BACKWARD DIFFERENCE FORMULAE
FOR KURAMOTO-SIVASHINSKY TYPE EQUATIONS*

GEORGIOS AKRIVIS AND YIORGOS-SOKRATIS SMYRLIS

ABSTRACT. We analyze the discretization of the periodic initial value problem
for Kuramoto—Sivashinsky type equations with Burgers nonlinearity by implicit—
explicit backward difference formula (BDF) methods, establish stability and de-
rive optimal order error estimates. We also study discretization in space by
spectral methods.

1. INTRODUCTION

We construct and analyze efficient numerical methods for periodic initial value
problems for evolution equations with Burgers nonlinearity uu,, of the form

(1.1) us +uu, + Pu=0, x€R, t>0,

with P a linear pseudo-differential operator, and a given initial value u(-,0) = u°.

The solution is required to be L-periodic, u(x + L,t) = u(z,1).
The linear pseudo-differential operator P is defined by its symbol in Fourier
space,

(1.2) (Po)e = Ay, (EZ,

iwlx

whenever v(z) = >, 0, €“”, where w := 27/L. In other words, the functions

@o(z) := e“* are the eigenfunctions of the operator P, corresponding to the eigen-
values Ay, ¢ € Z. We are interested in operators with eigenvalues satisfying

(1.3) ReXy > ¢q|¢fP,  for all |[¢| > ¢y,

and

(1.4) |Ae| < ca+es|l|P, forall ¢ €Z,

with ¢, ¢, c3 and p positive constants, and ¢; a positive integer. Condition (|1.3))
allows finitely many eigenvalues to have negative real parts.

In Section [2] we illustrate the applicability of assumptions — to five
concrete examples: the Kuramoto—Sivashinsky (KS) equation and two dispersively
modified variations of it, to an equation introduced by Goodman, and to Otto’s
model.
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For the discretization in time we shall use a combination of the implicit g-step
BDF method («, 3) and the explicit g-step method (v, ), for g = 1,. .., 6, described
by the polynomials «, 8 and -,

00 = Do C=1Y = e, BQ) = ¢
j=1 =0

(

(1.5) \

q—1
V) =¢" = (C—1)1 =) %"
1=0

The order of the implicit g-step BDF method («, 3) is ¢. For a given «, the scheme
(cr,7y) is the unique explicit g-step scheme of order ¢; the order of all other explicit
g-step schemes (a, %) is at most ¢ — 1.

Let T be positive, N € N, N > ¢, and consider a uniform partition t" := nk,n =
0,..., N, of the bounded interval [0, 7], with time step k := T/N. Assuming we
are given starting approximations U°, ..., U9 !, we discretize in time the periodic
initial value problem for equation in the time interval [0, 7], with initial value
u®, by the implicit-explicit g-step (o, 3, y)-scheme, i.e., we define approximations
U™ to the nodal values u™ := u(-,t™) of the exact solution as follows

q—1
(1.6) Z U™ + kPU™™ = kY 3 B(U™),
=0 =0

n=0,...,N—q, with B(v) :== —vv,. The scheme is referred to as the implicit—
explicit g-step BDF method; the linear part Pu of the equation is discretized by the
implicit BDF method and the nonlinear part B(u) by its explicit counterpart. As
a result, the unknown U™%Y appears only on the left-hand side of ; therefore,
to advance in time, we only need to solve one linear equation of the form o, U7+
kPU™ 1 = w, with given w, which reduces to a linear system if we discretize also
in space, at each time level. The computational cost per time step is essentially
independent of ¢; thus, high-order implicit—explicit BDF methods are very efficient.

Implicit—explicit multistep methods, and in particular implicit—explicit BDF
schemes, were introduced and analyzed for non-autonomous linear parabolic equa-
tions in [I3]. The analysis was subsequently extended to nonlinear parabolic equa-
tions; see, e.g., [3, 0, 2, [5].

It follows casily from ([1.3 - ) that, for a sufﬁmently large, nonnegative constant ¢,
the eigenvalues Ay = &4 A, of the shifted operator P := P+ ¢l satisfy the coercivity
assumption

(1.7) Re A, > ¢o+ ¢1|¢|P, for all ¢ € Z,

with ¢1,p as in ((1.3) and ¢y a positive constant. Now, for a fixed ¢, let

A
(1.8) A i=sup |
1574 Re)\g
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and

1
(L9) =i =0, i = 5. A= 0.287806557, 7)s = 0.8097337450.

Assuming p > 1 and 7,A < 1, and following the approach of [6, 2, 5], we establish
stability of the ¢-step scheme , for g =1,...,5, by energy techniques and, for
sufficiently smooth solution u and sufficiently accurate starting approximations
U, ..., U%!, derive optimal order error estimates. We also extend the analysis to
the fully discrete case; we use the spectral method for the discretization in space.

The stability analysis in [3] concerns a wider class of implicit—explicit multistep
methods and more general nonlinearities, is restricted to the case of self-adjoint
operators P, is based on spectral and Fourier techniques, and led to sharp sta-
bility conditions. Our analysis here uses the energy technique and is based on
the Nevanlinna—Odeh multipliers for BDF methods of order up to 5; see the aux-
iliary Lemma [4.1} this Lemma was recently used first in [22] for the analysis of
implicit BDF methods for a class of linear parabolic equations on evolving surfaces
and subsequently in [6, 2] both for BDF methods and some computationally less
expensive variants for quasi-linear and nonlinear parabolic equations, respectively.
The more favorable multipliers of [5] for the three- and five-step BDF schemes allow
us to relax the stability condition for the implicit—explicit three- and five-step BDF
methods. Implicit—explicit one- and two-step BDF methods for equations similar
to the ones considered in this paper are analyzed in [I0] by energy techniques.

The accuracy and efficiency of the implicit—explicit BDF methods was in-
vestigated by extensive numerical experiments in [9, [7, 8, 4] with very satisfactory
results. More precisely, implicit—explicit BDF methods were used for the discretiza-
tion in time of the KS equation in [9], of a nonlinear parabolic system arising in
two-phase flows in [7], of a general class of dispersively modified KS equations
arising in multiphase hydrodynamics in [§], and of two-dimensional active par-
tial differential equations such as the Topper-Kawahara equation, which is a two-
dimensional extension of the dispersively modified KS equation, found in falling
film hydrodynamics in [4].

The paper is organized as follows: In Section [2| we discuss five concrete KS-type
equations to which our analysis applies, and introduce the function spaces as well
as the theoretical preliminaries required for the analysis of the numerical methods
(1.6). In Section [3| we prove consistency of the implicit—explicit BDF schemes.
Section [4]is devoted to the local stability of the numerical methods. Optimal order
error estimates are established in Section 5l In Section [6l we discuss two extensions
of the analysis, the first to equations of the form (|1.1)) with time dependent opera-
tors P(t), and the second to fully discrete schemes; spectral methods are used for
the discretization in space. In order to avoid overloading the main text, certain
proofs are given in the Appendix.
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2. KS-TYPE EQUATIONS, FUNCTION SPACES AND THEORETICAL SETTING

In this section we discuss five examples of KS-type equations of the form (1.1),
to which our analysis applies. We also introduce suitable function spaces and show
that the linear operators P are bounded and satisfy a Garding inequality, and
that the nonlinear operator B(v) = —vwv, satisfies a local Lipschitz condition; see
below. These properties will play an essential role in our stability analysis
in section [l

2.1. KS-type equations. Under assumption , global existence of solutions
of has been established for p > 3/2 (see [26]); when p > 2, it can be deduced
from [14] that equation possesses a global attractor, compact in every Sobolev
norm. Analyticity of solutions of for p > 2 is established in [17].

Otto’s model, also referred to as generalized Kuramoto—Sivashinsky (gKS) equa-
tion [25],

(2.1) uy + uty — |0y "u + |04 = 0,

where b > a > 0 and |0,|7 is the pseudo-differential operator defined as

0a|70(x) = _Jwl] 70, ",
ter.
for v(z) = ,c; 067, is a special case of (L.I]) with Pv = —[8,|"v + |9,|"v. Now,
obviously,
Pv = Z (\wﬁ]b — |wt]*) g el
tez
whence

(2.2) Ao = |wlP — |wl]®, (e

cf. . In this case, both and are satisfied. Indeed, first, according to
Young’s inequality,
b—a

b

wtl* < 2wt +

whence

(2.3) >l 7 ¢

thus, (1.3)) is satisfied with p = b. Furthermore,

(jwe = 1), ez

b—a‘
b )

Al < wtl? + ol < (14 7wt +

therefore, (|1.4)) is also satisfied.

Concerning the ratio A, cf. ((1.8)), shifting the eigenvalues A\, € R, ¢ € Z, see (12.2)),
by a suitable positive constant ¢, A\, :== A\;+ ¢, cf. (1.7]), we see that ((1.8) is satisfied
with A = 1.
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Special cases of equation ([2.1), and, in particular, of equation (L.1)), are the
Kuramoto—Sivashinsky (KS) equation

(24) Up + Uy + Ugy + Uggzs = 07

corresponding to the parameters a = 2 and b = 4, and the Burgers—Sivashinsky
equation

(2.5) Up + Uy — U — Ugy = 0,

corresponding to the case a = 0 and b = 2; the latter equation was introduced by
Jonathan Goodman [15].

KS is a simple partial differential equation, which exhibits a particularly complex
dynamical behavior as the period L grows. It arises in a variety of applications,
for example, in concentration waves in chemically reacting systems [21], in flame
propagation and reaction combustion [24], in free surface film-flows of viscous lig-
uids, and in the dynamics of interfaces in two-phase flows in cylindrical geometries
[19]. It is one of the simplest PDEs with a convective nonlinearity and a band
of unstable modes, in its linearized version (around zero), and thus it has served
as a typical example on which the general notions of inertial manifold theory are
applied. This means that the long time dynamic behavior of KS is captured well by
a finite dimensional dynamical system, the number of degrees of freedom of which
is at least as large as the number of linearly unstable Fourier frequencies [12].

We shall also consider dispersively modified variations of the KS equation of the
form

(2.6) U + WUy + Uy + Ugper + Du = 0.
Special cases of (2.6) are

derived in falling flows and known as the Kawahara equation [20], and an equation
derived in the context of interfacial hydrodynamics (see [19, [1§]), in which the
dispersive pseudo-differential operator D is defined as

_ (wO)? I (w?)
Wl (wl) — wlIZ(wl) + 2I(wl) I (wl)’
with 1,,(£) the modified Bessel function of the first kind of order v. As
e’ 1 — 402 1
L) = <= (1 et O(ﬁ» ,

for large = (see [I, p. 377, §9.7]), it follows that d, = (wf)? + O(¢), for large |¢|.

In the cases of dispersively modified KS equations, the operators are not self-
adjoint; however, since the dispersive terms in both and f are of
lower order than the dominating term, we can achieve A < 1+ ¢ (see (L.§)) for

(2.8) (ﬁ))g =1idy ?94, dy (e Z,
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any positive €, for a suitable positive constants ¢. Indeed, for equations (2.7 and

*, we have

(2.9) Ao = —(w0)? —id(wl)® + (wl)* and N, = —(wl)* + (w)* +idy,
l € Z, respectively. Therefore, for the shifted eigenvalues o= N\ + ¢, we have
M 2 jwe? Al |de|
= 1+d d — <1 ,
T Wy (0 ey ) T P Wy ) Cy pRTT

respectively. The fractions on the right-hand sides tend to zero as |¢| tends to
infinity, and can be made arbitrarily small for |¢| < £, with a fixed ¢, by taking ¢
sufficiently large; this is straight-forward for the first fraction, while for the second
fraction it follows from the fact that d, = (wf)? + O(¢), for large |¢|.

2.2. Two essential properties of the linear operator. For s€R, we denote by

H;.. the Sobolev space of order s, consisting of the L-periodic elements of H} (R),

with norm(]
N2
0]l gs = (Z(l+w2£2)s |W|2) .
LeZ
Clearly, H;,, is a Hilbert space, for every s€R. Let H := H), = L2 . Then the
norm on H, which we shall be denoting by |- |, is induced by the inner product
1 [t _
(u,v) = z/o u(z)v(z)dr = Zﬁg Vg
ez
Condition (1.7)) is equivalent to
(1.7) Re A\, > k(1 + w2€2)d, for all ¢ € Z,

with d = p/2 and k a suitable positive constant.
Now, with d := p/2, we introduce in V := H?_ and V' = H % the operator

per per
dependent norms || - || and || - ||, respectively, by
RN 1 R V-
(2.10) o] = (ZRe e |w|2) ol = (Z(Re ) 1|W|2) .
tez tez
Notice that the norm || - || is induced by the inner product
(u,v) = (Su,v),

with § := %(75 + P*), the self-adjoint part of the operator P, and in view of (I.7)
(see also (1.7')) and (1.4]), the norms || - || and || - ||z« are equivalent.

INote that, if s is a nonnegative integer, then || - || z+ is equivalent to the norm defined by

s L 1/2
||u|\5=(z/ o) )"
j=0"0
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Denoting by (-, ) also the duality pairing between Hpor and H? ., which reduces

per’

to the inner product (-,-) in H x V, for v € H,, we obviously have

Re (Pv,v) =Re Y A [i]*;

tez
in particular, the operator P is coercive; more precisely,

(2.11) Re (Pv,v) = ||v||?, forallveV = HY

per*
Therefore, since (Pv,v) = (Pv,v) + &(v,v), the operator P satisfies the Garding

inequality

(2.12) Re (Pv,v) > ||[v]|* — é[v|?, forallveV = H?

per*

Moreover, P : V — V' is bounded; more precisely,

(2.13) 1Pl < Mol +élloll,, forall v e V = HY

per’

with the bound X given by (1.8)). Indeed, for v,w € H¢ ., we have

per’
Pv w) g oDy Wy,

whence, in view of (|1.8)),
[(Po,w)] < el (o] [@e] <A~ Re Adlde] |@] < Ao]] Jwl);
LeZ LEZ

thus,
(2.14) 1Pl < Aol

and follows. It is also obvious that A is the norm of the operator P as a
linear mapping from the space V' to the space V', endowed with the specific norms
|- || and || - ||«, respectively.

Notice that, in view of and , the constant A\ in is finite. For
our analysis, the important consequence from , , and is that all

eigenvalues of the operator P are contained in the sector Sy,
Sy ={2€C:z=pe¥ p>0,lp| <V},
with ¥ € [0,7/2) such that cos? = 1/A.

2.2.1. Existence and uniqueness of the approximations. For given U™, ..., U™ 41 ¢
V, the scheme (1.6]) is of the form
(2.15) agv + kPv = w,

with given w € V'’ and unknown v. The bilinear form a : V. x V — R, a(v,?) =
ay(v,0) + k(Pv,0), is bounded and, for k < ¢/a,, coercive. Indeed, in view of
(2.13), we have

la(v, 9)] < aglvl 0] + k(o] + éllvll.) 2],
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and the boundedness of a follows easily from the fact that the norms |- | and || - ||,
are dominated by || - ||. Furthermore,

Rea(v,v) = (a, — ¢k)|v]> + kRe (Pv,v);

thus, or k < «,/¢, the coercivity of a is a consequence of the coercivity of P; see
(2.11). Now, existence and uniqueness of the solution v € V of (2.15|) follow easily
from the Lax—Milgram lemma.

We infer that, for & < o, /¢, the approximations UY, ..., U" € V are well defined.

2.3. Local Lipschitz continuity of the nonlinear operator. Assume that p >
1,ie.,d>1/2,and let d' € (1/2,d),d" < 1. Then, for any positive yu, there exists
a constant v, depending on u, such that the operator

B:V = V' B(v):=—vu,,
satisfies the local Lipschitz condition
(2.16) |B(v) — B(0)|lx < pl|lv — 0] + v[v — 9| for all v, 0 € Ty,
in the tube T,
(2.17) T,={veV: min|v — u(t)]| yo < 1},

around the solution u, defined in terms of the norm of H .
Indeed, first, obviously, for v, v,w € V, we have

1
(2.18) (B(v) — B(v),w) = —5((1)2 — ), w).
Furthermore,
|(zay w)] <Y [wf] 2] [ie] = D |wl]' |26 [wf] i
LEL LeZ
)
1/2 1/2
< <Z|w£|2(1—d)|2€|2> <Z|w€|2d|w£|2) ’
LEL LEL
1#£0 £#£0
whence
(2.19) | (22, w)| < [|z[| 1= [Jw]] e

From (2.18) and (2.19)), and the equivalence of the norms || - || and || - || 74, we infer
that

(2.20) 1B(v) = B@)|l« < cllv® — 8% g-a.
Now, according to Corollary m (see Appendix), with u = v + 0, we have
(v +0)(v = )| m-a < [Jo+ 8l gar (czlv — 0] + € v = 0]l a),
whence, since v,v € Ty,

(2.21) [v* = 0%|| g1-a < C(celv — 0] + & lv — 0]).
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The desired local Lipschitz condition (2.16)) is now an immediate consequence of
(2.20) and (2.21)).

Remark 2.1 (Alternative forms of the local Lipschitz condition (2.16))). The local
Lipschitz condition ([2.16)) is perfectly suitable for the stability analysis as well as
for the error analysis of the time stepping methods. However, the appearance of
the strong norm || || on its right-hand side results in a reduction by one of the order
in the space discretization parameter in the analysis of fully discrete methods.

In the case p > 2, we can recover the full order in the space discretization
parameter, while, in the case 1 < p < 2, we can partly restore the order reduction,
to an extend depending on the value of p. To this end, we shall modify the local
Lipschitz condition (2.16)). First, for p > 2, i.e., d > 1, the norm ||-||1-« is weaker
than the L2-norm; thus yields

IB(v) = B(0)||. < Clo* — 0|
and we easily infer that
(2.22) [1B(v) = B(0)[l« < ¢llv+0llz<lo -], p=2,

a local Lipschitz condition that will allow us to recover the full order in this case;

see (6.10]) in the sequel.

In the case 1 < p < 2,1i.e., 1/2 < d < 1, we shall use the interpolation inequality
(2.23) [l i-a < [Jwllfallwl ;"
In general, for r < s < ¢, Holder’s inequality yields

il < Nwllg lwllg"

and (2.23)) is a special case of this inequality for r = 0,s =1 — d and ¢t = 1. Now,
from (2.20)) and ([2.23)), we easily infer that

(2.24) |B(v) — B(®)|, < c|lv+ ||l —0|* o — 2%, 1<p<2,

with d = p/2, a local Lipschitz condition that will allow us to partly restore the

order reduction in this case; see ((6.11]) in the sequel. U
3. CONSISTENCY

In this section we prove consistency of the implicit—explicit BDF scheme (|1.6])
for the solution u of the periodic initial value problem for equation (|1.1)).
The order of the g-step methods («, 8) and («a,7) is ¢, i.e.,

[y

q—

q
(3.1) Zigozi =0 =10 iy, 0=0,1,...,q.
i=0 ‘

I
o

The consistency errors E™ of the scheme ((1.6)) for the solution u of the periodic
initial value problem for equation (|1.1)), i.e., the amount by which the exact solution
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misses satisfying (1.6]), is given by
(3.2) Z au™ - kPu T — k Z ¥ B(u")

n =0,...,N —q. Here, u"™ := u(-,t"™) denote the nodal values of the exact

solution wu(-, ).

Lemma 3.1 (Consistency of implicit—explicit BDF schemes). The consistency error
(13.2) of the scheme (1.6) is bounded by

(3.3) max ||E"|, < CkY,

0<n<N—q
provided that the solution u is sufficiently reqular.
Proof. This short and elementary proof proceeds along the lines of analogous proofs
in, e.g., [3, 16, 2, [5]; it is included here for the convenience of the reader. Letting

q—1

By = Z ™ — ke (t719), By = kB — kY 3B,

i=0
and using the differential equation in ([1.1]), we infer that
(3.4) kE™ = E} + EJ.

Furthermore, by Taylor expanding about t" and using the order conditions of the
implicit (o, 5)-scheme, i.e., the first equality in (3.1]), and the second equality in
(3.1]), respectively, leading terms of order up to ¢ — 1 cancel, and we obtain

“il2e .

tnta

with B(-,t) := B(u(-,t)),t € [0, T, respectively. Thus, under the pertinent regu-
larity requirements, we obtain the desired consistency estimate ((3.3)). U

tn-H tn+q

n

(" — 8)797 (-, s)ds — qk;/ (t"H9 — 5)1 198y (. s)ds]
t

and

tn+z

(" — 5) 191 B(-, s)dsl,

4. STABILITY

In this section, following the approach of [0} 2, [5], we establish local stability of
the implicit—explicit BDF scheme , under a suitable sufficient stability condi-
tion, by the energy technique.

The (implicit) BDF methods are A-stable for ¢ = 1 and ¢ = 2, i.e., A(J,)-
stable with ¥y = Y5 = 90°, and A(¥,)-stable for ¢ = 3,...,6 with 93 = 86.03°,
Yy = 73.35° 5 = 51.84° and Jg = 17.84°; see [16], Section V.2].
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4.1. The Nevanlinna—Odeh multipliers for BDF methods. Based on Dahl-
quist’s G-stability theory, Nevanlinna and Odeh [23] proved the following result for
BDF methods of order up to five; this result allows us to establish stability by the
energy method.

Lemma 4.1 (Multipliers for BDF methods, [23]). Let o € Py, q < 5, be the gener-
ating polynomaial of the q-step BDF method; see . Let (-,-) be an inner product
with associated norm | - |. Then, there exist a multiplier n,,0 < n, < 1, a posi-
tive definite symmetric matric G = (g;;) € R?? and reals oy, . .., 0, such that for

W0, ..., v? in the inner product space,

Re (iaivi, v? — nqvq’1> = i gi; (V' 07) — i gi; (V' 07T + ’ i 50"
i=0

i=0 4,j=1 7,7=1

2

The smallest possible values of the multipliers n, are
m =mn2 =0, n3 =0.0836, ny = 0.2878, n5; = 0.8160. O

4.2. Stability. Since the differential equation ([1.1)) is nonlinear, besides the ap-
proximations U" € T, satisfying (1.6)), we consider implicit—explicit BDF approxi-
mations V" € T, such that

q qg—1
(41) Z aivn—i-i + kfpvn-i-q =k Z ,YZB(‘/%-H)?
=0 i=0

n=20,...,N—q.

Theorem 4.1 (Local stability of implicit—explicit BDF schemes). Assume that the
stability constant X in (1.8 is small enough, such that

(4.2) A < 1.

Then the implicit-explicit BDF method (1.6 is locally stable, in the sense that,
with 9™ .= U™ — V™, for k sufficiently small,

n q—1
(4.3) [P+ kD 9P <O (1 + k),
l=q 7=0
forn=gq,..., N, with a constant C independent of k,n and the approximations.

Proof. This proof proceeds along the lines of analogous proofs in, e.g., [6 2] [5]; it
is included here for the convenience of the reader. Letting b™ := B(U™) — B(V™)

and subtracting (4.1)) from ((1.6]), we obtain

q q—1
(4.4) D T PO =k bt
i=0 1=0



12 G. AKRIVIS AND Y.-S. SMYRLIS

n=0,...,N —q. We take in (4.4) the inner product with ¥"*¢ — n,9"*t7"1 and
then real parts and get

q
(4.5) Re (7 ™, 970 — o™ ) 4 klyg = kg

=0

with I,44 := Re (PO"™, 9" — p,g"t4~1) | whence

(46) In—l—q = Re (7519n+q7 197L+q _ nqﬁnJﬂI*l) . E(ﬁnJrq, 19”+q . T]q19n+q71)7
and

q—1
(47) Jn+q = Re (Z ,Yibn+i, gnta nqﬂn+q71> .

=0

With the notation ©" := (¥"~9+1 . 9™")T and the norm |©"|s given by

q
‘@n‘é _ Z gij(lgnfq+i’ ﬁnfq+j)’

ij=1
in view of Lemma , relation (4.5)) yields the estimate
(4.8) O, — |0 + kil < ks,

Furthermore, in view of the coercivity condition (2.11)) and the boundedness con-
dition ([2.14}), for the operator P, we have

g > 197492 = A5 971 = &(0m 1 o] oo,

and hence
A . A
Luvg = (1= 5 )97+ = Syl
2 2
(4.9) ] ;
— &1 ) [0 = Sl

We shall now estimate J,, 4. First, we have

qg—1
v < D Pl 10 e (1074 + mgll9™ 4 7)),

=0
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whence, in view of the local Lipschitz condition (2.16), for any positive ¢,

q—1
ey € 32 Pl -+ ) (19749 1)
=0
Ly " n n+i UV anti
52 [,U‘f’ef Hq? +qH2—|—77qH19 +q— lH ) ( +77q)(NHQ9 + H2_{_g’19 + ‘2)}

g
(EJ%DWWMW+meW*W)
=0

-1
1+?7 \ n+1 v n+1
+Tq2\%’(u\|ﬁ * |’2+g|19 P).

i=0
Therefore,

wte

Jntg < (27 = (Il * + ngllo™ )

(4.10)

—1
1+7] \ n+1 v n+1
+— 2> il (ullom |!2+g\19 ).
=0

From (4.8), (4.9) and (4.10]), we obtain
n+q|2 n+q—1|2 )\ n+q||2 )\ n+q—1(2
O G = 10" g + k(1 = S 19" 1° = kgmgll9™ |
. 1 ¢ _
= k(14 g ) W09 = koo

(4.11) pte n ot
< =@ = DR + o™ )

~1
1 + Ui X n—+1 V onti
+ quz il (ul [ + EW “?).

i=0
Now, in view of the stability condition (4.2]), we can choose p and ¢ small enough,
such that

L= Ang = (27 =1)(1+ng)(n+e) 2 p>0.

Then, from (4.11]) we get

1
79[ — &m0 4 o2 - e

(27 = 1) (u+ o)k ||?

wrg) = Dt (I )

1
< &Lk ([0 + [0 +77qu|% (ull™ )12 4 2o+ P2).

=0
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Summing here from n = 0 to n = m — ¢, and using the fact that |yo|+- - - +|v,-1| =
29 — 1, we obtain

- - m 1'+'U m
O™ =107 & + pk D ||19€||2+—2 127 = 1) (u+e)k Yy |10
l=q l=q

B+ @ = )+ k()7 = [ ) < 260+ m)k D P

l=q—1

1+77q 02 2 V1+77q ok
+— kZHﬁ | +ckzZ||19J|| k;Zw .

Now, the first term on the right-hand side is absorbed by the fourth term on the
left-hand side, and we easily get

O™+ pk > (19> < |02 +ck‘z 19712
l=q

~ - 2 V1+77q o2
+26(1+ng)k Y [0+ — ka

l=q—1

(4.13)

If we now use the lower bound |0™|% > ¢,|9™|?

the matrix GG, as well as the fact that
O g < C(I0°P + -+ [97'?),

, with ¢, the smallest eigenvalue of

with C he largest eigenvalue of GG, and apply the discrete Gronwall inequality, we
obtain the desired stability estimate (4.3]), provided k is sufficiently small. O

Remark 4.1 (Relaxation of the stability condition (4.2]) for the three- and five-step
methods). For the implicit—explicit three- and five-step BDF methods the sufficient
stability condition (4.2) can be directly relaxed to

(4.14) A < 1,

with 773 and 75 as in (1.9)), using the multipliers of [B, Lemma 2.3] and [3, (4.8)—
(4.9)], respectively. O

4.3. Sufficient and necessary stability conditions. The sufficient stability
condition for the local stability of the implicit—explicit BDF method
is void, and, in particular, optimal in the case of the implicit—explicit one- and
two-step BDF methods, since n; = 1y = 0. This is due to the fact that the cor-
responding implicit methods are A-stable. In other words, in these two cases,
condition ([1.4) on the behavior of the absolute values of the eigenvalues of the
operator P is not needed. It is noteworthy that, without a condition of the form
the domain V' of the operator P is a subspace of H¢, , and the norm || - || is

per’

stronger that the norm || - || ga,d = p/2. The norms || - || and || - || ge,d = p/2, are
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equivalent, if we replace (1.4]) by a corresponding assumption on the behavior of
the real parts of the eigenvalues of P, namely

(4.15) Re X < ¢+ ¢3ll|P, for all £ € Z.

Sufficient stability conditions. The implicit—explicit three-, four-, and five-step
BDF methods (1.6]) are, according to (4.2) and (4.14]), locally stable, provided

(4.16) A< Ai =13, A< 1 = 3.47463516, A < Ai = 1.23497392,
3 T4 75
respectively.

Necessary stability conditions. According to the von Neumann criterion, nec-
essary stability conditions even for the stability of the implicit three-, four-, and
five-step BDF methods for the linear parabolic equation u; + Pu = 0 are A <
1/cos ¥, q = 3,4,5, respectively, that is

(4.17) A < 14.45087, A <3.4904014, X < 1.62892979,

respectively. Indeed, otherwise, the eigenvalues of the “rotated” operator P = e'¥ A,
with A a positive definite self-adjoint operator and 9, < |¢| < 7/2, lie on the ray
z = pe'?, p > 0, which is outside the stability sector Sy, of the implicit g-step BDF
method, and the method cannot be unconditionally stable; cf. also [2, [5].

5. ERROR ESTIMATES

Combining local stability and consistency of the implicit—explicit BDF scheme
(1.6)), we derive here optimal order error estimates.

Theorem 5.1 (Optimal order error estimates). Let the solution u of the periodic ini-
tial value problem for equation be sufficiently smooth, such that the consistency
estimate holds true, the constant X\ in be such that the sufficient stability
condition (4.2) be satisfied, and the starting approzimations U°,... Ut € V be
such that

(5.1) W — U2 + k||lw! — U9 < cik®, j=0,...,¢—1.

LetUd, ..., UN € V be recursively defined by ([1.6)), and e® := u"~U",n =0,...,N.
Then, there exists a constant C, independent of k and m, such that, for k sufficiently
small,

m q—1 m—gq
(2) P kY P < e ST (1P kI kS B
£=0 j=0 £=0

m=q—1,...,N, and
(5.3) max _|u(t") — U"| < CkA.

0<n<N
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Proof. This proof proceeds along the lines of analogous proofs in, e.g., [6, 2] [5]; it
is included here for the convenience of the reader. According to the consistency
estimate and our assumption on the starting approximations, there exists
a constant C, such that the right-hand side of can be estimated by C?k%,

q—1 m—q
(5.4) C{Z(!ej\2+k]|ej|\2) +kZHF/Hf} < 22,
j=0 =0

Now, since (5.3)) is a consequence of (5.2) and (5.4), it remains to prove (|5.2)).
Subtracting ((1.6)) from ({3.2]), we obtain

(5.5) Z e kPt =k Z vi[B™) — B(U™™)] + kE™.

If we take here the inner product with "¢ — n,e" "4~ proceed exactly as in the
proof of Theorem , and assume for the time being that U7 € T,,5 = 0,...,n +
q — 1, we easily arrive at

n+q

Cqle™™ ) + sz lef|I* < CZ (e’ + Klle’[|?) + kZRe — e
cf. (4.3). Now, bounding

1
Re(E', e — ety < — P _jjeta)2 4 ettt 12 + 2 *p”"uEfu*

— 4(1+ ) 4(1+77>
and summing up, we obtain
ntg|2 | Pknﬂ 02 i j 1+77q - 002
Cqle™™|" + ZH | <CZ [’ + Klle?]*) + p —ky |IE2,

£=0

and infer that holds true for m =n + q.

Clearly, the estimate is valid for m = ¢ — 1. Assume that it holds for
m=q—1,....n+qg—1,0 <n < N —gq. Then, according to and the induction
hypothesis, we have, for k£ small enough,

(5.6) max ||e’]| < CLkTY? <1,

0<j<n+q—1
and thus U7 € T,,,j =0,...,n + q — 1. Therefore, as we proved above, ([5.2) holds
indeed for m = n + ¢ as well, and the proof is complete. O

6. EXTENSIONS: FULLY DISCRETE METHODS, TIME-DEPENDENT OPERATORS

In this section we extend our analysis to fully discrete schemes, with spectral
methods used for the discretization in space, and comment on the extension to the
case of time dependent operators P.
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6.1. Time-dependent operators and norms. Our analysis can be easily ex-
tended to the more general case of time-dependent operators P. In that case, it is
advantageous to let the quantity A in depend on t as well.

More precisely, with A\, (t) the eigenvalues of P(t) and \(t) = A(t) + ¢ the
eigenvalues of the shifted operators P(t) := P(t)+¢l, we can introduce in V := H?

per
and V' = H, ¢ the time-dependent norms || - ||; and | - ||,.;, respectively, by

per

6.1)  foll = (D ReAdt m,) ? HU,\*,t;:(Z(Reﬂg(t))—l‘@dg)l/z.

ez tez
Then, we have

(6.2) Re (P(t)v,v) = |[v||?, forallveV = H,.,
and
(6.3) [Pt 0]y < AB)|[v]ls, forallveV =HE,
with the bound A(t) given by
A
(6.4) A(t) :=sup Aelt)]
tez Re M(t)’

cf. (1.8).
Besides the conditions 7,\(t) < 1,¢ € [0,T], on A(t), cf. (4.2) and ( , in this

case we need also to relate the time-dependent norms || - Ht, for dlfferent values
of t. To this end, it suffices to impose a mild Lipschitz condition on the operators
P(t) with respect to t, namely

(6.5) |(P(t) = P@)v]| ;0 < LIt — 2] 0] e,
for t,t € [0,T] and v € V = HZ_;

pcr?

6.2. Fully discrete methods. Let M € N and Sy, := span{p_y/, ..., @} with
wo(z) = e, Let Py : V' — Sy denote the orthogonal L2-projection operator

we refer to [2] for details.

onto Sy, i.e., (v — Pyv,x) =0,x € Sy. If we expand veLper in a Fourier series,
v = :E::/ﬁfgoea
tez
then Py;v corresponds to the partial sum

M
Pyv = E Vg g
—M

This projection has the following approximation property: There exists a constant
¢, independent of v and M, such that, for v € H™

per’
(6.6) v — Pyol|ge < eM“™ 0™ 2, £=0,...,m
(cf. [II, (9.1.10)]). Clearly, Py, commutes with differentiation in time as well as

with P, PyP = PPy; see (1.2). Furthermore, we define the discrete operator
By : H —>SM,BM = Py B.
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In the semidiscrete problem corresponding to the periodic initial value problem
for (L.1)), we seek a function uaz, up(-,t) € S, satisfying

(6.7 { ituév-[(g)t:fuM(" ) = Buluu (1), 0<t<T,

with ul, € Sy; a given approximation to the initial value u®.
We recursively define a sequence of approximations U¢€ Sy to u(-,t) by

q q—1
(68) D U HRPU = k) 5B (U™),
=0 i=0

n=0,...,N—gq cf. (L6). Let W(-,t) € Sy denote the L*-projection of u(-,t) in
Sar, W(-,t) = Pyu(-,t),t €[0,T].

Let Ey(t) € Sy denote the consistency error of the semidiscrete equation (/6.7))
for W,

(6.9) Ey(t) :=Wi(-,t) + PW(-,t) — By (W(-,t)), tel0,T].
Obviously
EM(t) = Wt('at> + PMPU('>t) - PMB(W('7t)):
whence, in view of ,
En(t) = Py [B(u(-,t)) — B(W(-,1))].

In the case p > 2, the Lipschitz condition (2.22)) and the approximation prop-
erty yield, under obvious regularity assumptions, the following optimal order
estimate for the consistency error )y,

(6.10) max || Eu(8)] < C(u) M~™,

0<t<T

In the case 1 < p < 2, we use instead the Lipschitz condition (2.24)) and the
approximation property , and obtain, under obvious regularity assumptions,
the following estimate for the consistency error Ejy,

(6.11) max || Ex(t)||, < C(u) M5,

0<t<T

We can now derive an error estimate for the fully discrete approximations:

Theorem 6.1 (Error estimates for fully discrete methods). Assume that we are given

starting approximations U, UY, ... U™t € Sy to u(-,t%),... ,u(-,t97) such that
4 4 . . cy (kT4 M) for p > 2,
(6.12) fu(-,t)) = U7 P+ kllu(- /) = U7||* < L
(k9 + M2y for 1<p<2,

j=0,...,q—1. LetU" € Syy,n=gq,..., N, be recursively defined by . Then, if
the solution u of the periodic initial value problem for (1.1)) is sufficiently smooth,
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there exists a constant C, independent of k and M, such that, for k sufficiently
small and M sufficiently large,

(6.13) max |u(-,t") —U"| <

0<n<N

CkT+M™™) for p>2,
C(k? 4+ M™™173) for 1<p<2.

Proof. Let W7 := W(,t),7=0,...,¢— 1, and define WreSy,n=gq,...,N, by
applying the time stepping scheme to equation , i.e., by

q qg—1
(6.14) D W™ EPWH = k"3 [Bu (W) + Ea ()],
i=0 i=0
Then, it follows easily from Theorem [5.1] that
(6.15) max |W(-,t") — W"| < Ck“.
0<n<N

In view of and (|6.15]), it remains to estimate 9" := Wn — U™, Subtracting
from (6.14]), we obtain

q q—1 q—1
™ kPO =k 3 [Bu (W) = By (U] + kY 7iBu(t™);
=0 i=0 0

compare with (5.5). Therefore, in analogy to (5.2), there exists a constant C,
independent of k and m, such that, for k sufficiently small,

m qg—1 m—q
(6.16) [P+ kD[0P < O{ DT (WP + K ) + kY B ()2
£=0 J=0 £=0

m=q—1,...,N,
From this estimate, (6.12)) and (6.10]), for p > 2, or (6.11)), for 1 < p < 2, we
easily infer, for k sufficiently small and M sufficiently large, that

B CkT*+M™) for p > 2,
(6.17) max |[W" —-U"| < L
0<n<N Ck?+ M ™"2) for 1<p<2,
respectively. From (6.17)), (6.15)) and the desired estimate (6.13)) follows and
the proof is complete. O
APPENDIX

Lemma A.1. If s > 0, then there exists a positive constant c, such that
luvllas < e ([ullmslvlli + llulle]vlla:).
for every u,v € H3_ NL>.

per

Proof. We first establish the auxiliary inequality

A1) (1t @+ <e((1+2)2+ (1+4)7%), z,yeR 520,
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where ¢, = max{2°~',1}. For s > 1, the convexity of f(z) = (1+ 22)*/? yields that

(
(1 n <x+y>2>s/2: f (x+y> < l(f(:v) +f(y)) _ %«1 +l,2)s/2 + (1+y2)s/2)

2 2 -2
and hence
(1 + (x+y)2)s/2 < (4+ (:1:+y)2)s/2 < 951 ((1 +3:2)5/2 +(1 _‘_y2)s/2)‘
For s € [0, 1], and nonnegative x and y, we first note that
(+y)" <2° 4y
this is trivial for s = 0 and s = 1, and, for s € (0, 1), follows immediately from the

fact that the function p(t) := 1 +¢°* — (1 + ¢)* vanishes at ¢ = 0 and is increasing
for positive t. Thus

L+ (z+9)? <220+ (0 + ) = | X + Y32

with X := (1,2%)7 and Y := (1,y*)”. Now, || X||2s = (1 + 2?)*/?, and from the
estimate above we obtain

2/s s s/2\2/s

L (@4 9)? < (1X g + 1V 11276) ™" = (4277 + (1 +92)7)*,

which immediately yields (A.1]). Next
(1+w2k2)2| (@) = (1+ w2k2)5/2‘ S i ‘

LeZ
<o Y (L4 WP (k= 07)% 4 (14 w?)*?) || [0
LEZ
= Y _(L+w?(k = 02)Plig_ql[be] + e Y (1 + )|t [04].
LET LEL
Therefore
2
(1+w2k52)5}(@)k}2 S 20? ((Z(1+w2(l€—€)2)5/2|ﬂk_g||@g|)
(A.Q) LET )
+(Z(1+w2€2)5/2|ﬂk_g||ﬁg|> )
LeZ
If we set . ‘
fla) = lagle™,  Fx) =Y (1+w’k*)|ile™*,
kezZ kEZ
gla) =) Jole™,  Gla) =) (1+w*k*)2|ale™,
keZ keZ
then
[fllee = llullez, gl = llvllez, [1Flle = l[ullas, and |Gz = ||v]las,

and provides that
(14 w22y @] < 262 (|(FOR[* + [(Fgl*),
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and hence
sl |2 =n (2 = |2
vl = S0+ k) @l < 22 3 (7@ + [(Fa )
keZ kEZ

= 20§<I|fG||iz + ||F9||%2> < 2¢;([If = 1G N1z + [ FlIZ=llgllE~)

= 26, ([ullfoe vl 7 + llellFs v llE )
thus,

lwollre < V2eq ([[ulluee o]l + [l meoll).

which concludes the proof. O

Corollary A.1. If s > 1/2, then there exists a positive constant Cy such that, for

every u,v € HJ

(A.3) [[uv]

e < G luf

Hs U| Hs-

Proof. If s > 1/2, then H?, C L and for every u € H?

per per?’

[ullie < cflulla,

with a positive ¢ depending on s but independent of u. Inequality (A.3) is now a
consequence of Lemma [A ] O

We are now ready to prove the following result, which we used in subsection [2.3}

Corollary A.2. For every > 8 > 1, and € > 0, there exists a positive constant
Ce, such that

(A.4) lwvll sz < Nl oz (Ecllvllie + e ([0l o),
for all u,v € ng/f.
Proof. As 1 — g < % < %/ < g, then due to (A.3)
(A.5) luv|| gr-sr2 < |lwvll gorrz < Corpa ||ull oz [|v]] o -
Let ¢. > 0 be such that

¢2 = max {xﬂl —e%f x> 1}
ie., zf < ¢ 4+ 22P for all z > 1. Then

1202 =Y _(L+ k)7 [0 <Y (2 + 21+ wk?)?) |5
keZ keZ
2
= &l +*lvllEs < (éa\lvl\m +5HU”H/3> ,

and thus
(A.6) [Vl gorre < Ccllvllie + el[v] e

Now ((A.4) is a consequence of (A.5) and (A.6]). O
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