IMPLICIT-EXPLICIT MULTISTEP METHODS
FOR NONLINEAR CONVECTION-DIFFUSION EQUATIONS

GEORGIOS AKRIVIS AND EMMANUIL H. GEORGOULIS

ABSTRACT. We construct and analyze implicit—explicit multistep schemes for non-
linear evolution convection—diffusion partial differential equations. We establish
optimal order a priori error estimates. We are particularly interested in the depen-
dence of the stability constants on the ratio between the convection and diffusion
coefficients, the so-called Péclet number, and on the diffusion coefficient ¢ itself.
In particular, we show that the second order implicit—explicit backward differenti-
ation formula (BDF) admits stability constant independent of the Péclet number.

1. INTRODUCTION

This work is concerned with the design and analysis of implicit—explicit multistep
methods for parabolic semilinear convection-diffusion partial differential equation
(p.d.e.) problems. In order to focus on the time-stepping issues, only the time-
discrete schemes are discussed.

Previous works on multistep methods for evolution p.d.e. problems include [11,

, 0, 0,8, 12, 1,2, 3, 7]. For the discretisation of convection—diffusion equations by
Runge-Kutta methods we refer to [9, 10]. The standard monograph for numerical
methods for parabolic equations is [15].

Multistep methods can be computationally attractive, as they do not require the
calculation of intermediate stages (in contrast to, e.g., Runge-Kutta time-stepping
schemes) to achieve high order convergence rates in time. The use of carefully
constructed implicit—explicit schemes can further reduce the computational cost by
requiring the solution of one linear equation at each time step.

More specifically, we shall construct and analyze implicit—explicit multistep meth-
ods for the following initial and boundary value problem: seek a function wu :
2 x [0, T] — R satisfying

u —eAu+ V- (ub(z, b)) + c(z, t)u = f(u,z,t) in 2x(0,T),
(1.1) u=20 on 002 x (0,7),
u(-,0) = u’ in (2.
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Here 2 C R? is a bounded domain, 2 and 92 are the closure and the boundary of
2, respectively, T and ¢ are given positive numbers, and

d
Ve (ub) =) (biut)s,.
i=1
The convective coefficient b, the coefficient ¢, the initial value u® and the forcing term
f are given functions. We assume the vector-valued function b : 2 x [0,T] — R?
is continuously differentiable, ¢ : 2 x [0,7] — R is continuous, u® € L%*(£2) and
f:Rx 2 x][0,T] — R is globally Lipschitz continuous in its first argument,
uniformly with respect to its second and third arguments,

(1.2) 3L >0Vx € 2Vt € [0,T) Yy, 92 €ER  |f(y1, 7, t) — flyo, 2, )| < Llys — ya],

and such that f(0,-,t) € L?(£2), for all t € [0, T]. It is then easily seen that f(v,-,t) €
L*(92), for any v € L*(f2) and all ¢ € [0,T]; indeed, using the Lipschitz condition
(1.2) and elementary inequalities, we have

£ (o), 2, 8)]” < 2|f (v(@),2,8) = 0,2, )] + 21 £(0, 2, 1)
< 2L|o(@)? + 2|/(0, 2, )],

and our claim is evident. Additional hypotheses on the data will be imposed below.
We assume that the initial and boundary value problem (1.1) admits a sufficiently
smooth solution wu.
Let now (o, ) be a strongly A(0)-stable g-step scheme and («,y) be an explicit
g-step scheme, characterized by three polynomials «, 5 and ~,

q q q—1
alQ) =) ail’, BO= B )= uC"
=0 =0 1=0

For simplicity, we assume that the order of both g-step schemes, the implicit («, )
and the explicit («,7), is p, i.e.,

q q q—1
(1.3) Y ilag =0 i B =0 iy, £=0,1,...p.
=0 =0 =0

As an example of schemes satisfying our assumptions we mention the implicit—
explicit BDF methods, described by the polynomials

q
1. .
14 alQ) =3 507, BO=¢ A== (-1
j=1

The corresponding implicit (v, B)-schemes are the well-known BDF methods, which
are strongly A(0)-stable for ¢ = 1,...,6; their order is p = ¢. For a given a, the
scheme (v, y) is the unique explicit g-step scheme of order p = ¢q. Thus, the implicit—
explicit BDF methods satisfy the order conditions (1.3) with p = g.
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Let N € N, k := T/N be the constant time step, and t" := nk,n =0,..., N, be
a uniform partition of the interval [0,7]. We assume that starting approximations
U° ..., U7 are given, as we shall be concerned with g-step schemes for (1.1).

We first write the differential equation in (1.1) in the form

(1.5) ug + Au+ C(t)u = B(t,u(t)), te€(0,T),

with appropriate for our purposes operators A, B and C. The numerical scheme
depends on the particular choice of the operators A, B and C in (1.5). We shall
discuss specific choices later on. We discretize the operators A and C' implicitly,
by the implicit scheme («, 3), and the operator B explicitly, by the explicit scheme
(v, 7). Thus, we define approximations U™ to the nodal values u™ := u(-,t™) of the
exact solution by

q g—1
(1.6) Z [l + kBi(A+ CHT N U™ =k Z Vi B U,
=0 i=0

formn=0,..., N —q.

1.1. Consistency error. We shall now discuss a suitable representation of the
consistency error of the implicit—explicit scheme (1.6), which will later be used to
derive optimal order consistency estimates; see also [1]. We assume that the order
of both schemes («, 8) and («,7) is p; cf. (1.3).

The consistency error E™ of the scheme (1.6) for the solution u of (1.1), i.e., the
amount by which the exact solution fails to satisfy (1.6), is given by

q q—1
(L7) KB =Y (ol + kBi(A+ C ) ]ur — &Y 5B, u),
=0 i=0

n=20,...,N —q. First, letting

E} = Z [u™ — kB, (t")], EY = kZ B(t" T ™),

=0
with v, := 0, and using the differential equation in (1.5), we infer that
(1.8) EE™ = ET' + Ej.

Furthermore, via a Taylor expansion about ", we see that, due to the order condi-
tions of the implicit («, B)-scheme, (i.e., the first equality in (1.3),) and the second
equality in (1.3), respectively, leading terms of order up to p — 1 cancel, and we
obtain

o +i - +i Pl
Z/ tn i [Oéz(tn T S) _pkﬁz] W(S) dS,

tn+z dp

(1.9)
B = Z / R
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This representation of the consistency error will allow us to derive optimal order
consistency estimates in suitable norms, under reasonable regularity assumptions.

The remainder of this work is structured as follows. In Section 2, we study lin-
early implicit numerical schemes, characterised by the same discrete operator for all
time levels, and we derive optimal order error estimates. We show that, under such
general setting, the constant in the stability estimate for this family of methods de-
pends on the Péclet number. Moreover, the constant in the error estimate, depends
also on the diffusion parameter ¢ implicitly, through high order Sobolev norms of
the exact solution u. In such general setting one does not expect better dependence
on the singular perturbation parameter and the results should be treated as an in-
dication of the numerical challenges for this class of methods. At the other end of
the spectrum, in Section 3, we focus on first and second order schemes of BDF type,
requiring again one linear solve at every time level to advance in time. Crucially,
however, we shall make use of possibly time-dependent nonsymmetric, in general,
linear discrete operators, stemming from possible respective time-dependence of the
convective and/or reaction coefficients b and ¢. This somewhat nonstandard choice
will be justified below. Using the A-stability of these low order schemes, we improve
crucially on the estimates of Section 2: the stability constant is now independent
of the diffusion parameter ¢, while the constant in the error estimate depends on
it only implicitly, through appropriate norms of the exact solution u. To test the
potential of the proposed method, in Section 4, we present a series of numerical
experiments demonstrating the performance of the second order BDF method in
the discretization of semilinear convection-diffusion equations, with nonlinearities
admitting non-Lipschitz growth. Although the latter result is somewhat in the folk-
lore of this class of methods, we were not able to locate a proof under the same
assumptions.

2. ERROR ESTIMATES WITH CONSTANTS DEPENDING ON THE PECLET NUMBER

Let ¢* be a fixed positive number, let the operator C' in (1.5) vanish, and choose
the operators A and B as Av := —eAv+c*v and B(t,v) := f(v(:),-,t) = V- (vb(t)) +
(¢* — c(t))v. We can then, obviously, write the p.d.e. in (1.1) in the form (1.5). For
simplicity, we suppressed the dependence on x; we shall follow this convention also
below.

With this splitting, the scheme (1.6) takes the form

q q—1
i=0 i=0

n=20,...,N —q.
To advance with (2.1) in time, i.e., to compute the unknown U"*? we need
to solve one linear equation, with the same operator for all time levels. As we
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shall see below, this operator is self-adjoint and positive definite; in particular, the
approximate solutions are well defined.

We shall follow the analysis in [0], [1] and [!] to study the implicit—explicit nu-
merical scheme (1.6).

2.1. Notation and Lipschitz conditions. We let H := L*({2), denote by (-, ) and
|| - || its inner product and norm, respectively, and we recall the standard Sobolev
spaces. Evidently, the operator A : 2(A) = H*(2) N H}(2) — H is linear, self-
adjoint and positive definite; the domain V := P(AY2) of AY?is V = H}(£2). We
denote by V' the dual of V| with respect to the pivot space H, i.e., V' = H (1),
and we introduce the norms || - || and || - ||« in V' and V", respectively, by

* 1/2 * 1/2
ol := [AY20]| = (= e(Av,v) + ¢ (v,0)) " = (el Vol* + ¢ lv]]?)

and
loll. == A7) = (v, (—eA+ D7)
In a standard fashion, A can be extended to an operator from V onto V’; the
notation (-,-) will additionally signify the duality pairing between V' and V. The
operator B(t,-) : Z(A) — H can also be viewed as an operator from V' into V".
For notational convenience, we split the operator B into two parts, B = By + B,

with
Bi(t)v:= =V - (vb(t)) and Bs(t,v) := f(v(-),-,t) + (¢ = c(t))v.

Useful estimates for ||v||.. We have

v, U
ol = sup (v, 4)

weV\{0} (5||VUH2 + C*||u||2)1/27

which leads to the estimate

(22) ol < min {—=loll Z=lollu }
Indeed, first
ol < sup (v, u) < swp v ||u||7
wen\{oy Ve ull  ueviioy Ver]full
whence
(2.3) lol < =l
furthermore,

v, U v|g-1||Vu 1

lvlls £ sup —=—< sup —=——
o ueV\{0} Vel Vull - ueV\{0} Vel Vull

Lipschitz conditions. First, for v,v € V, we have

(Bi(t.0).9) = [

n

vb(-,t) - Vi do = Z/Qbi(-,t)v(ﬁ)mi dr,
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whence, with
b := max max |b;(z,1)],
1<i<d (EG.Q
ot<T

we obtain

|(Bu(t,v), )| < bl|v]| Z G

Therefore, since /2||Vo| < ||7],

172 . ~
) = bl V).

<OValoll (Y110,

V.

. b
(2.4) Vie [0, T Vo eV ||Bi(t,v)|lx < pallv]| with py = 7
Furthermore, with
¢ = max | — ¢(z,1)],
zef
o<t<T

in view of (1.2), for v, € V, we have

IB2(t,v) = Ba(t, 0)]1* < /Q [(L+d)o(e) — ()] de = (L+ & |lv = 9],

whence, according to (2.3),

L+¢ N
v — 3],

| B2(, v) = Ba(t, 0)]|« < (t,v) = By(t,0)] <

| B2
\/_
ie.,

A~

L+¢

=

(2.5) V€ [0,T)Vo,5 € V|| Ba(t,v) — Ba(t, 0|, < prollv— 0| with pz :=

From (2.4) and (2.5) we obtain the desired global Lipschitz condition

with Lipschitz constant p := puy + po,

_ b L+¢
(2.7) = ff T

Notice that the Lipschitz constant p is bounded for uniformly bounded Péclet
numbers b/+/z.

2.2. Consistency. From the representations (1.8) and (1.9) of the consistency er-
ror, we immediately obtain, under obvious regularity requirements, the desired op-
timal order consistency estimate

(2.8) max ||E"|s < ck?;

0<n<N—q

the coefficient ¢ depends on the diffusion parameter ¢, through appropriate norms
of the exact solution wu.
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2.3. Stability. Let U™, V™ € V,m =0, ..., N, satisfy (2.1) and

q q—1
(2.9) D (I + kBAV™ = kY 3B, V),
=0 1=0

n=20,...,N — q, respectively. Then, with ¢ :=U™ - V™ m =0,..., N, we have
the stability estimate

n q—1
(210) 02+ kRS I < e S (I + K1), n=q—1,...,N,

=0 =0

By

with a constant ¢ independent of U™, V™ and k; see [0, Theorem 2.1]. Actually,
since the Lipschitz constant p in the Lipschitz condition (2.6) depends on e only
through the Péclet number, the stability constant ¢ in (2.10) depends on the diffusion
parameter € also only through the Péclet number; indeed, it is bounded, for bounded
Péclet numbers.

2.4. Error estimates. According to [0, Theorem 2.1], we have the following error
estimate:

Theorem 2.1 (Error estimate). Let («, 3) be a strongly A(0)-stable q-step scheme
and (a,7) be an explicit q-step scheme. Let the order of both schemes (o, 3) and

(o, ) be p. Assume we are given starting approzimations U, U, ... Ut €V to
u®, ..., udt such that
(2.11) max ([|u/ — U7|| + k'2|u? — U7||) < ck”.

0<y<g—1
Let UM € Vin = q,..., N, be recursively defined by (2.1). Let e" = u™ — U™, n =
0,...,N, be the approzimation error. Then, there exists a constant c, independent

of k and n, depending exponentially on 132/5, such that
—

n 1 n—gq
@12 PR R < X (1R + HR) + kY 1B,
=0 0 =0

<

n=q—1,..., N, whence, in view of (2.11) and (2.8),

(2.13) max |[u(t") — U"| < ckP.

0<n<N

In the estimate (2.12) E* is the consistency error of the scheme; see (1.7) with
C(t) = 0. O

Remark 2.1 (BDF schemes). We focus here on the case that the method (2.1)
is the implicit—explicit ¢-step BDF scheme. Since in the Lipschitz condition (2.6)
the norm || - || does not enter on the right-hand side, the stability constants A in
the notation of [0] vanishes; therefore, Remark 7.2 of [1] applies, and we can relax
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condition (2.11) on the starting approximations U, ... U%"!. More precisely, the
statement of Theorem 2.1 is valid in this case under the assumption

max ||u/ — U?| < ckP. O

0<j<g—1

Remark 2.2 (A wider class of linearly implicit methods). The splitting of the p.d.e.
in (1.1) that we used in the scheme (2.1) satisfies also the assumptions imposed in
[1]. Therefore, with this specific splitting, the initial and boundary value problem
(1.1) can be discretized by the wider class of linearly implicit methods discussed in
[1]. Thus, the abstract results of [1] apply and lead to error estimates with error
constants depending exponentially on b2 /€, as is the case in Theorem 2.1. 0

2.5. Alternative forms of the implicit—explicit schemes. Various possibili-
ties of splitting the p.d.e. in (1.1) before discretizing by implicit—explicit multistep
schemes are possible; here, we comment on two such alternatives.

2.5.1. First choice. Consider now the operators A and B defined as Av := —eAw,
and B(t,v) := f(v(),-,t) = V- (vb(t)) — c(t)v. Notice that the only difference to the
splitting we used in (2.1) is that here we set ¢* = 0. With this splitting, the scheme
(1.6) takes the form

q q—1
=0 i=0

n=20,...,N —q. In this case,

loll := [|AY?0]| = vE[[Vol and o], := [|A™20]| = %H(—A)l/%n.
and, with By(t, v) = f(v(~), -,t), we have
IBalt) = Balt,0)I* = [ £(0(0)..6) = (i), ,0)* da
<L? /Q |v(x) — 9(2)|? do = L*||v — 9.

Furthermore, using the Poincaré—Friedrichs inequality ||w|| < Cpg||Vw]|, for w € V,
we easily see that |Jv[l, < %CPFHDH, for v € H. Thus, we infer that

(2.15) Ve [0,T)Vo,0 €V || Ba(t,v) — Ba(t, o). < fiz]lv — 9

with fip 1= \/LELCPF. Therefore, a straightforward application of the analysis of [(]
leads to a stability estimate with constant depending exponentially on 1/e, rather
than on the Péclet number. However, the scheme (2.14) can, obviously, be equiva-
lently written in the form

q q—1

q
(2.16) Z<a’] + kBZA)Un+z — ke* ZﬁiUn—H _ k?Z’YiB(tn+i, Un+i)7

i=0 =0 =0
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n=20,...,N —q. Applying here the analysis of [!], rather than the one of [(], we
can then easily see that the results of both Theorem 2.1 and Remark 2.1 remain
valid also for the scheme (2.14).

2.5.2. Second choice. We discuss here the discretization of the linear part of equation
(1.1) implicitly, by the implicit scheme («, ), and of the nonlinear part explicitly, by
the explicit scheme (a, ). With the operator A used above, C(t)v := V - (vb(t)) +
(c(t) — c*)v, and B(t,v) := f(v(-), . t), the scheme can be written in the form (2.1).
Applying the analysis of [1] (with the operator A rather than with A) we easily see
that the results of Theorem 2.1 remain valid in this case as well. Furthermore, in
the case of BDF schemes the requirement on the starting approximations can be
relaxed as in Remark 2.1. Notice that ¢* is used in the analysis of the schemes only;
the schemes themselves are independent of ¢*.

Let us emphasize that, in contrast to the schemes (2.1) and (2.14), in this case
the operator of the linear equations is in general time dependent, and so varies from
one time level to the next, if b and/or ¢ are/is time dependent. Also, the numerical
approximations are well defined, provided the time step k is sufficiently small. More
precisely, for a given w € V', it suffices to show that equation

(2.17) agv + kB[ — eAv+ V- (vb(t"19)) + (" )v] = w,

possesses a unique solution v € V. A well-known property of A(0)-stable multistep
schemes (a, () is that the product «,f, is positive. Assume, without loss of general-
ity, that o is positive. According to the Lax-Milgram Lemma, it obviously suffices
to show that the bilinear form a : V x V — R,

a(v,0) 1= ag(v,0) + kBee(Vv, V) + kBy (V - (vb(t")),0) + kB, (c(t" )v, D)
is coercive and continuous. First, for v € V, using an elementary inequality, we have
a(v,v) = ag||v||* + kBeel|Vo||? = kB, (vb(t™9), Vv) + kB, (c(t" )v, v)
= a,||v||* + kBl Vv||? + %kﬂq(vv ("), v)kﬁq (c(t”*q)v, v)

1 n n
2 (g = SBEIV - b(E ) o) = Baklle(t™ ) [ =) [V]I° + kB2 Vo,

and we infer that a is indeed coercive for sufficiently small k&, independent of e.
Similarly, for v, v € V, we have

|av, 0)| < agllvl [[2]] + kB |Vl [Vl + kB [0l Vo]l + kBye™[|vfl ],

and see that a is also continuous.

It is evident from the above discussion that, Péclet-number independent stability
analysis, in such general setting, is an essential challenge and may potentially not
be true for schemes that are not A-stable. Indeed, as we shall see below, upon
employing non-standard and specialised techniques, we are able to recover Péclet-
number independent stability bounds for implicit—explicit Euler method (a known
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result, but nevertheless, included for completeness of the presentation) and for the
classical implicit—explicit second order BDF method; the latter is an improvement
upon the results presented in [12].

3. LOw ORDER SCHEMES

Focusing, now, on low order time stepping schemes, our goal is to establish error
estimates via the energy technique with stability constants independent of ¢.
We consider, again, the initial and boundary value problem (1.1) and assume that

1 _
(3.1) c(x,t) + §V b(x,t) =0 Yore R telo,T],

for some positive b; notice that this can always be achieved by either adding, if neces-
sary, to both sides of the differential equation a term of the form au with a sufficiently
large coefficient a, or by the change of variables @ := e~*u. Notice that this affects
the constant in the error estimate. Indeed, in the first case the Lipschitz constant
changes from L to L+ a. In the second case f(@i,z,t) = e~ f(e“q, x, t) satisfies the
Lipschitz condition with constant L, but we need to multiply the approximations ur
of @™ by e*" to obtain approximations U™ of ™ and thus u" — U™ = " (11" U ")

For convenience we introduce the operator A(t) : H*(2) N Hy(2) — L*(2) =:
H,t € [0,T], by

Alt)v == —cAv+ V- (vb(z,1)) + c(z, t)v.

Notice, however, that A(t) is not self-adjoint and possibly time-dependent. Obvi-
ously, A(t) can be extended to an operator from V := H}(§2) to V' = H=(12).
Taking the duality paring with v and integrating by parts, we have

(A(t)v,v) = e[| Vo[> + (V- (vb(z, 1)) + c(z, t)v,v)
1
= ¢||Vo||® + ((c + §V -b)v,v).
Thus, in view of (3.1), A(t) is coercive:

(3.2) (A(t)v,v) = || Vol]? —I—QQHUHQ YoeV = H&(Q).

3.1. Implicit—explicit Euler method. For completeness, we begin by presenting
the lowest order case of implicit—explicit Euler method, keeping careful track of the
stability constants.

We recursively define a sequence of approximations U™ to the nodal values u(t™)
of the solution u of the initial and boundary value problem (1.1) by the implicit—
explicit Euler method,

(3.3) U™ kAEHU™ = U™ + kf(U™, 1Y), n=0,...,N —1,

with starting approximation U° := «°. In view of the coercivity (3.2), it can be
easily seen that the numerical approximations are well defined.
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3.1.1. Consistency. The consistency error E™ of the implicit—explicit Euler scheme
(3.3) for the solution u of (1.1),

(3.4) EE™ = v + kA" u" ™ — " — kf(u”, 1Y), n=0,...,N—1,

can be written in the form kE™ = ET + EJ with
tn+1 tn+1 d

(3.5) E{L:/tn (£ — s)u(s) ds, E;"‘:k/tn  Fuls), - s) ds;

cf. (1.9). Therefore, under obvious regularity assumptions, we derive the desired
optimal order consistency estimate

(3.6) max ||E"|| < ck

0<n<N—-1

with a suitable positive constant c. (Of course, ¢ depends implicitly on &, since the
solution u depends on ¢.)

3.1.2. Stability. Let U™, V™ € V,m =0,..., N, satisfy (3.3) and

(3.7) Vi L EAETTHY = VL RV Y, n=0,...,N —1,
respectively. Then, ¥ := U™ — V™ m =0,..., N, satisfy the relation
(3.8) I RATH 9 = 97 - k[f(U", St = (VT t”)],

n =0,...,N — 1. Taking in (3.8) the inner product with ¥"™! and utilizing (3.2),
we obtain

07 [P ke [0 2 B2 < (9, RO 1) = FV 1), 07
Therefore,
e R R
FRIAP, 1) = F ] 0
< I+ SN0 + S LR + 5 LA,
whence, by multiplying by 2,
(39) (1= (L= 229" < (14 L) 0"
Now, for sufficiently small k,
(3.10) [0 < (1 k) 6

with a suitable constant c,. This is obviously valid in the case 2122 > L, with ¢, = L.
In the case L > 2%, (3.9) yields, for k < 1/(L — 2b%),
1+ Lk

3.11 91?2 <
(3.11) 17 < = =

"2
7]
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For any fixed ¢, (strictly) larger than 2(L — b?), it is easily seen that

1+ Lk
3.12 <1+ ek,
(3.12) AT T
provided that k is sufficiently small,
. —2(L - b
(3.13) g el 4]
e (L —2b%)

and (3.10) follows from (3.11) and (3.12).
Now, from (3.10) we obtain

191> < (14 c.k)"||9°|]?, n=0,...,N,

and thus
Hﬁn“2 < ec*nk||190|’2, n — O, o ,N.

Hence, we arrive at the desired stability estimate

(3.14) max |97 < e=T/20°||.

1<n<N

Crucially, the above stability constant is independent of the diffusion coefficient ¢.

3.1.3. Error estimate. Let e" :=u"—U",n=0,..., N. Subtracting (3.3) from (3.4),
we obtain the error equation

(3.15) e KA e = e + k[ f(u”, -, ") — f(UT, )] + KET,

n+1

n = 0,..., N — 1. Taking here the inner product with "™, proceeding as in the

stability proof, and utilizing the consistency estimate (3.6) as well as the fact that

e vanishes, we easily derive the desired error estimate

(3.16) max |le"| < ck.
1<n<N

The constant ¢ on the right-hand side of (3.16) depends on ¢ only implicitly through
Sobolev norms of the solution u (see (3.5) and (3.6)).

3.2. Implicit—explicit two—step BDF method. Here we present a robust error
analysis for the IMEX using a two-step BDF method. Although we present the
time-discrete analysis only, the result can be used to improve fully discrete a priori
error bounds for fully discrete BDF-IMEX schemes for various stable spatial dis-
cretisations, e.g., [12]; in particular the exponential dependence of the a priori error
bound constant on the Péclet number from [12] can be avoided.

With starting approximation U°? := u°, we first perform one step of the implicit—
explicit Euler scheme to compute U?, i.e., we let U' be given by

(3.17) U'+ kAU = U + kf(U°,-,1%),
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and then let the approximations U?,...,U" be given by the implicit-explicit two—
step BDF' scheme,

1
(318) gUn+2 _ 2Un+1 4 §Un + /{ZA(tn+2)Un+2 — 2]€f(Un+1, . tn—i—l) _ ]{If(Un, . tn),

n=20,...,N — 2. Again, in view of (3.2), it can be easily seen that the numerical
approximations are well defined.

3.2.1. Consistency. The consistency error E™ of the implicit—explicit BDF scheme
(3.18),

3 1
kEn = —un+2 _ 2un+1 + _un + kA(tTH-Q)un-FZ
(3.19) 2 5

- Qk‘f(UnJ'—l, ) tn+1) + kf(una ) tn)a
n=20,...,N —2, can be written in the form
EE" = E} + EY

with
tn+ 1 t"+2

4
Ef = — / (" — 5)?ugm(s) ds + 2 / ("2 =) (" = s — gk)um(s) ds,
tn t

n

tn+1

d2
Br— - 2k/ = )L fu(s), - s) ds+k/

n

tn+2 d2
n+2 .
(1752 — ) (uls), . 5) ds:

cf. (1.9). Therefore, under the regularity assumptions

(3.20) lue ()]l <1 and Hdt2 t),-,t)H < o,
for all t € [0, T], we immediately conclude that
max ||E}|| <2ck* and  max ||Ey|| < 2cok?
0<n<N-2 o<n<N-2

Thus, we obtain the desired estimate for the consistency error E™,

(3.21) max || E"| < Ok>.

0<n<N -2

Remark 3.1 (Regularity requirement). Note that (3.20) can be replaced by slightly
weaker C*!'-requirements on u and f. Similar remark applies to (3.5) and (3.6). O

3.2.2. Stability. Let U°, ..., UN € V satisfy (3.17) and (3.18), and V°,..., VN € V
satisfy

1
(3'22> gvn+2 _ 2vn+1 + §Vn + kA<tn+2)Vn+2 — 2kf(V”“, ,’tn+1) _ kf(vn, ',t"),

n=20,...,N —2. Let
9" =U"—=V™ and b = f(Um,',tm) - f(Vm7'atm)7
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m =0,..., N. Subtracting (3.22) from (3.18), we obtain

1
(3.23) gﬁ”” = 20" 0"+ RA()9 = 2k — R

Now, we observe the identity

3 n n ]' n n 5 n n 1 n
(042 = 20 4 5070 = 2P = P = P
(3.24) 2 2 ! !

— (@m0 = (97 9) 07— 20

cf. [16]. We note that (3.24) stems from the G-stability of the BDF method («, )
with the positive definite symmetric matrix G,

1 5 —2
“=1 (—2 1)’
see [11, Example 6.5].

Taking the inner product with ¥"*2 in (3.23), and using (3.24) and (3.2), we have
5 1
e 1971—1—2 2 1971—1—1 2 - 1971 2 1971—&-2’ 2971—}—1 _ 1971—}—1’ 1971
o TP = G — ) - 0, 0m)
+ ke[ VO 4 RO < 2k 0]+ K" {0

Now, in view of the Lipschitz condition (1.2), we have

(3.26) 167 < L[0™ I

therefore, (3.25) yields

5 n n 1 n n n n n
L AN el A et P e (CARR A B AN )

(3.27)
+ ke[ VTP 4 k%[0 2 2 < 2Lk [0 + LE[0 192,

and, using a standard Poincaré-Friedrichs inequality ||v||* < cpr||Vv]?, we infer

(3.28)
n n 1 n n
(21 = 100 + 7 (17 = 1971°)

3L

0
4
) = (0 97) < (5 = ORI+ LE[0* + kHﬂ”HQ,

o ((19”+2’ ﬁn+1

with § := cppe + b, Summing in (3.28) from n = 0 to n = £, we obtain

5 1
7 21 = [9H2) + (P = 0°)%) — (4%, 97T

042
< BL=0)kY_[l0"* — (0",9°),

whence, easily,
042

Hﬁml\2 (3L — MZW"W HﬁlHQHWOH)
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Therefore, we have,

¢
(3.29) 191 < 4L = 6)k > [[0" 17 + 2|19 17 + [19°)1%),
n=0
¢ =2,...,N. Now, for sufficiently small k, whose size depends adversely only on

L, application of the discrete Gronwall inequality leads to the desired local stability
estimate

(3.30) 19" 1* < e(Il0M* + [19°)%), n=1,....N.

Note that, in particular, the dependence of the stability constant ¢ on ¢ is desirable,
in that it diminishes as ¢ — 0 and can even be beneficial for large ¢.

Now, let V! and VY be related by
(3.31) VI EAMHVE = VO 4+ Ef(VO) - 19),

i.e., starting with initial value V° we obtain V! by performing one step with the
implicit—explicit Euler scheme to the differential equation in (1.1); see (3.17) and
(3.18). Obviously, in view of the stability property (3.14) of the implicit—explicit
Euler method, ||9]| < ¢||¢°]|, which combined with (3.30) leads to our final stability
estimate

(3.32) max [[9" < ][0

1<n<N

with a constant ¢ > 0 independent of ¢.

3.2.3. Error estimates. Let the implicit-explicit BDF2 approximations U, ... UV
be given by (3.17) and (3.18). Assume that the solution u of (1.1) is sufficiently
smooth, such that (3.21) and (3.6) be valid. Then, combining stability and consis-
tency in the standard way we establish the following optimal order error estimate
(3.33) max ||u(t") — U"| < ck®.

o<n<N

Again, here the constant ¢ in (3.32) depends only implicitly on e, through its de-
pendence on Sobolev norms of the exact solution u, via the consistency estimates
(3.21) and (3.6).

Remark 3.2 (Energy technique for higher order BDF methods). Proceeding as in
Section 2.1, we can see that

(3.34) [(A(t)v, u)| < (VEIVUll+pulo)) EIVulP+E2ul?) 2 Yo,ue V = HE (1),

with a constant y depending on d, max,, |¢(z,t)| and the Péclet number b/\/z. In
view of the coercivity condition (3.2) and (3.34), as well as of the fact that the time
interval [0, 7] is bounded, a slight modification of the stability analysis of [2] leads
to optimal order error estimates in our case with constants depending on the Péclet
number for BDF methods up to order five. Notice that (3.34) is a slight relaxation
of the corresponding boundedness condition [2, (1.7)]. The energy stability analysis
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in [2] is based on the Nevanlinna-Odeh multiplier technique. Moreover, it is not
clear if it is possible to improve upon these estimates to arrive to a Péclet-number
independent stability analysis for A(«)-stable BDF methods with o < 7/2. O

The proposed implicit-explicit methods are somewhat non-standard in that they
require the solution of a non-symmetric linear system per time-step. Indeed, it is a
usual practice to treat convection explicitly also in an effort to arrive at symmetric
linear systems instead. Such methods, however, require careful tuning of the dis-
cretization parameters, as hyperbolic-type CFL restrictions are introduced by the
explicit treatment of the dominant convection term. The latter is, crucially, not the
case for the low order schemes studied in this work.

We shall now argue that the implicit treatment of the predominantly skew-symme-
tric convection term does mot hinder the computational efficiency of the proposed
methods in any essential fashion. This is because nonsymmetric linear systems
arising from the discretisation of the convection-diffusion spatial operator through
some stable finite elements (e.g., streamline upwinded Petrov-Galerkin methods,
discontinuous Galerkin approaches, etc.) admit a number of special properties that
can be exploited in the design of scalable preconditioning strategies. For instance,
for discontinuous Galerkin methods for steady convection-diffusion problems it has
been shown in [13] that, preconditioning by the symmetric part of the convection-
diffusion stiffness matrix for the interior penalty discontinuous Galerkin method
within a preconditioned GMRESs iteration, provides a three-step recurrence Krylov
method that converges independently of the spatial mesh-size. This means that,
up to the cost of inversion of a symmetric preconditioner, the complexity of the
preconditioned GMREs is comparable to that of a standard Conjugate Gradient
iteration that would normally be used for the respective symmetric linear system
of the classical diffusion-only implicit IMEX scheme. At the same time the step
of inverting the symmetric part of the stiffness matrix can be efficiently tackled by
standard multilevel approaches, whose convergence is further aided by the presence
of a strong reaction coefficient stemming from the time discretization.

4. NUMERICAL EXPERIMENTS

We present some numerical experiments investigating the convergence rates for
the implicit-explicit second order BDF (BDF2) method, described in Section 3.2,
as well as its robustness with respect to the Péclet number. To fully asses the
applicability of the proposed method, our numerical investigations are not confined
to globally Lipschitz nonlinearities.

4.1. Example 1. We begin with considering the semilinear convection-diffusion
problem for 2 =[0,1>,7T =1,b= (1,1)T,¢ =0 and f(u,z,t) = —u®+ g(x,t), with
g such that the exact solution of the problem is given by

u(z,t) == (1 —exp(—t))z122(1 — 21)(1 — 23), 2 := (21, 22) .
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e=1 e=10""1

k| |lel|ze(r2) | rate k| |le]lze(r2) | rate

1.0e-1| 2.519e-4 | — || 1.0e-1| 1.646e-4 | -
5.0e-2 | 6.603e-5 | 1.93 || 5.0e-2 | 4.289%¢-5 | 1.94
1.0e-2 | 2.674e-6 | 1.99 || 1.0e-2 | 2.221e-6 | 1.84
5.0e-3 | 6.687e-7 [ 1.99 | 5.0e-3 | 5.832e-7 |1.93
1.0e-3 | 2.682e-8 | 1.99 || 1.0e-3 | 2.451e-8 | 1.97

e=10"3 =105

k el oor2y | Tate k el oor2y | Tate

1.0e-1 | 3.075e-4 | — || 1.0e-1| 3.790e-4 | —
5.0e-2 | 8.958e-5 | 1.78 | 5.0e-2 | 1.102e-4 | 1.78
1.0e-2 | 3.874e-6 | 1.95 || 1.0e-2 | 4.786e-6 | 1.95
5.0e-3 | 9.731e-7 [ 1.99 | 5.0e-3 | 1.203e-6 | 1.99
1.0e-3 | 3.897e-8 | 2.00 || 1.0e-3 | 4.572e-8 | 2.03

TABLE 4.1. Example 1. Error and convergence rates.

The implicit-explicit BDF2 method is implemented for ¢ = 1,107, 1073, 10>, using
the finite element library FEniCS, with spatial discretisation via conforming finite
elements on a 32 x 32 triangular mesh. The mesh is fine enough to ensure that the
time-discretisation error dominates the spatial error, which is, generally, non-zero as
cubic conforming elements on triangular meshes are used for all computations but
one, namely for k¥ = 1073, ¢ = 107, where quadric elements are used.

The errors and the convergence rates are given in Table 4.1, where k is the time-
step size, ||e||poo(r2) := maxocn<n [|u(t") — U™||, and ‘rate’ is the respective conver-
gence rate between two consecutive time-step sizes. As predicted by the theory,
second order convergence with respect to k is observed in all cases.

4.2. Example 2. Next, we consider a convective variant of the classical Fisher equa-
tion, namely problem (1.1) with 2 = [0,1],7 = 1,b= (1,1)T,c =0 and f(u,z,t) =
10u(1 — u). We apply the implicit-explicit BDF2 method for e = 107!,1072, with
spatial discretisation via conforming quadratic finite elements on a 64 x 64 trian-
gular mesh. The finite element space is accurate enough to ensure that the time-
discretisation error dominates the spatial error and that the boundary layers are,
therefore, sufficiently resolved.

As no analytical solution is available, the time-discretisation error is computed by
comparing the numerical solution to a much finer reference numerical solution U",
n =0,1,..., N. The reference numerical solution is computed using the implicit-
explicit Euler method from Section 3.1, with k& = 2.5 - 10™* and cubic conforming
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e=10" e=10"?
k llell oo (r2) | rate k lle|l oo (r2) | rate

1.0e-1 | 4.982e-2 | — 5.0e-2 | 6.743e-1 -
5.0e-2 | 1.647e-2 | 1.58 || 2.5e-2 | 2.653e-1 | 1.34
2.5e-2 | 4.348e-3 | 1.87 || 1.25e-2 | 2.382e-2 | 3.48
1.25e-2 | 8.677e-4 |2.12 | 6.125e-3 | 6.793e-3 | 1.81

TABLE 4.2. Example 2. Error and convergence rates.

finite elements on the same meshes as the numerical solution. The errors and the
convergence rates are given in Table 4.2, where k is the time-step size, ||e]|poo(r2) 1=

maxo<n<n ||[U" — U"||, and ‘rate’ is the respective convergence rate between two

consecutive time-step sizes. Approximately second order convergence with respect

to

10.

11.

12.

13.

k is observed in this case also.
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