhog TpoYPXW-
patiopwésg. Me tov 6po mpocapuoyy) dEdoUEVLDY EVVOOUUE TNV EVPECT) AVOAL-
g wopgric ulag ouvapthoewe ou va Lxavornotel ula oepd and dedouéva mou
dabétouue and mapatnefoelc. Av Bpolue ula tétola Yoper Bo unopéoouue va
mpoPBAédouue v T Tou Ba enéatpepay oL tapatneroels Yog av ylvotav ot da-
PopETLXE omuelo and AUTA TWY TPONYOLUEVKY UETPHOEWY, dNAadY| Bo tepdoouue
ané v napatienon oty 1edBAedn. H oepd twv uebddwy mov avantiooovto
OTOV TOUEN TNC TPOGAPUoYNS dEdoEVvmY Unopoby va uag Bonbdroouv oe toAlég
emoTNUoVIXES TEpLoYEe, énwe Tatpud, Xnuela xth. Ta teyvntd vevpwvixd 8i-
xTua Unopoty va Bewpnboly ooy Ul atelxévLoT TwV SLUCUVIEGEWY TWV VELPOVWY
Tou avBpwnivou eyxepdlou xal Bewpolvtal cav uia xavorolnuxy uebodoroyia
OTOV YOpO NS TEYYNTAC YONUooLYNG, xaBde €yxouy Ty tdor va wabalvouy uéoa
and napadelyuata ye tov (Lo teplnou Tpéno tou motedetal e Yabaivel o avBpd-
mwvoc eyxégaroc. Télog o mapdhAnhog mpoypappatiowds unopel va Hewpndel
oav TNy dtadxacia yprioews TOMGY enelepyaoTdY TAUTOYEOVA YL TNV ETLALGT
dboxolwy xat e€atpeTind ypovofBopwy mpoypauudtry. Me tny ntdor oTig TWég
TV encgepyaoTtdy €xel avollel o dpdUoC Yo TNV AVATTUEN TPOYPAUUMATIOTLXMY
BBALoONGY mou Ba Bonboly moAéS LTOAOYLOTIXES UOVEdES OTNY and XOLVOU
enthuor dVoxolwy tpoBAnudTwy.
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1.3 31byog tng epyaoiog

Yy epyaocto nov mapouotdletal atny auvéyeta yivetar ulo tpoondfelar vo yen-
olonotnfoly TEXVIXES amb TOUC YWOEPOUS TWY TEXVNTAVY VELRP®VIXGDY dLxTliny
X0l TOL RApdAANAOL TpoYpauatiopwol yia Ty enlluor tpofAnudtewy Tpocap-
povvg dedouévwy. Ta TexvnTtd vevpwvixd dlxtua ouepd YENOLULOTOLOUYTOL
ue emtuyla o 300 ueydieg xatnyopleg: TNV dLdxELOT XATNYORELGY XA TO regres-
sion, dnhadh g npooeyyloswe ayvdotwy ouvapthoewy. H emtuyla twv Tteyvrn-
TOV VELPLVLX®Y duxtlwy otny deltepn xatnyopla npoBAnudtwy xabiotd ta
TEXYVNTA VELPWVLXA dLXTLA XUATIAANAA VLA TNV AVTIUETATLOT] TWV TROBANUATWY
TIOL TPAYUATEVETOL 1) Tpocaployy dedowévey. [Na va unopéoouy ta texvntd
VELPLVLXA dixTuLA Vo ETLTUYOLY XOAd ATOTENEOUATA 0TV TEOGAPUOYY] dEdO-
wéverv, dnhady yio va udbouy ula cuvdptnen, anattoldy ula oelpd and dedouéva
exnadeboeng xat npoonafoly Ue didpopeg TEXVIXES Vo UdBouy TNV GuuTERLpopd
NS AYVWOTNG CUYAPTACENS axOUa oL o onuelo Tou dev undpyouyv ota dedo-
uéva exnoudedoews. Autég oL TeYVLXES Eextvoly amd €val oYeTXE UEYENO opdAua
TpooeYYloEWS TNS AYVWOoTNg auVaPTATEWS ol oTadloxd Tpoorafoly va To eAT-
toouy. Qotdoo autég oL TexVinég ouvbwg elvan apxetd ypovoBdpee ywelc va
eyyvdvtor Tévtote éva xahd anotéleoua. ‘Etol npéner va avalntnioldv tpdnol
yia v uelworn tou anattoduevou ypdvou. Autd mou unopel va yiver elvar va
enavadiatunwdel to tpéBAnua Tne npooapproys dedouévwy ue TéTolo TPOTO
Hote va unopel vo emAuBel ye v yprion uebodwy TapdAANAOL TEOYPAUATL-
owob. Yty epyaoio auth dtaueploaue npofriuata tpocapuoyrs dedoUévmy
0€ TOA\G, ULXPOTERO XOL YPNOLLOTOLACOUE UOVTEND UE VELPWVLXA BixTua ot xdle
emuépouc alvolo dedouévav ta omola xal exmatdevTnyay Topdihnia. Eneds xdt
T€T0L0 and UGVO TOU deV ELVAL HPXETO YPNOLUOTIOLAOAUE XATIAANAES oLVDTXEC oTa
onuelal YELTVIAOEWS TV ETUEPOUS UYONOUL dedoUEVWY (oTe EEYWELOTA UOVTEN
va 8lvouy v (Bla Ty oe autd o onuela, dnAadn emBdiioue xdnotec ouvBRixeS
OUVEYELAS.

1.4 3Xyetw Epyaota

I to Béua tng mpooeyYloews CUVAPTACEWY UE TUNUATIXE VELPWYLXE dixTua dev
urdpyeL xdmota oyetxy (Snuooteuuévn) epyaocta mou va elvon unddiy yoc. Qotéoo
oto Béua g npooeyyloews ouvapThoEWY UTdpYoLY apxeTé epyaotec. Mia €& au-
oV elvan N uébodog tne napeUforrc, ue Ty onola tpooeyyllouue ta dedouéva ue
my yehon ntoAuwyOuwy. Ileplioodtepa yio tny uébodo tne nopeuforrc Ba dodue
o070 deltepo xepdhato. Mia axdua teyvua] elvar 1 yprion ehaylotwy TeTpaydGVLY
oav eEXTUNTAC TG Héylotng mbavopdvelas. Heploodtepa yia autéd unopel xovelg
va det oto [2]. Télog ula axdua xatnyopla teyvixdy mou undpyer oty BBAio-
yeagla elvar 1 yeron TEXVXOY axTivey EumoToodvVNg Yia TIC THEAUETPOUS TOU
uovtéhou tou mpoorabel vo extiufoel TNy avuxeldevxy ouvdptnor. Kuptdtepog
exnpbownog avtic e xatnyoplag teyvixdy elvat 1 uébodog Levenberg yio tnv
onola Ba wAfoovue oto xegdhato 3 mov aoyorelton Ue tnv Bektiotonolnoy,.
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1.5 Xuvontixy TepLypapy) TWV TEPLEYOUEVKV
To xeluevo g gpyaotag €xel Ty axdlovdn dour;:

o Kegdlavo 2 - ITapeuforn. Elvon ulo and tig Baoixdtepes teyvinés npo-
capoYs dedouévmy. Xe autd To HEQEAALO UEAETGOVTAL Ol XUPLOTEPES
uéBodol nopeuBoAnc xal napovaLdlovTal XEmoLd TELPUUATIXG anoTEAEGUATI
and TNV EQAUPUOYY TOUC OE GUYXEXPLUEVT GUVAPTNOT).

o Kegpdhowo 3 - Behtiotonoinom. Ou teyvixéc Beltiotonoloews ypnotdo-
moLoOvTOL Yl TNV €haylotonolnon Ty napaotdoewy. otdéoo xal To
opdhua npooeyyloewe evog teExvNTod vevpwvixol duxtlou unopel va
Bewpnbel wc ula tapdotaon npog ehaylotonoinon. Xto xepdlowo auvtd ele-
tqlovton TEYVXES YLl TNV EUPECT) TOTUXADY ol XoHOAXGY ehayloTwy Xou
napovoldletal o obotnua Behtiotonolficews MERLIN.

o Kegpdhowo 4 - Teyvntd Nevpwvixd Alxtva. Y10 xepdloto autéd mo-
pouotdlovtal T TEOBAAUATA TOU TPAYUATEVOVTOL TAL TEYVNTE VELPLVLXA
dlxtua xou avantdoocovion ddgopes tonoroyles Toug.

o Kegdlawo 5 - IMapdhinrog Ipoypappationds. Xto xepdhato autd
avanTUooOVTAL OL TEPLOCOTERES TEXVIXES TapdAANAoL TpoYpaULLATLEULOY,
ToAéc and Tic omoleg doxiudolnxay oto TEALUN OTABLL XATACHEVHS TOU
povtéhou xat anopplpdnay. Xto télog tou xepolalov avantiooETAL EXTE-
V&g 1 uebodoroylo TApdAANAOL TEOYEAUUATLONOD TOU ETAEXTNXE YLA
NV AVATTUEN TOU UoVTENOU.

e Kegpdhowo 6 - To Ilpotewvéuevo Movtéro. Xto xepdioo autd dtatu-
nédvetar TANewS To HoVTEAo TposaploYrs dedowévmwy ou potelvel auth
7 epyaola 1600 otny pla didotaoy doo xau atig dYo daotdoelc. e autd to
HEQPANALO EYOUUE TNV EVWOT] TWV CUUTEPACUATWY TV TElwY TPOTYOUUEVKDY
XEQOAALWY YLt TNY dNULoupYlal TOU TPOTELVOUEVOU UOVTENOL.

o Kegdhowo 7 - Ilerpapatind Anoteléopata. To mpotelvéuevo uoviého
doxdolnxe v Ty axpifela Twv anoteheoudtwyv tou oe ulo oelpd and
oLVOPTACELS T6G0 oTNy ula 600 xaL 0T 300 dlaoTACELS. XTO XEQPIAALO
ALT6 TOPOLGLALOVTAL AUTE TO ATOTENEGUATA XL SLATUTIAVOVTAL XEToLa oU-
UTERAOMATA YLO TNV EMLTUYLX TOU UOVTENOL.

o Kegpdrowo 7 - Mehhovtixés Enextdoerg. Metd tny Statdnwon twv ou-
UTEPAOUATOY TOL UOVTEAOU 0TO XEQPIANLO auTéd Tapovatdloviol XEnoleg
enextdoelg mou Ha unopodoay va ylvouv oTo TpoteELVOUEVO UOVTENO (aTE
va yivel anodotixdtepo aAAd xou vo UTopéael va ypnoluonoinel oe dapo-
PETWE YVwoTixd medla and autd Tng npocapoys dedopévwy.
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Kegdhovo 2

ITopeufoAn

2.1 To mpbéBinua

To npéfinua nou Ba pag anacyolioe. oty auvéyela autod tou BBAou elvon
1) TPOCEYYLOT) CUVEX®V CUYAPTACEWY UE TNV YpRom «UoviéAwv». Autd mou Ba
dlvetan oav eloodog ato mpdypauud pag elvar éva obvolo and onuela Tng woperic
(x,£(x)) ue 7o x va elvon éva Sdvuoua oto RY xar Ty ouvdptnon f va elvor uta
anewxévion

RV SR
"Eotw yia napddelyua mwe €yovue ta SedoUEVA TOU ETOUEVOL THlvaxd :

06

0 0.0

1 | 0.842

2 | 0.903

3 | 0.141

4 | -0.757
5 | -0.959
6 | -0.279
7 | 0.657

8 | 0.989

9 | 0.412

10 | -0.544
11 | -1.000
12 | -0.536
13 | 0.420
14 | 0.991

Ta nopandve dedouéva av ta anelxovicovue otoug d€oves X,Y Ba ndpovue
10 Yyfua 2.1.

11
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DATA -+

o.8

o.6

o.a -

YyAua 2.1: Ynuela Metprioene

Auté mou €youue elvan onueio. Av Bélouue va Bpolue tic mbavég Tés tou
€xel N ouvdptnon oe evdldueon onuelo UTOPOUUE VO YPNOULOTIOLOOUUE XATOLO
uovtélo, tou Ba éyel Tic axdloubec WLdtnTee:

1. Yta dobévta onuelo o emotpépel TNV EpAUAT TUUN.

2. Xe ewdidueoa onuela Ho emotpépel ula Lxavomolntixy Tpocéyylon Tng ou-
VOPTHOELC.

Av yia mapddelyua evidoovue Ta telpapatixd onueia ue eubeleg T6te To anotéle-
oua Tou Ba ndpouue galvetal oto Lyua 2.2.

H npayuatxy ouvdptnon mou mpénel va mpooeyyloouue elvar 1 sina xat 7
oUYXELOT) TOU TORATAV® ATAOL UOVTENOUL UE TNV TEAYMATLX T oLVAETNON QalveTal
oto Yyfua 2.3.

2.2  Opiopdg

Av éyouue N+1 onuela! anéd ula ouvdptnon f dyvwotne uopghic Ba to Méue
onuela nopeuBornc. Autd nou {ntdue elval ue xdmotov elxoho TedTO Vo Tpo-
oeyyloouue Tig TWéS aUTAC TNE oLVAPTACEWS UE TNV Yefon ulag ouvapThoEwg
yvwoths wopphc. H cuvifng emhoyr yio autég T GUVORTHOELS Elval Tol TOALE-
vuua, xaBde dlabétouy ula oelpd and yenotues WLotnteg énwg:

1 Zetvyn g popgis (X,¥)
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DATA |

ol /

>

Eyfua 2.2: Ipooéyylon onuelwy yetpoens ue eubeleg

1. Yrohoyilovtal noAd edxola.
2. Iopaywyllovton ebxola.

3. Ohoxhnpdvovtan edxoa.

Oa Béhaue e autd ta onuela va dnutovpyoouvue £va ToAvdVLUO P tou uixpd-
Tepou duvatol Babuol tétolo Gote ota onuela tapeuBolic va Loy e

P(x;) = f(x:) = yi

Yrdpyouv oofapol Aéyou yia Toug omoloug Bélouue ToAudvuUa TOU UIXESTEPOU
duvatod Babuod. Koatapyhv 6co mo uixpde elvar o Pabude evég moluwviuou
1600 mo yprfyopa auté umohoylletar. Katd Seltepov dnwg Ou dellouue otny
oUVEYELXL UTdPYOUY TAHONOYIXES TEPLTTMOOELS YLOL TLS OTOLES 1) TIPOCEYYLON UE WE-
véhou Babuod moludvuua arotuyydvel. Me dhha Adya Ppdyvovue va Bpolue
amhd ToAudvuua To omola var TEpLYpdpouy 6oo YiveTal xaAUTEpa TNV oLVEETNOT
ua.

2.3 TIlapeufoly Lagrange

H npdytn popen mapeuforiic oty onola Ba avagpepbolue elvon 1 napeuBorr| La-
grange. To mohudvuuo nopeuBolfc opileton olupwva ue v e&lowon:
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a1 T T T
SN DATA ——
/ sin(X) ---——---—-- /
/ \ H 1
\ /
o.8 X .
] \ |
/ \ /
/ \ /
/ \ /
/ \ /
/ \ /
0.6 1] \ 1 .
1 \ 1
1l \ I
/ \ If
/ \
| \
o.a | ]
|
|
|
!” /
0.2 | —
= | /
= o / -
0.2 : ]
\
)
-0.4 ]
| i
\ |
\ /
\ !
\ |
\ /’ i
-0.6 \ | \ i |
A\ ! \ i
A\ ! \ !
/ \ /
! \ !
\ l/
-o0.8 N -
y /
\ /
| | \ /
: | \ /
| ; N\ //
H H H ANV
-1
o 2 6 8 10 12 14
<

Yydua 2.3: EdyxpLon TpayUaTXNc CUVAPTACENS CUVAPTAGENS - UOVTENOU Tpo-

oeyyloews ue evbeleg

N
P@) = 3 L@y 1)
i=0

Av Béhouyue va eluaote alugwvol e Tig Baouxés apyés Tng TapeuBoiic Oo mpémel
ota onuela topeuBoric va toyVel P(x;) = y;. And v napandve oyéorn BAénovue
Twe €vag e0X0Nog TPOTOC YLa VoL To TETUYOLUE auTé elvan oplaouue TNV cuvdptnor
L;(z) ue tov axdlouvbo tpéro:

Ly(x;) = { (1] ;Z: :;z (2.2)

H nopandve avanapdotaon dev elvor apxetd Bohuxr xau enouévee Ho BéNaue évay
xoAOTEPO 0ploUud 6Twe autde g elodoens 2.3:

N

L= [ —= (2.3)
i=0,itk Tk — Ti
Av npooéZouue Ty Tapandve oyéon Ba dovue nwg yiveto 1 ubvoyv oto emtbuuntd
onuelo mapeuPolfic xar 0 ot xdbe dhho anuelo TopeuBoris.
To Béua mou tifeton elvan xatd néoov elvar xahr auth N uébodoc napeuBoiic.
I va to eZaxpBdoouvue autéd Ba Bewpricouue éva tapddelyua ulag cuvapTHoEnS
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T
X*siNn(<*x)

o
<

Yyfua 2.4: H ouvdptnon zsinz? oto didotnua [-4,4]

ue Sboxolr popey mou Ha yerowlorotiooude TOAES Qopéc o autd To xeluevo.
H ouvdptnom auth elvon n z sin z? tng onolag 1 Ypapuxt| Tapdotaon oTo SldoTnua
[-4,4] elvor oto Tyua 2.4.

IMpdto Ba doxiudoovue va mpooeyyloovue Ty nopandve ouvdptnon ue 10
ornueta nopeuBorfic. To ogdiua npooeyyloewg dlvetan and to Xyfua 2.5, mou
otov 0pl{6VTLo dZoval £YOLUE TA TELPAUATIXG ONUELX Xow GTOV XaTaxdpupo dEova
T0 avtlotolyo Adboc.

Yta dxpa Tou nedlov oplouod 1 cuvdptnon Tapouotdlel xal TNV UeYaAGTERT
duoxolla va npooeyylotel. Kdtl tétolo npénel va 10 nepluévouue av xoltdEouvue
npooexTXd TNV Soun mou €xel N ypagLxt| tapdotaoy g cuvapthoewe. Ta va
eZaxp3doouue Tolog elvan o «artdAAnioo» Babude tou TohuwvduoL npooeyyi-
OEWS UTOPOUUE VAl JoXLUACOUUE Vol TRooEYYIoOUUE Tar SeSoUEva UG XaL UE ELXO-
otoU Babuob ntoludvuua Lagrange. e authv tny neplntworn 10 o@dAud TeooeY-
yioewe g mapeuforic Lagrange elvol oto Xyfua 2.6.

Av xau T0 opdiua tpoceyyloews elval xovtd ato Undév ato ueyahltepo Uépog
Tou delyuartog ota dxpa To opdAUa lvol dpxeTd ueyahitepo amd 4Tav YENoLLo-
notioaue 10 6poug oto mohudvuuo Lagrange. Avtl Aoinév 1o cuvolxd opdiua
vor petwBel augRBnxe xatd moAd. Autd o mpdBAnua tng mapeuBolic to elyay
napatneRoel ol wabnuotixol xat Yl GAAEC GUVAPTACELS OTWS 1) CLUVEETNOY TOU
Runge ye tomno .

1@ = o5
Av unopéoouue vo ahhd€ouue Ayo v dauépton Balovtag neptoodtepa onueia
ota dxpa téte Ba €youue emtlyel tov otéy0 Uag. 'Evag apxetd emttuynuévog

(2.4)
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Eyhua 2.5: To ogdiua tpooeyyloewe tne tapeuBolic Lagrange ue 10 époug yia
v ouvdptnom T sin 2

tpémoc daueploewe mou €yel mpotabel elval autde TwV Ttolvwviuny Chebysev
nou opllovtat we e€Ac[5]:

(2.5)

Autée o tpbroc duaueploewe dlvel onuela oto [-1,1] adhd nolhamhaoldlovide Tov
UE TO TAGTOC NG OUVAPTHOEWS ToL €YoLuE (oTny meplntwoy pac 4) unopolue
va To @époupe oto emtBuuntd ddotnua. Xenowuonotdvrac 100 onuela oL tov
tpémo mou diver 1 E&lowon (2.5) xatalfiyouue oto Sudypopud o@INIATOUS TOU
Yyhuotog 2.7.

Av e€apéoovue 10 PeYINO opdAua ota tpdTta onuela Tou dlaotRuatog Ye-
VXA 1) TEOCEYYLOT ATV opXETE XAAUTERT and TLC TPOTYOUUEVES, OAAG o auio
Teplntwon dev umopolue va Bewproouue twg €youue Adoel to TeéBAnua. Amd
™y dAN Ypnowonoiooue ToAudvuua Yeydiou Babuold yio va emtiyouue Ty
TopATdVe TEOsEYYLoN, XATL Tov xooTilel oe uviun xar oe ypeévo. '‘Omwg Oo
dolue oy ouvéyela autic g gpyaoiac Ba Ppd&ouue va Bpolue mpooeyyioelg
OYETUA PTNVEC OE UVAUTN %ol O Yp6VO ToL Tdvw amd 6Aa vo YEVIXEVOVTAL OE
%80e mpdBAnua.
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Eyhua 2.6: To opdlua tpooeyyloewe tne tapeuBolic Lagrange ue 20 époug yia
™V cLVpETNoT T sin 2

2.4 KuBuésg ITohuvwvuuixés Splines
2.4.1 Awpéplon

Y1y mapeufoly| mou eldaue U€ypl oTiyurc SlamioTdoaue Twe elvol oYeTd XahY
Aoom oe uxpéc meployéc. Autd onualvel twg av dlaueploovue €va ueydlo did-
otnua o€ TOANG Uixpbdtepa Ba emtiyovue (tBavéy) xald anoteréouarta Bdlovrac
oe xaféva Sidotnua éva xahb Yovtéro. Av hownbv éyovue to didotnua [a,b] xat
10 ywploovue oe N SwaoTAUaTa YeNoUWoToLdVTaS TNV SlapépLon):

a=zr9o<21<...<xTN=0b

t61e %8P unodidotnua Ha oplletar and ta onuela [z;, zip1]. Te xabéva é-
TOL0 UTOBLACTNUA UTIOPOUUE VAL YPTOLLOTOLACOUUE XATOLO UOVTEAD OTWS TOAVG-
yuua evég ouyxexpLévou Babuol. Autég ol ouvapTtioelg TpooeYYloewe AéyovTto
splines. Ot splines mou ypnowwonolovVTaL TEPLOGGTEPO ELvaL TOALVGYLUAL.

2.4.2 TIlopepfoAy) ne xuBuxd guowxd splines

Ou xuPuég splines elvar mohudvupa tpltou Babuod. T va dnulovpyrioouvue Té-
Toleg splines apxel va oploouue oe xdfe didotnua éva moludvuuo tpitou Babuod
XOL OTNV GUVEYELA VO ATOLTHOOUUE VoL UTAPYEL CUVEYELX TLUTS, TRDTNG TOPAYdYOU
xou deltepng mopaydyou ot onueio mopeuBoric. o var yiver auté n enthuon
evég ovoThatog e€lodoewy gauss Tou onolou 1 tehuxy| yoppt| Ha xaboplotel and
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Eyhua 2.7: To opdhua tne mapeuBoArc Lagrange ue 100 dpouc xau dtauéplon
Chebysev ywa v cuvdptnon  sin z2

¢ UToBEoELS TTOU XAYOUUE TEOO YO TNY UOoPPN TOU TOAUWYUUOL TapeU3oATc 660
XL yLo Tl oLvBxeg Tou Ba LoyGouy Yo Ty debtepn TapdywYo autol. XTa To-
padelyuata autod Tou xepalalou yenouwsomofinay oL xuBLxés puaxés splines
Twv onolwv o Yafnuatixde oploude divetar wg axohovbng[1]:

siv1(xi) = f(xi)
S(i(-z;i) = f(z:) :
st(z;) = shyq(;
() = sy, () 26)

S”(.Z'N) —

Av Bélovue vo doxwudoouvue v enidoorn e napandve uebodoloyioc dev
éyouue Tapd va ypnoLonolficouue 1o TedBANUa e z sinz?. T 10 doothuata
10 opdAua tpooeyyloewg dlvetar oto Tyhua 2.8.

Av yenowwonolfoouue 20 dwxothuata otny dauéplon Ba AdBouue to Adboc
nov dlvetan oto Lyfua 2.9

v péom Tou Ypapuatog Tou 1) cuvdptnon sin z? yoidlel Myo ue tny x®
1 TPOGEYYLAN Ty apXETE eavorolnTxy). AMG oTa dxpa ToL 1 cLVAETNOT elval
TEPLOGHTEPO UN OUOAT To anoTéheoua oTny Tpooéyyior dev umopel vo Hewpenbet
wavorountxd. To mapandve melpaua €ytve xau ue 50 Staothuata. Exel 1 npo-
ofyylon firav xahltepn, aAAd eaxohovbolboay va undpyouv ueydia A&bn ota
dxpat.
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Yyhua 2.8: To opdhua mpooeyyloews ue xuBxéc guolxég splines 10 Staotnudtwy
Yl T ouvdptnon z sin z

ERROR(20) -
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Eyfua 2.9: To ogdiua npooeyyloewg ue xuPuée puotxég Splines 20 Staotnudtev
Yiot TV oLVdptnon z sin z*
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Kegdhowo 3

BeAtiotorolnon

3.1 Baowol oplopol

[ va ddoouye Evay copr| oploud g Bedtiotonotioews Ba tpénel oe Tpdtn Qo
va e€etdoouue ol elval ta tpoBAfuaTa mov tpayuateveTal N BeAtiotonoinom.
Ou xatnyopleg autdy twv npoBAnudtwy elval:

1. Tomwh BeAtiotonolnom.

2. Kafolu Bedtiotonoinom.

3.2 Tonuwxy Pehtiotonolnoy

3.2.1 BeAtiotonoinon ywels neploplopois

H Beltiotonolnon ywelc meplopiouois elvon 1 tepintwon mou Ha yog anacyolrioe
xaL TEpLecdTEPO 0TNY SLVEYELX aUTOV Tou Xewévou. Tevixd autéd mou BéNouue oe
authy TV tepintwon elvon éva onuelo oto N-Sudotato ydpo yia To onolo onueio
€youue TNV eAdylotn WY xdmolag ouvapThoews. Me v yprorn uabnuatixou
ouuPoAitouol autd umopel va exppaotel wg axohovbwe:

Tx = argming(f(x)) (3.1)

dnAad n f(z.) elvan pixpdtepn 1 tom e f(z) yia %8B z nov elvar otny yeLtowd
TOU Zy.

3.2.2 BeAtiotonoinom pe neploplopois

Yy Beltiotomolnon ue meploplouols YEVXd UTopoUue va Bewprioouue Twg €youvue
dVo auvapthoelg Tou ypnotdomnotobue: Tnv ouvdptnon mpog ehaylotonolinon ue
To 6voua f oL TNV ouVEETNON TV TEPLOPLOUDY UE TO GVOUA €. LNV YEVIXT| TE-
plntwor egapuoyic ueBbdwv emhboewe unopodue va Hewproovue twg xou oL dVo

21
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ouvapThoeLs elvan un yYpouutxés. Avo ntoAd ocuvniiouévol tinol BektioTonolioews
ue mepLoptouols elvar oL axéiouvfol [27]:

min{f(z) : ¢;(z) <0,i € I,ci(z) = 0,i € I} (3.2)

min{f(z) : c(z) =0,l <z <u} (3.3)

Yy npdtn neplntwon neploploudv ywellovye to mARbog twv nEpLOploUdY
oe Vo olvora ue ta ovouata It xau Ir. To mpdto obvolo elvan exelvol ol
neploptauol mou elvar apvntixol yio xdfe didvuoua & Tou €xouy we elcodo xol
70 deUtepo elval exelvo 10 alvolo TwV TEploploudy mou undevilovton yio xdfe
eloodo. "Eva nopdderyua autdy Tov Teploplou®dy elval To axdiovbo:

f(z1,29) = 27 + 323
r122 SO
3—-1=0

Yy deltepn neplntwon meploploudy oL tepLtoplouol elvar undevixol étay to
dtdvuoua ela6dou elval oe xdmolo anodextd ddoTnua TWGY. Anladh @pdoouue
TS TWES TV JOVUoOUdTLY ELa6dou avdueod ot dVo GpLa. 'Onwe Ba doldue apys-
tepa oTLc PeBBdou Bedtiotonotioews xdtL tétolo elvar anolltwe Beultd Ttpoxel-
uévou va unv AaufBdvouy e€atpetind ueydieg andluteg TLUéS T onuela ouVETH-
oewe Tou Ba uag odnyoly oe A&l unepyethioewe.

K\elvovtag authy v unoevétnra Ha mpénel va Toviotel twe oL teploplouol
toyVouy xaféAn v ddpxeia Tng uebddou g BeltioTomolAoEWC.

3.2.3 M ypoauuixd eAdyLOTA TETRAY WV

'Otav 1 ouvdptnom ou BéXouue va ehaytotorotficouue exppdletart Ue TV Lopph
afpoloyatog tetpaydvwy téte WAdue yia Beltiotonolnon elaylotwy teTpayd-
vov. Puowxd and ty otiyur| mou €youue dbpoloua teTpAYGVWY dev unopel 1
ouvdptnon Tou BéNovue Vo arotiuooude v Tdpet apyntixés Tés. Tevixd umo-
POVUE VoL EXPPATOUUE TO TPABANUA e axololbug [?7]:

N
min < r(z) :r(z) = Z fi(x)z e RN (3.4)

3.3 MEeébodot BeltioTonotioewg

Ye authy Vv evétnta Ba aoyoinbolue ue g didpopec Uebbdoug Beltiotonoly-
oEWS OV ouvavTdue ota TpoPAuatd vac. ‘Onwg Oa dolue xoL otny ouvéyela
aUTHE NG AVaPopds TOANES and autée Tig uebddoug elvan xplowes yia Ty topela
e BeAttotonotioens 1600 and andPens anoddoews dANS Xl KS TEOg TO onuElo
xefoede Toug.

1 ’ ,
H yropel va exgpaoctel
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3.3.1 Tevixv uébodog PeitioTonotioswg

Av Bélouue va nspv{paapouua ula yevuar uébodo Bektiotonotioews auty Bo umo-

povoe va ouuntuybel oe tpla ﬁnparo@.

1. Ebpeon tne xateubivoeng oty avalhtnon sk,

2. Exayotonoinon f(z® + AstF)) wc mpog . Auté to PBrua ovoudleta
Yoo avalimon.

3_ 'Z-(k_"l) = :E(k) _|_ As(k)

3.3.2 H pébodog twv evahhacoouEvmyY deubivoewy

Av Gewproovue Twe ta atolyela Tou Staviouatog Twy UETABANTOY elvon aouoyé-
ot LETaED TOUE THTE UToPOVUE Vo EQUPUGOOUUE TNY UEBOSO TV EVOANAGGO-
uévewy deubivoewy mou Yevixd unopel va Gewendel apxetd ypryopn. H Baouxr
apyn e uebédou elvar mwe npoorabel va xdvel BeAtioTtonoinon wg Tpog xabéva
ané ta otolyela Tou davdouatog LeTABANTOY o enavahauBavoUevoUS XUXAOUg
uéypl ouyxAfoews. Puowd dnwg elvon tpogavég auth 1 tpocéyylom dev elvon
wvorolnTxy, agol dev unopolue va utobétouue xdfe Qopd twg ol uetaBAintég
oe ulo ouvdptnon elvan acvoyétioteg Uetadd toug. Ml apxetd diadouévn na-
padhayn authg e ueBodoroyiag elvar  ROLL teyvuxy, mou Bruatixd unopel va
neptypagel we axolotfwg [6]:

AlyébpLBuog Roll

Eicodog:H ouvdptnon f
"E€080¢:To didvuoua napauéteny T.

1. T %dBe petaBint =;

(o) Bewpolue Twe undpyet wla xatedBuvon s;.
(5) f+ - (11717 -y g + Si, "7'Z'N)
(v) Av f < f(z) t6te sy =ax*s;, a>0

)

(d) AN\ie
i fo=f(x1yeey @i — Siy ey TN)
ii. Av f_ < f(x) t61e 8 = —a x s;
e sy = —L v Lets
iii. AAMe 85 = Sl e ey

2. Tpaupuxh avalftnon otny xatevBuvon (s1, 82, ..., SN).

2Yrnofétoupe Twg exteleitar o k Brua
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3.3.3 H uébodog tou Newton yia ehayloTonolnom

INa va mpooeyyloouue Ty ouvdptnot wac yernotdonololue avdntuyuo Taylor
debtepne téEewe, ondte xau Ha €youue v E&lowon (3.5)[6]:

J@+h) = [@)+ 75@)" *ht g hT w7 f@) (3.5)

T euxolla Ba ypnotuonolioouue toug ouufoliauoie:

B=v’f(x) (3-6)
9=vf() (3.7)

INo va prdoovye oe ehdylotn TLuy| o npénet va Loylel
Vf(@)xh==-v f(z)=>h=-B""xg (3-8)

To h ovoudletar Briua Newton. Enouévac xatoagépoue va avdyouue éva oyeTixd
dboxolo mpdBAnua oe enthuon evoc Ypauuixol cvothuatoc. H napandve uebo-
dohoyla elvar teavorolntixy 6tay Bploxduaote axeTxd Xovtd otny AUor Xl O
nlvoxag B elvan Betixd oplouévoc. Xe avtifetn neplntwon Ba mpénel va ypnotuo-
ToLfiooLUE xdmoLa Tporonoinot tng uebBbdou Tou Newton yio BehtioTonolinon.

3.3.4 IIeproyn Eumiotocivrg

"Evoc xah6g tpémog va dZouue otny yeltovd tng Adoswg elvar xar 1 yerion
TEYVXOY TiepLoyTic eumiotoodvng. Ouotaotixd elvon tpdfBAnua Beltiotonotioewg
und nepLoprouolc. H ouvdptnon mpog eaytotonolnon elvon 1 [7]:

1
F@® +h) = g(h) = f@®) + 1 x g™ + S« T« Bxh (39)

Me 3edouévo nwg ||h|| < R. H neproyh) R ovoudletar xou neployn euniotoobvng.
0 époc g™*) mou Brénouye va uetéyel oty éxgpaon oplleta we gF) = 7 f(z ).
Me v yprion twv Yebodwy meployic EUTLOTOOUYNG XUl UE TOUC TOANATAAGCLA-
otéc Lagrange unopolue vo odnynfodue oe évay tpémo emthloews Tou anoTteAel
napadhayy) Tng peBddou Newton:

(B®) +px 1)+ ) = —g®, 110 (]| < R (3.10)
Auté nou dAAaEe elvon 6L mpootélnxe o avicotxde meploplouds Yo to Brua h

xoBde xan €vag aptBude U mou xatevBivel xat Ty topela e BeAtiotonolioeng.

3.3.5 H uébodog Levenberg

Mia uéfodog mou elvar xatdAANAN yio eAdyLota tetpdywva glval 1 uébodoc Lev-
enberg. H uébodog auth® yenowonoiel uebédouc meproyhc eumotooivne. H

3'EyeL vhomoinbel apyxd oto maxéto MINPACK



KE®AAAIO 3. BEATIXTOIIOITHXH 25

AVTLXELUEVLXY) ouvdptnon uropel va ypagel f(z) = Zfil f2(z) = r(@)T xr(z):
émou woyler r(x)T = (fi(z), f2(x), ..., fu(z))T. Te auvthy Ty nepintwon opl-

Couue J tov laxwPiavéd nlvoxa Ji; = %z@ o D elvan évag Siaydviog nilva-
J

xac. H tetpaywvui npocéyyion oto (x+h) dlvetan ané tov tono f(x + h) ~
f(@) + g7 (z) xh+ 1 xhT x B(z) x h. H nponyoduevn éxgpaon ehoyLotonotelto
und ™y ouvBiun ||D * h|| < R, pe R va elvan 1 oaxtliva tne meployfc eunotoovvng.
O ahydplfuog unopel oe yevixés ypouués va meptypagel wg e€ig [7]:

AlyépiBuog Levenberg

Eicodog:H ouvdptnon £, n axtiva eumiotoodvng R.
"E€0d0¢:To didvuoua napauétpny x.

—

. Tw i=1..N xéve D = |

Br(z(o))
Ox;

2. k=1.

3. Av DI 4 AO(0)] < R <6ce
() 6% = n®)(0)

4. Abe
(@) Edpeon A®) > 0 dote | DK « AW (A®)]|| = R*)
@) 6®) = pk)(AK)

5. Av f(®) +60) < f(a) bve
(a) 2D = k) 4 §k)
(B) Yrnohoytouée Jk+1),

6. AMde
(o) 2+ = gk),
(@) JH*HD = gk,

7. Yrnoloyiopde véou R*®) e v yprion e texvixic DOG-
LEG.

8. D(k+1) = max D(k)

k%3 1 )

orle i = 1,2,., N
9. kk+1.
10. GOTO 3
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3.3.6 H uébodoc DFP

O Eooclavée wivaxag B dev elvar edxolo va urnoloyiotel, xabdg aroutel do ma-
paywyloelc oty oelpd xaL eAé0V O anofnxeuTIXGS Y dEog elval TETPAYWLXGCS.
Enouévwe autéd mou unopolue va xdvouue elvar va npooeyyilouue tov Ecotavéd
nlvoca xo Tov avtioTpo@d Tou ue xdmota eupete TEYV. Me Ty Yehon g
ueb6dou DFP [6] unopolyue va unoloyloouue v tpocéyyion BH+D yia tov
Eoolavé nivaxa 1 tv mpooéyyion H*HD yio tov aviiotpogo tou Eootavoo,
Bewpdvrag mwg extekelton to Briua k, cbugwva pe Tic e€lodoeig (3.11) xou (3.12):

dnT TN dd?
B*:Y) — (1 —_)BW (1 ) 4 —— 11
( dTh) h) T arn (3.11)

(k+1) _ (k) - - - -

Yc eflodoeg autée Bewpolue toc d = gkt — g(k) syou b = gk+1) — z(k),

3.3.7 H uébodog BFGS

Mia Stapopetixnty uébodog yia Tov utoloyiousd touv Ecotavod mivaxa xat tou avti-
otpogou autol elvar  BFGS[6]. O unoloyloude twy dbo npooeyylocwy dlvetat
otic efLodoeLg

dd"  B®hhTBW

(k+1) _ gy L 22 2 00 2
B =BY + - TR (3.13)
hdT hd™ hhT
k _ k
H! “’—<I‘m>H”<I‘m>+m (3.14)

3.4 OAuwr) BeAtiotonoinon

O péfodol Behtiotonotioews tou culnthinxay tponyoLUévwe dev emLTuYYdVOLY
ndytote 10 XaAUTEpo duvatd anotéheoud. ‘Eotw ylo napddeliyua tny elayloto-
Tolnon ULldc oLVAPTACEWS UE TNV Lopen Tou eugaviletal oto Lyfua 3.1

To «afBohxd» ehdytoto tne ouvapthoews elval oto onuelo -7.5 To onuelo
-9.5 enlong wavonolel ouvbrixes aplotéTnTog Xat dpa elvan havdy va elvat To
anotéheoya Ulag UeBSdouL tonxhc ehaytoTonotfioews. 'Onwe Ha dolue oty ou-
véyeta undpyouy uéfodot mov mpoonafolv va evtonicouy to xaBohxd eNdyioTto
«&ePelyoVTag» and TOMXE EAGYLOTA.

3.4.1 Random Restarts

Eivow 1 amhobotepn teyvu xafohxric Bektiotonotfjoews. Me authy v amhi
uébodo yia moMNEG TuyalES apYLXOTIONCELS TWV TOPAUETEWY TOL UOVTEAOU Uag
Bploxouue xdmnoteg Twwéc yia 1o Adfog npooeyyloewe. H xaibtepn T and auv-
téc mou Pploxouue elvar xat auth ov B xpathoouue. Av Béhouue va dolue
ahyoplBuwd authy v Staduxacta Ha éyouue
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FOO -

Eyhua 3.1: KabBoAwd edyrota

A\yépLbuog Random

Elcodog: Ta dedouéva A mouv BEhoupe vo tpooeyyloovue xat évag
aptbude enavaripewy N.

"E€odog: To didvuoua IT twv napauétpwy ToL UOVTENOU XoL 1) TLUY
e ouvopTioewg E.

1. i=0
2. II; = Random().
E; = F(IL;, A).

- W

i=i+1

ot

if(i<N) goto 2
6. II* = argming, (F(I1;, A))
7. E* = F(II*, A)

H napandve teyv dev eyyudto Ty ebpeor xdnotag Aoews xabde oe xdbe
BAuo e avaxuxAdoews ey vdel Ta eNdytota xat apyllel xat TdAL and Ty apyn.
"Etol unopel va xatahhgel moANéC @opéc oto (dlo ehdyloTo.
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3.4.2 Clustering

Eivaw n uébodoc xafoluic BeAtiotonolfoews tou Ba yenoluotolicovue oto Tel-
pduata tou xegaalov 6. H Baoud Wéa autdy twv uedddwy elvar nwg Eextvolue
and éva apyxd TANBLOUS OUOLOUOPEA XATAVEUNUEVWY oNUElLY and Tt orola dn-
uovpyoUue ouddeg. Tehwdg oxomdg elvan va yenotdonotobue uévov uia @gopd
ulo uébodo tomxfic ehayloTonolioews ot xdfe tétola oudda. Mia mopadhayn
Tou ayopifuov CLUSTERING eivow ) SINGLE LINKAGE CLUSTERING, tv
orola Topafétoune ahyoptBuixd topaxdtw(4]:

AyépBuog CLUSTERING

Eicodog: N o apfuéc onuelowv tou delyuatog, Y 10 1060016 TV
omnuelwy Tou dev anopplntovron
"E€0d0g: X *ta tomxd eAdytota mou Bploxovrat.

1. Enéhe€e N tuyalo onuela yia apyxd delyua.
2. Emloyn twv vN onuelwy e v youniétepn twui.

3. T xabéva and ta YN extéleoe pia tonxy elaytotonolnon
evog Briwatoc.

Ouadonoinon twv onuelov.

SET1=6Ao ta onueia mou dev £xouv UTEL GE oudda.
Ay |Setl| =0 GOTO 11.

. (0= 10 onuelo e tnv yaun\étepn Tur oto SETI.

. 2*=TOIIKH_BEATIZSTOIIOIHZH(z("))

© ® N oo o e

Av z* ¢ X*t61e

() X*=X*U{z*}
(B) GOTO 4.
10. AdMude GOTO 1.

11. Télog xar emoTEOPH Tou oNUeloL UE TNV YOUNASTERT) TLUT
o010 X* w¢ xaBohuxd eNdyroto.

3.5 Merlin - Mcl

To noxéto Merlin/Mcl[3,7] elvon éva maxéto Aoyioutxol Tou yenoLonoteltol yia
noAudidotaty Behtiotonolnor. Merlin elvon to Baoixd obotnua Ue toug LAonoL-
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uévouc akyoptBuoug xou Mcl? elvon pla yhdooo mou yenowonotel To Merlin xon
UTOPOVUE UE TLO EUXONO TPOTO Vo xateubivouue tny Bedtiotonolnon. To naxéto
Eexivnoe va vlomoLelton ot uéoa Tng dexaetiog Tou 80 xau ofjuepa Bploxetal oty
éxdoon 3.0.3 To naxéto unopel va LAonolAoeL TOALSLdoTATY EAXYLOTOTOlNOT UE
aVLlowTxolg TEPLopLotols Yia Xdbe uetaBAnTH.

oty aviuetdmon oy tpoBANUdTeY EAXYLOTOTOLACENS TapéyeTal £va €0-
xenoto obotnua Slanpoownelag Ue tov Yphotn Ue apxetd dtapwtiotixd cloTnua
BorBelag mou unopel avd ndoo otiyur va eugaviotel. Emnlong Bo mpénel va on-
uelwbel nwg 1o obotnua elval avolxtéd oe eMEXTAOELS XAl AUTS UTOPEL Vol Uag
dleuxohOvel btav {ntdue vo tpocBécouue xdmota véa Te VXY Tou dev elval LNO-
noLNUEVN 6T0 oVOTNHUA.

3.5.1 Ylonownuévor arydeLbuol

Y10 oVotnua éyouv LionoinBel akybpliuol ue xprion Tapaydywy aAAd xou uébo-
doL tou dev ypnoluonotoly tapaydyouc. Evvoeltal nwg n dedtepn oudda teyvixdy
€xel TaryOTERT OUYXALOT antd TNV TEMOTN, AAAG anottelTon ueyahUtepr epyaotia and
Tov yprotn. Ol uébodot ou €youy Lhomondel ywplc Ty ypron tapaydywy elvar:

1. Simplex.

2. Roll. Elvar uéfodog tyvoavalnthoews. H mepiypapr tng €xer dobel mpon-
YOUUEVWE.

Ou uébodol mou ypnousonolody Tapayyoug elvan ol axdéhoubec:

1. Mé6odo. ouluydv xhoewy.
2. Metopintic vetpwuic (BFGS, DFP).

3. Levenberg - Marquadrt.

3.5.2 Anaittiosig and Tov xpNoTy

O yprotne Ba mpémer va @Tidel oe Fortran77 tnv avuxeiuevixy ouvdptnon. Av
BéreL unopel va ypdder tnv xhlom tne ouvapthoews xaL Tov Ecolavé mivaxa, ahhd
av dev to xdvel to Merlin unopel va ta utohoyloel ue Stadoyxés ¥AHoES NG
AVTLXELUEVLXHC CUVIPTAOEWCS.

3.5.3 TMopadeiypata yeroews

Yta endueva napatifevron uepxd mapadelyuata YpRoEWS TOU CUOTAUATOS AOYL-
ouxoU Merlin, 1600 ye anhy| BeAtiotonolnon oo xal ue eAdyloTa TETPAYWYA.

4Merlin Control Language
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3.5.3.1 IMupdderypo Funmin

Ac Bewproouue to mapdderyua f(z1,T2) = z7 + (z2 — 1)%. H xhion autic tne
OLVAPTACEWS WS TPOG XEBE ueTaBANTA elvar 85;(? = 2% ol agz(:) = 4(zo—1)3.

O Eootavée nivaxog unopel va ypagel wg axohovbwe:

2 0
0 12(zy — 1)2

3.5.3.2 IMupdderypa Subsum

To npornyoduevo napddetyua unopel va ypagel xou oe wopey) afpolouatog tetpa-
YOV, Xe authy Ty teplntwon n cuvdptnon yedgeton we: f(x) = Zle (f2(z))
ue fi(z) = 21 xou fa(z) = (z2 — 1)%. Av 6éhouye oty nepintwon nou éyouue
&Bpoloua TETPAYDOVWY UTOPOVUE Vo YeNoluoTolioouue xat tny ToxwfBlavi cuvde-
Tnon nov oplletal wg

Ofi(x)

Jii(f) = oz, (3.15)

H IoxwBiavy yia to dedouévo mpdBAnua elvar o nivoxag:

1 0
0 2*(.732—].)



Kegdhowo 4

Nevpwvixd Aixtua

4.1 Nevpwvixd evog emLnédov

4.1.1 Awywplowds d0o opddwy
Av unoBéoouye twg dwbétouue do ouddes dedouévwy, Téte uia anih cuvdptnon
draxploswe Ba unopovioe va elvon 1 e€hc:

y(z) = w'z +wp (4.1)

'Onovu o SLdvuoua w ovoudletal Bépog xou 1 TAPAUETPOC Wy OVOUALETAL TOAWOT)
1 axduor xau threshold. Auth 1 ouvdptnon unopel va Gewpnbel n xalbtepn yia
v dLdxpLon evdg emLnédou o 300 OUABES: AUTES TTOL Ylal ToL onuela Toug Loy Vel
y(x) < 0 xou autée v Tic omoleg éyovue y(z) > 0. Eilvar dnhadh ocav va
€youvue v e&lowan uloc evbelag xa apxel va unoloyloouue TLC TaPAUETPOUS TN
TPOXEWEVOL v ETLTOYOVUE TNV XahUTepn ddxpLom. Av Bélovue va exgpdoovue
xo optBumtind Ty Topandve eZlowor uropolue vo Ty Ypddouue oav|8]:

k

y(z) = Z(:ﬂ,wz) + wo (4.2)

=1

Yav k Gewpolue tnv dldotaon Twv mpotinwy etaédov. H nponyoduevn elowon
unopel Vo Ypagel xal UE To cuunayY) TEOTO, WS axoloVBug:

k
y() = Y Fw (43)
=0
"Yro v napadoy ) wg yia to véo Sldvuoua T Loy VeL:

_ 1,i=0
vi= { x;, otherwise (44)

T v meplntwon mou €youpe ddotaon npotinwy 2 téTe UTopoUUE YPAPLXE va
TAPAOTHGOLUE TOV YpauuLxd dlaywpeloth) ue Yyhua 4.1:

31
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C\2 yv(x) =0

Eyhua 4.1: Avaywptouds xatnyopldy ot dVo dotdoelc ue Ty ypfon eubelag

'Onov ue C1, C2 ouuPolioaue tic 300 ouddec mou unobétouue Twe el évog
¥®poc. Puoxd v va amogevyBolv anotuylec xoatnyoplomoticews Bo mpémel
%ovtd otny evbela dlaywplopold va €youue apxetd onuela, xabde exel elvol mou
ueYaAGdveL 0 x(vBuvog va xdvouue AdBog. Av BéNovue va TapAoTHOOUUE YpapLxd
Evary Loy wpELaTH GOy XaL ToV Tapadve Ha ndpouue éva oyriua tou woldlel apxetd
ue v Weath dour| evég duxtbou:

QUTPUT (Y)

Yyfua 4.2: Perceptron evég emnédou
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4.1.2 Awaywelopds TOMGY ouddwy

Av dev éyouue uévov dGo TdEelc xal Eyouue Teploadtepes THTE TO LOVTENO TIOU TiE-
pLypddoue oTtny TponyoLuevn unoevotnTa Bo tpénet va enextabel, Gote va xahi-
PeL xou authv TV nepintworn. Lo autdyv tov Adyo Ba mpénel va yprnoluotolicouue
xdmoLeg Wéeg xat texVnég oTig onoleg €xyouue HO1 avagepbel. Autéc o teyvinég
€Youy Vo xdvouy UE Tig ouvapthioels Staxploews. Xt ouvaptAcels dlaxploswe
enttuyydvouue ddxplon étav 1 ouvdptnon Aaufdvel tny UeyaAdTeR TWAH TNS.
"Etot 0 tonog 4.1 unopel va adhder Myo oty E&lowon (4.5):

yi(T) = wr;x + wio (4.5)

'Onovu 1o ¢ ouuPBollel Tov aplBud tne tdewg yia Ty onola evdlagepbuaote xdbe
@opd.

4.1.3 TIlpoocéyyion Yuvoapthioewy

Y10V Touéa TV VEupVXGY dixtlwy ula oAb onuavtx epyaoia elvat 1 npo-
oéyylon ouvapthoewy. To npdBAnua autéd opiletal we e€nc:

Aebouévwy xdnoiwy onuelwy (x;,y;) mpooapudoete oe autd éva vevpwyixd
8ixtvo N(z,p) mov avanaptotd ta dedouéva uac txavoroinuixd. To didvuoua p
elvat oL mapduetpol Tov VeUpwyixol dLxtiou.

4.1.4 Aixtua Perceptron

To o Siadedouéva dixtua evég emmédou elvar ta dixtua Perceptron. Auté mou
a&ilet va dolue €86 elvan 1 exnaldevon Perceptron xou to fedpnua ouyxAfoeng
Perceptron.

4.1.4.1 Exraidcvorn Perceptron

Bruotixd n exnaldevon Perceptron unopel va oplotel we axolotbug[8]:
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A\ybpBuog Perceptron

2. T %8B onuelo x

4. AM\de yetdfaon oto 2.

Eicodog:Ta onuela (z,t(z)) tou ouvélov extodeloens xot 0 pub-
uée woabnoews n.
"E€od0¢:To didvuoua nopauétpny w.

1. Apywxornolnon twy Boapdy oto ddotnua [-1,1].

(o) Amotdtar n tu e €€680v y(z) yo auté to onuelo.

(B) Avy(z)t(x)

< 016te wz(tﬂ) = wz(t) +n(t(x)—y(x)), i =
1.k, 6mov 0 < n < 1 0 puBudbe yabhrioewce.

3. Av 6\a ta onuela tavournxay owotd téte ATAKOIIH.

I xdmoLeg TeptnTdoeLs 0 Tapamdve alybplbuog unopel xau vo uny ouyxAlvet.
Xoapaxtnetotixd elvar to topddetyua e ouvvaptioews XOR oto onolo doywpl-

Couue tov Y®po olugpwva Ue 0 Lyfua 4.3

(-1,1)

(1,1)

G

A

Vv

('1!'1)

(11'1)

Eyhua 4.3: To npéBAnua tou XOR otic dbo dwaotdoelg

yia o onolo dev undpyel obyxAnon ue tov alydpbuo Perceptron.
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4.1.4.2 Ocdpnua cuyxhjcews Perceptron

To Bedpnua ouyxiicews Perceptron avogépel twg av ta npdtuna S0 xatnyo-
pLdv elvon ypouuxde daywpelowa téte oe nenepaouévo tAfoc Brudtwy ue tov
ahyéptbuo Perceptron o xoataAi€ouue otnv Ao

4.2 TIToAlveninedo vevpwvixd dixtua

4.2.1 Tonohoyieg AwxtOwY

Av dev BéNouue va €youUE TOUS TEPLOPLOUOVS TWY UOVOETUTESWY VELPWIIXGY SL-
*TOWV TOTE UTOPOUUE VAl TEPAOOVUE GE TILO TOAUTAOXA, WS TPOS TNV doUT| TOUG,
veupwvxd dixtua. Xta molvenineda veupwvixd dixtua 1 teElxr €Eodog dev el-
vat amhég éva otafulouévo dfpoloua Twy 63wy, oA Bewpolue Tws unopel
va mepdoouue TNV £loodé pag amd ToAN enineda ue diapopeTind Bden o xdbe
neplntwon. Kdbe eninedo avdhoya ue tny Béomn tou oto vonté ypdgnua aneixo-
vioewe Tou dixtbou alpvel xat Stapopetind dvoua. "'Etol to npdto eninedo €yet
emxpatioel va 1o ovoudlouue eninedo eLoédou xou 10 1eAxd enlnedo eninedo
e€6dov. Ta evdidueoa enineda yapaxtnellovrar ue toug dpoug xpupuéva exi-
neda, enineda eneepyaciog xth. e autd to xeluevo fa ypnolwonololue tov
6p0 xpuuuévo eninedo. Mia ToAd anhy) Tomtohoyla yia T TOAUETTEdX VELPWVILXA
dbxtua palveton oto Lyfua 4.4. X1o oyfua neplypdpetal €va VELPWILXG dlxTuo
ue dVo elobddoug, TpeLg UoVAdES oTo xpLUUEVO entinedo xau ula uovdda oto enlnedo
e€bdou:

OUTPUT (1Y)

Yyfua 4.4: Holveninedo Perceptron
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Ta BéAn o010 Topandve yedenua teplypdpouy poY) Tng TAnpogoplag and xéuBo
oe x6uPo. Puoxd dev elvan anopaltnto vo cuvdéovtal dAoL oL xéufol ue Ghouc.
Enlong umopel va éyovue oOvdeor and eninedo oe uebendueva enlneda. XLtnv
gpyaod Ba aoyohnbolue ue veupwvixd Sixtua Tou TonELdlouy UE TNV TOEATAV®
tomohoyla, xabde elval 1 o cuvnbiouévn Lopey| oTNVY TEOCEYYLOT CUVAPTACEWY.

4.2.2 ’'E&odog x6uPwv

Ye éva molueninedo veupwvixd dixtuo xdfe povdda déyetal xdnolov aplBuéd ei-
063wy xou Tapdyel xdmota €€odo. Auth 1 éZodog uetafiBdleton oe xéufoug ato
enduevo eninedo ouvdéoews, mlavéy Yetd and otdbuton. [evixd unopolue va
Bewprioovue we oe éva vevpwvxd dixtuo feed forward 7 é€odog evéc xéuBou
unopel va, dobel ané tov tinol8]:

Zr =9 Zwk, * 25 (4.6)
i

Me tov 6po wy; ouuBoiilouue To Bdpog g ouvdéoews and Tov x6uBo i tou
nponyoluevou emnédou ue tov xouPo k Tou mapbdvtog emmédou. Me tov 6po 2;
ouvuPoiilovue v €€0d0 g wovddag i. Ilpénel va mpooeytel nwe tav elyaote
oo eninedo €106d0u T61E oL E€0B0oL TV LOVEdWY auTHY elval Quotxd ta otolyela
TV TPoTUnwY 6nwe autd elodyovtal. H ouvdptnon g ovoudleton ouvdptnom
EVERYOTIOLAOEWS XoL UTOpel va ExeL SLdpopeg TapAoTAOELS OTWC:

1. Yuvdptnon threshold pe timo
0,z<0
o0 ={ 1250 (1)

2. Yuvdptnor unepBoAxic EQATTOUEVNS.

3. Yuyuoedric ouvdptno.

4.2.3 Xiypoceldels povddeg

Mia ouvdptnor mou yenoidomoieital mdpa TOAD oTa VEUpWVIXE SlxTud xou oTa
owovouLxd uovtéha elval 1 orypoewdnc ouvdptnon. O yevixde tng tonog elvon o
axdéi ovboc:

1

o(x) = 15 cap(—az) (4.8)

ue 1o a > 0. T ddpopeg TWwég Tou a €youue T axdAoLBES YPaPLXES TOPAoTA-
oELC:



KE®AAAIO 4. NEYPONIKA AIKTYA 37

Eyua 4.5: Tiypoewdelc ouvopTAELS YLo SLAQOPETIXES TUIES TOU @

‘O)ec oL orypoedelc mpoc tar de€id ndve oto 1 xat mpog Ta aptotepd oto 0.
'Oco mo yeydhog ylvetal o ouviekeotic a 1600 TO TOAY UoLdlEL TO YpdPnUA
ue v ouvdptnon threshold, aAAd n olyuoedic €xel 1o Booxd mheovéxTnua
amévavtl tng: elvon ouveyde mapaywylown.

4.2.4 H apy?) TNg TAYXOOULAS TROCEYYICEWS

H apy| tne maryxdoutag npooeyyloews avopépet[11]:

‘Eva vevpwyix6 8ixtvo ue éva xpuuuévo erinedo xai ue enapxij aptud xou-
Pwv uropel va npooeyyloet onotadiinote ouvdptnoy.

duouxd Méyovtag enapxr) aptfud autédg unopel va elvan apxetd ueydhog.

4.2.5 Back Propagation

‘Acyeta UE TO av €YOUUE dlaywploud ot XAAOELS ) TPOGEYYLOT) GUVAPTACEWY
navta Ha undpyel xdmolo opdiua, xabde dev elval anapaltnto Twe Ba netdyouue
and v apy 1 oVXALoT ToL LovTEAOL Hag. Tevixd €xel emxpathoel oTa vELPWVLXA
dixtua va exgpdlouue autéd to Adbog Ue Ty yeHon Tou TETpaYwvLXo) GRAAUATOS
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1} TLO QOPUOALOTLXE:
N

E= 3 -t (4.9)
i=1

'Omou pe y; ovuPBoAilouvue v £€€030 ToL VELPWYLXOD SixTdou Xal Ue t; TNV emL-
Buunt €€0d0, onwe uog éxel dobel xutd v exnaldeuon tou cuothuatog. ‘Onwg
elyoue el xaL oto xepdiato Tne BektioTonoloewe £vag xoAbg SpbUOS TNV EAIYL-
otonoinon ulag ouvapthoewg Bploxeton ue mapaydyion Tng ouvaptiioews. 'Etol
XL 0T VELpeVLXE dlxTua Tpénel va BpolUue TNV Tapdywyo Tou Adoug wg Tpog Tig
TEaUETEOUE TOoL dixTUoL. PuoLxd dTay €youue va xdvouue UE ouVdpTNoT T6G0
neplmhoxn 6nwe ol ouvapthoels AdBoug evog vevpwyxol duxtdou, téte Ypelals-
MOOTE XATOLOY CUOTNUATIXG TPOTIO YL TOV UTOAOYLOUS TV Topaydywy. Autdg
o tpoénoc ovoudletar Back Propagation. Tl tov unoloyloud tov napaydywy
Yenotuonololue toug bpoug déATa tou optlovton wg e€rg:

5 = { Y — tkc, output layer ' (4.10)
ze(1 — 2x) D25, wikbj, otherwise

6mou k elvan o 6pog yla Tov omolo Bélouue vo utohoyloouue Ty Tapdywyo.
'Onwe Brénovue €xouvue npodfnom tou Adfoug and xéuBoug tou elvon oo enduevo
eninedo mpog toug xéuPBouc mou elvan oe mponyoluevo eninedo. BéBaia and tnyv
oTyur| Tou €y0LUE Toug Spoug dEATa TpEneL Vo BpoUUE TLG TTapay Y oL Tou Adfoug
S TPOS TLG TAPAUETPOUS TOL IXTUOU:

OE

— = bpz; 4.11
6wkj kZj ( )

4.3 Gradient Descent

Mia apxetd Stadedouévr e Vit BEATLOTOTOGEWS TWY VELPWVIXAY SixTOwWY elva
7 uébodoc gradient descent. Mnopolue va Staxplvouue authy Ty pébodo ae dvo
napadhayée: tnv online exmaidevon xou tnv offline. Xtnv npdtn nepintwon ta
npéTuTa euQavilovtol Ue Ty oelpd oto dixtuo xal xdfe npdtuno evnuepdVeL TA
Bdpn. Xtnv deltepr meplntwon agod nepdoouy dha ta TEETUTA EVIUEPGOVOUUE
Ta Bdpn. Audgopeg uehéteg €xouv dellel g 1 mpdtn Yébodog elvar toodlvaun
xou xohUtepn g deltepng. Emlong éyer Mydtepeg anantioelg, agol dev elvon
anapaltnTo Tdvta Ta TpdTuna oy Ypetalduaote Ba elvan dtabéotua and Ty apy.
Yy neplntwon mou €youue online teyvx 0 xavévag eVNUEPGOOEWS TV Bapdv
dlvetan we e&vc:

OE*
611in

A’U}jz’ =N (412)

'Onou ye E™ ouuPBoiilouue 10 o@dhua Yo To mpétuno n. Av éyouue offline
TEXVIXT TOTE 0 XAVOVOG EVNUEPHOOELS TwV Bapdy aAldlel ae:

OE
611in

A’U}jz’ =N (413)



KE®AAAIO 4. NEYPONIKA AIKTYA 39

4.4 Tevixeuon

Axdbua xou av €youue emtdyel o€ €va VEUpOLXS dixTuo va éyouue TOAD xahd
AdBoc, autd dev onualvel Twe T0 veupwvxs dixtuo elval yprowo. To vevpwvixd
dixtua dnuLoupyolvTon Yo var SoUAEPoLY O xdmoLo dYvwoTo TEpBdAloy o byl
yioe vor udfouv xdmoia dedouéva. H uddnorn dedouévwy fo unopoloe va emiteu-
x0el xau ue Ty entluom evég ypouuxob custiuatog, To onolo Ha €Bploxe axp B
noleg napduetpol taLpldlouy ota dedouéva Uag, Ue Aly6tepo eninovo tpéno and
6t 1 exnaidevon evég dixtdou. Emouévwg Bo mpénel agol Ppoldue xdnoleg xo-
AéC TOPOUETEOUS YLoL TO VEVPWVLXS Uog BXTUO Vo SOXUUAGOVUE TNV XATAOXEUT
uoc oe dedouéva mou mbavéy dev elyav yenowwonondel xatd v ddpxeia g
exnodeboews. Auté to onuelo ovoudletar yevixevon.
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Kegpdhowo 5

ITopdAAnAog
ITooypauuaTLonog

5.1 Nruata

Av oe éva npbdypauua BEAovue ue xdnolov tpdmo va extelolue dlo gpyaoie T~
pdAANAa, autéd oe xaula meplntwon dev unopel va yiver ue xdmolov ouufatixd
Tp6To. AuTé Tou UnopoluE va xdvouue elvan va Ypnoluonotoouue vijuata. To
viuata elvon Eeywplotés diepyaoies ol omoleg £xouv Tov (BLo ydpo UvAung ueTal
touc. 'Etol unopolv va €youv npbéoBaon ota dla dedouéva ywelc vor xataped-
youue oe AUoeLs SLadlepyaotaxhc ExoLVeViag 6Twg 1) Sl olpaldUeyrn UVAUT oL
oL sockets. IIdvw ota viuarta €youy avantuyBel apxetés BiBAoixes npoypouua-
Tlopol xal o authAy TNV evéTNTa B e€ETAGOLUE TS ONUAVTIXETEPES amd AUTES.

5.1.1 Locks

"Otay €youue viuata 10 Paotxd TOUSC TAEOVEXTNUO XL TAUTOYPOVOL UELOVEXTNUA
elvar e Oheg oL diepyaoieg avapépovton ota (dta dedouéva. Ay hoindy «tautsd-
yeovar dvo diepyaoteg entyetpioouvy npdofaon ota Do dedouéva To amotéAeoud
Bt elvan anpéBrento. o autdv tov Adyo ypnowwonotolue to Locks. Eivou ewduxol
unyoviouol ot onolot auvHBwe elvan ae ula and éva aGvolo SlTLUWY XATAGTACEWV:
Avouxté xou Khewoté. 'Otav elvar oe xatdotaon Kiewotéd 7 diepyaotio mou em-
xelpnoeL tpdafBaon oe autd Taydvel uéypl 1 diepyaoia mou ta ébeoe oe auTHY TNV
xotdotoon vo ta enavabéoel oe xatdotaon Avouxtd. Av Aowmdv xdbe diepyaoia
Yenousonotel autolc Tou Unyaviouols TdTe unopolue va eyyunboldue xdmoLou ei-
doug axepardtrra yia ta dedouéva pac. O axdéhoubog Peudoxddixac delyvel nwg
TPETEL VAL YPNOLUOTIOLOUVTAL:

o Lock(Mutex).

e Access(Data).

41
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e Unlock(Mutex).

duoxd o Tapamdve xdduxag Ha Teénel va undpyel oe xdbe diepyaota.

5.1.2 BB_THREADS

Eivar n o amhf uhomoinon tng noAvvnuatxrg eneepyaoctioc oto Linux. O dt-
xTuaxde Toug ténog elvon to ftp://caliban.physics.utoronto.ca/pub/linux. Ta
Baowd Brivata yia Ty extéleon evég npoypduuatog oe BB THREADS elvon ta
e&he[9]:

1. Exodvnon tou npoypduuatog cav ula diepyaota.

2. Extlunon tou péytotou ueyéhouc dedouévwy otolfoag yia xdfe viua (T64K).
3. Apywonoinon apBuot Locks.

4. IlpooHixn x&be viuaroc.

5. Avouovi| uéypl vo TEAELOOOUY GhaL ToL VAT,

"Eva Baowxd yetovéxtnuo mou €yel n napandve BiBAobxn elvar 1 yeron xou
dayelpion twv locks. Oa mpémel and v apyh va xaboploouvue tov aplbud Twy
locks xou M mpbdofaor oe autols emTUYYEVETAL UE TNV Yprion aplBudy, xdtL mou
dev elvan apxetd evéhxto.

5.1.3 Posix Threads

Eivar n mhéov Sadedouévn BBALob M ynudtwy xabde tny cuvavtdue oe apxetd
AELTOLpPYLXd cLuoTAUATA, oV XoL Exouy Sladobel teploadiepo oe ocuotiuata Linux
napd oe dAha cuothuata ténou UNIX, agol exel €youue vhonolnon twv vn-
udTwy and tov mnedva tou Aettoupyxol. O dixtuaxdg toug témog Bploxeton
oto site http://pauillac.inria.fr/ “xleroy/linuxthreads/ av xou ouunepthayfévo-
vial o OAec g oUyypoves dtavouée Linux xor FreeBSD. Ta Boowd Buata
xehoehe toug elval ta axéioubo:

1. Exxivnon tou mpoypduuatog eQapuoYig.

2. Apywonoinon Locks. e avtifeorn ue tnv bb_threads, €3¢ oL xheldaptéc
elvar petafBAntéc xau 6yt aptbuol, xdtl mou Yag enttpénel Vo eXTEAOVUE Xl
npd&elc enl avTtdv.

3. Exodvnon xdbe viuotog xaw népaoua opauétewy o autd.

4. Avoayovi uéypl 1€AoUg TV VNUGTWY.
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5.2  Avopotpaldpevn pvhiun

"Evag axéun eviLlapépwy tponog emxolyemviag UETAED TaUTOYpOoVWY dLEpYaoLdY el
vou 7 droorpalbuevn uviun. Me tny Siauolpalbuevn uviun! urnopolue va éxouvue
TOAEC diepyaotieg mou va €youy tpdofact atny (S uviAurn. Puolxd tpoxeluévou
va amopeuyBoly acuvéneleg o TRETEL Var UTAPYOLY U YaVLoUol XAELBGUATOS TKV
oWV TepLoy®y uviung. Tétoiol unyaviouol elvar ov onuagdpot. Oa mpénel va
onuelwlel twg N xowy uviun dev éxel oe tinota va xdver ye BBAobixes yen-
o1, 6mwe Ta vAuata, xat €tol unopoly va Bpeboly ota meploabdtepa oUYypova
AELTOLPYXE CUCTAUATA.

5.3 Memory Map

"AN\og évag Tpomog dladtepyaotaxic entxolvwyviag elvat 1 anewxévior apyelwy oty
uvAun. Edugwvo e authy TNy eV TUfoTa apyeloy aretxovilovtal oe ou-
veyduevn meploy) e uvAUNS. Apytxd autég o tpédmog elye yenouwsonondel yia
Vv Yehyoen eneepyaota apyelwv, adld enextdfnxe yia v diadepyaotaxy ent-
xowwvia. To clotnua ypaguxic dwampoownelag Ye tov yphotn X PBaotlel v
oy Ut enLxolvwviag oe tétoleg TeEyxES. Ané v dAAN 1 mohd ypriowun te-
v Ty dapotpaléuevey BBAoONGY Paoileton anoxAelotixd og auUTAY TNy
ey, Iopdheg tic mapamdve TOAD YpHOUWES EQUPUOYES, 1) TEYVLXH auTh elvan
uTodEEoTERPY OE TaUTNTA ald TNV XoLvr| Uviun xou €tol dev Bo avalubel neplo-
obTepO.

5.4 Clustering

5.4.1 Boaowol oplopotl

Av xou moAAéC Qopéc 0 bpog Exel emxpathoel va yapaxtnellel TapdAAnAes unya-
véc, evtoUtolg unopel va ypnowwonownfel xou otny neplntwon mov €xouue anhdg
€va dlxtuo amd LOAOYLOTES oL UE TNV BoriBela xaTdAANhou hoyiouxod ocLVERYE-
Covton uetagl toug. e autd to xeluevo dev €youvue oxomd va aoyohnfolue ue
TO VAL TETOLWY CUOTNUATWY AANS UE TO Aoylouwxd Toug.

5.4.2 Sockets

Ye xdbe neplntworn mov BENovUE va xdvouue unoloyiotéc va ouvepydlovtal Ue-
TV Toug Ypelalduaote uia dlodo emxowvovioc. Auty 1 dlodog elvan ol sockets.
Autd elvan ewdixod tinou apyela TOL YENOULOTOLOUY TLE CUOXEVES BIXTUDOEWS
TWV UTOAOYLOTGY, VLo Vo ETLTOY0LY avTahhayr dedouévwy avdueca 6Toug Uno-
hoviotés. Ye autd ta apyela utopolue va Ypdpouue xat vo dtaBdlovue. T tny
eniteuvn emxowvwviog yeetalduaote xdmow TéETA TOU UTOAOYLOTH TOL Vo glvon
ehelbepn Yo Ty avtadhay unvuudtwy. Exetepn onualvel twg dev anaoyohel-
T améd xdmola AN epyaoia, 6Twe N tépTa 23 yia To TPdYypauua telnet.

lshared memory
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5.5 MPI

H mhéov Siadedouévn mpoypauuatiotix) TAat@dpua v bAomolnon napdAANAwy
Tpoypauudtey elvar 1 MPI? xau e authv o aoyoknbolue oto utdhoino autol
tou xeaiatov. H Baowi guiocopia tng MPI elvon 1 Gnapln xdnotog tepop-
xlac otig ouvepyaldueveg dlepyaateg xal 1 avtolhayn UNVUUATWY UE TNV Yerom
WY unyavioudy mouv ovoudlovtal communicators.

5.5.1 Adlextol

Abyow g weyding Stadboewe mou yviploe ) MPI unfip€av apxetég uhonoloelg
e BBAobRixne mou oL meploobtepes elvan dwpedy. (lotéoo mpoypduuaTa, TA
omnola elvar ypauuéva oe ulo didiexto unopoly va uetagepholdy xat ot dAAeg
drakéxtoug, apxel va apyuxonownfel To oVoTnUA UE TOV TEOTO TToL amoutel 1) ou-
yxexpwévn didhextog. Tevixd o didhextol mou undpyouv xou elvon eAelbepa
dabéoruec elvou:

MPICH Anuovpyhfnxe and to Argonne National Lab tou navemotnuiou tng
noAttelag Tou Miooioint. O ductuaxde tng ténoc elvar info.mes.anl.gov

CHIMP Anuovpyrfnxe and to navemotiutou tou EdwufBolpyou xou o Suxtua-
x6¢ e ténog elvon ftp.epec.ed.ac.uk

LAM Eivou n mhéov dadedopévn dtdhextoc xa elvar auth mou fa ypnowuonoln-
OOUUE OTLC epapuoYés wag. Anutouvpyhinxe and to x€évipo unepuTOAOYL-
oty Tou Oydio xar o dxtuaxde tng ténog elvar thag.osc.edu

5.5.2 Apywonoinomn cuocTiraTOog

H apywxonoinon evée Lam ocuotAuatog amotel tny Unopén evég apyelouv ue ta
ovéuaTa TV unyavnudtwy to onola Hu GUUUETAOYOUY GTNV EXTENEST) TOL Ta-
pdAAnou mpoypduuatog. T va Eexwvroel To obotnua o 6boTnua 6To omolo
yiveton n exxlvnon Ba mpénel va undpyel oty Mota Ty unyavnudtwy. H oepd
TV Unyavnudtey elval onuoavtx, xabdg o xdbe unydvnua avotibeton pia ett-
xéta xatd To mpdTUNo Nn<aplfudéc> 6mov To n mpoépyeton and to node. ‘Eva
napdderyua tétotou apyelou elvan o axdloubo:
195.130.121.245

clio.cs.uoi.gr

pontus.cs.uoi.gr

priapus.cs.uoi.gr

MrnopoUlyue va ypnotuonotioovue IP adld xar dieubBivoelg ovéuatog oe autd
to apyelo. E&aitiac xdnowou bug oty vlonoinon oe Linux Ba npénel to évoua
Tou unyaviuatog exxavioewe va divetaw oe IP. Agol yiver auté unopolue va
ehéyEouue av unopel vo SouléPeL 1 Tapandvw Tonoloyia UE To Tpdypoyuad recon.
To Bua autd dev elvon amapaltnto, ahhd unopel va Yog npordBel and A&br, énwg

2Message Passing Interface
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OTNV TEPITTWON OV XdmoLo Unydvnua g AMotag elvan extég dixtdou. Alvovtag
recon -v lamhosts B ndpouue v axdroudr €€odo:

recon: testing n0 (195.130.121.245)
recon: testing nl (clio.cs.uoi.gr)

recon: testing n2 (pontus.cs.uoi.gr)
recon: testing n3 (priapus.cs.uoi.gr)

Av dev eugawotel xavéva Adbog Eexavdue Ty tonoroyla Slvovtag:
lamboot -v lamhosts

Ye xdfe unydvnua e Aotag Bo tonoBetnBel and évac server mou Ba axolel o
ula ouyxexpuuévn épTa Yol T UnvouaTa Tov Bo tepvdve avdueca oty oudda
TOV UNYAVNUATWY.

5.5.3 MetayA®dTTION %A EXTENEDT)

[Ma va uetayAwttloouue éva npdypauua oe LAM Ba mpénel va yprnoluonolticouue
eWég exdOoELS UETAYAWTTLOTAOY Tou Tapéyovtal e Ty BuBAobipn. H BiuBAio-
07 doveler oe Fortran77, C, C4++ xou emouéveg unopel vo xaAbel to oOVOAO
oed6v Ty mpoypauuatiotdy. Enlong 1 Stanpoocwnela tne BBAtodpe eNdyLota
dtapéper and YAGooa oe YAGooa. Ot eldixol UETAYAOTILOTEC TOU TOPEYOVTAL
elva:

e hee (Tw v C).
e hep (T v C++)
e hf77 (T v Fortran77)

Agob yetaylwttioouue to mpdypauud o xdbe unyov Tou UETEYXEL OTNY TOTO-
hovia dev uével Topd va to Eextvicouue dlvovrag:

mpirun -np N program

‘Omnou N elvon 0 aptbude twv diepyaotdy mou Béhouvue va exteleatoly. Aob
yiver autd oe xdbe unydvnua ue Ty oelpd Eexivd 1 extéleor) Tou TapdAANAoU
npoypduuatoc. Av dev Béhouue va yivel 1 extéleon oe Ao ToL UNYOVAUATO UTO-
polue va mpoodloploovue oe molo unydvnuo Ba yivel n extéleon ue tov e€ig
Tpémo:

mpirun n2-4 -np N program

H nopandve yeauun Mel twe to program o extedeotel yévov otny tpln,
Y TETAETN XL TNY TEUTTY Unyavh e Totohoylag xor cuvokixd Boa undpEouv N
diepyaoieg. Puoxd av o diepyaoies elvar neplocdtepes and Tic unyavés (ywels
auté va ouviotatol) téte oe xdmoteg unyavés Bo undpiouy teplocdtepes and Ul
diepyaotec.

5.5.4 TuVnol dedopévmy

Yty MPI cugavilovtal oyeddy 6ol oL TUTOL TOU GUVOVTAUE OTLC XANGOLUEC
v v

yYA®Oooeg npoypauuatiodol, ouuBolloueves ue otabepéc npoxeluévou va metd-

YOLUE UETAPEPOLUOTNTA TWY TpoYpduatdy vac[10].
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5.5.5 Metaywyelc unvopdtony

T vor untdpEe avtadloy) UNVuUdTeY UETOED Slepyaoldy TRETEL VAL YPNOLULOTOLY-
el xdnowx dlodog emxovwviag. Aut 1) dlodog emxolvwviag ovoudletal commu-
nicator xou yia vo Souhéder yperdletar Ty diemagr dixtdou ou UndpyEL GTOUG
ouvdeduevoug vohoylotéc. Auth 1 dlemagy| dixtdou dev €xel ot Tinota Vo Xdvel
ue v MPI xou umopel va elvar xdnota DIALUP obvdeon 1| xou xdnow T1 obv-
deon. Méow avtic e dtenagric n MPI dnuioupyel sockets yio tnv emxotvovia
TWV UTOAOYLOTOV.

'Otav 10 obotnua Eexwvd v epyaoia tou ula uévo socket dnuoupyeiton
v Ty dwBiBaon unvuudtey xar authy Taplotaton ue TV ouuBoAxt| otabepd
MPI.COMM_WORLD. Zuvifwe avthv Oa ypnoldonoloVue ota mpoypduuotd
uoc, ywels autd vo onualvel Twg oe ouyXexpLUéVeS Tepimtdoelc dev Ba ypeta-
otolUE xat dANeg dtddoug emxotvaviag. Av yia napdderyua €youue Slapopetinoig
Tonoug unvuudtwy, xdfe tinog urnopel va ypnowsonolel diagopeTtind Uetaywyéa.
BéBata %dbe évag yetaywyéag onualver éva axdua avouxtéd apyelo xar mdvta
undpyet Teploplondc ato TANH0C TV avoLxTdY apyelwy.

Tevixd ota mpoypduuoata MPI undpyouv 80o tpdmoL emxolvoviae avaueoa
oTlg dlepyaotieg:

1. Emextixy] emuxotvovio. Ye authy v Teplntwon undpyel dUeon ano-
oTOM unviuatog and ula diepyaoio Tpog xdmota GAAY.

2. Broadcast emuxoivovia. Xe authv v neplntwon ula diepyaoia otével
éva uivuda TIpog OAeS Tig utdAotneg dlepyaales.



Kegdhoro 6

To Ilpotewvopyevo Moviélo

Ye autd To XePIAoLo TEPLYEAPETOL TO UOVTEAO TIOL Ypnoudomolhinxe yia Tny
TPOCEYYLOT TV ouvapthoewy. To xepdhato Eexvd pe xdnotoug pabnuatixeoic
0pLoU0oUg XaL OTNHY GUVEYELX ETEXTELVETAL OTNV TEOYPAUUATLOTLXT| LAOTOINGT) TOU
HoVTEAOL.

6.1 Oplopotl

6.1.1 Ocekpnom

Mia Boaowed apyn mov yabaivel xdnolog aoyohoVUEVOS UE TNV TANPOQopLXY, elval
n Stauépron evég doxolov TpoBAAUATOC oE TOAE Utxpdtepa xal enthuon Tou
%xaBevéc and autd ta uxpd tpoPAiuata. Auth 1 Boaowa apyn €xeL emtxpathoetl va
ovoudleton top-down teyvixy emewdr) wotdlel va avtuetorilovue o TEEBANUA
and TNV xopuen Tpoc TNy Bdom tou. AutH 1 TEX VLY Unopel dveTa Vo EQapUOCTEL
XOL OTNV TPOCEYYLOT] CUVOPTAOEWY, XATL TTOU TO ELJUUE XUl OTO TPATO XEPAANLO
autol tou xeyévou. Exel eldaue eldxd tohudvuua mou dANoTe Htoy ToAUGVUUA
Lagrange xou d\hote splines. Avdloya ue tnv duoxohia evég dedouévou npoBAir-
uatog, autd ta gpyahela £youv anodetybel e€atpetixd yprowua. Qotdéoo undpyouv
o ToAd dVoxoha mpoBAfuata ota onola 1 Yehon AUTGOY TV TOAVLYOUWY dev
dlver xavormountixd anoteréouata. Enlong n nopdhAnin Abon ue tyv ypron twv
TOEATAVE TUNUATIXGOY TOAUGVIUGY dev elvol eQXTh Xal €Tl dEV UTOPOUUE Va
enw@eAnfolue and T TAEOVEXTAUAT TOU TAPIAANAOL UTOAOYLOMOU Tov eldaue
OTO TPONYOUUEVO XEQAAALO.

6.1.2 T'evixn neprypapy) g webddou

o va unopéooupe va xatavoroouue xahlitepa Ty uébodo mouv Bo axoroubn-
OOUUE, oc dolue o o auoTner Lop@h To Beuehiddec mpdBAnua tng npooeyyi-
OEWS CLUVIPTAOEWV.

47
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Aobéviwy M onuelwy e twéc (74, y;) i=1..M, ue ta onuelo z; € RY
BéNovue va oyedidoouue pla Asto utepemipdvela Tou va elvon 6o o
XOVTE UTOPOUUE OE aUTd T oTnuela.

O ouvnfouévog tpémog va emAubel To mapandve elvar ue v Bedpnon evée na-
paueTeLxol uovtélou ¥(x,p). Xe autd 10 UOVTENO SLUOopPOVOUUE XATEANANAA
TG TUPAUETPOUC P, £TOL OOTE VO EAUYLOTOTOLOOUUE TO CUVOALXS TETPAYWVLXS
o@dAua Tou dideTal and Tov TUTo:

M

Elp] = Z [¥(zi,p) — Z/i]2 (6.1)

=1

Av 6unc diaueploovue Tov yodpo D tou npofliuatdc Uog oe UXpdTEPOUS Y hPOUS
D; té61e oe xdbe ypo unopolue va BEcouue Eva UOVTENO UE DLAPOPETINES TORA-
u€Tpoug, To onolo unobétouue Twe Ha €xel XAAVTEPES TPOGEYYLOTLNES IXAVOTNTES
ané 1o YeyoahUtepo ulag xou Bo egapudletal oe uxpbdtepo tAHfog onuelwy. T'a
vo unopéoovue Vo to eEaopalioovue autd Ga mpénel va diaueploouue Tov Yo
ToU TPoPAAUATOS, €tol (BoTe Vo Uny Undpyel utepxdhudn uetald tov SLapopeTL-
%GV LToYDPWY XaL EMLTAEOV Vo TnpolvTal XL Xdnoleg auvBixeg ouvéyelag ota
6pLar AUTAY TV Teploy@v. o topdderyua dev Bo B¢Aaue oto (o onueio dvo dla-
PopETLXE UoVTENX va Slvouv dapopeTixéc Tiés. 'Onwe Ha Sodue mohd obvtoua
oL oplaxéc ouvlrxec umopel va elva axdua mo nepinhoxes. To wovtédho oe xdbe
x&po D; éxer tnv enxéra ;(w, p, q*) ue to ddvuoua pb va elvon to ddvuoua
TUPAUETPWY Y10 TO GLYXEXELUEVO LovTéNo Xou To ddvuoua ¢¢ va elvon to dud-
VUOUO TWY 0pLaX®y oLVENXGY Yo o wovtého autd ue to onolo e€aopaiilovue
ouvéyeta TWAS N/ %ot TopaYGYwY avdueca ot yeltovixd poviéha. Ilpénel va emt-
onuavBel g To dudvuoua pt eEaptdton ubvo and 1o dedouévo Loviéro, EVE TO
q* Ba e€aptdTon xou amd yettovxd povtéha. Me dedouévo To mapandve povtélo
T0 TETPAY WX a@dhUa ot xdbe urtodidotnua unopel va exppacTel and Tov Tino:

E ¢l = > [¥i (=0’ ¢) — )’ (6.2)

zrED;

To ouvohixd opdiua enouévwe unopel va dofel and tov timno
i

To didvuoua tapauétpwy ¢¢ elvon Tétolo Gote va Loylel TévTa
— i i
lI;(:L.ap) - wz(wap yq )7 T e -DZ (64)

ITpwv @tdoovue va oploouue to Yovtélo yag xou v Stadixaocia extodedoeng
autol, xaké Ba Htav va dodue dVo ol onuavtxés €vvoleg, énwg elval ta To-
Audvoua Obreshkov xau ta Neural Splines.
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6.1.3 IToAu®dvupa Obreshkov

Ac Bewprioouye pla ouveyde tapaywylown ouvdpton f(z) ue to z € [a,b] xa
€val TOAUGOYLUO Pf,b (f,z) ve tc axdroubec Widtnrec:

g%ﬁf”ﬂﬁ%%ﬂ@ha:U)WZ&Lmk

6.5
D PRI (f,5) = 25 f(@) omp = £, V5 = 0,1, ym (65)
Anhady| tapayeyiloviag autd ta Toludvuua oTa dxea ToL StaoThuatog AauBd-
Vouue Tig avtloTolyeg mapaydyoug TN ocuvapTAoEwS ot autd Ta onuela. Puoxd
arl&lovtag Toug bpoug k, m xatahaBalvouue Twe UTOPOUUE VoL EXOUUE OTOLAG
T¢€ens napaydywy ouvéyeta Béhovue. BéBata yia v oupBalvel autd 1o toAud-
vuuo Bo mpénel va €yel Babud touldytotov m+k+1. O Obrehkov €dwoe tov
axéhovbo TOno YLa Tot TOALGYLUA UE TNV WGTNTA 6.5 X0t Ye Tov eNdytoto Pabud
m+k+1[12]:

k

— b)) (g — jk—J . N
km ]) (z b) (z —a)! m+i a)
Py (f, ) Zf UG Z( . b_a)l.+

Jj= =0
(@ — o)) (g — b)) X k+i (z —b)?
Jzof(ﬂ)( ) ]‘(b—a (k+1) 12 ( ) _ b)’

Apxel va tapaywyloouue 1o Topandvew TOAUGVULO Tov anoutovuevo apliud @o-
PV, Hote va dlamoTdoouue we LoyVel 1 e&lowaon 6.5.

6.1.4 Neural Splines

Aot optoaus T no)\uo’)vupa elvan dpa var oploouue xat toug teheotés. Opllovue
oy teheoth LY e[ ) @S e€hc:

Ly L f(@) = Pi(f,z) (6.6)

Ko étou unopolue va oploovue ty nocdmta S(f, x) we:

S(f,a) = (1= L7 ) f(@) = f(2) - P57 (f.2) (6.7)

xat Ty toobtra B(f, z) wc:

B(f,2) = (1— (1= LY2, ))F(@) = f(@) = S(f,) = PE7 (f,a)  (6.8)

H ouvdpmon S(f, z) éxer €€ optopol Ty Wiétnta nwe undevileton ota dxpa Tou
dtaotAuaTos, dTwe xat GAes oL tapdywyot tne. Enedr Baoiletoun oty ouvdptnon
f unopotue va v ovoudoouue f-spline. Ané v dAAn n ouvdptnon B(f,z)
ot dxpal TOU DOTAUATOC LooUTtal Ue TNV ouvdptnon f oyt uévo og Tpog TNy
TWUA,AANE XaL ¢ TPOC TLS TPy dYoUC.
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Yy neplntwon npoBAnudtwy ot d0o dwotdoelc xdfe unodidotnua unopet
va ypagel oav [a1,b1] X [az, ba] xau oL ouvaptioeic S(f,z) xa B(f,z) unopolv
VoL YPAPoUY oG axohoVbwg:

S(fyz1,22) = (1 - Lill’éﬁhbl])(l - Lﬁz’é?;,bﬂ)f(ﬂflaxz) (6.9)

prsein
B(f,z1,72) = f(z1,72) — S(f,21,22) =

= (Lo L L L ) f(@, ) (6.10)

z1€[a1, z2€[az,bs] z1€[a1,b1] " z2€laz,b2]

Ay Stadéovue Ty ouvdptnon f(z) va elvar éva vevpwvixd, éotw 1o N(x),
tdte 1 ouvvdptnon S(f,x) anoxadeltar Neural Spline. e x&Be vnoydpeo D; o
HOVTENO TIOL €youue BlaTundvetal Ue TNy eElowon:

vi(e,p',¢') = B(f,2) + S(N, 2) (6.11)

‘Onou N (z,p") elvar 1o veupwvixd otov utoyheo D; Ue To dLdVUoUN TOPUUETPWY
p'. To ddvuoua ¢* mepéyel olyoupa Tig tpooeyyloels Twv TwodY e f(z) ota
6pLat TOU DLAOTAUATOC Xalt TLHAVOY TLg TWES TwY TPOCEYYIOELS oAy YWY XATOLIS
Td€ewe o autd Ta onuela.

6.2 Movtéla plag draotdocsws

6.2.1 Awpépiom euvbelag

Ynv yovodidotaty neplntwon 1o nedlo oplouol Tng auvapThoews Tou Bélouue
va mpooeyyloouue elvar uio evbelo. Apa av B€houue va dwaywploouue éva did-
otnua oe tuwhuata xat vo Bdhouue éva Eexwpelotd Uoviélo ot xdbe didotnua
xeeralouaote va Slayweloovue Ty eubela oe euBiypouua TUAUATA.

a b

) ) ( )
\_/ A\ \_/ Q
1 X2 X3 X4 5

Eyhua 6.1: Ouoibuopen dauéplon eubelac oe téooepa dlaoTAUATA

Y10 oyfiua ywellovue to didotnua [a, b] oc téooegpa unodlaoThUATA: [To, Z1],
[Z1,z2], [2, 23], xou [z3,24]. Xe x&Be vnoddotnua tonobetodue xau éva Sio-
POPETIXO UOVTEND UE BLapopeTinés Tapauétpous. (2oTt600 bt BAémouue ta
dlao AT EVOVOVTAL 0T EXpa TOUG XolL ETMOUEVLS TpEmeL va xaboplaouue xd-
TOLES oplaxég oLVOTXES avdueoa ota dtagopeTixd uovtéla. ‘Onwe Ba dolue otny
oLVEYEL AUTES oL oplaxés ouVBfxec unopel va elval amhde auvéyeta TAg H/xon
OLVEYELDL TIOPALY DY WV.
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6.2.2 ArnA6 poviélo

To anlobotepo UOVTEAO TIOU UTOPOUUE VO XATAGXEVAOOUUE oty Uia didotaot
elvon 6tav dev anarteltar ouvéyela napayGywy, Topd Uévoy Twhg. Xe authv Ty
neplntwon (o petd and npdielc oty E&lowon (6.11)) xatahiyouue oto enduevo
Hovtého:
— £(0 —b 0 -
wi(xapa q) - f( )(a) 271) + f( )(b) :g,a + N(ﬂf,p)—
z

[N@p)z=t + N 3= (612

a

Av xdvoude xdmotoug unoloytouotc Ba Beolue g ¥;i(a,p,q) = f©@(a) xo
Yi(b,p,q) = FO(b), xét mov elvar avayevéuevo yetd ty Bewpla mou dlatumd-
oaye oTlg Tponyolueves mapaypdpouc. O mapduetpor £ (a) xan f©(b) dev
elvon oL mparypatxée Twée tng ouvapthoews f ota onuela a xow b aAAd npooeyyi-
OELG AUTHY, XABAOS EX TV TPAYUETWY dev Unopoly va elvar TévTa YVwotd xatd
TNV XATAGXEVT] TOL HovTEAOL. AuTég oL TapdueTpol ovoudloviol eEmTepIXés Ta-
PAUETPOL OE AVTLILAGTONY UE TLG TOURAUETPOUS TWVY VEUPWVIXADY dIXTOWY Tou €xEL
%*80e povtého. T Aéyoug euxollog to mapandve uoviédo Ba to ovoudlovue
MONTEAO - 0.

6.2.3 MoVTtéNO UE CUVEYELX TARPAY DY WY

Av avdyueoa ota SlapopeTind UOVTENN ATALTACOVUE GUVEYELX THEAYDYWY TOTE TO
1ovtého o TPoXUTTEL £xEl W eENC:

¢($;P; q) = f(O) (a)ﬂ-&o (Z‘, a, b) + f(l) (a)7r3’1 (.CL', a, b)
+f(0) (b)T3,0 (.’E, a, b) + f(l) (b)7—3,1($7 a, b)
+N($’p) - [N(a,p)ﬂ370($, a, b) + N(l)(aap)TrS,l (il)', a, b))
+N(b7p)7-3,0($5 a, b) + N(l) (bap)T3,1 ('CE’ a, b)]

(6.13)
Me ta toAudvuua 73,0,73,1,73,0,73,1 Vo 0pllovTal g axohovlwg :
(z — b)? T—a
b) = 1+2 .14
7'('370(.73'7(1, ) (a_b)z( + b—a) (6 )
12
73,1(x,a,b) = (x — a)% (6.15)
73,5 (2, a,b) = w3 ;(x, b, a) (6.16)

Kat og auté T povtého, 6Teg xaL aTo mponyoluevo oL tapduetpot £ (a), £ (b)
elvan mpooeyyloeig g Twwic g cuvapToewe ota dedouéva onuela. Ov mapd-
uetpot fV)(a),f M (b) eivor mpooeyyioeic e Tufic e TapaydyoL ot Sedopéva
onuela. ‘Etol ol e€wtepnés nopduetpol tou deltepou wovtélou elval dimhdoteg
o€ TOCHTNTA Ao AUTES TOL TEWTOL HovTélou. T'a Adyoug euxollag To uovtého
e e&lodoewe (6.13) Ba to ovoudlouye MONTEAO - 1.
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6.3 Movtélo 300 dLooTACEWY

6.3.1 AuwauépLon TAEYUATOG

'Otay ta onuela eloédou opllovtal oty ula didotaon, téte daywpllovue éva
gubdypopuuo Tuhua ot emuépous eubbypauua tufuata. ‘Otav €youue d0o dua-
otdoelg €youue va dlaywploovue évav opboydvio ydpo ot emuépoug ophoydvio.
Onuxd o anotéheoya g doueplosws dnutoupyel éva mAéyua. Auth 1 xotd-
OTOOT TUPOUGLALETOL OTO ETOUEVO OYHUA :

0 1 2 3 4
NN1 NN2 NN3 NN4
NN5S NNG NN7 NN8

2
NN9 NN10 NN11 NN12

3
NN13 NN14 NN15 NN16

4

Eyhua 6.2: Ouotduopen dwauéplor opboywviouv otic dbo dwotdoelc oe 16 Tur-
porTal

Y10 Eyfua 6.2 ywpllovue tov ydpo oe 16 tufuata ypnoulonoldvrac ula
dtapéplon 5 x 5. Aev elvar anopaltnto yio 10 UOVTENO TpooeyYloews va ypnot-
uomololue ouolduopen dlauéplon, dnwe dev elvor amapaltnTo Vo YpnouLoroLoVue
woanéyovoeg dauepioec. otéoo oTNy Tapoloa LopP Tou To TEdYEAUUA TOU
vlorotel To uovtélo ypnoiuonolel ubvov Loaméyouvoeg daucploeic.

6.3.2 TIIepiypapy poviélou

Y1ic 300 oo TdoELS dEV YENOLUOTIOLOVUE GUVEYELD THPAYDYWY AVIUECT OTA UO-
viéha xdfe daotAuatog topd uévov ouvéyela twic. Av Béoouue ki = ky =
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m; = mg = 0 otc elodoeic (6.9) xou (6.10) téte Ho ndpouue dadoyxd Tig
endueveg eELOGOOELS :

B(f,z1,12) = flar, o) B2 4 f(by, 0) Pt
+1 (@1, 09) 2222 + f(21,bo) =22

@ 202 6.17

{[f(ar,a) BB by, ap) izt (617)

+[f(a1;a2)§1:§1 + f(z1,b0) Pegt ] 2=a2

Ko

S(N,z1,22) = N(z1,2) — N(1,a2) 2= — N(z1,bp) 2=22

—N(a1,z2) 8= — N(by, x2) P=2

+22=b2 (N(al;(h)g“*b1 +N(blaa2)_§1l:g_:)

ag—bg

+22222 (N{ag, by) 220 + N(by, by) 222 )

ba—as a1—b1

(6.18)

Ty ouvvdptnon B(f,z1,z2) 1 ouvdptnon f Sev elvon 1 ouvdptnon nou Hé-
Aouue va pooeYyloouUe, alhd éva woviého authic To onolo elval Eeywplotd ot
%80e dxpo Tou opBoywviou aTo onolo Exouue TO CUYXEXPUIEVO UOVTEND, CUUGPOVA
UE TO EMOUEVO oY uaL:

[%(al,b2) (b1, b2)
QU(x1)

OL(x2) OR(X3)

O(X1)

4>

X1

Yyfua 6.3: IToivdvuua Obreshkov 80o diaotdoewy
To nohudvupa OL(z2),0R(x2) petafdiloviar Ubvov we pog tny ddotaon
x2 xat to. mohudvuua OU(21),0D(x1) we mpoc v ddotaon 1. Ta téooepa
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napandve toAudvuua opllovton alugwva ue toug axdiovboug TUnoug:

OL(z2) = fO(byas)mso(x2,a0,b2) + O (b1, b2)750(x2, as, ba)+
F53 (b1, a2)ms 1 (€2, a,ba) + f53) (b, b2)7s 1 (w2, a2, b2)+  (6.19)
FE2 (b1, a2)ms 2 (2, a2, bs) + f52) (b1)Ts.2(22, as, bo)

OR(z2)

FOay, az)ms 0(2, az,b2) + F© (a1, b2)7s,0(22, a2, b2)+
fw? (a1, 02)775,1(352, az, ba) + fz(?(al, b2)7'5,1($'2, az,b2)+
frg) (a1, a2)7r5’2(:1:2, az,bs) + féi)(al, b2)7'5,2($2, asz, bs)
(6.20)

OU(z1) = fO(a1,a2)ms,0(z1,a1,b1) + FO(br,a2)75,0(x1,0a1,b1)+
a(:i)(alaa2)775,l(x1;ala bi) + fzq)(bl,a2)7'5,1($1,a1,b1)+

1 (a1, a9)ms 2(w1, a1, b)) + £ (b1, ag)7s 2 (21, a1, by)
(6.21)

OD(x1) O (a1, b)ms,0(z1,a1,b1) + fO(az, b2)7s,0(21,a1,b1)+

£ (a1, b9)ms 1 (w1, a1,b1) + f52) (a2, b2)7s.1 (21, a1, bi)+

fz(?) (a1,b2)ms 2(21,a1,b1) + fg)(am b2)75,2(21,a1,b1)
(6.22)

Ta mapandve toludvuua Téurtou Babuod yenoluedouy yla Tov unoloyloud
TV oLVaPTACEWY f(a1,Z2),f (b1, x2),f(z1,a2),f(21,b2) oL dev Ba unopolvoay va
Bewpnbolv mapduetpol tou cuothuaTog, xabde uetofdAlovtal. To moAudyvua
T %L T UTOPoVY €UXOAA VO LTOAOYLOTOUY amd TOUg TUTOUS UTOAOYLOUOU TwV
TOALLVOULY 6T xdvaue xar oty pia ddotaon. Ipénel va onuewwbel twc av
xa éyouue mohudvuua Obreshkov téuntou Babuol anattodue cuvéyela U6Vov wg
mpog Ty TWr. Ot mpdabetol TapdueTpoL GTLE TopATdvVe EELOMOELS AnoTENOVY TIpo-
oeYYIlOELS UEPLXMY TopaydYwV ata avtloTtolya onuela olugwva Ue tov axdioubo
nlvoncal, oA BV AL TOVUE GUVEYELL YO AUTES TLG TIOPOUETPOUS 0T OTUEld TOU
evévovtan ta ophoydvia.
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[ TAPAMETPOY | IPOSEITIZEI |

57 (a1, 00) 2L (a1, )
D(ay, by) 2L (ay,by)
5 (by, a2) 5L (b, ap)
(b1, b2) BL (by,by)
(a1, a2) S%(al,az)
& (a1, b) T (ar,b)
2 (by, az) %(51,02)
) (b1, 02) 7E (b1, b)
(ar,a) 52 (a1, a)
% (a1, by) 2L (a1,bo)
) (b, a2) 5L (b1, a9)
<2 (b1, b) 2L (b1, by)
1) (a1, a2) S%(al,az)
2 (ar, bs) %% (a1,b2)
agz) (b17a2) g_ig(blaaﬂ)
2 (b, bo) %(bl,bz)

Yuvends otic 300 oo TACELS €YXOUUE TEPLOCOTEPES EEWTEPLXEC TTAPAUETPOUS
ané 6t oty ula didotaon.

6.4 Kwduornoinon

Yy evémta auth Ba e€etdoouue Tov Tp6TO TOL XWdLXOTOLONXE TO UOoVTENO
npooeyyloewg nou e€etdlouue oe autd to xepdrato. Iloéc @opéc Ba xatapod-
youue oe unepBoAxd ueydio Bdbog Aentouépelag xdduxa, arlhd xdtt tétolo elvon
anAEAlTATO YL TNV XATAVONOT] TOU GUVOAOL.

6.4.1 Apywonoinon cuoTiULATOS

To obotnua vy va Eexwviioel ypetdletan éva Baowxd apyelo ue to évoua INIT.
Auté hoyixd Ba mpénel va Bploxetal 0ToV XATAAOYO EXXVACEWS TNG EQUPUOYTG.
To apyelo anoteleltar and avabéoeic oe yetafintés. Kdbe avdbeon Bploxeton
oe dtapopeTint| yeauur. Mio tumx wopen mou €xel to napandve apyelo elvat 1
axéhoubn:
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dimension= 1
dim= 2

nodes= 12
ipoints= 120
test_points= 1000
method= 0
eps= 0.00001

Me tic petafBintég Tou apyelov va €xouv Ty axdiouvln onuaacto:

. dimension. KaBopllel v Sidotaon twv onuelwy tou tpofAfuatog.

. dim. Oa urndpyouv Téoec SradoyLxé eugavioels avtic TG weTofAntrc,600

elvow o 7 didotoor Twv dedouévey tou tpofBiiuatoc. Kdbe eugdvion xa-
Bopiler xou motog elvon o embuuntég diaywplouds os authy TNy dLdoTao.
I napdderyua dim=2 xow dim=3 xafop!lel nwe BAouue dbo onueia dia-
xwplouol otny TedTn didotaoct xou 3 otny deltepn didotaoy. Me xatdh-
Anho unohoyloud and autég Tig UETaBANTEG unopolue va Bpolue ta StaoTr-
pota mou Ba £youvue xou enopéveg xar 10 TARBOS TwY veupwYLXGY Tou Ha
xenowornoinfoiyv. O tinog elvan o

dimension
intervals = H (dim; — 1) (6.23)

i=1

Ané tov mopandvw tono xo uévov xataraBaivouue twg dim; > 2.

. nodes. Alvel tov aplBud TV XpUUUEVLY UOVAdwY Tou Eyouue ot xdbe

veupwvx6. Enouévwe dha ta veupwwixd elvat Lloodivaua, wg tpog to thrfog
TV x6ufwv toug. Av Bélouue va unoloyloouvue Tov apliud Twv TapauéTeny
ToL €xEL T0 X0 VELPWVLXG UTOPOUUE VA YENOLUOTIOLAGOUUE TOV TUTIO:

N = (dimension + 2)nodes (6.24)

. tpoints. Elval 1o ouvohixd mhifog Twy onuelwy extoadedoews. Aev elvat to

TAifog twv onuelwy Tou Beloxovtal oe xdbe didotnua. e xdbe didotnua
unopel va Beloxovtar and 0 €wg xou ipoints anuela, xabds o daywpLouds
Tou xdvouue dev eyyudtat s Ba undplet Bto TABoc onuelwy oe xdbe
ddotnua.

. test_points. Elvow 1o ouvolixd mhifoc twv onuelowv eréyyou. Puotoloyixd

Ba mpéner va elvon mepiocbtepa and Ta onueia exToLdEVoEWS, oV Mol AT
tétolo dev elvan unoypewTLXS.

. method. Elvai évog aplfude mouv xabopllel xou v Babuéd nou Béhovue va

éxouv ta toAvdyvua Obreshkov. O Babudc Twy ToAvwviuey dlvetal ond
Tov tino:
degree = 2method + 1 (6.25)
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7. eps. Eilvaw évog uupde aptBudc mouv xabopiler tnv emBuunt axpifBeta mou
Béhovue and to obotnud uog. Xenowdomoteltol yior vor aAAGEEL TNV UETA-
BANT target tou mpoypduuatog BeAtiotonolfoews merlin.

Aol avalubel Aextind to mapamdvw apyelo to cVotnua Qdyver va Peer dbo
apyela ye ovéuata train.data xou test.data. To mpdto apyelo nepthauBdvel ta
npéTuna exnadeVoEwS X To dedtepo Ta mpdtuna eAéyyou. Ta mpdtuna dev
unotifeton mwe mpémel va éyouv xdmota didtadn oe autd ta dpyela, ExTOS TOU
6t 10 onuelo ue yauniétepo X Oa mpénet va elval 1o mpdTo onuelo ota apyela
oL T0 onuelo pe to yeyolitepo X oto TéNog tou apyelou. Av xdtt tétolo dev
ouuPaivel éva anhé script oe Perl ) Awk unopel vo Aoet to tpéBinua. To apyelo
train.data nepiéyer ta Levydpla (onuelo, tuh-ovvapticenc). And v dAAN to
apyelo test.data mepéyel v tpLdda (onuelo, TLA-OLVOPTAOEWS, TLWH-TEMTNG-
TopaydYov).

[Tpéner va emonuoavlel twg ta apyelo INIT, train.data xou test.data elvon ta
B oe xdbe unyavn mov uetéyel oTNY TAEEAANAN EXTEAEST) TOU TPOYEAUUITOS
Behtiotonotioews. Auté €yive Yo va uelwbel 1 mohunhoxdtnta tou cuaTHUATOg
xal vo unopoUue var aAAGouue xotd Ty dtdpxela TG EXTENECEWS TO dldoTNUA
exnadevoens ulag depyaotog.

6.4.2 AwxpépLon Yopou

Agob 10 olotnua e€etdoel ta apyela exavioewg xau xaboploel xdnoleg eow-
tepueég petaBAntée, Ba mpénel va Snuiouvpyfoel ta dlaothuata Uéoa ota onola
Beloxovtar ta mpdtuna xdbe veupwvixold dixTdoL XoL ENOUEVWE T ATALTOUMEVD
veupwvixd dixtua. O aplBude twv dotnudtwy énwe eldaue dlvetar and tov
twno 6.23. H owoty) dapéplon tou ouothuatoc npotnobétel nwe 1o onuelo ue
T0 youniétepo X Ba Bploxetow oty apyf) Twv onuelov xol Twe T0 onuelo ue
T0 YeyohUtepo X o010 téhog Twy onuelwy. T vo dnuiovpynboldy ta dwothiuota
xeeralbuaote enlong dvo Baocixéc mhnpogoples:

1. Offset. Eivou évag tivaxag mou meplypdepel To «onuelor» oto omolo Beloxeton
7 ueYaAUTepn Ywvia Tou dtaotAuaTos. Av ylo Topddelryua eluaote oe ula
didotaor xon BEhouye to offset yia To detepo Sidotnua Ba tdpouue Ty T
2. O tpénog unoroylouod auToV TOL TVAXA TEPLYPAPETAL OTNY CUVEYELA.

2. Division. O épo¢ autdg elvar évag mivaxag mou mepLypdgel Ty Stauéplon
oe xdfe ddotaon Tov ywpou tou TpoBAiuatoc. Ouolaotixd ouuminTel ue
Tov Tivaxa dim; Tou e(dUUE TEONYOUUEVKS.

6.4.3 Ilpoeneiepyaoia

Av o yovtéha npooeyyioews oe xdfe ddotnua Rtav dapopetind uetald Toug
dev Oa umhpye xaula avdyxn yia to npdto BAuc EXTEAECEWS TIOL TO OVOUACUUE
npoene€epyaota. Ta vevpwvixd dixtua Bo exnondedotay xat dev o utpye xavéva
npéfBAnua. Amé doua elnaue 0TO XEQPIANLO TWV VELPWILXGY JIXTOWY XdTL TETOLO
Ba orjuonve tuyala apyLxonolnon oe xdmolo Sidotnua xon otadiaxd Ho aAAdloue
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o Bden. Ané v otyur) mou ol napduetpol xdbe yovtélou dev elvon uévov Tta
Bdpn twv veupwVX@Y dxTiwyY oANd o xdmoleg mopdueTpol Tou elvar exel yia
TNV GUVEYELX TWY LoVTEAWY Bo pénetl var Bpolue oL Xdmoloy TpoTo Vo TS apyL-
xomotfoouue. H xahOtepn tiur mou Ba unopoloay va £xouy autég ol uetaBintée
npoépyovTal and ATOTUNCT TNS AVTLXEWEVLXC OLUVAPTACEWS OF AUTd Ta onuela
%00 1oL TWY TopAYAYWY NS, av autd amoteltal. 20Téo0 xdTL TéTolo dev elvon
eQuT6 Yo tpogavelc Adyous. Amd tny dAAN Slamiotdinxe (Uetd and moAAd meL-
pduata) Twe 1 Tuyala apyixonolnen aUTdY Ty TWY dev odnyel oe xdnoto xald
anotéheoya. I autodc Toug Adyoug emAéytnxe Ty and Ty Paouy exmal-
dguan Tou cuoThuatog vo utdpeget ula pdon xatd tny onola o extiunfody autég
oL tapduetpot. Auth 1 pdon ovoudotnxe tpoeneiepyaoia.

Katé v @dorn e npoenelepyaoiag oe xdfe didotnua exnadedoews Bew-
pOUUE WS TO UOVTENO TpooeYYIoEnS elval Vol ATAG YEUPOVLXS SIXTUO XAl oY VOOUUE
TpoowpeLvd Ty Unapdn twv eEwtepxdy napauétpwy. H exnaldevon touv vevpwvi-
%00 Bxtbou 6nwe Ba dolue xa ota tetpduota Ha yivetow elte ue Ty uéHodo exmon-
detoewg TOLMIN efte ue v uéhodo eupéoewe xafohxdv ehaylotwy CLUS-
TERING. Metd 0 téhog g npoeneepyaolog eXTUIOVUE GOV apy X TWH TwY
EEWTEPXAY TAPAUETPWY TS AMOTUACELS TWV AVTIOTOLYWY VEUPWVIXAY dxTOwY
ota avtlotoiya onuela. Auté €yel dVo Baouxéc emntdoels 010 oVOTNUA UaC:

1. Ta Bden twv vevpwvixdy dixtiwy dev ypetdletar (xar dev mpémel) v apyL-
xomounfoly, agol mhpay xdnoles (lowg xaréc) Twwéeg and to tpdto oTddlo.
"Etol ol tég twv Bapdy and to otddlo tng npoeneepyaotag nepvody oTo
otddlo e PBaouxrc exnodevoewg.

2. Xe yertonxd doothiuoata exnodeboews 300 SlapopeTtind veupwvxd dixtua
Bo dlvouv dagopetiée Twée yia v B e€wtepinr) mapduetpo. To o0-
otnua dev yeplletanr autd to TEdBAnua, agol euelc HBéAovue xdmoleg op-
YWES TS Yla TG Topoétpous Woc. EZdAhou oe moAAéc mepLntdoELS 1|
npoexnaidevor unopel va dwoel mohd xahd anoteAéouata, GOTE Vo UNy
yeerobel va unoloyloovue Yéooug Gpoug.

To otddLo tng mpoeneZepyaoiag elval TAHPwS TaPAAANAOTIOLACLUO, Apoy SeV amal-
teltan and ta vevpwyxd dixtua v uotpdlovtal xdtl xolvéd, oUTe TpdTUTAL OUTE
ToPAUETPOUC.

6.4.4 Boaowr Exnaldeuon

Yy @don g Baoxric exnadeboews tpoonabolue va Bpodue xaAOTERES TUIES
yia ta Bdpn tou xdbe veupwvxod Buxtiou dlatnedvtag otabepés TG TWWES TOU
€youvue yia Tig eEWTEPIXES TOPOUETPOUS. AUt T0 0TAdLo elval TapalAnhonolr-
oo, uré v Paowxr| tpolndheon nws dev alNdlouv oL eEwTEPLXES TOPAUETEOL.
T v Paowr exnaldevon emhéyOnxe 1 uébodog Beitiotonothoewg TOLMIN.

6.4.5 Eoudiuvorm

H gdon e e€opolivoeng exteheiton auéows UETE TNy @don tne Bootxrc exmat-
deloewg. Xe autd 1o otddio €yovue €va ubvov uoviého, to omolo mepthaud-
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Vel oTa TpoTUTAL eXTILOEVoEWS ToLu Ghar T dtabéolua mpdtuna and to dpyelo
train.data Auté to xaBoluxé uovtého Loolton ue ta emuépous Lovtéla oe xdbe
ddotnua exnandeloewe. Qotéoo o moapduetpol extoudeboews (ot ueTafBAntéc
mou B aAAGEouv) dev elvan T Bdipn TV VELPOVIXGY SXTOwV, Akl oL eZwTepLXéS
napduetpot. Kol og authy v @dor oav uébodog exnadedosng emhéyxbnxe 1 ué-
Bodoc TOLMIN. Ilgénet va onuelwbel twg 1o apyixd Adboc otny diaduxactia tng
eZouoNOVoELS LooUTaL UE TO dBpoLoUd TWY OQAAUATOY TOU XAVOLY Ta ETLUEPOUS
uovtéha. Av yio mapddetypo éyovue N uovtéla t6Te To dpyxb o@dAUA OTNY
eZoudiuvorn Ba elvon

E=FEy+E +..+Ey

Metd 1o népag g e€ouallvoews o o@diua Tou Bua ndpouue Ba elvan

E=Ey+E +..+Eyn

Duowxd Ga oylel

ywelc autd duwe va onualver xou AUTOUATA TWS

E; < E;, Vi

agol xatd tnv Sidpxela g e€oUdahlvoeng xdmowa enuépoug Adbn unopel va
uewwboly xou xdmota dAAa va avgnbolv. Auté dev mpénel va wog mpoBinuartilet,
aol autéd mou {ntdue elvon N Yelwon Tou GLYOALXOD CPIAUATOC.

6.4.6 AAydplBuocg

To teleutalo Béua mou €xouue va dolbue oe autd To xe@diao elvar o akydplduog
eEXTAUSEUOEWS TOU CUOTAUATOS XAt TiLo oUYXEXpLUEVA 1) Baoxr cuvdptnot.
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10.
11.

12.

ANybpBuog Train

. Avdyvwon napauétpny.

Avdyvoon npotiney exnatdedoewc.
RETRAINS=1

T xdbe Sidotnua d xdve TopdAAnia

() N=Nevpwvxé dixtuo oto d.

(B) Exnaidevon tou N (mpoeneepyaotia).
Apyuonoinon v eEwTERXOY TOPOUETPWY.
T xdbe Sidotnua d xdve topdAAnia

(a) M= Movtélo oo d.
(B) Boaowr Exnaldevon touv M.

Exnaldeuon twv efwtepixdy napauétpwy(egoudhuvon).
E=\d60¢ exnoundedocwe.

Av E<EPS téte

(o) Extinwon apyelov e€édou.
(B) Awaxomn.

RETRAINS=RETRAINS+1
Av RETRAINS==MAXRETRAINS téte

(o) Extinwon apyelwv e£6dou.
(B) Auwaxorh

II¥youwve oto 6.




Kegdhowo 7

Ietpdpata

Y10 xepdhato autéd Ba dodue NV ePapUOYT TOU UOVTEAOL TOU TEONYOUUEVOU
xegalatou oe Sudpopa mpoPBAfuata oty ula xou otig dVo Siaotdoelg. Xxomdg
TOV TELPUUETOY AUTGY Elval Vo SLEpELYAGOUUE AV TO TPOTELVOUEVO UOVTENO elvol

xprouo.

7.1 Mia ddotoon

7.1.1 XopaxtneloTtixd TELRAUAATWY

Xpnowonothfnxay 3o cuvaptioel yio ta etpduota. H mpdtn elvon 1)  sin 22,
7 onola Tapouotdlel TOAOTAOXY SoUT XOU AVOUEVETOL VA TPOCEYYLOTEL UE XdmoLa
Suoxolla. H deltepn elvar 1 872 1) onola napouotdler teprodixétnta. H ypopuxd
napdotaon e npdtne oto dudotnua [-4,4] galvetar oto Tyfua 7.1

T v dedtepn ouvdptnen to Ypdenud e oto ddotnua [-10,10] elvon oto
Yyhuo 7.2

To nelpduata ot xd0e didotaon ywelotnxay ot 0o ueydieg xatnyopieg. Lty
TpoTN xatnyopla emAéYTXE Va yenouwtononownbel ula uébodog tomixtic BeltioTo-
notioewe Yo Ty npoeneepyaoia xou otny deltepn uébodo yenouwonouibnxe ula
uéhodoc xabohuxtic BeAtiotonolioewe.

H uébodoc tomxric BeAtiotonotioewe ou ypnotdonouifnxe frav n uébodog
TOLMIN tou POWELL, nou nepiéyeton oo naxéto Behtiotonofjioewg MERLIN
v3.0.2[3] Avixel oty xatnyopla Quasi Newton xau ypnowponotel tnyv evnuépwon
BFGS yia tov gootavd nilvaxa.

H uéfodog xafohinric Bertiatonotfoews nou yenotdonotrinxe rav n uébodog
SINGLE LINKAGE CLUSTERING(4]. T tpv povodidotatn neplntwon xpnot-
uonouinxay yovtéia ue 1, 2, 4, 8, 10, 15 xon 20 Swaotiuata. Xe xdfe didotnua
T VeUpwVLXE dlxtua elyay 1-8 xpuuuévous YEUpGOVES.

[ v Boowr| exnaidevorn tou wovtélou yenouuonoliinxe uévov 1 uébodog
TOLMIN.

61
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T
X*siN(<*x)

Yyfua 7.1: Tpaguh tapdotaon tne o sinz? oto [-4,4]

7.1.2 TIlpocéyyiom Tyuns

7.1.2.1 Tewpdpoata pe v z sinz?

O tpémog mou emhéyOnxe va eugaviotody Ta anoteréouata yio xdbe Tpooéyyion
elvar og xdfe dapépLon xaw Syt avd xpuuuéveg Uovades, Yiotl ue autdy Tov Tpdno
elvo duvatéy va xatavoroouue xatd néoov to obotnua anodidel xohltepa Ue
adZnom tou apliuod Twv SlaoTNUdTOY.

Yuvéyela ouvapticenwg Iapouotdlovue anotedéouata Lo TNV TEPITTWOY TOL
eEMBAANOUUE OGUVEYELD TNC CUVAPTACEWS UOVOV Xal €YOVTAC XENOLLOTOLNCEL TO-
) ehaylotonolnon oty @don tne mpoenelepyaoiac. Xta Staypduuata TOU
axohouBoly oe aUTHY TNY TEdYPUPo O XATaXGpLYPoS dEovag avtiotolyel atny
Topdotaon:

error(z) = (zsinz? — Model(z))

MrnopoUue va xaTaoXeVAo0VUE €vay amAd Tivaxa Ue To UEYLOTA Xal EAGYLOTA
o@dluata avd neplntwor dlaothuaTog:
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exp’(sin(x))

L L L
-10 -5 o 5 10

TyfAua 7.2: Tpapued tapdotaon tne €82 oo [-10,10]

[[ATAXTHMATA | METIXTO | EAAXIZTO |

1 477.24 104.11
2 460.02 0.0005
4 389.0 0.0000053
8 14.72 0.106
10 0.77 0.000001
15 0.15 0.0000002
20 0.91 0.0006

Ytov mhvaxa auTé XaL YL TNV GUYXEXPUIEVY CUVAPTNOY Ta UEYLOTA CPIAUATA
TPOOEYYIOEWS TA £YOUUE GTAV YENOULOTIOLOVUE EVAY XPUUUEVO VELRWVA GTO GU-
OTNUA LOC XAl T EAGYLOTA GQAAUATA TEOCEYYIOEWS 6TAY YPNOULOTOLOUUE OXTH
veup®veg. Ané 1o mivaxo UnopoVUE va BYEAOUUE XATOLI CUUTERIOUTO YLOL TNV
u€00d6 pac. H ad&nom tou aplfuol twv Saotnudtwy yevixd odnyel o Bektiwon
Tou ogdiuatog Tpooeyyloews. 20T600 unopolue vo ToEATNENOOVUE TS LNdE-
YOUV TEPLTTAOOELS atd Tl onoleg autd dev ouvuPalvel. Autd ogelletan oto 6T
oty mpoeneéepyaoia yenowsonolhinxe tomx xon 6yl xabolud teyvixr| Behti-
otonotfoews. Avtiotouym elvan 1 gpunvela yia Ty TGV ABENOT TOL CPAAUATOS
npooeyyloews aLavouévwy Twv XOUBwy Tou dixtdou.

Oa Atav eZapeTind Ypriolo va SoUUE WS TPOCGEYYLOAY TNV OVTLXEWEVLXN
oLVAPTNOT XAmoLa ATtd To XAAVTEPO LOVTEAD YLal LEPLXES XATNYOPLES DLUOTNUETWY.
Y10 Yyfua 7.3BAénouUe TNV Ypapixr cUYXELOT TNS AVTLXELIEVIXTC GUVIPTHOEWS
UE TO XAAUTEPO LOVTENG TOU £VOS SLAOTHUATOC.
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EI'?ROR:L i

Eyhua 7.3: Xpdhua npooeyYloews TpoTELVOUEVOU LOVTEAOU EVOC BLAOTAUITOC UE
oxt6 x6uPouc Yia TNy ouvdpTtnon T sin x?

To wxpdtepo opdlua npooeyyloswe ota 8 diaothuata to elyoue ue 8 xdu-
Boug xat divetar oto Xyrua 7.4.

To uwxpdtepo opdlua Tpooeyyloews and GAEC TIC TEPLTTWOCELS TO elyoue YL
15 dwaotAuarta ye 8 xpuuuévoug xéufous xat divetal oto Xyfua 7.5.

Yuvéyea mapaydyov Av amoutnfel xou N GUVEXELX TNC TPATNG TAPAYEYOU,
16T XUTAARYOUUE OE €Va UTOAOYLOTIXG UOVTENO UE TMEPLOGOTEPES TAPAUETEOUC.
O nivaag oQaAUdTLY Yo QUTAY TNV TERITTWOY TOL LOVTENOL Uag ExEl we eENC:

[ATAXTHMATA | METIXTO | EAAXIZTO |

1 459.32 113.53
2 424.50 0.00035
4 334.37 0.000001
8 1.31 0.034
10 0.80 0.000009
15 0.87 0.000002
20 0.60 0.052

Enovolaufdvouye ta nelpduatd wog e Ty Yovrn dlapopd 6Tl xatd Ty gdor

e npoeneepyaoiog ypnowonototue uéhodo xafoluic ehaylotonotioewce.
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0.2

ERRORS —

0.15

>

-0.05

Eyhuo 7.4: LodAuo npooeyYloews TPOTELVOUEVOU UOVTEAOL 8 SLaoTNUdTWwY UE
o6 x6ufouc Yia TNy ouvdpTtnon  sin x?

Yuvéyeta Suvapthoewg Me dedouévn UOVOY TNV GUVEXELD TNG GUVIPTHOEWC
TO oUYXELTLXE amoteéopata Tou THpaue eupavilovial atov enduevo Tivana:

[ATAXTHMATA | METIXTO | EAAXIZTO |

1 477.24 11.56

2 432.71 0.000011
4 363.31 0.0000003
8 5.40 0.0000002
10 0.75 0.00000002
15 0.09 0.00000001
20 0.90 0.00000001

Ané tov nopandve mivaxa dueca UnopoluE vo cuunEpdvouUEe Tar axéhouba:

1. To o@diua Téptel yovotova ue Ty abEnom Tou apliuold Tov SlaoTNUdTwyY.

2. Me v ab&nom tou aptbuol Twy x6uBwy 6To Xpuuuévo eninedo To cVGTNUA
Behtudver Ty wabnotaxr tou avétnTa. Auté Atav xdTL Tou TEPLUEVIUE
va oLUBEL, agol €youue yenousonotioel xabohuxr BehtiaTonolinon

3. Ta ogdhuata elvor ToAd uixpdtepa and Ty mepintwon mou elyoue TNy ué-
60d0 TOLMIN. Enouévwg unopolue ao@ards Vo GUUTEPAVOUUE TS OL Olp-
¥wég ouvBrixec tou npoBAfuatog tallovy yeydio pdro oty TEAXH Ado.
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0.0012

ERRORI1S5

0.001

O0.0008

O0.0006

0.0004a

0.0002 |
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-0.0002 !

-0.0004
-a

Eyhuo 7.5: Lpdhua npooeyyloens tpotelvduevou woviélov 15 dotnudtwy Ue
oxt6 x6uPouc Yia TNy ouvdpTtnon T sin x?

'Onwc xou ye v teplntwon e uebédov TOLMIN, unopotue xat €36 vo SoVue
MEPLUES YPAPLXES TIOPAOTAOELS OQPdAUaTOS TPooeYYloewe Yo xdmota and Ta TEL-
pduata. o vo undpyet ula obyxplom ue to apytxd nelpduata, o emtAéEouue va
napouoldoouue TS dleg neptntdoelg ota LyRuota 7.6, 7.7, 7.8.

Ko otic tpelc mepintdoelc ta o@dhuato mpooeyyloews €youv dbo Baoixd
YOPOXTNELOTLXAL:

e Eivow moAd mo uixpd and 6t eldaue otny neplntwor tng npoexnatdeboewg
ue v uébodo TOLMIN.

o Elvat neploodtepo xotaveunuéva and 6t nponyovuévens. Autd Ba mpénel
VO TO TIEPLUEVOLUE Ao Ta LovTéAa elva aveEdpTnTal oL 1) AV TLXELLEVLXN
ouvdptnon elval CUUUETELXH.

Juvéyela TapaydYou Ay anAlTAHCOUUE XAl CUVEYELX TAPAYAYOU, TOTE O avTi-
otolyog nilvaxag o@dhuatog npooeyyloswe elvou:
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EI?'ROR:L T

-o0.2 Ftf

-0.4 U A

-0.8

Eyhua 7.6: Lodhua ntpooeyyloews TpoTeLVOUEVOU UOVTENOL EVOC BLUOTAUATOC UE
o6 x6ufouc Yia TNy ouvdpTtnon  sin x?

[ATAXTHMATA | MEIIXTO | EAAXIZTO |

1 459.32 10.16

2 373.58 0.00002
4 258.96 0.00000005
8 0.79 0.0000009
10 0.86 0.00000005
15 0.86 0.00000001
20 0.65 0.00000001

7.1.2.2 Tewdpata pe tnv €577

H npdtn ouvdptnon elvan dboxolo va mpooeyylotel ue Ayo dothuata. A
Toug mivaxeg xou Ta Srypdupata mou eldaue uéypl thpa ftay edxolo va dia-
TWOTOOOVUE TS oxedua ol e 4 Slaothuata 1o mpdBinua dev Advetan, av dev
dtabétovue apxetolc xéuBouc. And v AN 0 1 vevpwvixd and ubvo Tou
anartel ToAAoUe xéuBoug Yo va Aboet To TedBAnua. ot600 UTdEYOLY XL TPO-
BMjuarta ta onola dev €xouv moAUTAoXY Sout|. e autd ta npofAfuata Ha 6éNaue
va Slatnefooude g XahéC TPooEYYLoTiXée duvatdtnteg evég aniod Uoviélou.

To devtepo npdPBAnua elvon 1 ocuvdptno €

sin

Yuvéyela ouvaptioeng Av emtfuuolue UOVOY CUVEYELL CUVAPTHOEWS And TO
uovtého uag ot yenordonotioouue tnyv uéBodo TOLMIN otnv npoexnaidevon Ha
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Eyhuo 7.7 LpdAuo tpooeyyloens TEOTELYOUEVOU UOVTENOU OXTH SlaoTNUATGY
uE oxT® x6uBoug yia TNV cuVpTnon T sin

TAPOUUE TOV EMOUEVO Ttlvoxa aQaAudTwy TpooeyyYloewe:

[[ATASTHMATA | MEI[T=TO | EAAXIZSTO |

1 113.58 0.00025

2 65.96 0.00000007
4 29.84 0.00000005
8 0.85 0.00000001
10 0.72 0.00000001
15 0.12 0.00000001
20 0.22 0.00000001

Yxedév o xdbe meplntwon netdyoue Tayela enliuon Touv mpofiuatog. Xe
TOAEC TEPLTTAOCELS UAALOTA SEV XpELdoTNMAY TOAAES emaveXToudeVoELS, Aol TO
TeéPBAnua elye Aubel and Ty @domn g TedTNg enavalfdewe.

Yy ouvéyela napabétovue ta ypapruata o@IALATOS TPOsEYYIoEWS YL TIg
xalUtepee nepuntdoels e uebddou e 1 ddotnua (Zydua 7.9), 8 Swothuata
(Eyhua 7.10) xau 15 Staothuata (EyAua 7.10).

Yuvéyea mapaydyouv Av fewproouue Twe £YOLUE UOVTENO UE CUVEYELD TO-
PUYAYWY o TPoeXTAldEVaT UE XproT TOTUXNS BEATLOTOTONOEWS TTAlpVOUUE TOV
enduevo miivaxa Yl to opdiua npooeyyloewe:
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0.001
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ERROR1S5
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Eyhuo 7.8: LdAuo npooeyYloews TPOTELVOUEVOU UOVTENOL deXaméVTe BLaoTn-
udtwy UE 0xT6 x6uUPoug Yio TNV cuvdpTtnon T sin z2

[ATAXTHMATA | METIXTO | EAAXIZTO |

1 116.37 0.0014

2 71.96 0.00000005
4 4.11 0.00000007
8 0.13 0.00000001
10 0.09 0.00000001
15 0.06 0.00000001
20 0.16 0.00000001

Auté nou umopolue vo mapatnpricouue elvon Twg énwg xat Ty elyoue Ue-
AN uelwon otic YéyLoteg TLES o@dAUaTOS TpooeYYloEWS TTou €pTace UEYpL XaL
70 80%. Mdéhiota authy TV @opd elyoue uelworn otic eENEyLoTes TLUES oQENLA-
T0¢ TpooEYYloENS, dTwe Unopolue va doVue and tny tpltn oTHAN ToL TAEATEVWL

Tivoxa.

YNy ouvéyela uéver va dolue Tola elval Ta antoteAéouaTa TEooEY YioEWwS TNG
TPATAVE GLUVAPTHOEWS ALY YPNOUWOTOLCOVUE oay TpoexmaidevoT tny uébodo xa-
Bolweic Behtiotonolfoews clustering.

Juvéyela oUVAPTHACEWS AV ATULTAHOOUUE GUVEYELX UGVOY OTIS TUIES TV LO-
viéhwv o nivaxag mou AauBdvouue elvan o axdéiouvfoc:
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o 7.9: gdhua npooceyyloews TpoTeLVOUEVOL LoVTENOL EVEG BlaoTiuaTog Ue
oxtd x6ufoug yia Ty ouvdptnon es"

[[ATASTHMATA [ MEIT=TO | EAAXIZTO |

1 113.58 0.000007

2 65.96 0.00000007
4 1.50 0.00000002
8 0.84 0.00000001
10 0.11 0.00000001
15 0.06 0.00000001
20 0.04 0.00000001

Agv umopolue va TolUe Tws N Xehon T xabolurc BeATioTomoloEws weé-
Anoe ae ueydro Pabud ty mpoaéyyion e ouvapthoews. Ta uéylota elvan nepl-
ToL (Bl Ye autd mou elyaue oTo Tponyoluevo oVotnua. Emouévag 1 xenorn g
xafoluic BedtioTonoloews dev elvon Tdvtote avayxala xal o endUevVn evéTnTa
Bo dolue ypovued xpithpla mou xabopllouv méte elvar oUUQEPOY Vo YPNOLUO-
TOLOUUE QUTAY TNV TEYVLXY.

Yuvéyela Tapay®dYoLv Av amaLTACOUUE XAl GUVEYELX TAPAYOYOL amd TO Uo-
viého ag, téte Ho xatarflouue otov enduevo mlvaxa:
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o 7.10: Xgdhua npooeyyloews TEOTELVEUEVOU LOVTEAOL OXTEH BlaoTnudTwy
ue oxtdd x6ufouc yla TNy ouvdptnor St

[[ATASTHMATA [ METISTO | EAAXIZTO |

1 116.37 0.000006

2 71.96 0.00000008
4 0.53 0.00000004
8 0.13 0.00000001
10 0.04 0.00000001
15 0.01 0.00000001
20 0.06 0.00000001

7.1.3 Awuéplon

To Boowd epdnua nou Bétel 1 uéhodog elvan av ypetalbuaote Ty dlauépLom yia
va emthboouue ta tpofBAAuata ou uac divovtat. T'a va to oxegtodue autéd Gu
TpémeL vor aviimapafdihouue autd mou uag divel cav Abor 1 véa uébodog ue éva
uovtého oto omnolo dev €youue Souéplom, Yo TaEddeLyua éva amAd VELp®YLXS
dixtvo. H andgaon pag dev npénel vo Bactotel uévov oto opdiuo npooeyyi-
oewg aANd %ol oTov Ypdvo mou emLTUYYAveToL xdTL tétowo. To ypdgnua Tou
Yyfuotog 7.12 moploTdvel T0 OQPAAUA TPOOEYYIoEWS TIOU €YOUUE WE TNV YeHioN
evée veupwvXol yla TNV oLvdptnon zsinz?. To veupwvixd dixtuo LAomoLABnxe
oto obotnua Behtotonotfjoews Merlin 3.02 xau exnadebtnxe ue v Borbela tng
uebédou Levenberg - Marquardt.

To ogpdlua npooeyyloewe elval apxetd ueydio, axdua xal 6tav €youue Ue-
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o 7.11: Egdhuo tpooeyYloews TPOTELVOUEVOL LOVTEAOL BEXATEVTE BlooTN-
udtov ue oxtd x6ufoug yia Ty ouvdptnon eS

Ao aplfud x6uBwy. Ané v dAAn av xoltd€ouue ato Tynua 7.13ta yewpdtepa
TV 0QPAAUGTWY TpooeYYloewe Tou yivovtal amd 10 WOVTEND UaC

O dLamoTHooLUE TS and TNV dlauéplon Ue oxTd daoTAUATA X ENELTA TO
wéyroto Adbog oyeddy undeviletat. To uéyioto opdhua tpooeyyloews to €youvue
0TS TAPATIAVE TEPLTTOOELS UE EVay UOVO XPLUUEVO VELPGVA ot Xdfe emuépoug
veupwwxd dixtuvo. Av tdhpa Helfjoouue va dolue xou mola elvar Ta xaAUTERAL
OQANIOTA TNV TPOCEYYLOT) TOU EMLTUY Ydvouue Ba Tdpouue Tov enduevo Tivaxa

[ATAXTHMATA | S$AAMA |

1 104.11

2 0.0005

4 0.0000053
8 0.106
10 0.000001
15 0.0000002
20 0.0006

To napamdve opdiuata aTny TpooéyyLor emtedybnxay ue oxtd xpuuuévoug
x6uBoug avd dixtuo. Axdua xal atny neplnTwon Tou evég duxtdou elyaue xoh-
tepo anotéheoua ue TNy véa pébodo. Qo600 Yo va xplvouue Ty avayxatdTnTa
e véag pebdédou Ha mpénel va eetdoouue xou Tov Xpdvo nou ypelalOUaoTE Yia
TNV EXTEAEDT]) TWV TELPOUATOVY. 3TOV ENOUEVO Tlvaxa €YOVUE TOUG YPOVOUC TOU
XEELAOTNXE TO éval veLpwWXS Yia TNV érola entAvon tou tpoBAfuartog:
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Eyhua 7.12: Bpdhua tpooeyyloens evog veupwyLxol SixTiou Yia TNy cLVdpTNHoN
L2
zsinz

[ KOMBOI | SAAMA | XPONOY |

1 514.95 4.257
2 372.71 5.892
3 346.33 7.698
4 379.76 16.977
) 346.23 8.175
6 188.42 28.306
7 196.50 34.585
8 141.04 234.173

Fevixd o ypdvog dev nalpvel ueydheg tuée. Qotédoo 1o npdBAnua dev Adveta.
Y1ig xahbtepeg nepintdoelg emAboewe and To LOVTEAD Uag oL avtioTtolyol ypdévol
Arow:

[[ATAXTHMATA | S3AAMA | XPONOY, |

1 104.11 353.97
2 0.00052 997.35
4 0.00000053 994.34
8 0.106 813.07
10 0.00000582 | 1315.50
15 0.00000019 199.11
20 0.00596 815.61
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Eyhuo 7.13: Méyioto opd Lot TpooeYYIoEWS TPOTELVOUEVOL UOVTENOL ot xdbE
Sauépion yio TV ouvdpeTnon & sin z2

Ou ypdévor elvon peyalltepol and v neplnTwor ev6g VELPWYLXOL BLxTOoU

®OTOCO0 TPETEL VO TPOCEEOVUE TA ENOUEVAL

. To povtého otic MEPLOCHTEPES TEPLTTWOELS ElYE WtavoToLnTxd a@dhuaTa

OTNV TPOCEYYLOT).

. To m\iBog twy napauétpwy exTdEVoEWS ElVaL YEVIXE TEPLOGOTEPO OTO VEO

Hovtého.

. X710 VEo YovTENO €va oNUAVTIXG UEPOC TOU YPOVOU YAVETAL OTNY AVTAANAYN

UNVUUETOY ot unyaviuata tou ouvBétouy tny oudda epyaoiac tng MPI.

. H ad&non tou mhifouc dlaotnudtwy dev cuvendyetol dueoa xal ad&nomn tou

xebévou.

. H at&nomn twv dlaotnudtoy yevixd odnyel oe Slauéplon tou tpoBAfuaTtoc oe

guxohbtepa pofhiuata oe xdfe meployh. Autd onualvel twe T enluépoug
npoBAfuata emAdovToL TaYUTERA.

H tehevtala daniotwor and tic mapandvw elval TepLoadtepo Qavept av Yenoluo-

notioovye v Uébodo CLUSTERING vyl npoexnaideuon tou cuotiuatde pac.

Ye autiy TNV TeplnTtwon Ta XAAVTEPA GQIAUATA TPOOEYYIOEWS TIOL EMLTUY YEVO-
vt oyetilovtal Ye tov Ypdvo olugwva Ue Tov enduevo mlvaxa:
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o 7.14: Tpdhuo npooeyyloews EVES VEUp®VLXOU SIXTYOL Yiol TV oLVAETNON
eSlHCL‘

[ATASTHMATA | ©$AAMA [ XPONOSY |

1 11.556 144.47
2 0.00001 296.53
4 0.00000003 126.53
8 0.00000019 103.76
10 0.00000002 88.40
15 0.000000001 279.67
20 0.000000001 534.49

[ v emitdyouye Leavorolntx) Abon dev Ypeldotnxe apxetds Ypovog. XTig
TEPLOCOTEPES TEPLNTAOELS O YPOVOC ATay avtloTolyog 1) UxpdTEPOS TN TEPLTTR-
OEWC EVOS VELPWILXOU JIXTVOU. LUVETHDS UTOPOUUE VoL XATIANEOUUE UE AaQAAELd
0TO GUUTEPICUA TIWS 1) Véo UEBOdOC

1. Emdel ye euxoiia dboxola npoBiiuata.

2. Aev anarteltal apxetéc Ypovog yia Ty emiAuon TV TEOBANUATWY.

Qotéoo unopolue vo SoXUEcOVUE Vo EEAYOVUE XATOLE GUUTEPEOUATA XAl YL
ula o edxoln ouvdptnon énwe elvar 1 e %, To ypdonua Aabdv ue éva ubvov
vevpwwLxd dixtuo dlvetan oto Lyhua 7.14.

BAénouye Twg av oL €Y0VUE UXEOTERES TWIES YLA TO GQIAUA TPOOEYYIoEWS
and 6Tl TPONYOUNEVLS, oL andALTES TWES Tapauévouy UPnAég extde xal av Sio-
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Eyhuor 7.15: LpdAuo npooeyYloews TPOTELYOUEYOU LoVTENOL Yo xdbe dlauéplon
Yl TNY ouvdptnorn est ¥

Béoouue apxetolc xéuPBoug oto dixTud Hac. Av YpNoLLOTOLGOVUE TIE XAAVTEPES
emdboelc Tou Uovtélou uag Ba ndpouue To ¢ Ypdgpnua tou TyAuatog 7.15.

To olotnua axbud TPOCEYYLOE TNV CUVAPTNOY MUE YAPAXTNELOTLXY dveEaT
axéuo xar ue Alya Staotiuata. Mdhota 1 npootixn dwotnudtwy népa and
T0 2 dev delyvel va mpoo@épel xdtL ouotooTixd. Apa xou ue Alyo doothuoTa
UTOPOVUE Vo TpooeYYlooLUE TNV AJoT), UELOVOYTAS £TaL ToV anattoluevo apliud
napapétewy. Av 6éhovue va dolue Tov Xp6vo yla TNV AUOT| TIOL TIPOCEQEPE TO
TpATO UoVTENO Talpvouue To Ypdgpnua Ypbdvou - xéuPwy tou Lyfuatog 7.16.

Ané vy & av Bewproouue Ty TepitTwon ue téooepa dtaoThuata (Tou
oyedov éyel MNioel 1o TpdBAnua) To Ypdenua ypbvou - Swotnudtey dlvetal 6To
Syhuo 7.17.

To cbotnua undpece va AVael 1o TEOBANUA 0 XpdVo ULxpdTEPO axdua XL
and autdv Tou evic wovtérou. Mdlota av avhoouue To TARB0C TV LOVTEAWY

Ba dolue mwg oe TOMES TEPNTAGELS 0 XPOVOS UELGVETOL BpaoTixd, apol xdbe
EMLUEPOUC UOVTENO AUVEL €val oYETIXE e0XONO TIPGBANUA.

7.1.4 Kaboluwxy| Behtiotonoinoy

To 3eUtepo €pWTNUA TOU XAAOUUAGTE VO ATAVTHGOVUE ELVAL 1) AvayXaLdTNTA TNG
xafohuxfic BedtioTonofioews. Qo mpénet va emanuaviel twg 1 xabohuxr Beltioto-
noinomn dev yivetar oe xdfe Briua Tou alyopibuou, ahhd ubvov xatd TNy apyLXo-
nolnon tou cvothuatos. o va amoxticovue ula xaAbtepn exdéva Tne Slapopds
Twv dVo uebddwv apyxonotioews otoug enduevoug dVo mivaxeg ouyxplvoule Tig
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Eyhua 7.16: O ypbvoc evée veupwvixdu dixtdou o cLVAETNOT UE TOUC XOUBouc
Y10l TNV TPOGEYYLON TG CUVAPTHOEWS T Sin x2

ONUTEPES X0 TLC YELPOTEPES EMBGOELS TV dUO TEYVIXAY YLol TO TEOBANUA NG

Tpooeyyloewe Tou T sin 2.

Av 3oVue Tt xahUtepes enddoeic Twv dbo UeBEdwy Tpoextadeboews Ha md-
POUUE TOV EMGUEVO Tivoxa:

| AIAXTHMATA | TOLMIN | CLUSTERING | ATA®OPA(%) |

1 104.11 11.56 -88.90%
2 0.0005 0.000011 -97.80%
4 0.0000053 0.0000003 -94.34%
8 0.106 0.0000002 -99.99%
10 0.000001 0.00000002 -98.00%
15 0.0000002 0.00000001 -95.00%
20 0.0006 0.00000005 -99.99%

'Onwg mapatneel xavels n xeron e uebédouv xaboluric Beltiotonolfoewg
é\uoe To npdéBAnua tpooeyyloewg ue 2 1 xou ue 4 Swuothuata. Enlong ou yetafo-
e ota MaBn oyeddy mdvta Zenepvoldy to 90%. 'Ouwc yio v oynuaticovue ula
mAien ewdva yia Ty avaryxawétnta tne CLUSTERING 8o npénel va dobue xou
TOUG XPOVOUC TIOU YPELICTAXAUE YLOl TOL TORATAVG EVIUTIWOLAXA ATOTEAEOUATA.
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Eyhuo 7.17: Xpbvoc npoTeELYOUEYOL UOVTENOU TECOAPWY SLAOTNUETWY OE CUVEE-
TNOM UE TOUS X6UBOUC YL TNY TPOGEYYLON TNG CUVIPTACEWS T Sin o2

[[ATASTHMATA | TOLMIN | CLUSTERING | ATAGOPA(%) |

1 353.97 144.47 -59.20%
2 997.35 296.53 -70.27%
4 994.34 126.53 -87.01%
8 813.07 103.76 -87.24%
10 1152.69 88.40 -92.33%
15 199.11 276.67 +39.01%
20 815.61 534.49 -34.47%

'Otav 10 oUoTNUd UaC ETLTUYYAVEL TOUC GTOYOUS TOU, TOTE 0 YPOVOSC UELD-
vetow avtl va auEdveL, apol 1 exTAldELOT) TWY VELPWXEGY JIXTUWVY DAXOTTETAL.
Enouévwg unopolue va molue twg 1 xehon texvixdy xabohuxic Beltiotonolr-
oewg elvon anapaltnTn Tpoxelévou va €YoVUE xahd anoTeAéauata TpooeyYloews.
AvahoYol OMOTENEGULATOL UE TOL TAPOTEVE UTOPOUUE VO TOPATNPTICOUUE X0l YLal TNV
ouvdpTnon eS T,

7.1.5 Emhoyv uebBsédou

To enduevo Héua mou €youue va dovue elvon 1 avayxadtnta Tne uehédouv ue ou-
véyELL ooy Y wY. Oo ETIXEVTPOGOUUE TNV UENETY UaC 6TNY oUVAPTNON  sin 22,
x0fd¢ mopovotdlel 6nwe eldaue apxetd nepinhoxn Soun. Ltoug nivaxes ToL axo-
Aoubouy Ba ypnoluonolioouue uévoy ta anoteléopota Tou Thpaue Ue Ty Borbela

¢ CLUSTERING xou 6yt ue autd mou mhpaue and 1y TOLMIN, »xafdg npénel
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v elvan pavepd 1Hdn and ta tponyolueva nwe 1 npoexnaidevon ue CLUSTERING
BeAtidver onuavtixd ty anédoaon touv cuvotiuatoc. Enlong Ha e€etdoouue ubévov
TLG TEPLTTMOELS XATd TIG Omoleg elyaUE XAVOTOLNTIXE ATOTEAECUATA OPIALATOS

npooeyyloewe.
T v u€Bodo ue ouvéyeld TGOV 0 TUYAXAS GQIAUATOS TPOoEYYLoEWS Mol

Xpévou éxel wg e&hg:

[[ATASTHMATA | S$AAMA [ XPONOX |

1 11.56 144.47
2 0.000011 296.53
4 0.0000003 126.53
8 0.0000002 103.76
10 0.00000002 88.40
15 0.00000001 276.67
20 0.00000001 534.49

[ v péBodo ue ouvéyela napaydywy o avtlotolyog nivaxag elvat:

[[ATASTHMATA | S#AAMA [ XPONOS |

1 10.16 257.47
2 0.00002 1028.73
4 0.00000005 216.68
8 0.000005 657.50
10 0.00000005 293.98
15 0.00000006 415.31
20 0.00000007 | 1308.53

Suyxplvovtog ta xahOtepa o@dhuata TpooeYYloens Twy 300 TEYVXGOY Talp-
VOUUE TOV €NOUEVO Ttlvaxa :

[ATASTHMATA | ATASOPA(%) |

1 -12.11%
2 +81.18%
4 -83.33%
8 +24.00%
10 +150.00%
15 +500.00%
20 +600%

Yy nepintwon mou €youvue Alya SLoTAUATA UTOPOUUE VO TOVUE WS 1) Ué-
Bodog ue ouvéyela Topaydywy emTUYYAVEL XahbTepa anoteréouata. Mdlota
oV UEAETHOOUUE TA ATMOTEAECUATA TTOU THPOUE XAl S Tpog Tov apliud Tev xou-
Bwv, Ba dwmotdoovue Tog 1 YEbodog 1 uixpdtepa opaAUATA TPOCEYYIOEWS OTLS
Xelpbtepeg epintdoels. dotéoo autéd mou wog evdlagépel elval N emtuyla Tng
uebédou étav 1o npdBAnua Advetar. ‘Onwe delyvel o mponyoluevog mivaxag o
tétoleg nepintdoelg 1) wébodog 1 dev elvon xakUtepn and tnv uébodo 0. Qotédoo 1o
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Eyhuo 7.18: LopdAua npooeyyloens TpoTelvoUEYoU LovTélou 15 Staotnudtony ue
8 x6ufouc yia TNy ouvdptnon  sin z?

ueydio mheovéxtnua tng ueBédou 1 elvon g efaopaiilel ouvéyela TapaydYwy.
"Oung av Tdpouue TLg dlapopés TV XPdVLV:

[ ATASTHMATA [ ATAROPA (%) |

1 +78.22%
2 +246.92%
4 +71.25%
8 +533.67%
10 +232.56%
15 +50.10%
20 +144.82%

Auté nou mapatnpolue elval Twg o ypdvog avEdvetal tdpa ToAs otny uéhodo
1. H ad&non otov xpbvo xou 1 yelpdtepn nopela oto opdiua npooeyyloswg
apxoUV Yo va uny yenowomowndel 1 uébodog 1, agod n ouvéyela tapaydywy dev
elvon apxeth. Xto EyAua 7.18&youue 10 o@dhua tpooeyyloewg napaydyou yia
v uébodo 0 ue 15 Swaothuata xo 8 Tapaydyoug.

To ogdhua mpooeyylosws elval apxeTd Uixpd, GoTe va elval TpoTudTeEn N
xolUtepn npoaéyyion g Twic and ty emBolr) cuVEYELRS OTNY TAPdYWYO.
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7.1.6 IIoAhol enelepyaoTtés

H emdoy? g xprioews moAdy enelepyaotdy €ylve alyoupa yia va uelwdel o
XPOVOS ToL amouTELTOL YLl TNV TPOGéYYlon Twv Sedouévwy ouvapthoewy. Oa
UTOPOUCAUE VO TTPOGOUOLOOOUUE TOUS TPdAANAOUC ETEEERYAOTES YPTOULOTIOL-
vtag wévov éva enelepyaoth ol exteAdvtag Ty exnaldevorn oe xdbe ddotnua
oty oelpd. Xtov enduevo mivaxa napouctdletal ) abyxplon xpovixig didpxelag
6tav extelolue To TElpaa TpooeYYloEws Yo TV ouvdpTtnon zsinz? oe évav
ene€epYUoTH XOL OE TEPLOGHTEPOUC:

A | KOMBOI | X?AAMA | XPONOZX-1 | XPONOZX-N | ATA®OPA (%)
2 8 0.0021 603.19 296.53 -50.84%
4 8 0.00012 476.90 126.53 -73.47%
8 4 0.0038 857.46 182.86 -78.67%
10 2 0.072 620.96 135.71 -78.15%
10 4 0.0054 866.38 193.55 -77.66%
15 1 0.073 1065.74 216.87 -79.65%
15 2 0.015 1187.66 282.51 -76.21%
20 2 0.054 1717.49 499.90 -70.89%

Yy npdtn othAN €xouue To TAHBog TV dloTnUdTwy Tou Yenoluorotiinxay
xo oty deltepn to mANBog Twv x6uPwy enelepyaotiac. Xtny tpltn othin éyovue
70 PEYLOTO ambAUTO GPdAUa TpodeYYloews Tou tapatneRinxe To onolo xuualive-
Ta avdueoa oto 0.054 xow 10 0.0001. Lnuetdvetol Twg 1o o@dua autd Uetpriinxe
uévov pe v uébodo CLUSTERING, xabdc énwe mapatnerinxe nponyouuéveg
TPOCQEPEL HUNUTEPES TPOOEYYLOTIXES LXAVOTNTES. BTNV TETAPTY OTHAT €XOULUE
TOV XpHVO OV YPELAOTNXE O évag ENEEEPYUOTAS YOl TNV EXTEAEOT) TOU TELPAUATOS
xal oTNy TEUTTY oTHAY €xouUE Tov Ypdévo Tou ypewdotnxay ol N eneepyoaotés.
Yy uovodidotatn xou uévo meplntwon 1o N autd woolvta ue to mAhfog twy
draotnudtwy. Xtny tekevtala oTAY €youue T0 T0000TS Ypdvou oL Xepdloaue
ue v yprion emniéoy enelepyaotdy. And To TOPATAVE ATOTEAECUATA UTOPOVUE
va e€dyoupe ta axdhouBa ocuvunepdouata:

1. To ywéuevo ATALTHMATA * KOMBOI xuualveton avdueoa oto 15 xat
T0 40. Ymdpyet daywpiopde tng emdboswg o dbo xatnyopleg: ula yOpw
and To ywéuevo 15 xou pia yopw amd to 40 ue tnv dedtepn va uneptepel o
anédoon,.

2. Me v ypron emniéov enelepyaotdv xepdilovue and 50 péypl xow 80%
Tou Ypbvou Tou B xdvaue ue évav enelepyaoth. Autd onualvel Twg oTov
¥Xeévo oL evic oeLplaxol TELpdUATOC Ba UToPOVGUUE VO EXOVUE UEYPL XAl
5 TapdAANAaL.

3. Kabde mpoobétouye enelepyaotéc 10 mocootd xépdouc auidvel avdloya.
Mdota and éva onuelo xou énelta eupavilel avgntxée tdoelc. Autd ogel-
Aetow og dUo ueydhoug topdyovieg mou ennppedlouy To obotnua BeltioTo-
TOLAOELC:
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() Yndpyel andieta otov xpévo eZoutlog Tne anotTHoENS Yia ETXoLvwvia
AVEUECO OTOUG EUTAEXOUEVOUS eeEepyaotés. Auth 1 amdAelor elvon
MEYAAUTEPY 6TV OL ENEEEPYUOTES ElVOL ATOUAXEUOUEVOL SLTUNXE XoL
6tav undpyel MEYAAOg PpTog oTIC YPaUUES Tou SixTUou.

(B) Metd tny exnaidevorn twv TNA oe xdbe anouoxpuouévo enelepyaoth
gyouue Y @domn tne eZoUallvoews (eEwTtepxic EXTULIEVOEWS) TOU
exteAelton oe évay ene€epyaoth. Autdg o ypdvog elvar (8log xou otny
ToEEANAY xou Vv oetploxy eplntwon. Mdhota oo auvEdveta to
mAfog Ty dlaotnudTtey autég o ypdvog telvel va auvgndel, mpoxad-
VToG QUOLXE TTAOY 0T0 XE€EdOg TOL EYOUUE amd TNV YEroT TOAADY
eneepyaoTdY.

7.1.7 IIABog x6ufwv

To teheutalo Béua mou Ba e€etdoovye ota povodidotata tetpduota elval 1 cuVdp-
o1 TOU oPaNUATOC TROoEYYIoEWS ot ayéon UE Tov aplBud Twv x6ufwy. Méypl
TOPA UEAETHOUUE TLS aXPAlES TEPITTOOELS TWV SLUUOPPOOEWY TWY VELPWVIXOY
dxtdwv o og auThAY TNV utoevétnta Ha dolue nmwg oyetileton To oPIAUATOS
npooeyyloewg Ue T EVOLAUEDES TEQIMTOOELS TWV SLACTNUATWY. O ETXEVTPGD-
covue TNV UEAETY Wac oty ouvdptnon zsin z? ue tpoexnaideuon TOLMIN o
CLUSTERING xou uébodo 0. Xtoug emduevoug 7 mivaxeg napouatdlovUe tny
nooootiala ntdon Tou opdiuatog npooeyyioewe Y 1, 2, 4, §, 10, 15, 20 dwa-
othuata xafdg to mARBog Ty x6uBwy auidvel and to éva mpog to oxtd. H
Tpd TN oThAN elvon To TABog Twy x6uPwy, 1 debtepn otihn elvan 1 uetafol Tou
o@dluatog npooeyyloewe v mpoexnaldeuon, TOLMIN xav 1 tpltn othin yia
v uetofolf Touv opdiuatoc Tpooeyyloews ue tpoexmaidevon CLUSTERING.
O nivaxag yio 10 o@aAUa TEOoEYYIGEWS EVOS SLACTAULATOS EXEL WS axoAoVBKC:

[ KOMBOI | TOLMIN | CLUSTERING |

1 0.00% 0.00%

2 -9.50% -9.33%
3 -15.39% -24.63%
4 +4.73% -13.00%
) -31.85% -9.84%
6 -48.51% -54.37%
7 +58.70% -53.44%
8 -51.27% -78.73%

Yy texviy CLUSTERING €youue Siapxi| TpddTn ToU 0QIALATOS TPOGEY-
vioewg xou o TOAéS Tepintdoelg Ue uPnhols pubuots. Avtifeta ue v yeron
TOLMIN oe apxetéq mepntdoels elyaue dvodo tou Adfoug, xdtt mou opelheton
OTNV TUYOLOTNTA TNS APYLXOTIOLNCEWS TV VELPOILXMY IXTOWY, dANE oL oT0 6TL
ToL VELpWILXG dlxtua TtaryLdebovTon oe TomXd EAGYLOTA. AV YPNOULOTOLAGOUUE V0
draotAuarta o nivaxag uetaBoAfc tou opdiuatog npooeyyloews €xel wg e&ng:
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[ KOMBOI | TOLMIN | CLUSTERING |

1 0.00% 0.00%

2 -14.03% -40.36%
3 +64.41% -88.33%
4 -3.78% -84.29%
5 -57.25% -80.94%
6 +0.90% -84.26%
7 -99.98% -99.77%
8 -98.87% -99.67%

To (o QouvéUEVO TOL TAPATNEHOAUE GTNY TPOGEYYLOT) UE €V VELPWVLXS T
patneeiton ot €36, uévov Tou oe Slouéplon V0 TUNUATWY 1 TaXOTNTA GUYXAY-
oewg avdvel. Auté elvar enduevo and v otiyur| nou €youue dinAdoto aplfud
napauétpwy. O nivaxag yetafoAfic Tou o@dhuatog tpooeyyloewe Yo téooepa
draothuaTa elvat:

[ KOMBOI | TOLMIN | CLUSTERING |

1 0.00% 0.00%

2 -36.79% -78.24%
3 -85.60% -98.11%
4 +406.89% -89.98%
5 +115.69% -99.79%
6 -0.40% -93.63%
7 -99.99% -46.96%
8 -91.86% -99.71%

Me oxt6 SwaotAuata o nivaxog UeTABoAAS 0QIAUATOS TPOOEYYIOEWS EYEL 1

elnc :
[ KOMBOI | TOLMIN | CLUSTERING |

1 0.00% 0.00%

2 +2.13% -94.40%
3 -76.96% -78.94%
4 +877.17% -99.96%
5 +18.58% -70.58%
6 -15.20% -94.14%
7 -98.91% -59.57%
8 +22.06% +80.41%

T mpddtn Qopd otny Yébodo ue mpoexmaldevon CLUSTERING eugavileta
1 xatdotaon 1 npocHnixn evég x6uPou va xelpoTepelEL TO GUVOAMXS GQAAUL TPO-
oeyyloewg, topd va 1o Bertidvel. Qotdoo 1 andiuty uetaBoln tou Adboug elvor
ndpa TG Wixph (tepimou 1077 ) Av éyouue déxa xéufouc, o mivaxac uetafolfic
Tou o@dAuaTog Tpooeyyloswg nalpvel TNy eTdUEVY) LopPN:
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[ KOMBOI | TOLMIN | CLUSTERING |

1 0.00% 0.00%

2 +2.08% -97.61%
3 -39.71% -97.56%
4 -99.38% -97.52%
) +22664% -53.35%
6 -8.94% -89.78%
7 -99.99% -86.54%
8 +240.35% -71.43%

IMo dexamnévte daothuata exnotdeVoEws EYOUUE TOV ENEUEVO Tvaxd UETAB0-

Mg o@diuartog tpooeyyloswg:

[ KOMBOI [ TOLMIN | CLUSTERING |

1 0.00% 0.00%

2 -13.89% -99.21%

3 +84.62% -98.15%

4 -81.35% -98.30%

5 -98.97% -17.39%

6 -50.00% -94.74%

7 +34357% +1600%

8 -99.99% +252.94%

Téhog yia elxoot Swaotiuata exnatdeVoews 1 UETABOAY TOU CPIAIATOS TTPOo-

oeyyloewe €xel wg axololbug:

[ KOMBOI | TOLMIN | CLUSTERING |

1 0.00% 0.00%

2 -96.16% -99.99%
3 -49.71% +959.11%
4 +182.29% -5.59%
) -75.30% -99.94%
6 +32.79% +27.78%
7 -20.99% -89.13%
8 -53.44% 0.00%

Yuurnepdopata

XpnowonoudvTag Toug Tivaxeg Tou eldaue og auUTHY TNV UToE-

véTNTa UmopoUUE var XaTaAHEOUUE OE XAmoL cUUTEPdoUATA:

1. H npoexnaidevorn ue TOLMIN dev eyyudtal nwe e Ty abénom twv x6uBnv
B €youvue Bedtlwon touv opdiuatog tpooeyyloenc.

2. H npoexnaidevon ue TOLMIN Booileton oty apyLxonolnon twv vevpwmi-
%@V dxtvwy. To el opdiua mpooeyyloews elval xdnolo Tomxd eNdyt-
070 0710 onolo eyxAwPilovtar Ta veLpwvxd Slxtua.
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3. H npoexnaidevon ue CLUSTERING BeAtidvel onuovtixd To o@dAuo npo-
oeyyloewes xafdg avgdvouue 1o TAKbog Twv x6uPwy.

4. H adZnon tev dotnudtey otny npoexnaldevorn ue CLUSTERING Behtid-
VEL Yot TNV TaXUTNTA TTOCEWS TOU OYINIATOC TPOCEYYIOEWS OTNY YEVLXT
neplnTwon,.

5. H mpoexnaidevon ue CLUSTERING éyet doynua anoteréouata udvov otny
neplntwon mou €yovue TOAAG dlaoTAUATA ol oNuavTxs apliud xouBwy.
Ko oe autiv v mepintwon n ad&non oto opdiua mpooeyyloewg dev al-
AOLOVEL TNV ATOAUTY TUH TOU ONUAVTLXE, Qo0 €YOUUE VO XAVOLUE UE oU-
Ehoeic e téEewe tou 1077,

6. Me v ypron mpoexnadeVoews ue CLUSTERING eugaviletal 1o @aivéd-
UEVO dEXATEVTE JLAOTAUATA Vo €X0UV XOANUTEPT CUUTIEPLPOEE OTO CPINUA
Tpoaeyyloswg and 6TL elxoot xat udAioTa Ue oXETIXE Uixpd apliud x6uPwv.
Auté onualver TG Yot Vol €YOUVUE XAVOTOLNTLIXE AMOTEAECUAT UTOPOUUE
VO XPNOLLOTOLIO0UUE OYETXE Utxpd aplBud mopoauétpwy.

7.2 Ado dwaoctdoelg

7.2.1 XopaxtneloTixd TELEAUAT®Y

Y1ic 300 JUOTACELS CAV GUVEPTNAT TELPAUATWY YpnoLonotiBnxe 1 ouvdptnon
cosz siny oto ddotnua [—4, 4] x [—4, 4] tnc onolac 1 ypaguxy napdotacT Slveton
oto Yyfua 7.19.

Ta melpduata mou axolovBoly éyivay yia tig dtaueploec 2 x 2,3 x 3,,4 X
4,,5 % 5,,6 x 6. To mAffoc twv x6uBwv xuuaivetol and éva €wg 0XTd Xl Yenot-
uonouffinxe ouvéyela auvaptioewe. [a npoexnaldevorn yenowwonolinxe téoo 1
TOLMIN éc0 xou  CLUSTERING.

7.2.2 TIlpocéyyiom Tuwis
7.2.2.1 Ipoexnaidcvon we TOLMIN

To mpdto Béua ue to omolo aoyonBixaue otny ddidotatn neplntwon Hrav 1
TPOGEYYLON TLWHC TNS CLVIPTACENS. XTov Tlvaxa ou axolouBel eugavilovtol
o uxpdtepa A&Bn mou nipaue Ue Ty yeron tne ueb6douv TOLMIN vyio npoexmai-
devor Tou ouaTHUATOC:

[ ATAMEPITH | KOMBOI [ AAGOY |

2x2 5 1.2541
3x3 7 0.8835
4x4 8 0.0333
55X 5 8 0.2497
6x6 6 0.0237
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0.8
0.6
0.4
0.2

-0.2
-0.4
-0.6
-0.8

-1

cos(X)*sin(y)

Yyhua 7.19: H ypagpui napdotacn tne coszsiny oto [-4,4]x[-4,4]

Av Béhouye va dolue ypapuxd ta anoteléouata yia xdbe neplntwon douepl-
oewg nalpvouue Ta Yynuota 7.20, 7.21, 7.22, 7.23, 7.24 ota onola 0 opllbvTiog
GEovog avanaplotd Tov aplBud TV XPLUUEVDY XOUBWY Xal 0 xaTaxépupog dEo-

VoG TO TETPAYWVLXS o@dlua TpooeYyloeng.

7.2.2.2 IIpoexnaidevon pue CLUSTERING

Av ypnowonowioovue cav uéhodo npoexnardedoewe v uébodo CLUSTERING
oL uxpdtepes TWéS opdAuaTog Tpooeyylosws yia xdbe xatnyopla Slaueploewg

eugavilovtatl otov enduevo mivaxa:

[ATAMEPIZH | KOMBOI | Sod\uo |

2 x2 8 1.0355
3x3 8 1.0837
4 x4 7 0.0242
5x5 7 0.0000001
6x6 8 0.0000001

Ou ypaguée napaotdoelg yia xdfe neplntwor dwopeploewe eupavilovtar ota
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Eyhua 7.20: Lpdhua npooeyyloews Tpotelvouevou wovtélov otny dlauépton 2 x 2
Yo TNV ouvdpTtnon cos T siny ue tomxy Y€bodo apyixonolioews

Yyhuota 7.25, 7.26, 7.27, 7.28, 7.29.

7.2.2.3 Xvurepdopata

1.

Me v uéfodo TOLMIN elyoue apxetd ueydheg Twwés ato a@diua Tpo-
oeyyloewg, axdua xot yio Tuxvég SlaueploeLs.

. Yty uébodo TOLMIN eugavilovtar ueydiec Slaxuudvoels oto o@dlua

npooeyyloews, xabde uetadeton o apliude twv x6uBwyv. Autéd to poat-
voUEVO eugaviotnxe xal otny ulo Sidotaor xat ogelietol atov eyxAwBloud
TOV VELPWVIXGY IXTOWY O TOTUXE EAIYLOTA TNS CUVIPTACENS OPIAUATOC.

. Yy uéfodo CLUSTERING 1 ntddon oto o@dhua mpooeyyloewg elval ne-

ploobtepo ooy oe oyéon ue v uéhodo TOLMIN.

. H uébodoc CLUSTERING xatopfdvel va emAloeL 1o npdfBAnua axdua xat

ue Swpépion 5 x 5.

. Tuyxplvovtag T xah0tepes Teplnt@oels Ty dVo alyoplBuwy nalpvouue

Tov enduevo Tivaxa, and tov onolo gatveton xabapd nwe 1 uéhodog CLUS-
TERING unepéyetl oxeddv oe xdbe Siauéplom.
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Eyhua 7.21: Lpdhua npooeyyloews npotelvoUuevou Uovtélou otny Stauéplon 3 x 3
Yl TNV ouvdpTtnon cos T siny ue tomxy Y€bodo apyixonotioews

7.2.3 Xpbvog exterécEWLS

[ATAMEPISH | TOLMIN | CLUSTERING || ATAGOPA(%) |

2 x 2 1.2541 1.0355 -17.43%
3x3 0.8835 1.0837 +22.66%
4x4 0.0333 0.0242 -27.33%
5x5 0.2497 0.0000001 -99.99%
6x6 0.0237 0.0000001 -99.99%

7.2.3.1 TOLMIN

OL xpdvor exteréoeng yia ta xahbtepa anotedéouata Ue npoexnaldevon TOLMIN

eugavilovtal oTov enduevo mivaxa:

[[ATAMEPITH | KOMBOI | AAGOY. | XPONOY. |

2x2 5 1.2541 288.986
3x3 7 0.8835 601.766
4x4 8 0.0333 1269.302
5x5 8 0.2497 1924.139
6x6 6 0.0237 2771.902
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Eyhua 7.22: Lpdhua npooeyyloews TpoTelvouevou wovtélov otny dtauépton 4 x 4
Yo TNV ouvdpTtnon cos T siny ue tomxy Y€bodo apyixonolioews

7.2.3.2 CLUSTERING

O ypdvog nou yperaothxaue ye v uébodo CLUSTERING vy ta uixpdrepa
o@dAuata npooeyyloewe eugaviletal otov enduevo mivaxa:

[[ATAMEPIZH | KOMBOI | AAGOY | XPONOX |

2x2 8 1.0355 557.026
3x3 8 1.0837 679.143
4x4 7 0.0242 791.346
5x5 7 0.0000001 | 1023.199
6x6 8 0.0000001 | 1420.171

7.2.3.3 Xuurepdopata

I va uropé€oouue va ouyxplvouue tig Vo uebédouc we Tpog Tov Ype6Vo eXTENE-
OEWS XATAOXEVALOUUE TOV ENGUEVO GUYXELTLXG TVAXAL YLol ToL XUAUTEQW ATOTENE-
ouata twv SVo uehddwy:
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Eyhua 7.23: LpdAuo npooeyyloews TpoTelvOUEYOL UovTéNoL otny Stauéplon b x5
Yl TNV ouvdpTtnon cos T siny ue tomxy Y€bodo apyixonotioews

[[ATAMEPIZH | TOLMIN | CLUSTERING [ ATAGOPA(%) |

2 x 2 288.986 557.026 +92.75%
3x3 601.766 679.143 +12.86%
4x4 1269.302 791.346 -37.66%
5%x5 1924.139 1023.199 -46.82%
6 x6 2771.902 1420.171 -48.77%

Ané tov napandve nivoxa uropolue va eE4youue Ta axdiouba cuUTEpdoUATA:

e O ypdvoc oty nepintwon tou CLUSTERING uetafdiieton mold mo apyd
ané 6w étav éyouue TOLMIN.

e 'Otav 1 uéfodog ue npoexnaldevon CLUSTERING minoidler ¥y ptdvel oe
Abon, té1e 0 Ypbévog Tou ypelalbuaoTte elvon o Uxpde and 6TL bTav yer-
owonolovue mpoexraldevorn ue TOLMIN.

7.2.4 TIoAhol encgepyaotés

'Onwg xar oty nepintwon g uiag dotdoews Ha Arav yprowo va dolue oTig
TOAEC BLaoTAOELS TNV ENTTWOT OTOV YPOVO EXTEAECEWS and TNV YproT TOAADY

ene€epyaotdv. Ta anoteréoyata mou elyaue oe authy v Teplntwon Htav ta
ax6houvBo:
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Eyhua 7.24: Lpdhua npooeyyloews tpotelvouevou wovtélov otny daueplion 6 x 6

Yo TNV ouvdptnon cos T siny ue tomxr Y€bodo apyixonolfoews

A KOMBOI | ¥3AAMA | XPONOZX-1 | XPONOX-N | ATA®OPA (%)
3x3 8 0.52 2563.40 679.14 -73.51%
4 x4 7 0.0945 3374.10 791.35 -76.54%
4x4 8 0.0099 2741.06 822.22 -70.00%
5x5H 7 0.15 3653.29 1023.20 -71.99%
9 X5 8 0.08 3509.77 956.06 -72.76%
6x6 7 0.049 4833.82 1205.40 -75.06%
6x6 8 0.00004 4473.95 1420.17 -68.26%

H onuaoio twv otnhdv elvon axp3de n (o ye v wovodidotatn neplntwon.
Ané tov nopandve nivaxa uropolue va dtamiotdoouue to axdhouvda:

1. To xépdoc oe T0600TS YPbévo cuvibue utepPaiver to 70%.

2. Me v ad&nom tou mhRfoug Twy doTnudtwy dev uTdpyeL avdloyo xépdog

o€ 106001 ypbévou. Autd ouufalvel yia Toug &g Adyoug:

neLpdiata ray meptoplouévo(T7).

(a) To mAfoc twv eneepyaotdy oL Ypnotdomolhinxay ota ddtdoTtata

(B) To mA\ffoc twv eEwtepxdy UeTOBANTOY avZdvel TOAG Yphyopo o€

oxéomn ue tig YetofAntéc xdbe enuépoug VEupwxoU, xabde auvEdvetol
7 dwauéplor. ‘Etol undpyer éva un mapdhinio uépog atny Beltioto-
nolnom mou amoutel UEYAAO YpdéVo Yia TNV EXTEAECT| TOU.
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ERROR

Yyfuo 7.25: Egdhuo npooeyyloewe TpotelvoUEVoL UoVTENOL oTny Stauéplon 2 x 2
Yo TNV ouvdpTtnon cos T siny ue xaboiuh uéhodo apyLxomolioeng

ERROR

30 |

20

15

i0

3x3

Eyhua 7.26: X@dhua npooeyyloewe TpoTeElvéUEVOL UoVTENOL oty Stauéplor 3 X 3
yia Ty ouvdpTnor cos zsiny ue xabohuxy uébodo apyLxonoloewg
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Yyhuo 7.27: Lodhua npooeyyloewe mpotelvoUuevou wovtélou otny Stauépion 4 x 4

Yo TNV ouvdptnon cos T siny ue xaboiun uébodo apylxonolioewe
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Eyfua 7.28: Ypdhua npoceYyloews TeoTELVOUEVOL UOVTENOL otV Stauéplom 5 X 5

yia Ty ouvdptnom cos zsiny ue xabohxy| uébodo apyLxonoloews
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6x6
\
5

ERROR

Eyhua 7.29: Lodhua npooeyyloews npotelvoUuevou Uovtélou otny Stauépton 6 x 6
yia TNV ouvdpTnon cos x sin y ue xafoluxr uéhodo apyixonolfoews



Kegdlowo 8

MeAhovTixéc Enextdoslg

Y10 tedevtalo xe@dhato autig g avagopds Ba e€etdoouue Sldpopeg enexToELg
07O TPOTELVOUEVO UOVTEAO.

8.1 Apyués tLuég

Kafidg duamotdhooue and 1o nponyoluevo xe@dhoto Lndpyel UEYAAN ox€oT) TOu
TEAX0U ATOTEAEOUATOS UE TS APYIXES TUUES TIOU ETLTUYYAYOULUE YL TLS eEWTEPL-
%€g mapauétpouc. Mdhiota 660 xahltepn elvat auth 1) TPocEYYLoT T600 XAAUTERAL
anoteAéopata emttuyydvouue. Ilpog 1o mapdy yior vo emitdyouue xohéc apyLxég
TLég exnandelouue éva veupwwixd dixtuo oto embuunté onueio xat fewpodue Ty
EMLOTEEQPSUEVT) TN WS Uia AT Tpocéyyion. Autd mou dlagpopomnoleltar oo did-
popa wovtéha elvan 1 uéhodog exnandeloewg. e autd Tou oVoudooue Tomxy ué-
Bodoc yenowonoinxe n ntapadiayy| tne uebédov BFGS ue 1o 6voua TOLMIN.
Ye autd mouv ovoudooue xabohuxr uéBodog yenotuomnoitnxe n SINGLE LINK-
AGE CLUSTERING 1 onola nepthaufdver mohréc xAfoelg otnv BEGS. Ané 6
dramotdooue e v xabohuxr| uébodo netdyaue oAd xahd anoteléopata ywpls
va ydoouue oe ypévo. Qotéoo Ba unopolooue (lowg) vo tetdyouue xalUtepa
anoTeAEoUATA oV YpnoluonoloVoaue apxetd onuela TéplE tou onuelou evdlopé-
poVTOC ¢ onuela exnondedoens Yo vo Bpolue xdmota xahOtepn TLWh Yo TNy
ouvdptnon oto onuelo evdLapépovToc.

8.2 TIToapdAAnhn extéleo

Mapatnedvrag toug nivaxeg We to ypovixd x€pdog mou elyaue and v yeron
TOMGY ene€epyaotdy fo SomoTAOOOLUE WS TO GUVOAXS XEpdOg dev unepPalvel
10 80% mapd to yeyovée twe ypnowonotolue éwe xau 20 enelepyaotéc. Autd
oLVERN T600 eEautlog Tou xdoToug EMLXOLVWYIAS GO XAl TOL UN TUEGAAAOUL UE-
pouc g epyaotoc. I to mpdto dev umopolyv va yivouv xol ToAAG mpdyuoTa
népa and to va ypenowwononfel xahbtepo dixtuo xou utohoyioTxés Uovadeg o

95
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uwxer) andéotaon. I to dedtepo altio Tou mapandve @atvouévou yeeldletol uia
dapopeTtiny| opydvwan otov xdduxa. ‘Omwg elval authv Ty oTiyuh o xddxag
nephoPBdvel éva un mopdAinho uépog ue to évoua EEOMAAYNEH, tou cav
oxom6 tou €xeL va Bpet XahUTEPES TIES Yo TG e€wTeptnés mapauétpous BAoeL TV
EXAOTOTE WAV EMLUEPOUS VELPOVIXGDY dXTOWY. AuTé T Uépog TepthauBdvel ula
o exnaldevon ue mARog nopauétewy Tou oTic dVo BlaoTdoels elval TOAAA-
TAGOLO TWY TOPAUETPOY TV YELTOVXOY VELPOIIXGOY dXTlwY. Loy anotéAeouo
urdpyet ula otabepn enBdpuvon atov ypdvo. Auté nou Ba unopoloe va tpotabel
ed& elvan 1 exnaldevon Ty wovdy - Luydyv. Ty ula ddotaor autd unopel
vo. anodofel ue 1o Lyrua 8.1:

X X " x Xa %

Eyfua 8.1: Movd - Zuyd ulag Slaotdoewg

Y10 mopandvew oyfua €YouUe TEVTE SLoTAUATA IOV £Y0UV YapaxTneloTel Ue
do ypduato: yxpllo xat Aeuxd. Autd mou €xouy yxpllo ypdua exnatdedovtol
uall wg mpog Tig aviiotoiyes eEwTtepixés Topauétpoug ota onuela Toung TV
JACTNUETWY oL aUTE Tou €xouv Aeuxd ypdua Bo exmoudeutoby atny enduevn
@dom, 6mou xou aAAdlouvv ta ypduata. Me autéy Tov TPéTo EMLTUYYAVETAL O
MEYLOTOS TOPUAANALOUGS, apol SV UTdEyouY XoLvéS UeTafAntéc avdueoa ota
exmoldeLoUEVR LOVTENA. XTlC U0 JLaoTIoELS EYOUUE TO ETOUEVO OYTUO UOVEY
Quyddv:
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Yyfua 8.2: Movd - Zuyd dbo dlaotdoewy
Puowd o mapandve oyfua dev elvar uovadixd, 6mwe dev elval xat uovadx
1 enduevy xatdotaon otny onola unopolue va uetaPBolue uetd and autd.

8.3 Avagopixéc eELodoeLg

Mo dAAn enéxtaon mou unopel xdmolog vo oxegtel yia 10 oUoTNUA TOL UENETY-
oaue oe auThy TNV epyaotia elvan 1) ypron Tou yia T emlAuon UepLX®OY SLapoptxdy
e€LooEwV.
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